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Abstract— The purpose of this paper is to study
the convergence of a new finite steps iterative se-
quence with mean errors to a common fixed point for
a finite family of asymptotically quasi-nonexpansive
mappings in Banach spaces. The results presented in
this paper extend and generalize some results in the
literature.
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1 Introduction and Preliminaries

Let C be a nonempty subset of a real Banach space E,
and let T be a self-mapping of C. T is called asymp-
totically quasi-nonexpansive if there exists kn ∈ [1,+∞),
limn→∞ kn = 1, such that ‖Tnx−p‖ ≤ kn‖x−p‖, ∀x ∈ C,
∀p ∈ F (T ) (F (T ) denotes the set of fixed points of T ).

T is called asymptotically nonexpansive if ‖Tnx−Tny‖ ≤
kn‖x − y‖, ∀x, y ∈ C. T is called quasi-nonexpansive if
‖Tx − p‖ ≤ ‖x − p‖, ∀x ∈ C, ∀p ∈ F (T ). T is called
nonexpansive if ‖Tx− Ty‖ ≤ ‖x− y‖, ∀x, y ∈ C.

From the above definitions, it follows that if F (T )
is nonempty, a nonexpansive mapping must be quasi-
nonexpansive, and an asymptotically nonexpansive map-
ping must be asymptotically quasi-nonexpansive. But
the converse does not hold.

Petryshyn and Williamson [1], in 1973, proved a suffi-
cient and necessary condition for the Picard iterative se-
quences and mann iterative sequences to converge to a
fixed point of quasi-nonexpansive mappings. In 1997,
Ghosh and Debnath [2] extended the results of [1] and
gave the sufficient and necessary condition for Ishikawa
iterative sequences to converge to fixed points for quasi-
nonexpansive mappings. Recently, Liu [3-5] extended the
above results and proved some sufficiency and necessary
conditions for Ishikawa iterative sequences and Ishikawa
iterative sequences with errors of asymptotically quasi-
nonexpansive mappings to converge to fixed points. Xu
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and Noor [6] studied some necessary conditions for three-
step iterative sequences of asymptotically nonexpansive
mappings to converge to fixed points. Cho, Zhou and Guo
[7] researched some necessary conditions for three-step
iterative sequences with errors of asymptotically nonex-
pansive mappings to converge to fixed points. Quan et.
al. [8] studied the weak and strong convergence of finite
steps iterative sequences with mean errors to a common
fixed point for a finite family of asymptotically nonex-
pansive mappings.

we now introduce a new iterative sequence as follows:

Definition 1.1. Let T1, T2, ..., TN : C → C be any
N mappings, and x1 ∈ C be a given point. Then
sequence{xn} generated by



xn+1 = λ0yn0 + λ1yn1 + λ2yn2 + ... + λN−1ynN−1,
yn0 = (1− an1 − bn1)xn + an1T

n
1 yn1 + bn1un1,

yn1 = (1− an2 − bn2)xn + an2T
n
2 yn2 + bn2un2, (1.1)

...
ynN−2 = (1− anN−1 − bnN−1)xn + anN−1T

n
N−1ynN−1

+ bnN−1unN−1,
ynN−1 = (1− anN − bnN )xn + anNTn

Nxn + bnNunN .
is called the N -step iterative sequence with mean errors
of T1, T2, ..., TN , where {uni}∞n=1, i = 1, ..., N are N
sequences in C, {ani}∞n=1, {bni}∞n=1, i = 1, ..., N are N
sequences in [0,1], λi, i = 0, ..., N − 1 are N numbers in
[0,1] satisfying the following conditions:





∑N−1
i=0 λi = 1,

ani + bni ≤ 1, i = 1, ..., N (1.2)∑∞
n=1 bni ≤ ∞, i = 1, ..., N

Remark 1.1. (1) If λi = 0, i = 1, ..., N − 1, then the
finite-step iterative sequence generated by (1.1) and
(1.2) becomes that introduced by Quan et. al. [8] and
generated by



xn+1 = (1− an1 − bn1)xn + an1T
n
1 yn1 + bn1un1,

yn1 = (1− an2 − bn2)xn + an2T
n
2 yn2 + bn2un2, (1.3)

...
ynN−2 = (1− anN−1 − bnN−1)xn + anN−1T

n
N−1ynN−1

+ bnN−1unN−1,
ynN−1 = (1− anN − bnN )xn + anNTn

Nxn + bnNunN .

Where {uni}∞n=1, i = 1, ..., N are N sequences in C,
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{ani}∞n=1, {bni}∞n=1, i = 1, ..., N are N sequences in [0,1]
satisfying the following conditions:

{
ani + bni ≤ 1, i = 1, ..., N (1.4)∑∞

n=1 bni ≤ ∞, i = 1, ..., N

Hence, the N -step iterative sequence with mean errors of
T1, T2, ..., TN generated by (1.1) and (1.2) is more general
than that generated by (1.3) and (1.4).

(2) Let S, T,R : C → C be three map-
pings, {un}, {vn}, {wn} be three given sequences
in C, and x1 ∈ C be a given point. Let
{αn}, {βn}, {γn}, {δn}, {ηn}, {ξn} be sequences in [0,1]
and λ0, λ1, λ2 be three numbers in [0,1] satisfying the
following conditions:





∑2
i=0 λi = 1,

αn + γn ≤ 1, βn + δn ≤ 1, ηn + ξn ≤ 1, n ≥ 1∑∞
n=1 γn ≤ ∞,

∑∞
n=1 δn ≤ ∞,

∑∞
n=1 ξn ≤ ∞,

Then the sequence {xn} generated by



xn+1 = λ0pn + λ1yn + λ2zn, n ≥ 1
pn = (1− αn − γn)xn + αnSnyn + γnun, n ≥ 1
yn = (1− βn − δn)xn + βnTnzn + δnvn, n ≥ 1 (1.5)
zn = (1− ηn − ξn)xn + ηnRnxn + ξnwn, n ≥ 1

is called the three step iterative sequence with mean
errors of S, T,R.

If λ0 = 1, then the sequence generated by (1.5) becomes
the three-step iterative sequence in [7, 8]. Hence the it-
erative sequence generated by (1.5) also contains Picard,
Mann and Ishikawa iterative sequences in [1-6] as special
cases.

The purpose of this paper is to study the weak and strong
convergence of finite-step iterative sequences with mean
errors {xn} generated by (1.1) and (1.2) to a common
fixed point for a finite family of asymptotically quasi-
nonexpansive mappings in Banach spaces. The results
presented in this paper extend and improve some results
in the literature.

In order to prove the main results of this paper, we need
the following lemmas:

Lemma 1.1 [9]. Let {an}∞n=1, {bn}∞n=1, {δn}∞n=1 be non-
negative real sequences satisfying the following inequality

an+1 ≤ (1 + δn)an + bn,∀n ≥ 1.

If
∑∞

n=1 δn < ∞ and
∑∞

n=1 bn < ∞, then limn→∞ an

exists.

Lemma 1.2 [8]. Let T1, T2, ..., TN : C → C be N asymp-
totically quasi-nonexpansive mappings with F (Γ) =
∩N

i=1F (Ti) 6= ∅, then there exists a sequence {kn} ⊂
[1,+∞) with kn → 1 such that for i = 1, 2, ..., N,

‖T n
i x− p‖ ≤ kn‖x− p‖, ∀x ∈ C, ∀p ∈ F (Γ), n ≥ 1. (1.6)

This completes the proof.

Proof. It follows from asymptotically quasi-
nonexpansiveness of T1, T2, ..., TN : C → C that
for each i = 1, 2, ...N , there exists {kn

i } ⊂ [1,+∞),
kn

i → 1 and

‖Tn
i x− p‖ ≤ kn

i ‖x− p‖,∀x ∈ C, ∀p ∈ F (Ti).

Since F (Γ) = ∩N
i=1F (Ti) 6= ∅, we get that for each i =

1, 2, ...N ,

‖Tn
i x− p‖ ≤ kn

i ‖x− p‖,∀x ∈ C, ∀p ∈ F (Γ).

Taking kn = max{kn
1 , kn

2 , ..., kn
N}, then {kn} ⊂ [1,+∞),

kn → 1 and

‖Tn
i x− p‖ ≤ kn‖x− p‖,∀x ∈ C, ∀p ∈ F (Γ).

2 The Main Results

Theorem 2.1. Let E be a normed linear space
and C be a nonempty bounded convex subset of E.
Let T1, T2, ..., TN : C → C be N asymptotically quasi-
nonexpansive mappings with F (Γ) = ∩N

i=1F (Ti) 6= ∅.
Let {kn} ⊂ [1,∞) be the sequence defined by (1.6) and
the sequence {xn} be defined by (1.1) and (1.2). If∑∞

n=1(kn − 1) < ∞, then

(i) there exists M ≥ 0, such that

‖xn+1− p‖ ≤ kN
n ‖xn− p‖+ Qn,∀p ∈ F (Γ), n ≥ 1, (2.1)

where Qn =
∑N−1

j=0 2MkN−1−j
n bnN−j .

(ii)limn→∞ ‖xn − p‖ exists for any p ∈ F (Γ).

(iii) limn→∞ d(xn, F (Γ)) exists, where d(x, F (Γ)) denotes
the distance x to the set F (Γ).

(iv) there exists L = e
N

∑∞
j=1

(kj−1)
> 0, such that

‖xn+m − p‖ ≤ L‖xn − p‖

+ L
n+m−1∑

j=n

Qj ,∀p ∈ F (Γ),∀m,n ≥ 1. (2.2)

Proof. (i) Since C is bounded, let M = supx∈C ‖x‖. It
follows from (1.1) and (1.2) that

‖xn+1−p‖ = ‖λ0yn0+λ1yn1+λ2yn2+...+λN−1ynN−1−p‖

≤ λ0‖yn0−p‖+λ1‖yn0−p‖+ ...+λN−1‖ynN−1−p‖
≤ max{‖yn0−p‖, ‖yn1−p‖, ..., ‖ynN−1−p‖} (2.3)

‖ynN−1−p‖ = ‖(1−anN−bnN )xn+anNTn
Nxn+bnNunN−p‖

≤ (1−anN−bnN )‖xn−p‖+anN‖Tn
Nxn−p‖+bnN‖unN−p‖
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≤ (1−anN−bnN )‖xn−p‖+anNkn‖xn−p‖+bnN‖unN−p‖
≤ kn‖xn − p‖+ 2MbnN (2.4)

‖ynN−2−p‖ ≤ (1−anN−1−bnN−1)‖xn−p‖
+ anN−1‖Tn

N−1ynN−1 − p‖+ bnN−1‖unN−1 − p‖
≤ (1− anN−1 − bnN−1)‖xn − p‖+ anN−1kn‖ynN−1 − p‖

+ bnN−1‖unN − p‖
≤ (1−anN−1−bnN−1+k2

nanN−1)‖xn−p‖+2MbnN−1+2MbnNkn

≤ k2
n‖xn−p‖+2MbnN−1+2MbnNkn (2.5)

...

‖yn2−p‖ ≤ kN−2
n ‖xn−p‖+2Mbn3+2Mknbn4

+ ...+2MkN−3
n bnN . (2.6)

‖yn1 − p‖ ≤ (1− an2 − bn2)‖xn − p‖+ an2kn‖yn2 − p‖
+ bn2‖un2 − p‖

≤ (1−an2−bn2 +kN−1
n an2)‖xn−p‖+2Mbn2 +2Mknbn3

+ 2Mk2
nbn4 + ... + 2MkN−2

n bnN

≤ kN−1
n ‖xn − p‖+ 2Mbn2 + 2Mknbn3 + 2Mk2

nbn4

+ ... + 2MkN−2
n bnN (2.7)

‖yn0−p‖
≤ (1−an1−bn1)‖xn−p‖+an1kn‖yn1−p‖+bn1‖un1−p‖
≤ (1− an1 − bn1 + kN

n an1)‖xn − p‖+ 2Mbn1 + 2Mknbn2

+2Mk2
nbn3 + 2Mk3

nbn4 + ... + 2MkN−1
n bnN

≤ kN
n ‖xn−p‖+2Mbn1+2Mknbn2+2Mk2

nbn3+2Mk3
nbn4

+... + 2MkN−1
n bnN (2.8)

Substituting (2.4), (2.5), (2.6), (2.7) and (2.8) into (2.3),
it can be obtained that

‖xn+1− p‖

≤ kN
n ‖xn−p‖+2Mbn1+2Mknbn2+2Mk2

nbn3

+2Mk3
nbn4 + ... + 2MkN−1

n bnN

= kN
n ‖xn−p‖+Qn,

where Qn =
∑N−1

j=0 2MkN−1−j
n bnN−j . This completes the

proof of (i).

(ii) By (2.1), we know that

‖xn+1 − p‖ ≤ [1 + (kN
n − 1)]‖xn − p‖+ Qn.

Notice that
∑∞

n=1(kn−1) < ∞ implies that
∑∞

n=1(k
i
n−1−

1) < ∞, i = 1, 2, ..., N . By (1.2), we also know that

∑∞
n=1 Qn < ∞. Thus, it follows from Lemma 1.1 that

limn→∞ ‖xn− p‖ exists. This completes the proof of (ii).

(iii) Also by (2.1), we have

d(xn+1, F (Γ)) ≤ [1 + (kN
n − 1)]d(xn, F (Γ)) + Qn.

By Lemma 1.1, we get limn→∞ d(xn, F (Γ)) exists. This
completes the proof of (iii).

(iv) From (2.1), it can be obtained that

‖xn+m−p‖ ≤ kN
n+m−1‖xn+m−1−p‖+Qn+m−1

≤ eN(kn+m−1−1)‖xn+m−1−p‖+Qn+m−1

≤ eN(kn+m−1−1)+N(kn+m−2−1)‖xn+m−2−p‖
+Qn+m−1+eN(kn+m−1−1)Qn+m−2

≤ eN(kn+m−1−1)+N(kn+m−2−1)‖xn+m−2−p‖
+eN(kn+m−1−1)(Qn+m−2+Qn+m−1)

≤ ...

≤ e
N

∑n+m−1

j=n
(kj−1)‖xn−p‖+e

N
∑n+m−1

j=n
(kj−1)

n+m−1∑

j=n

Qj

By
∑∞

j=1(kj − 1) < ∞, it can be obtained that L =

e
N

∑∞
j=1

(kj−1)
< ∞. Therefore,

‖xn+m − p‖ ≤ L‖xn − p‖+ L
n+m−1∑

j=n

Qj .

This completes the proof of (iv).

Remark 2.1 Theorem 2.1 unifies and extends Lemma 1
in [4], Lemma 1 in [5], Lemma 1.2 in [7] and Lemma 5 in
[8].

Theorem 2.2. Let E be a Banach space and C
be a nonempty bounded convex subset of E. Let
T1, T2, ..., TN : C → C be N asymptotically quasi-
nonexpansive mappings with F (Γ) = ∩N

i=1F (Ti) 6= ∅.
Let {kn} ⊂ [1,∞) be the sequence defined by (1.6) sat-
isfies

∑∞
n=1(kn − 1) < ∞. Then the iterative sequence

{xn} defined by (1.1) and (1.2) converges to a common
fixed point if and only if limn→∞ inf d(xn, F (Γ)) = 0,
where d(y, A) denotes the distance of y to set A, i.e.,
d(y, A) = infx∈A ‖y − x‖.
Proof. The necessity is obvious. It is only need to prove
the sufficiency.

By limn→∞ inf d(xn, F (Γ)) = 0 and Theorem 2.1 (iii), it
can be obtained that

lim
n→∞

d(xn, F (Γ)) = 0. (2.9)

From the proof of Theorem 2.1 (ii), we know that
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∞∑
n=1

Qn < ∞. (2.10)

By (2.9) and (2.10), we know that for all ε > 0, there is
N0 > 0 such that

d(xn, F (Γ)) <
ε

2
,∀n ≥ N0. (2.11)

∞∑

n=N0

Qn < ε, ∀n ≥ N0. (2.12)

From (2.11), it is easy to know that there exists p0 ∈ F (Γ)
such that

‖xN0 − p0‖ < ε. (2.13)

From (2.2), we have

‖xn − p0‖ ≤ L‖xN0 − p0‖+ L
n−1∑

j=N0

Qj ,∀n > N0. (2.14)

It follows from Lemma (2.2), (2.12), (2.13) and (2.14)
that when n ≥ N0,

‖xn+m − xn‖ ≤ ‖xn+m − p0‖+ ‖xn − p0‖

≤ L‖xn − p0‖+ L

n+m−1∑

j=n

Qj + ‖xn − p0‖

= (L+1)‖xn− p0‖+L
n+m−1∑

j=n

Qj

= (L+1){L‖xN0−p0‖+L
n−1∑

j=N0

Qj}+L
n+m−1∑

j=n

Qj

< (L+1)Lε+Lε = (L+2)Lε,∀m ≥ 1.

This implies that {xn} is a Cauchy sequence in C, hence
limn→∞ xn exists. Let xn → p ∈ C. Then for any ε > 0,
there is a natural number N1 such that

‖xn − p‖ < ε, ∀n > N1. (2.15)

Since limn→∞ inf d(xn, F (Γ)) = 0, there exists N2 ≥ N1

such that

d(xn, F (Γ)) < ε, ∀n ≥ N2. (2.16)

And hence, there exists p1 ∈ F (Γ), such that

‖xN2 − p1‖ ≤ ε. (2.17)

It follows (2.15) and (2.17) that for i = 1, 2, ..., N ,

‖Tip− p‖ ≤ ‖Tip− p1‖+ ‖p1 − xN2‖+ ‖xN2 − p‖

≤ k1‖p−p1‖+‖p1−xN2‖+‖xN2−p‖
≤ k1‖p− xN2‖+ k1‖xN2− p1‖+ ‖p1− xN2‖+ ‖xN2− p‖
≤ 2(k1 +1)ε

By the arbitrariness of ε, it can be obtained that Tip = p
for all i = 1, 2, ..., N . And hence p is a common fixed
point of T1, T2, ..., TN . This completes the proof.

Using same method, it is easy to obtain

Corollary 2.3. Let E be a Banach space and C
be a nonempty bounded convex subset of E. Let
T1, T2, ..., TN : C → C be N quasi-nonexpansive
mappings with F (Γ) = ∩N

i=1F (Ti) 6= ∅. Then the
iterative sequence {xn} defined by (1.1) and (1.2)
converges to a common fixed point if and only if
limn→∞ inf d(xn, F (Γ)) = 0.

By Theorem 2.2, it is easy to obtain

Corollary 2.4. Let E be a Banach space and C
be a nonempty bounded convex subset of E. Let
T1, T2, ..., TN : C → C be N asymptotically quasi-
nonexpansive mappings with F (Γ) = ∩N

i=1F (Ti) 6= ∅.
Then the iterative sequence {xn} defined by (1.1) and
(1.2) converges to a common fixed point if and only if
there exists some infinite subsequence of {xn} which con-
verges to p.

Remark 2.2. (i) Theorem 2.2 extends and improves
Theorem 6 in [8], Theorem 1 in [4], Theorem 1 and Corol-
lary 2 in [3]. Corollary 2.3 generalizes Corollary 1 in [3]
and Theorem 2 in [4]. And Corollary 2.4 extends Theo-
rem 3 in [4].
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