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On Unique Solution of Quantum Stochastic
Differential Inclusions

S. A. Bishop, IAENG Member, M. C. Agarana, H. I. Okagbue and J. G. Oghonyon

Abstract— We investigate the existence of solutions of
guantum stochastic differential inclusion (QSDI) with some
uniqueness properties as a variant of the results in the
literature. We impose some weaker conditions on the
coefficients and show that under these conditions, a unique
solution can be obtained provided the functions st: [0,T] =

R, are measurable such that their integral is finite.

Index Terms— Uniqueness of solution; Weak Lipschitz
conditions; stochastic processes. Successive approximations

[ INTRODUCTION
In this paper, we establish existence and uniqueness of
solution of the following quantum stochastic differential
inclusion (QSDI):

x(t) Ea+ ftE(s,x(s))dA,T + F(s,x(s))dAg(s)
0

+G(s,x(s))dA;(s) + H(s,x(s))ds, t€[0,T] (1)
QSDI (1) is understood in the framework of the Hudson and
Parthasarathy [9] formulation of Boson quantum stochastic
calculus. The maps f,g,m appearing in (1) lie in some
suitable function spaces defined in [7]. The integrators
Ay A]T and A, are the gauge, creation and annihilation
processes associated with the basic field operators of
quantum field theory defined in [7]. However, in [7] it has
been shown that inclusion (1) is equivalent to this first order
nonclassical ordinary differential inclusion

= (n,x()8) € P(t,)(1,€)
x(0) =a, t€][0,t] )
The map (n, &) = P(t,x)(n, &) appearing in (2) is defined
by
P, y)(1,8) = WE)(t, y)(,§) + (vF)(£,y) (0, §)
+(@6)(&,y)(,§) + H(t, y)(1,$)

In [5, 6], some of the results in [2, 7] were generalized.
Results on multifunction associated with a set of solutions of
non-Lipschitz quantum stochastic differential inclusion
(QSDI), which still admits a continuous selection from some
subsets of complex numbers were established.

In [3], results on non-uniqueness of solutions of inclusion
(2) were established under some strong conditions.
Motivated by the results in [5, 6], we establish existence and
uniqueness of solution of inclusion (2) under weaker
conditions defined in [5]. Here, the map x — P(t,x)(n,¢) is
not necessarily Lipschitz in the sense of [3]. Hence the
results here are weaker than the results in [3]. Inclusion (1)
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has applications in quantum stochastic control theory and
the theory of quantum stochastic differential equations with
discontinuous coefficients. See [7] and the references
therein.

The rest of this paper is organized as follows; Section 3 of
this paper will be devoted to the main results of the work
while in section 2 some definitions, preliminary results and
notations will be presented.

Il PRELIMINARY RESULTS
Some of the notations and definitions used here will come
from the references [3, 5-7]. V' is a topological space, while
clos(V), comp(NV) denote the collection of all honempty
closed, compact subsets of V" respectively. The space A (a
locally convex space) is generated by the family of
seminorms  {llx|l,e = (n,x8), x €A, 1, € (D QE)}
(A, 1) is the completion of A. Here A consists of linear
operators defined in [3]. In what follows, D is a pre-Hilbert
space, R its completion, vy a fixed Hilbert space and L (R,)
is the space of square integrable y- valued maps on R,. For
the definitions and notations of the Hausdorff topology on
A and more see [3] and the references therein.
Definition 1
® : I x A - clos(A) is Lipschitzian if
P (@t %) — D(,)) < K OW(Ilx = Yllg, )
®)
where W(t) #t,1=[0,T] S R,, n,§ € (D Q E).
Remark 2: (i) If n,& € (]D)@]E)2 and W(t) =t then we
obtain the results in [3]
In this case, we obtain a class of multivalued maps which
are not necessarily Lipschitzian in the sense of definition (3)
(b) in [3].
Definition 3 By a solution of (1) or equivalently (2) we
mean a stochastic process ®:1 - A lying in Ad(A),qc N
12, (A) satisfying (1).
The following result established in [3] is modified here.
However we refer the reader to [3] for a detailed proof as we
will only highlight the major changes due to the conditions
in this setting.
Theorem 4 Let B:R, — L(A). For any x € A,L(t,x)
defined by
L(t,x) = { IB(®)xllpe}V
is Lipschitzian with W (t) # t.
Proof: We adopt the method of the proof of Theorem 2.2 in
[3] as follows:
Let the function C(t) > 0, then for x,y € A, t € R, we
have
pr]f(l‘(tﬁ X) - L(t, }’)) =
P (1Bl N, 1Byl V)
< [1B@©xllyg = IBE)Yllye|pye ¥
< IVl Cie Ol = Yl
< KL ©OW(lx = Yllo, ).
Where K ()W = ||V [l Cre (2).
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Let6z: (D ® E) - (D @ E). So that (2.2) in [3] becomes
Pye((O(t,%) = O, 1) < K (OW(Ilx = yllye)  (4)
n,& € (]D)@IE), x,y EA W(t)#tandt €I
Similarly, (2.5) in [3] becomes
Ppe(P(t,x) = P(t,y)) < Kpe OW(llx = yllye)  (5)
For the map (t,x) - P(t, x)(n £). Hence we conclude that
the given map is also Lipschitzian.

11l MAJOR RESULTS
To establish the major result in this section, we use the
methods used in [3, 7]. In the sequel, except otherwise
stated, n,§ EDQ®E andt € [0,1] is arbitrary. In line

with [5, 6], we make the following assumptions
Let Z:[0,1] > A € Ad(A)yq and for almost all ¢t €
[0,T], there exists S,: € Lj,.([0,T]) such that

(£01.2006).P(6.20) (1.9 < 5,6 (0)
Fixy > 0 and define the set Q, by,
Oy ={t ) €t x A+ lx—Z(®)llye < v}
Since the coefficients E, F, G, H in (1) are Lipschitzian with
- (clos(A),ty), (5) above holds for a. e.

P: A®,§) » AM$)
Lo 8y = llxo = Z(0)llpg and 8y <y
Il. Ry := max (8pg, Spe) Where

Nyz = ess supjg 1)Sp (t)
. Given the sequence

{(nn' En) c (]D) @ IE), n=12,..
W(SuanN{ess SuPte[oq]Krfg(t)}) <o
V. Define Lﬂjfj =W (ESS Sup[o,l]Kyl;jfj(t)>,j =2
V. Define

f(t) = 2L né + W<2L7Iff (K (S)e "lfS)dS>

VI. Define J c [0, 1] by
J={t €[0,1]: gy (t) < v}
We adopt the definitions of

}, we have

following;

Ly, Lyg n, Ry, &, Ly ¢ from the reference [3].
Proposition 5. Let {®}2, € Ad(A)y,qc be a sequence
satisfying;

(i) (t, ®;(D) € Qg i = 1forae. t €]J.
(ii) There exists {V;};=, and a constant L,; > 0, such that
(@) ©;(t) =xo+ [, Viea(s)ds, i =1
(b)
[0, @,(6)) = -1, @y (0)6)] <
dt n,V; dt TI' i-1

W(Z flK,ff(t) ) fora.e.t €].

(i-2)!
Then,

(C) ”q) (t) (I)l 1(t)”n§ <w <2Lnff f(s)( ni)uds>

wheret € ],i = 2.

Proof: The proof is an adaptation of the arguments
employed in [3], Proposition 3.1.

Assume (i) and (ii) above hold. Then

() = D3 (Ollye < |f 0, (Viza(s) —
Viea(s))§)ds] by (i) in (2
-|[ Fneon-

ft i
<
0

d
pUEIGIEE

d
S0 O] ds

E(U, D;(t)¢) —
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< WL f K’}(s)(,s_—_z)!ds)

-2
=W<2Lnsf f(s)((”f )2)' ds>, teji>2

The next Theorem is a major result.
Theorem 6. Suppose conditions |- VI hold,
{E,F,G,H}:[0,1] X A - (clos(A),t,) is continuous.
Then 3 a unique solution such that

lO(t) — Z(O) Iy < g,6(0), t €], (6)

|5t @8 = -0, 2()9)|
< Lpe(1+ WK [ (e (7)

Proof. From the references [3, 7, 8], we construct a ;-
Cauchy sequence @, (t) of successively approximates @(t).
We make the following assumptions:
{i(n, D, (t)f)} is Cauchy in C for arbitrary

dt n=0

n,§ €D E. y(t) = Z is adapted.
By Theorem 1.14.2 in [1], there exists a measurable
selection Vo, (.)(m,¢) € P(.,®y(.))(n,¢) so that (3.3) in [3]
holds and since V,(.)(n, &) is locally absolutely integrable,
then V, € L}, (A).
Let @, (t) be defined as

,(6) = Xo + [ Vo(s)ds ®)
If Vo(t) € A, then @, (t) € A,. It implies that (3.4) and
(3.5) in [3] hold in this case.
Again 3 a measurable selection

(M8 € P(LVi())®,8)
which yields

d
V0,8 = 20,0, (05)|

d
=d (E (n, ®,()$), P(t, ©,(D) (n, f>>

< p (P(t,2,(8) (0. ), P(t,24(6)) (0, ©))
< W (K @101 @) = DOl z, )
< W (KOs, +[;5,,6)d9) @)

For some (1,$), (n,,&,) € D ® E. Similarly, for
Vo(.), 3V, € L},.(A) resulting in;
Vil & =, Vi(©é)t €] (10)
Define @, (t) as ®,(t) in (8) above. Then ®,(t) € A,
since V; € A and hence @, (t) is adapted.
Now if we consider t € ], we get,

t
1, () — ;4 (©)llye = f (V1(s) = Vo(s))ds
0 né

= | [3n, (V3 (s) = Vo())€)ds|
<[5 p(P(t, ©1()) (1, €), P(t, Do (s)) (n, E)dls

< Wy KRI01(8) = Do(lly,e, ds) (1)
By (3.4) in [3], we obtain
19,(8) = 1 (Ol Wy KE(S)[3y,e, +
fo 48y, (1) dr])ds) (12)

Continuing in this manner and replacing 1 with 2 in V,(.)
forn,§ eDQE we get

d
V(01,) = 7 1,0,(09)

d
=d (E (0, @2 (£)€), P(t, @, () (7, f)>
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< p(P(t D,(0))(, 8), P(t, @, (1))

d
—_ '(Dn
< W(Ky g(t)”q)z(t) D3 (Dlln,z, P (t)€)|

s d
< W2(KE(®) [[(KP ¢ ()[Bn,e, + [ Snye, (Ddr])ds) (13) =d (E (n, @ (£)$), P(t, @, (D) (, E))
by (12). _ Since (,€) = V,()(1,8), 3 V, € LY, (A) defined by (10)
In a similar way we can show that since _ a.e. on J and define ®,,,(t) as in (8). Then for arbitrary
V,(t), V5(t) € Li,.(A) there etX|st D5(t), @y (t) definedby = e ® E, we get,
— d d
@5(8) = Xo + f Va(s)ds, t€] [ 01 @na () = 20, @0 09)
and ) = (1, Pp(£)E) — (m, @1 (£)E)
(D) = Xo + [, Vs(s)ds, t€] (1) < p(P(t,®,(0)(®,6),P(t,®, ,()(#,))

satisfying t S W(Kpe (Ol Dn (1) = Dy Ol )

D5(t) — D, (Ol = || [ (Vols) = Vi(s))d ‘ (Lyes)"™™

103(2) = @2 (D) llye f (V2(8) = Va(s))ds . <2w (K (DL, f KP ¢ (5) ot oD ds])

P , . ()n 1
<w? (f g(S)f Koe, (8D [0y, < W( me (DK, (t)( 1)'>

s This establishes (ii)(b) of Prop. 5. Now, for t € |, we get
+ drlds )d
jo Snaty (M)drlds ds) 19541 () = @Ol < [101(6) = Do(O)llye

= W2y Ky () [y 86, K, (s ds'ds HID, (1) — Dy (©)le
+ W2 KL () [TKE o () 7 Spye, (1)dr ds'ds (15) oot 191 (0 = 2 Ol

and 2Lne[1+W( ()"f)d)
124(0) = @3 @llyg = || (V) = Va)as]| < + Zf ne(s 5)]

< 2L (1+ W(f K (s)e bnesdsy <y (19)

n s So that (6) of theorem 6 and (|) of proposition 5 follows.
( SION N SHACHIN 571151 16, () ds'ds ds) (ii)(b) of proposition 5 yields
3

W2 (J; K 03 Ky 5 66K, 5) [, 0001 08 — 5 1, 00(00)|

X ([ Spe,(Ndrds’ds'ds (16) d _i
(% i ) <[z %09 <n. cbo(t)a|
775 )

+W(Z 2L K ()

+2L,,g(1 + W (K (t)e nff)
Taking the limit as n — oo, (7) of Theorem 6 follows. Hence

d d
|a(n. @,()§) — -, <D3(t)€)|

w3 (KE(O) [y Kpe () Jy %fl s (5) ds'ds)

IA

< w3 (K g(t)f s (s)f e, () fo Siiés drds'ds) {®,(t)} is a Cauchy sequence in A and converges to ®(t).
a7) Since @, (t) € Ad(A)wqe, it implies that ®(t) €
and by (16) and (17) we get Ad(A)wac-

1D, () — D3 ()]
! ’ s Remark 7. The result of Corollary 3.4 and Theorem 3.4 in

t N s
<w fK:f(s)f Ly.e f L ds'ds'ds [3] fails in this case since the Lipschitz function is
0 o M TR independent of ¢t and W(t) # t will not be applicable.

t . s s’ s" o Hence we establish our result on uniqueness.
w J an(s)j L,,B;gf L’hfZJ Snlgl(r)drds dsds _ .
0 Unigueness of solution

2 LrgW ( f A (s) ds) To establish t~his result, we assume that _ _
() € Ad(A) e, t €[0,T] is another solution with
Also for t € [2 T], J ®(0) = X,. By using equation (8) and hypothesis (iii) in
|a<n’ 0,(0)E) — — (77: o, (t)§)| Theorem 6 (see also equation (2.1) in [4]), we obtain

W (KO8, o, [ S 8505 lo -3, =1, (V(s)—V(_s>)ds||n€
=l . (Vo) - V() O ds|

(RO b S5 ) : < [ 10,V - 0.V (lds

= W(Kif(t)[aﬂﬁl szzLU353%+STI1f1 n26; Lnas :] < J-tp<(s CD(S))(T] £) - (S 5(5)) ¢ €)> ds
i 0 )
=W (K Oltiea+ s ) AN SO ORI MY

2
<2W ()L 18
Next, we claim that tfge Zz uenf:{(zb)(t)} exists T(o )rove Since the integral f f(s) ds exists on [0, T], it is also
’ q el - 1oP essentially bounded on the given interval. Hence, there

this claim, we let @, ,; : A and by Theorem (1.14.2) in
nii ] = y ( ) exists a constant C,; such that ess sup K/¢(s) = Cpe,s €

[1], 3 a computable selection
V() (0, €) € P(.,®,(.))(n, €) which yields [0,7]. Thus
ISBN: 978-988-14047-5-6 WCECS 2017
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o - B, <w (cnf, ¢ [low -5l ds).
0

By the Gronwall's inequality, we conclude that
O(t) = d(t),t € [0, T]. Hence the solution is unique.
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