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Introduction. The study of subdifferentiability
of marginal functions is of great interest not only be-
cause it is related to the Lagrange multipliers but also
because it is connected to the study of the sensitivity
of some problems in optimization and optimal control.
Generally, the infimum defining the marginal function
is required to be attained near the point of interest.
The present paper studies, with the help of some re-
cent results by Mordukhovich and Shao [10], the lim-
iting Fréchet subdifferential of the optimal value func-
tion without assuming that the infimum is attained.
The limiting Fréchet subdifferential is the extension,
by Kruger and Mordukhovich [8] to Banach spaces
admitting equivalent Fréchet differentiable norms, of
the subdifferential introduced by Mordukhovich [9] in
finite dimensions. After recalling some notions in the
first section, the second one is devoted to the study
of functions of the form

m(z) :=inf{g(y) : y € G(2)},

where ¢ is a real-valued locally Lipschitz function
from an Asplund space X into R, and G is a mul-
tivalued mapping from X into an Asplund space Y.
The result obtained is strong enough to allow to
describe the subdifferential of the partial distance
function x — d(g; G(z)) at any point T satisfying
(z,9) € gph G, whenever the multivalued mapping G
is pseudo-Lipschitz at the point (Z, 3). In fact, this de-
scription was the main motivation of our study here.
The third section deals with the study of non neces-
sarily Lipschitz marginal function of the more general
form

m(z) = inf{f(z,y) : y € G(2)},
where f is a real-valued function defined on X x Y.

1. Preliminaries. In all this paper X and Y
denote two Asplund spaces, X* the topological dual
of X and Bx the closed unit ball of X. (We refer the
reader to [11] for properties of Asplund spaces). Let
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f be an extended real-valued function

f: X — RU{—00, +o0}. We will use the important
notion of Fréchet e-subgradient in the sequel (see [7],
[8], [15], and [16]). An element z* in X* is said to be a
F.—subgradient to f at a point Z where | f(Z) |< 400
if there exists a neighbourhood V' of T such that

(%0 1) < fo) = f(@) +ellz—2|

for every z € V. Note that this inequality means that
Z is a local minimum of the function

z— flx) - @z -2 +elz-2].

We will denote by Op.f(Z) the set of all F.-
subgradients to f at Z. The limiting Fréchet-
subdifferential in the sense of Kruger-Mordukhovich
[8] is the set Op f(Z) of all * € X* for which there ex-
ist sequences (e,) | 0, (z,) — Z with (f(z,)) — f(Z),
x¥ € Op., f(xn) with (z£) —"" z*. One of the main
calculus rules in Asplund spaces of the limiting
Fréchet subdifferential is given by the following
theorem established by Mordukhovich and Shao [10]
(in a more general setting).

1.1 Theorem([10]). Let fi X —
RJ{—00,+00} be lower semicontinuous near Zz
with | f1(Z) |< oo and let fo : X — R be locally
Lipschitz near z. Then

Or(f1+ [2)(Z) C Op f1(Z) + OF f2(2).

2. Subdifferentials of marginal functions
defined by Lipschitz parametric functions.

In this section we consider the marginal function

m(z) :=inf{g(y) : y € G(2)},

where g : Y — R is a real-valued function and G is
a multivalued mapping from X into Y. We will de-
note the graph of G by gph G := {(z,y) € X XY :
y € G(x)}. Tt is known that a lot of apparently differ-
ent types of marginal functions can be reduced to this
form. In Clarke [2], Hiriart-Urruty [4], Rockafellar
[12], Thibault [14] and references therein (for exam-
ples) one can find some reductions and several appli-
cations to the study of optimization problems. Recall
that for § € G(z) the limiting Fréchet coderivative
D%G(z,7y) is the multivalued mapping from Y™* into
X* defined by

«t € DpG(T,9)(y")

(", —y") € R 0rd(.; gph G)(7, ).
We will write Jpd(Z,y;gph G) in place of
Ord(.; gph G)(Z, 7). Here d(.;S) denotes the distance
function to a set S. Note that for z € S C X and
S3r:= SN (Z+3rBx) with » > 0 it is not difficult to
see that for x € T +rBx

d(z,S) = d(x, Ss)
and hence
Opd(z,S) = Opd(Z, Ssr). (2.1)

The following theorems are the main results of this
section.

2.1 Theorem. Suppose that g is locally Lipschitz
and m is finite and lower semicontinuous at  with
| m(Z) |< oo. Then for every z* € drm(Z), there
exist sequences ((xn,ypn)) — (Z,y) with y, € G(z,)
and (g(yn)) — m(z), (en) 1 0,

yr € Opg(yn) + €nBy+, x) € D3G(xn,yn)(y)) such

that z* = limz), with respect to the weak-star
topology.
Proof. Fix 2* € Opm(Z). By definition of the

subdifferential in the sense of Kruger-Mordukhovich,
[7], [8] there exist (u,) — Z, with m(u,) — m(Z),
en 1 0 and ) € Op., m(u,) with wuf —" 2*.
By definition of Fréchet e-subgradients, the point u,
is a local minimum over some ball u,, + r,,Bx of the

function

x—mx) — (U, x —up)+ e, |2 —un| . (2.2)
Set &, := min(%*,¢,) and choose v, € G(uy) such
that

g(vn) < m(uy,) + & (2.3).
If we set

f(@,y) = 9(y) = (un,w —un) +en || 2 —un ||, (24)

and B, := gph G N [(un,v,) + rnBxxy]. We deduce
from (2.2) and (2.3)
flun,vn) < inf — f(z,y) + &
(wvy)eEn
Applying the Ekeland variational principle [3] to f on
E,, we get the existence of (z,,,y,) € F, satisfying for
all (z,y) € B,

H Ty — Un ” + ” Yn — Un HS €n, f(xnvyn) < f(unavn)
(2.5)



and

f@nsyn) < flzy) +én(l zn —2 [+ yn —y )

Note that f admits a Lipschitz constant A/, around
(zn,yn) and hence, for A\, := X, + &,, by Proposi-
tion 2.4.3 in Clarke [2] (zn,yn) is a local minimum
(without constraint) of the function

(@y) — fl@y) + el zn =z |+l ya—y )+

And(z,y; Ep). (2.6)
Note also that

| Zn —tn ||+ yn —vn]]) <€ <

and hence by (2.1) we have
aFd(‘%m Yns gph G) = aFd(mna Yn; E)

Therefore, by (2.6) and subdifferential calculus rules
in Asplund spaces for the limiting Fréchet subdiffer-
ential (see Theorem 1.1 and [10]) we get the following
relation

(’LL:,O) € {O} X aFg(yn) + /\naFd(mna yn;gph G)+

2¢,(Bx- x By+). (2.7)

Since the second inequality in (2.5) means

9(Yn) — (U, Tny — Up) + € || Tn — up [|< g(vn)

it follows from (2.3) that

m(zn) < g(yn) <

<u:u'rn - un> —€n H Ty — Up || +m(un) + EZ

*

and hence (since (u}), is bounded and m is lower
semicontinuous at Z)

(9(yn)) — m(Z). By (2.7) we may choose a) €
Bx-,b% € By, (x5, —y) € MOrd(xn,yn;gph G)
and w} € drg(y,) such that

uy =, + 2epar, (2.8)

and
0=w}, —y + 2€,b;,. (2.9)

Hence (z,), weak-star converges to z* and
x, € D}‘G(xnayn)(y;‘;)' As y;, € Org(yn) + 2€, By~
the proof of the theorem is complete.

Before stating the next theorem recall that for a
multivalued mapping M from a topological space T
into X* and for S C T the sequential limit superior
limsup, ;,eg M(t) is defined by z~ €
limsup, ;5 M(t) iff there exist sequences (t,) — ¢
with t, € S and (z¥) —*" 2* with ¥ € M(t,) for
all n.

2.2 Theorem. Suppose that m is lower semi-
continuous at T with | m(Z) |< oo and there exists
some neighborhood V' of Z such that g is 8-Lipschitz
over some neighborhood of G(V). Then

Opm(j) C U{ D}G(l‘,y)(y*) :

lim sup
z—7,9(y)—>m(Z),y€G()

y* € limsup drg(y)}-
9(y)—m(z)
Proof. We follow the proof of Theorem 2.1 and
we fix some real number v with || u) ||< 7 for
all n. Then we obtain that the Lipschitz constant
An of f around (z,,y,) may be chosen equal to
An := max(B,y) + €, which is bounded with respect
to n. Moreover, since drg(y,) C BBy~ and since
the closed unit ball of Y* is weak star sequentially
compact, we may suppose that (yr), weak-star
converges to some y*. Then we conclude by (2.8)
and (2.9) (z},—y) € M\Ord(zy,yn;gph G) and

*

Before prooving the next corollary, we recall that G is
pseudo-Lipschitz at (Z,§) € gph G if (see Aubin [1])
there exist r > 0, s > 0 such that for any

T1,Ty €T+ sBx

G(x1)N (g + sBy) C G(xz) + 1 || ©1 — 22 | Bx

Rockafellar [13] showed that G is pseudo-Lipschitz
at (z,y) € gph G iff d(.;G(.)) is Lipschitz over a
neighborhood of (Z, 7). We can now state the second
corollary which is in the line of some results in
Thibault [14] and Jourani and Thibault [6].

2.3 Corollary Let G be a multivalued map-
ping between X and Y which is pseudo-Lipschitz at
(z,9) € gph G. Then



ord(,G()@ c |J (o7 ex":

y*EBy

(z*,—y*) € Ord(.; gph G)(Z,9)}.

Proof. Put g(y) =] v — 7 || and m(x) :=
d(y,G(x)). Then m is Lipschitz around Z and one
may suppose that the constants A, in the proof of
Theorem 2.2 satisfy \,, — 1 as n — oo. Moreover,
g(y) — m(Z) means here that y — ¢, which implies

limsup 9rg(y) = limsup drg(y) = Irg(y) = By-
9(y)—m(z) y—7y

and

Ord(.; gph G)(z,y) =

lim sup
z—2,9(y)—m(z),y€G(z)

opd(.; gph G)(z,7).

So the corollary follows from Theorem 2.2 .

3. Subdifferentials of general marginal func-
tion.

We consider in this section the marginal value func-
tion m given by

m(z) = inf{f(z,y) : y € G(z)},

where f : X XY — R is supposed to be lower
semicontinuous, G to be a multivalued mapping from
X into Y with closed graph. We assume that m is
lower semicontinuous around a given point z with
| m(Z) |< oo. In order to state our main theorem we
need for Cy := epif and Cy := (gph G) xR, the follow-
ing hypothesis (H): 3k > 0,¥(n,) — 0%, V(z,,) — =
with (m(zy,)) — m(Z), Jy, € G(z,),Ia > 0 such that
for n large enough one has

f(@n,yn) <m(zn) + 0
and

d(z,y,m;[C1 N Ce]) < k[d(z,y,m;C1) + d(x,y,7; Ca)]

(3.0)
for all + € =z, + aBx, y € Yy, + aBy and
r € [m(Z) — a,m(Z) + al.

The hypothesis (H) is obviously satisfied whenever
there exists some s > 0 such that (3.0) holds for
all z € T+ sBx, r € [m(Z)—s,m(Z)+s] and

y € G(T + sBx) + sBy. This last condition corre-
sponds to the metric regularity between C7 and Cs
near (Z,m(z)) and uniformly with respect to y in a
neighborhood of the image by G of a neighborhood
of Z.

3.1. Lemma. Assume the above hypothesis is
fulfilled. Then, for every

u* € Opm(Z) there exist A > 0,b > 0, and sequences
€n | 0, (zF,—An) — A(u*,—1),

T — Ty (Zn,Un,8n) € C1 N Cy with || §n — yn ||<
\/777717 Tn — I, f(i‘na gn) - m(i‘)v

S, — m(&) such that

(IZ,O,—/\H) € kbaFd(jnagna§n§epif) +
kbOpd(Zn, Jn; gph G) x {0} +

((1 + )\)1/7771 + En)Bx* X By* X Bgve
Proof. If we set g(x,r) := d(x,r;epi m), then,

for P =0, +oo[, we have the following equivalences

u* € 9pm(z) <= (u*,—1) € POpg(z,m(z))

<~ IA>0;(\u*, =) € Opg(T, m(T)).

Let z* := Au*. Then, by [14], there exist sequences
(Tpyn) — (&, m(Z), with (zp,r,) € epi m, €, —
0% (e, < 1) and (2}, —\,) — (2%, =) such that

(), —An) € Ope,g(zpn, ). (3.1)

By definition of the e -Fréchet subdifferential, (x,,, )
is a local minimum of the function

(x,r) — g(z,r) — (2,2 — xp) + A (r — 1)+

en([z—an ||+ |7 =710 )

and hence there exists «,, > 0 such that

—(@n, x—an)FAn(r—rn)ten (|| z—2n || + | r—rn ) 2 0

(3.2)
for all (z,r) € epimN (Bx (@n, o) X Br(ry, ay)). Let
n, — 0T. By the hypothesis (H) there exists y, €
G(xy) such that f(zy,yn) < m(zn)+nn. Asm(z,) <
Ty, then f(xnayn) < 7rp + M. Set s, := 1, + 1, and
observe that (2, Yn,s,) € C1 N Cy. Using (3.2) we
obtain

—<:c:;,x - xn> + )‘n(r - Sn) - )\n(rn - Sn)+



en(lz—2n || +]r—sp|+|sn—7n|) >0

and hence for n large enough

—(@h, T—Tn) F A (r—sn)Fen(ll T—2n || + | =50 [)+

(L+Mn. =0
Let
Wz, y,r) == —(x), & — Tpn) + Ap(r — sp)+
en(lz—zn || +|7r—s5)
and

FE = ClﬂCQQ(BX (xn, an) XBy(yn, Otn) XBR(’I“TL, an))

Then we have
0 <h(z,y,m) + (L + N,

for all (z,y,r) € E. Applying the Ekeland variational
principle to h on E we have the existence of a sequence
(Zn, Un, Sn) € E satistying

| Zrn — 2n ||+||?7n_yn ||+|§n_5n |§\/77n

and

A+ )Vl Zn =2 [+ | G =y [ + | 50 =7 )

for all (z,y,r) € E. Then by Proposition 2.4.3 in
Clarke there exist v, € ]O7 min(%, e [ and b > 0 such
that

WM Ty Uny 8n) < Wz, y,7)+

A+ XVl Zn =2 [+ [ G0 —y [l + 80 —7 )+

bd(£r7 y7 r’ E)7

for all (z,y,7) € Bx(Tn,¥) X By (¥n,Vn)
Br(8n,7s)). But for (z,y,7) € Bx(Zn,7n)
By (Gn,Vn) X Br(5n,vn)) one has

X
X

d(x,yﬂ"; E) = d(x,y,r; Cl N CQ)

and for n large enough

- o - @ _
lz=2nl< 5 ly=gnll< 5 and |r—m(z)|<

D[R

Therefore, we can use the hypothesis (H) to get that
(Zny Un, Sn) is a local minimum of the function

(2,0,7) — hlw,or) + (U4 NI &= |+ |
n—yll+15n—7[)+
kbld(z,y,r; C1) + d(z,y,7;C2)] .

So by subdifferential calculus rules we have
(CU:;,O, _)\n) € kbaFd(fnagn»§n§epif) +
kbaFd(fny Un; gph G) X {0} +

((1 + X)y/Tn + €)Bx~ X By~ X Bg.
Using the lower semicontinuity of m we get
< liminf f(Z,.5,) <

limsup f(Zn,¥n) < lim §, = m(Z).

m(z) < liminfm(z,)
and hence lim,, f(Z,, Jn) = m(Z).

3.2 Theorem. Under the assumptions of Theo-
rem 3.1 one has the following inclusion

orm(z)c

(z*,y*)€Dr f(Z)

{a* + DGy},

where (with P :=]0, +00])
Opf(z) ={(z",y") e X* xY*:
('r*ay*7_1) €

P lim sup
=z, f(x,y)—>m(z),r—m(z),(z,y,r)€C1NC2

and R
DyG(z)y* =

{z* e X*:(z",—y") e P lim sup

z—, f(z,y)—m(z),yeCG(z)
Proof. Fix u* € 9pm(Z) and apply the conclu-
sion of Lemma 3.1. We get
kbOpd(Zn, §in; gph G) x {0} +

((1 + )\)\/nn + en)BX* X By* X BSR

Since Opd(Zy,Yn; gph G) C Bx+ X By~ and since
the closed balls of the dual of any Asplund space are
weak-star sequentially compact, see [?], we obtain
(after extraction of subsequences)

A(u*,0,-1) €

Eblim Sup{rﬂ{f,f(mﬁy)Hm(f)ﬂ"%m(f),(I,y,”‘)EClmCQ aFd(xa Y, 6pl f)%

8Fd(x7 Y, s €pZ f)}

Ord(z,y; gph G)



kb lim sup Ord(z,y; gph G) x {0}.

z—Z, f(z,y)—>m(Z),yeG(x)
Thus, there exist
(2*7 y*a 71) €
T lim SUPy .z, f(z,y)—m(z),r—m(z),(z,y,r)€C1NCx
Opd(z,y,r;epi f)
and
(v, w") € RTHMSUPy 5 4(2.4)—m(2).veG ()
Ord(z,y; gph Q)
such that

(u*,0,-1) = (z",y*, —1) + (v*,w™",0).

So we may conclude that u* € z* + DpG(Z)y*
with (2*,y*) € Or f(Z).
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