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Abstract— The purpose of this paper is to study
the convergence of a new finite steps iterative se-
quence with mean errors to a common fixed point for
a finite family of asymptotically quasi-nonexpansive
mappings in Banach spaces. The results presented in
this paper extend and generalize some results in the
literature.
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1 Introduction and Preliminaries

Let C' be a nonempty subset of a real Banach space F,
and let T be a self-mapping of C. T is called asymp-
totically quasi-nonexpansive if there exists k,, € [1,+00),
lim,, 00 kn = 1, such that ||T"z—p|| < k,||lz—p||, Vz € C,
Vp € F(T) (F(T) denotes the set of fixed points of T').

T is called asymptotically nonexpansive if | Tz —T"y|| <
knllz — yl|, Vz,y € C. T is called quasi-nonexpansive if
Tz —p|| < ||z —pl, Vo € C, ¥p € F(T). T is called
nonexpansive if | Tz — Ty|| < ||z — y||, Va,y € C.

From the above definitions, it follows that if F(T)
is nonempty, a nonexpansive mapping must be quasi-
nonexpansive, and an asymptotically nonexpansive map-
ping must be asymptotically quasi-nonexpansive. But
the converse does not hold.

Petryshyn and Williamson [1], in 1973, proved a suffi-
cient and necessary condition for the Picard iterative se-
quences and mann iterative sequences to converge to a
fixed point of quasi-nonexpansive mappings. In 1997,
Ghosh and Debnath [2] extended the results of [1] and
gave the sufficient and necessary condition for Ishikawa
iterative sequences to converge to fixed points for quasi-
nonexpansive mappings. Recently, Liu [3-5] extended the
above results and proved some sufficiency and necessary
conditions for Ishikawa iterative sequences and Ishikawa
iterative sequences with errors of asymptotically quasi-
nonexpansive mappings to converge to fixed points. Xu
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and Noor [6] studied some necessary conditions for three-
step iterative sequences of asymptotically nonexpansive
mappings to converge to fixed points. Cho, Zhou and Guo
[7] researched some necessary conditions for three-step
iterative sequences with errors of asymptotically nonex-
pansive mappings to converge to fixed points. Quan et.
al. [8] studied the weak and strong convergence of finite
steps iterative sequences with mean errors to a common
fixed point for a finite family of asymptotically nonex-
pansive mappings.

we now introduce a new iterative sequence as follows:

Definition 1.1. Let T7,T5, ...
N mappings, and x; € C be a given point.
sequence{x, } generated by

T4l = A0Yno + AMYn1 + A2Yn2 + .. + AN_1UnN-1,
Yno = (1 — Qpl — bnl)xn + aanlnynl + bnlunla

Ynl = (1 — Ap2 — bn2)$n + anQTQnynQ + bn2un2a (11)

,In : C — C be any
Then

YnN—-2 = (]- —anN-1 — banl)xn + aanlT;\}_lyanl
+ banluanly

YnN—-1 = (1 — apN — bnN)xn + anNT]T\L{xn + bnNunN-
is called the N-step iterative sequence with mean errors
of Ty, Ts,...,Tn, where {up;}52,,i = 1,..,N are N
sequences in C, {ani}o2 1, {bni}>q,i = 1,...,N are N
sequences in [0,1], A;,i = 0,..., N — 1 are N numbers in
[0,1] satisfying the following conditions:

Zi\igl Ai = 1;
Api + bni < 1,e= 1,...7N
Zzozl bpi <oo0,i=1,...,.N

(1.2)

Remark 1.1. (1) If \;, = 0,7 =1,...,N — 1, then the
finite-step iterative sequence generated by (1.1) and
(1.2) becomes that introduced by Quan et. al. [8] and
generated by
Tn4+1 = (1 — apl1 — bnl)xn + @an{lynl + bnlunla
Yn1 = (1 — anp2 — bn2)xn + anQTQnynQ + bn2un2a (13)
YnN—2= (1 —ann—1 —bpn_1)Zn + anN-_1TN_1YnN—-1
+bnN—1UnN-1,
YnN—-1 = (1 — QpN — bnN)xn + anNT]T\l[xn + bnNunN

Where {un;}22,,i = 1,..,N are N sequences in C,
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{ani}o2 1, {bni}2q,i = 1,..., N are N sequences in [0,1]
satisfying the following conditions:

{ pi +bpi <1,5=1,..,N (1.4)

Yoo i bp <o00,i=1,..,N

Hence, the N-step iterative sequence with mean errors of
T1,T5,...,Tn generated by (1.1) and (1.2) is more general
than that generated by (1.3) and (1.4).

(2) Let S,T'R : C — C be three map-
pings, {un},{vn},{wn} be three given sequences
in ¢, and ;7 € CC be a given point. Let

{ant {8} {n} {0n}, {nn}, {€n} be sequences in [0,1]
and Ag, A1, A2 be three numbers in [0,1] satisfying the

following conditions:

Z?:o)‘i =1,
On + Y < 1,8n 4 0n < L +& <1l,n>1
220:1 Yn < 0072211 0p < 0072211 &n <00,

Then the sequence {z,,} generated by
Tyl = AoPn + AMtYn + A22n,n > 1
Pn = (1 — Qp — P)’n)xn + anS™ Y + Yntin,n > 1
Yn = (1 - ﬁn - 6n)xn + ﬁnTnZn + 6nvn7 n > 1
Zn = (1 =Np — &) Tn + N R Ty + Ewn,n > 1
is called the three step iterative sequence with mean
errors of S, T, R.

(1.5)

If Ao = 1, then the sequence generated by (1.5) becomes
the three-step iterative sequence in [7, 8]. Hence the it-
erative sequence generated by (1.5) also contains Picard,
Mann and Ishikawa iterative sequences in [1-6] as special
cases.

The purpose of this paper is to study the weak and strong
convergence of finite-step iterative sequences with mean
errors {x,} generated by (1.1) and (1.2) to a common
fixed point for a finite family of asymptotically quasi-
nonexpansive mappings in Banach spaces. The results
presented in this paper extend and improve some results
in the literature.

In order to prove the main results of this paper, we need
the following lemmas:

Lemma 1.1 [9]. Let {an}02q, {bn}o2q, {0n}02 be non-
negative real sequences satisfying the following inequality

ant1 < (14 0p)an + by, Vn > 1.

If > 6, < coand Y 7 b, < oo, then lim, . an
exists.

Lemma 1.2 [8]. Let Ty, 75, ...,Tn : C' — C be N asymp-
totically quasi-nonexpansive mappings with F(I') =
NN, F(T;) # 0, then there exists a sequence {k,} C
[1,400) with k, — 1 such that for i =1,2,..., N,

Iz — p|| < kn|lz — p||,Vz € C,¥p € F(I'),n > 1. (1.6)

This completes the proof.

Proof. It follows from asymptotically quasi-
nonexpansiveness of T1,Ts,...., TN C — (C that
for each i = 1,2,...N, there exists {kI'} C [1,+0o0),
k} — 1 and

77"z — pll < ki'l|lz — pll, Vo € C,Vp € F(Ty).

Since F(T) = N, F(T;) # 0, we get that for each i =
1,2,...N,

IT7'% = pl| < k' ||l= = pl|, Vo € C,Vp € F(T).
Taking k, = mazx{k}, k%, ....,k%}, then {k,} C [1,400),
k, — 1 and

Tz — p|| < knllz — pl, Ve € C,Vp € F(T).

2 The Main Results

Theorem 2.1. Let E be a normed linear space
and C' be a nonempty bounded convex subset of E.
Let T1,T5,....,Ty : C — C be N asymptotically quasi-
nonexpansive mappings with F(I') = N, F(T;) # 0.
Let {k,} C [1,00) be the sequence defined by (1.6) and
the sequence {z,} be defined by (1.1) and (1.2). If
>0y (kn — 1) < o0, then

(i) there exists M > 0, such that

|Zns1 = pll < k' l|lzn = pll + Qn, Vp € F(L),n 21, (2.1)
where Q, = 30 2MEN 1 Ib,n ;.
(ii)limy 00 ||zn — P exists for any p € F(T).

(iii) limy,— 00 d(xy, F(T')) exists, where d(z, F(I")) denotes
the distance z to the set F(T').

(iv) there exists L = eV 25 =) > 0, such that

[€ntm —pll < Lllzn — p

n+m—1
+L Y Q;Vpe F(I),Ym,n> 1.

j=n

(2.2)

Proof. (i) Since C is bounded, let M = sup ¢ ||z|. It
follows from (1.1) and (1.2) that

lznt1—pl = [ AoYno+AYn1+A2Yn2+... FAN—1YnN—1—D||

< Xollyno =2l + A1 l[yno = ol + - AN 1 [Ynv—1 =Dl
< max{||yno—p||, l|yn1 —pll, s [[ynn—1—pl} (2.3)
”yanl_p” = ||(1_anN_bnN)irn'i_anNT;\}xn"'bnNunN_p”

< (I1=apnN—=bnN)||2n =Dl +anN || TN T =D +bnn [|un N —p||
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< (I=ann—bnn)|Zn—pll+annknlln—p|+bpn || unn —p||

< knllzn —pll + 2Mban (2.4)

[ynv—2=pll < (1=ann-1—bnn-1)llzn—D|
+anN- 1| TN _1YnN—1 — Pl + bun—1|lunn—1 — D]

S (1 — QnpN-1 — bnN—l)”zn 7p|| + anN—lanynN—l 7p||

+ bpn—1lunn — ||

< (I1=anN-1-bun-1+ksany—1)||Tn—p||+2Mbnn—1+2Mbunkn

Hyn2_p|| S kyjy_Q||xn_p||+2Mbn3+2Mkjnbn4
4o 2MEN 3b,,y (2.6)

1yn1 = pll < (1 = an2 = bn2)[[#n — pll + anzkn|[yn2 — pl|
+ bnallun2 — pl|
< (1= ana —bpo+EY "ans)||zn — pl| + 2Mbpo + 2M kb3
+ 2ME2byg + .+ 2MEN 2D,
< kN2, — p|| + 2Mbps 4+ 2M kb + 2M k2 b,y
4o+ 2MEY b, N (2.7)
ll9no —pl|
bn1)[|@n—pll+an1 knl[yn1—pll+bni[[tn1 —p||
<(1—anp; —bp1 + k,]yanl)Hxn —pll + 2Mbpy + 2Mkpbpa
+2ME2bys + 2ME3byg + ... + 2MEN"1b,,

< kN ||zn —pl|+2Mbpy +2MEybpo +2Mk2 by +2M k3 by
+o 4+ 2MEN b, N (2.8)

Substituting (2.4), (2.5), (2.6), (2.7) and (2.8) into (2.3),
it can be obtained that

S (1_0/711_

1 — Pl

< kY ||z —pll +2Mby1 +2Mkpbya +2Mk2bns
F2ME3 by + o+ 2MEY "1b,n

= k) [|zn—pll+Qn,

where Q,, = Z;‘V:_Ol 2MKkN=179b,, ;. This completes the
proof of (i).

(ii) By (2.1), we know that

[ Znt1 —pl| < [1+ (KY - —pll + Qn.

Dlflzn
Notice that >, (k —1) < oo implies that Y2
1) < oo,

1= 1,2,.

( n—1""
. N. By (1.2), we also know that

>0 1 Qn < co. Thus, it follows from Lemma 1.1 that
lim,, 0 ||n, — p|| exists. This completes the proof of (ii).

(iii) Also by (2.1), we have

d(zpi1, F(D) < [1+ (kY = D]d(zn, F(T)) + Qn.

By Lemma 1.1, we get lim,,_,o d(xy,, F/(I")) exists. This
completes the proof of (iii).

(iv) From (2.1), it can be obtained that
lZnsm—pl < kner W Zngm—1-pl+Qnim—1

< eN(k"erflil) ”anrmfl_pH"‘Qnerfl

< eN(kn,+m,—1—1)+N(kn+m—2_1) “$n+m—2_p||

+QH+M71+6N(]€"+7”7171)Qn+m72

< eN(kn+m—1—1)+N(kn+m—2_1) “$n+m—2_p”

eNFnim1=D(Q o+ Qngm—1)
<.

n+m—1

NI e 1) Z Q;

n+m—1 o
<M O e

By Z;’ol( — 1) < oo, it can be obtained that L =
Nz ) < . Therefore,
n+m—1
|Zntm —pl < Lllzn —pll+ L Y Q.
j=n

This completes the proof of (iv).

Remark 2.1 Theorem 2.1 unifies and extends Lemma 1
in [4], Lemma 1 in [5], Lemma 1.2 in [7] and Lemma 5 in
8].

Theorem 2.2. Let E be a Banach space and C
be a nonempty bounded convex subset of E. Let
Ty, Ts,...., Ty @ C — C be N asymptotically quasi-
nonexpansive mappings with F(I') = N, F(T;) # 0.
Let {k,} C [1,00) be the sequence defined by (1.6) sat-
isfies > ° | (k, — 1) < oo. Then the iterative sequence
{z,} defined by (1.1) and (1.2) converges to a common
fixed point if and only if lim,_ . infd(z,, F(T)) = 0,
where d(y, A) denotes the distance of y to set A, i.e.,
d(y,A) = infrea |y — |-

Proof. The necessity is obvious. It is only need to prove
the sufficiency.

By limy, o inf d(z,, F(I')) = 0 and Theorem 2.1 (iii), i
can be obtained that

lim d(x,, F(T')) =0.

n—oo

(2.9)

From the proof of Theorem 2.1 (ii), we know that
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D Qn <. (2.10)
n=1

By (2.9) and (2.10), we know that for all £ > 0, there is
Ny > 0 such that

d(z,, F(T)) < %,Vn > No. (2.11)

> Qn<eVn = N. (2.12)

n:No

From (2.11), it is easy to know that there exists py € F(I")
such that

lzn, — poll < e. (2.13)
From (2.2), we have
n—1
lzn = poll < Lllwn, —poll + L Y Qj,¥n > No. (2.14)
Jj=No

It follows from Lemma (2.2), (2.12), (2.13) and (2.14)
that when n > Ny,

[Zntm = @nll < [2ntm — poll + [[2n — poll

n+m—1
<Llzn—poll +L Y Qi+ llzn —pol
j=n
n+m—1
=(L+D|zn—pl+L > @Q
Jj=n
n—1 n+m—1
= (L+D){L)zn,~pol+L D Q}+L > Q;
Jj=No Jj=n

< (L+1)Le+Le = (L+2)Le,Ym > 1.

This implies that {z,} is a Cauchy sequence in C, hence
lim,_, o x, exists. Let z,, — p € C. Then for any ¢ > 0,
there is a natural number N7 such that

|zn — pll <€,Vn > Ny. (2.15)

Since lim,, o inf d(z,, F(T')) = 0, there exists No > Ny
such that

d(z,, F(I')) < €,Yn > Na. (2.16)
And hence, there exists p; € F(I'), such that
2N, —p1l < e (2.17)

It follows (2.15) and (2.17) that for i = 1,2,..., N,

1Tip — pll < [|Tip — pall + |lp1 — zn2|| + [[2n2 — |

< killp—pill + lpr — el + lzve — ||
< killp—znall + Frllene —pi |l + |lp1 — 2wzl + 2w — pl]
< 2(k1+1)e

By the arbitrariness of ¢, it can be obtained that T;p = p
for all i = 1,2,..., N. And hence p is a common fixed
point of Ty, T5, ..., Tn. This completes the proof.

Using same method, it is easy to obtain

Corollary 2.3. Let F be a Banach space and C
be a nonempty bounded convex subset of E. Let
1,715, ... TN C — (C be N quasi-nonexpansive
mappings with F(') = NY,F(T;) # 0. Then the
iterative sequence {x,} defined by (1.1) and (1.2)
converges to a common fixed point if and only if
lim,,, oo inf d(z,,, F(T)) = 0.

By Theorem 2.2, it is easy to obtain

Corollary 2.4. Let F be a Banach space and C
be a nonempty bounded convex subset of E. Let
Ty, T, ... TN C — C be N asymptotically quasi-
nonexpansive mappings with F(I') = N, F(T;) # 0.
Then the iterative sequence {z,} defined by (1.1) and
(1.2) converges to a common fixed point if and only if
there exists some infinite subsequence of {x,, } which con-
verges to p.

Remark 2.2. (i) Theorem 2.2 extends and improves
Theorem 6 in [8], Theorem 1 in [4], Theorem 1 and Corol-
lary 2 in [3]. Corollary 2.3 generalizes Corollary 1 in [3]
and Theorem 2 in [4]. And Corollary 2.4 extends Theo-
rem 3 in [4].
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