TAENG International Journal of Applied Mathematics, 38:4, [JAM 38 4 02

A Lattice-Free Model Of Translocation-Induced
Outgrowth In Fungal Mycelia
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Abstract— Fungal mycelia occupy a central role in
nutrient cycling and are widely used in biological con-
trol and remediation. In these settings, fungi form
complex networks that develop in heterogeneous en-
vironments by uptaking nutrients from regions of lo-
cal excess and transporting them to regions of local
scarcity. In this work a novel mathematical model
of mycelial growth is described that explicitly incor-
porates the irregular branched and interconnected
nature of the mycelium and simulates the flow of
internally-located material. The model is applied
to a simple experimental configuration, representing
mycelial growth from an isolated nutrient supply, and
it is shown that a basic measurement of the devel-
oping network directly relates to the transportation
mechanisms used by mycelial fungi.

Keywords: anastomosis, fractal dimension, branching,
mycelium, translocation.

1 Introduction

Mycelial fungi comprise a highly-branched and intercon-
nected network of tubes, termed hyphae, that, despite
their microscopic scale, are capable of extending over vast
distances [1] and occupy an essential role in the cycling
of various nutrients [2]. Moreover, certain fungal species
form symbiotic connections with plant root systems and
so allow the transfer of nutrients over far wider spatial
scales than would be possible in their absence [3]. In ad-
dition to their ecological roles, recent work has focussed
on the biotechnological applications of fungi, such as in
biocontrol and bioremediation [4].

In all of the above contexts, mycelia develop over time
by acquiring and translocating a range of nutrients, such
as carbon, nitrogen and trace elements, through the net-
work. This material is used to further extend the net-
work structure, allowing the exploitation and coloniza-
tion of distant nutrient resources [5]. Soils are the nat-
ural growth environment for many of these mycelia but
because of the complex heterogeneities involved there
are obvious difficulties in experimental investigations of
their growth and function in such settings. Instead
many experimental investigations have been conducted
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on mycelia grown on Petri dishes using either homoge-
neous conditions or carefully controlled nutritional het-
erogeneities [6]. However, because of the microscopic
scale of hyphae in the fungal network, there are also in-
herent difficulties in the understanding and interpretation
of results obtained in even these settings. Mathemat-
ical modelling thus provides a powerful complimentary
technique to augment experimental investigation and has
been consistently used to aid in the understanding of
myecelial growth and function (see, for example, the ex-
tensive reviews in [7, 8]).

Many mathematical models treat the mycelium as a con-
tinuous structure [9, 10, 11, 12, 13]. While that approach
is highly successful for modelling dense networks, it is not
suited for modelling the sparse networks that arise under
low nutrient conditions since the underlying network for-
mation is neglected. However, there have been a num-
ber of discrete models that do account for the branched
and interconnected characteristics of the mycelium and
essentially these models can be classified as being either
lattice-based or lattice-free.

A lattice-based model is essentially a cellular automata
where the modelled network is confined to a regular
grid [14, 15, 16]. The regular geometry of the network al-
lows the incorporation of branching and anastomosis (the
fusion of the network into itself). Moreover, as in [15, 16],
the uptake of nutrients by the network can be modelled
along with their resultant translocation. However, since
growth is confined to a lattice, the regular geometry of
the resultant network does not best represent the more
irregular characteristics of mycelial fungi.

A popular alternative approach to simulating mycelial
networks involves a lattice-free approach [17, 18, 19],
which places no restriction on the position of the network.
The modelled network comprises connected line segments
and while such models are capable of generating struc-
tures that are highly reminiscent of mycelial fungi, they
have typically neglected many processes crucial to their
growth habit. For example, anastomosis has previously
been ignored, often because of the overwhelming compu-
tational difficulties (but see [20] for an angiogenesis model
that includes anastomosis). For similar reasons, translo-
cation has also been neglected. Those two processes, in
particular, are essential for the growth and function of
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myecelial fungi expanding in heterogeneous conditions and
hence must be considered in any model capable of quan-
titative predictions.

In this work a lattice-free approach incorporating anas-
tomosis has been used to model a mycelium growing
on a planar surface and, for the first time in a lattice-
free model, translocation within the network was also in-
cluded. To achieve this, the entire network was recorded
in a manner that allowed a systematic approach to lo-
cating all its connections. Section 2 contains a descrip-
tion of the technique used to store the network and the
rules that governed its development. In Section 3 the
model is applied to investigate a standard experimental
system representing the outgrowth of a mycelium from a
nutrient source into a nutrient-free environment and the
implications of the modelling approach are discussed in
Section 4.

2 Modelling

The mycelial network was modelled as a collection of con-
nected line segments of a fixed length h positioned on a
plane so that a single hypha was represented by a se-
ries of such line segments. For simplicity and as a nec-
essary first step, it was assumed that a single generic
substrate was responsible for hyphal growth and that the
substrate concentration was uniform within each line seg-
ment, but allowed to be different between connected line
segments. (In previous models, this substrate was often
regarded as carbon, see, for example, [15].) Each line
segment was represented by a four dimensional structure
v = (z,y,0, E) where x and y were the Cartesian coordi-
nate position of the start of the line segment, 6 € (—m, 7]
denoted the angle of the line segment measured with re-
spect to the positive z-axis and E denoted the amount
of substrate contained in the line segment.

The entire network was recorded in a dynamic two dimen-
sional array denoted by M whose entries were the struc-
tures v defined above and where each row corresponded
to a hyphae. The initial configuration of the network con-
sisted of a number Ny of line segments each starting from
the origin and radiating outwards in randomly chosen di-
rections containing a specified amount Ej of substrate.
This starting configuration was thus represented by an
array of Ny rows and a single column.

Time was modelled to advance in discrete steps and at the
end of each time step the network could expand due to the
creation of new hyphae (branching), the lengthening of
existing hyphae, the fusion of hyphae (anastomosis) and
the movement of substrate within the network (translo-
cation). The columns of the array M corresponded to the
time that a line segment was created and so at the end of
every time step a new column was amended to M and the
substrate levels in all line segments throughout the array
were updated. To quantify the resultant network, its ap-

proximate box counting fractal dimension was calculated
at the end of each time step. Each of these processes are
described in detail below.

2.1 Branching

Experimental studies have shown that branching in
mycelial fungi is caused by a combination of turgor pres-
sure and a local accumulation of tip vesicles [21, 22],
which arise through the acquisition of suitable nutrients.
Consequently for the modelling it was assumed that the
branching rate in a line segment was proportional to
the amount of substrate contained within that segment.
(A similar approach has been successfully applied pre-
viously [12, 15].) Branching was assumed dichotomous,
which is known to occur in certain fungi including Al-
lomyces macrogynus, Galactomyces geotrichum [23] and
Aspergillus niger [24]. Therefore a line segment at the pe-
riphery of the network underwent branching with proba-
bility bE where b was a non-negative constant and E de-
noted the substrate contained within that line segment.
To simulate that process, a uniformly distributed ran-
dom number was selected in the interval [0, 1] and if that
number was less than bFE then a branching event would
occur. (If bE exceeded unity then branching definitely
occurred.) In such an event two new line segments were
created where each originated from the end of the existing
line segment. The direction of these new line segments
were given by 6 4+ £ where 6 was the angle of the existing
line segment and £ was a random variable selected from
N(0,0?), a normal distribution of mean 0 and standard
deviation o (Fig 1 (a)). The substrate in each line seg-
ment was then calculated which, for improved exposition,
is described below in Section 2.5.

Figure 1: (a) The line segment v at angle 6 to the hor-
izontal z-axis undergoes branching generating two new
line segments with angles to the horizontal being 6 + &,
where ¢ € N(0,02). One of the new line segments (v! ")
is assigned to the existing line segment while the other
(vé“) is regarded as a new hyphae. (b) A new line seg-
ment v/ ! extends from an existing line segment v} at an
angle £ € N(0,02?).

After a branching event, one of the new line segments
was assigned to the existing hyphae while the other new
line segment was regarded as a new hyphae and was rep-
resented by a new row in the array M storing the entire
network. This new row started with a sufficient number
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of null entries so that the two new line segments appeared
in the same column. Additionally, to facilitate the mod-
elling of substrate movement, the location of the three
connected line segments in the matrix M were stored in
another array B which held the location of all branch-
ing points in the network and the corresponding line seg-
ments.

2.2 Hyphal extension

In addition to their role in branching, tip vesicles are
primarily responsible for the extension of hyphae [22, 23].
Indeed, in the absence of internal nutrients, there is no
supply of vesicles to the extending ends of hyphae and
consequently no growth. The straight line hyphal growth
habit is thus a consequence of the supply of tip vesicles
to the extending ends of hyphae and where variations in
the supply of the vesicles result in minor changes of the
growth direction [25].

The model incorporated hyphal extension by examining
those line segments at the periphery of the network that
did not undergo branching. Provided there was sufficient
energy in each segment, modelled by the substrate level
exceeding an amount ¢, the hyphae extended by gener-
ating a new line segment starting from the end of the
existing segment and whose direction was 0 + £ where, as
above, 6 denoted the direction of the existing line segment
with respect to the positive x-axis and ¢ was a random
variable taken from N(0,02) (Fig 1 (b)), where o de-
noted the standard deviation of the turning angle. The
new line segment was amended to the end of the corre-
sponding row of the network array M. The substrate in
the new line segment was calculated (described below).

It was assumed that the hyphae did not have sufficient
energy to extend when the substrate level was less than
c. In such cases, no new line segments were created and
instead a null structure was placed in the appropriate
position in the network array M.

The above modelling approach implies that hyphae ex-
tend in a pulsed manner (that is, hyphae move or do-
not-move) and, on average, in a straight line, which has
long been observed in certain mycelial fungi [26]. More-
over, experimental evidence shows that the variation in
hyphal extension is random [27], a property encapsulated
in the model construction.

2.3 Growth costs

As a mycelium grows, internally-located nutrients are
used to construct new wall material [23] and thus the
growing ends of hyphae represent energy sinks. To model
this process it was assumed that the formation of a
new line segment from an existing line segment (either
through branching or hyphal extension) would result in
a reduction of the substrate level in the originating line
segment by an amount ¢ representing the energy cost of

forming a length A of hyphae. Since hyphal extension
was possible only when the substrate level exceeded the
amount ¢, the substrate levels in a line segment remained
non-negative.

2.4 Anastomosis

If any of the new line segments created through branching
or hyphal extension intersected an existing line segment
then they were assumed to anastomose, that is, fuse with
each other. To this end, all new line segments were sys-
tematically checked to see if they intersected any of the
previous line segments and if an intersection occurred the
new line segment was revised so that it fused with the
existing network at the first point of intersection. (Mul-
tiple intersections were a possibility, especially in dense
networks.) This was accounted for by setting the next
entry in the corresponding row of M with a carefully se-
lected structure ¢ = (Z, g, 0, E), where Z and ¢ denoted
the Cartesian coordinate position of the first intersec-
tion and 6 took a null value indicating the structure v
did not represent a line segment. To facilitate substrate
movement within the network, the location of the line
segments involved in the anastomoses were recorded in
another array denoted by A.

2.5 Substrate concentrations

The model was applied to simulate outgrowth experi-
ments where mycelia expand from an isolated nutrient
source into a nutrient-free domain [28]. In such a situa-
tion, mycelial growth is only possible because the nutri-
ents acquired at the source are translocated through the
network.

In the model it was assumed that the substrate source
at the origin was continually replenished and acquired by
the mycelium, either through active transport or diffusion
across the hyphal wall [11] and, consistent with experi-
mental data, was in excess of local needs [29]. Thus fixed
boundary conditions were used to represent the uptake
of the substrate by the mycelium at the origin by set-
ting the original Ny line segments to contain a substrate
concentration of .

Since diffusion plays a significant role in the translocation
of several key nutrients, including carbon, throughout the
hyphal network [29, 30], substrate movement was mod-
elled accordingly. Specifically, the change of substrate in
a line segment k over the time step was given by

> phE 1)

connected
segments j

AE, =

where the diffusion coefficient D was sufficiently small
with respect to h to ensure numerical stability. (In all
our simulations the values of h and D were chosen such
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Table 1: A description of the parameters and their values used in the simulations.

’ Parameter \ Description \ Value (unless otherwise stated) ‘
h Length of line segment 1
Ny Initial number of hyphae/line segments 15
E Substrate at origin 10° - 10°
b Branching rate at tip 0.5
o Standard deviation of hyphal tip movement | 0.2
c Cost of growth of unit length 0.02
D Diffusion coeflicient for substrate 0.01 - 0.4

that numerical stability was assured.) It was straightfor-
ward to account for translocation between connected line
segments along what represented the same hyphae since
they corresponded to adjacent line segments on the same
row of the array M. The inclusion of any additional con-
nected line segments that occurred through branching or
anastomosis was achieved by systematically accounting
for the connections that were recorded in the arrays B
and A that identified the location of branches and anas-
tomoses in the network respectively.

While this modelling approach does not include
metabolically-driven translocation mechanisms that are
known to occur in certain mycelial fungi [29], it does how-
ever represent an important and necessary first step in
modelling substrate movement through an irregular and
continually changing network.

2.6 Fractal dimension

To quantify the modelled mycelial network (and to al-
low comparison with experimental data, e.g. [31, 32]),
the box counting fractal dimension of the network was
approximated at the end of each time step. This process
was implemented by covering the simulated network by
a series of square meshes of different sizes and counting
the number of squares that contained a line segment for
each mesh. The counting process was conducted by lo-
cating all the intersections of each line segment in the
network with the mesh using the same algorithmic ap-
proach adopted in the location of all the anastomoses in
the network. Thus the occupied squares in each mesh
were obtained and the negative gradient of the regression
line of the logarithm of the number of occupied squares
against the logarithm of the mesh size gave the fractal
dimension of the simulated network.

3 Results
3.1 Effect of substrate supply on outgrowth

The model was simulated for values of Ey, corresponding
to different amounts of substrate available at the origin,
ranging between 10° and 10°, where 20 runs were per-
formed for each value of Ey. The other parameter values
are specified in Table 1 with the diffusion coefficient taken

as D = 0.4.

The initial development of the network was largely inde-
pendent of Ey since the amount of substrate transported
to the expanding hyphal tips was sufficient to promote
growth and branching (Fig. 2). However, as the network
expanded, the substrate had to diffuse over longer dis-
tances and so there was an increasing dependence of Ejy
on further network growth. Thus, for small values of Ej,
there was minimal branching distant from the origin re-
sulting a sparse mycelial network (Fig. 2(a)). However,
for progressively larger values of Ejy, the effective diffu-
sion range increased because of the increased substrate
gradient (see equation (1)), which resulted in increased
branching and hence an increase in the network density

(Fig. 2(b),(c),(d))-

Figure 2: Simulated networks at times ¢t = 5,10,15 and
20 using the parameter values in Table 1 with D = 0.4
and (a) Ey = 10%, (b) Ep = 102, (¢) Ey = 10 and (d)
Ey = 10%

Since the networks comprised connected line segments of
length at most h, the box sizes used to determine the
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fractal dimension ranged between h/100 up to h. (This
choice of box sizes ensured that a single unconnected line
segment had a fractal dimension of unity, whereas using
larger box sizes would lead to an unrealistic box count-
ing dimension of less than unity.) The fractal property
existed across this range of box sizes as evidenced by a
linear relationship between the logarithms of the box size
and the number of boxes required to cover the network

(Fig. 3).

The fractal dimension of the simulated networks changed
over time depending on the substrate available at the
origin (Fig. 4). Except for the smallest value of Ey, the
fractal dimension initially increased but then declined be-
cause the space behind the network periphery was un-
filled due to a lack of branching. For small values of Ej,
there was a low branching frequency resulting in a con-
tinual decline in the fractal dimension. However, for pro-
gressively larger values of Ej, the decline in the fractal
dimension was less and when Ey > 10* the fractal di-
mension later increased because the increased branching
frequency brought about by an abundance of substrate in
the network resulted in a more complete coverage of space
behind the network periphery (Fig. 2(d)). In most cases,
different initial substrate levels resulted in networks hav-
ing significantly different fractal dimensions by the 20th
time step (1-way ANOVA, Table 2).

12

11 © 4

10f o i

In(number of boxes)

-5 -4 -3 -2 -1 0
In(mesh size)

Figure 3: The natural logarithm of the number of boxes
used to cover a network at time ¢t = 20 with initial data
Ey =102, D = 0.4 and other parameters given in Table 1
was plotted against the natural logarithm of the mesh size
for 101 uniformly distributed meshes between /100 and
h. The linear relationship between the data ensured the
fractal approximation was valid across the entire range of
mesh sizes considered.

3.2 Effect of translocation rates on out-
growth

The model was simulated to represent fungi with different
translocation rates cultured in the same environment by

131

1251

12¢

115

Box counting dimension

11f

1.05
0

Figure 4: The mean fractal dimensions for 20 simulations
with initial data Ey = 10° (o), Ey = 10! (%), Ey = 10?
(+), EO = ].O3 (*), E() = 104 (D) and Eo = 105 (<>)
Other parameters are specified in Table 1 with D = 0.4.
For improved exposition, error bars are not shown but
Table 2 shows that there were significant differences at
time ¢t = 20 between most of the graphs.

varying only the substrate diffusion rate D between 0.01
and 0.4. Twenty simulations were performed over 20 time
iterations for each value of D where Ey = 10* and with
other parameters given in Table 1. The box counting di-
mension of the resultant networks were calculated at each
time iteration for each value of D (Fig. 5). In all but
one case (D = 0.4) it was observed that the mean box
counting dimension of the networks decayed over time
and the greatest decay rates corresponded to the smallest
diffusion rates. For the remaining case D = 0.4 the box
counting dimension increased over the time duration con-
sidered, but this increase was only transient as separate
simulations performed over a longer time period showed
the box counting dimension eventually decayed toward
unity as the network expanded further in the same qual-
itative manner as the cases D < 0.4 (data not shown).

4 Discussion

The vector-based approach adopted in this work, cou-
pled with the inclusion of anastomosis, has resulted in
the most visually impressive modelled mycelial networks
in the literature to date. By including translocation as
a simple diffusive process, which has long been known
to occur in many mycelial fungi, there is also a strong
mechanistic underpinning to the model which is essential
if the model is to be used as a predictive tool.

Myecelial fungi grow from an isolated nutrient supply be-
cause of their ability to acquire and translocate mate-
rials from the nutrient source to the hyphal tips. In
the model it was assumed that translocation occurred
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Table 2: The fractal dimension of simulated networks at time ¢ = 20 generated by different initial substrate levels
are compared using a one-way ANOVA test. The p-values are shown for comparisons between different data sets and
there were significant differences except in the two cases indicated.

[ Eo J10°] 108 [ 102 [ 108 [ 10* [ 10° |
10 - [p<0.001[p<0.001]p<0.001]p<0.001]p<0.001
100 - - p <0.02 | p<0.001 | p<0.001 | p<0.001
10° - - - Not sig. p<0.05 | p<0.05
105 [ - - - - p<0.05 | p<0.05
10% - - - - - Not sig.

131

1.25¢-

12¢

115

Box counting dimension

11f

1.05 . !
0 15 20

Figure 5: The model was simulated twenty times with
Ey = 10* for different values of D for twenty iterations
and the mean box counting dimension is shown; D = 0.01
(0), D=0.1(x),D=0.2(+), D=0.3 (x¥) and D =04
(O). The other parameter values are stated in Table 1.

solely by diffusion acting between segments of hyphae
within the mycelium. The amount of material translo-
cated within the network increased with the gradient of
substrate between hyphal segments, which itself occurred
through either increased nutrient supply at the origin or
an increase in the diffusion coefficient D. In both cases
the density of the hyphae in the modelled networks, along
with their fractal dimension, increased with translocation
rates. However, because the translocation process was
governed by diffusion, when the network reached a certain
radius the amount of substrate diffusing from the nutrient
source to the network periphery became negligible result-
ing in minimal further branching. In turn, all subsequent
growth was mostly confined to the extension of hyphae
and hence the fractal dimension of the mycelium eventu-
ally declined to unity since the periphery of the network
mainly comprised unconnected line segments. The sim-
ulations thus predict that a quantitative measure of the
diffusion-based translocation rate within a mycelium can
be determined by observing the time taken for the frac-
tal dimension of the mycelium to approach unity when
forming under outgrowth conditions.

If translocation has more than just a diffusive component,
(as is known to occur for certain nutrients in particular
fungi, [29]), then the structure of the mycelium and its
fractal dimension obtained under outgrowth conditions
is likely to be very different. For example, a directed
translocation component would ensure a more consistent
branching rate, even long distances from the nutrient sup-
ply, which should manifest itself with the fractal dimen-
sion tending to an asymptotic value greater than unity.

The modelling has suggested that a simple qualitative
measurement of a fungi’s ability to translocate is given
by examining the mycelia produced under outgrowth
conditions and investigating how their fractal dimension
change over time. Furthermore, such an experiment could
also provide information on the translocation mechanisms
themselves.
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