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Solutions of Nonclassical Ordinary Differential
Equations and the Associated Kurzweil
Equations

S. A. Bishop, Member, IAENG, E. O. Ayoola, H. I. Okagbue

Abstract— The nonclassical ordinary differential equation is
an equivalent form of the Hudson and Parthasarathy
formulation of quantum stochastic differential equation
(QSDE). In this paper, we address certain qualitative aspects,
the existence, unigueness and stability of solutions of Kurzweil
equations associated with a certain class of quantum stochastic
differential equations. We study the dynamics and stability of
such solutions in a locally convex topological space of quantum
stochastic processes.

Index Terms— Nonclassical ODE, Non-Lipschitz function,
Kurzweil equations and integrals, noncommutative stochastic
processes.

I. INTRODUCTION

As with classical differential equations, existence and
uniqueness of solution of SDEs have been studied by many
authors [8-11]. In [9] a class of stochastic differential
equations (SDEs) with non-Lipschitz conditions was
studied. A unique strong solution is obtained and other
qualitative properties of solution were studied. The results
in [9] generalized the classical Lipschitz condition for
existence of solutions of SDEs.

It was shown in [2] that a SDE has a unique solution in the
L? space provided the coefficients satisfy a certain Lipschitz
condition. However, these methods are not directly
applicable in our own case. For the class of equations
considered here, recent methods of establishing existence of
solutions have been applied and many interesting
phenomena have been established in [1, 3-6].
We consider the following QSDE introduced in [5]:

dX(t)

= E(X(8), ) dA (&) + FX (&), t)d Af (¢)

+G(X(e), t)dA, (8) + H(X (£). t)dt

X(ty) =X,, tel (1)
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where

@ f.g elyR,) mels,, (R,

(b) A;.A7.A; are stochastic processes.

(C) EFGH € 'E'u;or'i[n' T]= "':F:]HLL'S'

(d) tis the Lebesgue measure.

It has been shown that the quantum stochastic differential
equation (1) introduced by Hudson and Parthasarathy [6]
provide an essential tool in the theoretical description of
physical systems, especially those arising in quantum optics,
quantum measure theory, quantum open systems and
quantum dynamical systems.

Ekhaguere in [5], established that the following nonclassical
ODE;

2 (0. x@®)§) = PR(©.0 0, )

() =X, tel )
is equivalent to (1) and the operator (x, £} — P(x £}(n, £} in
(2) is defined in [3, 4],
Where #n.& e (D @E) is arbitrary,
A, I, E and others will be defined later.
In [1], the Kurzweil equation

2 (0. X@E) = DFXE),0G.8)  (3)
associated with (2) was established. Approximate solutions
were obtained. In arriving at the results in [1], some
assumptions ~ were imposed on the Lipschitz function
thereby limiting the results only to a class of equations that
satisfy these assumptions.
In this paper, our aim is to study existence, uniqueness and
stability of solution of (2) associated with Kurzweil
equations (3) by generalizing the Lipschitz condition. The
results established here will be of more application
compared with the results of Ayoola and Ekhaguere [1,5].
The essence for generalizing the results in the literature is to
enrich the theory of nonclassical ODE and to obtain similar
results obtained in the classical setting. See the references
[7-9].
Section 2 of this paper will consist of preliminaries while
Section in 3, the major results is studied. The iterative
method will be employed to establish results on existence
and stability respectively.

(xt)elxd

I1. PRELIMINARY RESULTS, DEFINITIONS AND
NOTATIONS

= is a topological space defined in [1]. The definitions and
notations of the spaces Ad(«A), Ad(A)wa , L. (A,
Li;- (R, are obtained from the references [1, 5].

2.1 Definition: LetI C R |
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(i) @:Ix A — Ais CLipschitzian if forany n.§ e D@ E.
we get a function K}, :I —(0,0) lying in Li, (I} such
that,

leCe. ) — @y, B)llyy < KE O Wllx — yll e Wig) 2 ¢
where x,y € 4.

(i) The above definition also holds when
@ :1x A - sesq(D R E), that is (x.t) = lx, t)(5.8)
is also ®Lipschitzian (resp. continuous).

2.2 Notation: Here CLipschitz, ®Lipschitzian denotes the
generalized Lipschitz functions and maps respectively.

All through this work n.§ € I @ E is arbitrary.

2.3 Definition: P:eA x [£,.T] = sesqg (D@ E) is in
ClA = [t TLW)L, W(E) =t if;

(i) P(x,.)( 5, & ) is computable

(ii) There are computable functions
r
Mye: [60.T] = B, | [, My (s)ds < oo
and
PG, ) 1 My (), (x,.) € oA % [8,T]
(4)
(iii) We have computable functions

K7, :[t;. T] = R, whose integral is finite and

I1P(x,s) —P(ys)lly =KL OWlx—yll,: (5)

where (x.s). (y.s) € A x [t,. T] and W(t) =+¢.

2.4 Notation: € (A = [£,, T1L W), W(t) = ¢ denotes the class
with a generalized Lipschitz function that satisfies the
Caratheodory conditions.

2.5 Definition: A stochastic process x £ Ad(eA J,,q. IS @
solution of (2) equivalently (3) if it satisfies the integral
equation

X = X, + f EQ(s), )dA () + F(x(s), s)d Az (s)
+G(X(s).s)dA,(s) + HX(s),s)ds (6)
The following results established in [5] will be useful.
2.1 Theorem: Assume the following:
() . g.u. v € Ad(A), are simple stochastic processes and
M is their stochastic integral.
(i) If n.§ eD & E, where (ii) If n.{ e D& E, where
F=c®@ela). n=d@eflc.deD afe Lo (RL)
for t = 0 then
(M @F) = f; < 1.0{als), 7()B(E)E),p(s)
+{f(s), pls) ), q(s)

+Hals), glsh), uls) + v(s)}f = ds 7)

I1l. MAJOR RESULTS
We consider QSDE (1) introduced in section 1. The results
are established under the conditions of Definition 2.3.
3.1 Theorem
(i) Let Plx,t)(n. &)
CleA x [t TLW). W(E) =¢.
(i) Assume the coefficients E.F.G.H € L. (A = I)
satisfy the general Lipschitz condition.
Then for any (x g t,) € <4 x I there exists a unique solution
@ € Li, (A) N Ad(A),,.. of equation (1) equivalently (2)
satisfying @(t,) = x,.
Proof. Let {g,(t)},.p be a Cauchy sequence in 4. All
through except otherwise stated n.{ € I @ E is arbitrary.

Let gplt) = x5, t € [t Tl and form = 0

belong to
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r

P (E) = 25 + f (E(w,(s), s)d A (s)
o

+F(gp,(s).s)d(s)

Glo,(s). s)dAs () + Hlp,(s) s)d(s))

Let g, (t) € L, (A)n = L

By hypothesis,
Elxg5), Flxgs), Glxps) Hxys) eod = [, T so  also
Elxg. ) Flxg. ) Glxp. L H(x,..d € L (A). Therefore
@, (t), t e [, T] is well defined and the associated quantum
stochastic integral exists.

By (7), @, (t) € Li,.(«A) N Ad(A)0 - Assume the same
holds for @, (t), then each
E(p@n(s).5). F(@q(s).5). G(gn(s). 5) and H{gy(s).5) is
adapted and lie in L. (=4). Thus, the same holds for
':F'r!+1.{t:|'

Again using (7), @p.,(t) € Li,. (+A) N Ad(A )0, - Hence
our claim is established by induction. Next, we show the
convergence of these successive approximations.

The definition of the map P and (7) yields,

ll@ns 1 (&) — @n (&Ml = U, (@41 (8) — @, (ENEN =
= |1 (P (pn(), ). £) = Plp,_, (s).5) (n, )y dis|
(8)

Hence since the coefficients E, F, G, H satisfy the general
Lipschitz condition, the same is true for

{x t) = (x, £}y, &) and hence

|PCx, £)(n. £) — Py, (0. E) = KL, (O Wllx — yll

)

where x,y € oA and t € [, T].

Hence using the last inequality (*) in (8), we get
lpnsr (&) — @ ()l =

kR Wley(s) - gy G lyds ()

Because s — llg, (s} — xll,; is continuous on [t;,T], let
Ryr = supoee 7ill@y (s) — xglly, s € [£5, T] which yields

lgy(s) — xgllyy < Ry also
Wllg,(s) — xpll:) = W(R,:)
since Wit} = ¢t. Also let
My () = [} K% () ds
From (9) we obtain
I@nes® = @p@llyy s =2 1 =1,2, (10)

The following is established by induction.

For n=1, inequality (10) holds by (9). Suppose (10) is true
when n=k

which implies

l@ss (@ — @@l <« K20 n =12,

(11) using (9)

"‘PL‘+:|&] - (F';H.j_{ﬂ "W-F =
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t
[ty i) Wl g1 )
W[ Bpr 1 Mpgiedy®
= fr I{"“ (s) ; ds =

il

[} K2, () (M, (s))*ds by (12).

— (], )dis

Wi{Ryr m‘s;fI Faka )i

By applylng mtegratlon by parts, we obtain
- [(Mprlt) |r:_I
[}, KE() (Myy (s))¥ds = =5 —— (12)
So that,
l{"lﬂlrfllml;{lfllt-l
||¢';_-+:{t] - ¢';_-+L{t:| ||r;.; = T e

and (10) is true for n=k+1, n=1,2,3,...
This implies that when n >k, we get

"‘Pr!H.{ﬂ - ‘iE'F;+J.I:t:I "WF
"E:'.:FHL':':PEH.&] - ':Pi‘n{t]]"ﬂ'-?
< Z Iy (&) — @&}l

m=k+1
n

§ Z I-V{Rn;]{m‘.n (™

m.

m=k+1
Therefor the Cauchy sequence {p,(t)} is in 4 and
@, t) — o(t) uniformly. Now if e@,(t) € Ad(A),.. . it
implies that ¢ € Ad(=A),... Now we establish that ¢
satisfies QSDE (1).
Surely @lt,) = x(t,) = x,. Again, by equation (7),

l J’rrn[F{an(sJ-SJd-’xf(sJ + F(@,(s). s)dA} (s) +
+6(pn(s). 5)dAs () +H (@ (s).5)ds ||y

Al J’:i, E(g(s).s)dA, (s) + F(g(s).s)dA; (s) +
+G(p(s).5)dAs(s) + H(pls).s)ds ||

[P (¢, (s).s)(n. £) — Plg(s), s)(n. E)]ds
Lo

= [ K2 W(llg,(s)

s n— oo
Because ¢, (s} — ¢@(s) in 4 uniformly for ¢ & [¢,, T].
Therefore,

— pls) ||m_h}n’s =0
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t
= J‘r"j{';F (s) 1'1-’{"(;:":5] -yl r;.,-*}ds

Since the integral J’r: K&{s] ds exists on the given interval,
it is also essentially bounded. Then, we get a constant ;.
such that ess SUpK}, (s} = Cper . s € [£,, T1.

Thus
ll@le) — ()l
r

< Cq“J‘r W(lle(s) — y()ll,; ) ds

By the Gronwall's inequality, we conclude that

@(t) = y(t), t € [t,, T1. Hence the solution is unique.

Stability of solution

The next theorem establishes that the solutions to the
nonclassical ODE (2) associated with (3) are stable. Let E,
F, G and H satisfy the conditions of theorem 3.1 and let
x(t), y(£) be solutions of equation (2) corresponding to the
initial conditions x(t,) = xyand y{t,} = v,

respectively where x;, v, € oA .

The next result shows that the solution x{t} is stable under
changes in the initial condition x () = x.

Theorem 3.2: Given T = t, and £ = 0,3 § = 0 such that if
"-rn_jplln,'_ = IS

then llx(ey -y, = for all  teleTl,
nfeED®E
Proof: Let x,(t), y,{t},n=0,1,.. be the iterates

corresponding to x yand y, respectively, and let x(t;} = x,,
ylty) =y, for ¢, =T, then we obtain the following
estimate by employing the definition of P and equation (7)
as in the proof of uniqueness of solution.

"-rrHEJ.':t] —¥n +L':ﬂ" nE = "x[:' — M " ne

+[ (P (x,,(s), ), £) — Py (), ) . )]ds
= Mg — wollp: +

+ W (Cape [ (120) — 3, Dl ) ds),
where C,; . is the essential supremum of k7. (¢} on [¢;,, T1.

@lt) = lim @, , () Therefore, iterating yields
S |20, (2) —J-‘ML{t] [
%o+ im( [ (B (), 9dAc(0) + 0 = ol
fo LW (Cpy {le () — i, ()|l i)
+F (@n(s), $)dA2 () + G(pn(s), s)dAs (s) T ot et
+H(gy(5),5)ds) < llxg - Jnllm + W(lyellxo —yollye ) +
_— f (E(p(s), )dAs (s) + Flpls), )dd; () +w (;- f f s (62) — v s (£)1) dt ]
ta¥ta
+’:{‘P{s] s)dAs(s) + H(p(s), s)d
_ _ _ where tg =T, Lpy = man{Cpr. Cper 3.

Therefore (¢} is a solution of equation (1). Continuing the iteration and putting

i Emr = ma.x{f.'q“.ﬂ'n“j.j =12, ....?‘1},
Uniqueness we obtain the estimate
Let y(t) & Ad(eA )y, .t € (£, T] be another solution with |1, (#) —y, . (&) = ||xn_ J-‘n s
ylty) = x,.Then, by equation (7), we get WLy (& — to)llxg — vy lys

{ :li" Iy

lgp(e) — y(®)ll, WEE ——2 g — yplyy + WL [ [

L
= | [Plpls).s}n &) — Ply(s). s)(n. £)]ds I

J‘r" J‘ g =¥ ”r;.}':] dit;dt; .. dip,

o
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L —

L
<W D e~ 1) llxo— yollyg
m.
m=0
n+l .
l:l!'i?;r:]i"l.
W ) ey yylly
m=0 e

Letting n — o, yields )
I1x(6) — (Ml < Wllxg — yg ll e ™,
tp =t =T.

IV. CONCLUSION

We have established existence, uniqueness and stability of
solution of QSDE (2) associated with Kurzweil equation (3)
via equation (1). This is possible since equivalence of these
equations have been established in [1, 5]. Hence existence
of solution of (1) equivalently (2) will imply existence of
solution of (3). The results in this paper generalize existing
results on existence of solution of Eq. (1). If the condition
W(t) = t, we obtain the results in [1].
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