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Associated Rational Functions based on a Three-term
Recurrence Relation for Orthogonal Rational Functions™

Karl Deckers' and Adhemar Bultheel?

Abstract— Consider the sequence of poles A = {1, a2, ...},
and suppose the rational functions ¢,, with poles in .A form an or-
thonormal system with respect to an Hermitian positive-definite
inner product. Further, assume the ¢,, satisfy a three-term re-
currence relation. Let the rational function Wn\)l with poles in
{az2, as, ...} represent the associated rational function of ¢,, of
order 1; i.e. the ga,sll\)l satisfy the same three-term recurrence re-
lation as the ¢,,. In this paper we then give a relation between ¢,,
and cpil\)l in terms of the so-called rational functions of the second
kind. Next, under certain conditions on the poles in .4, we prove
that the @511\)1 form an orthonormal system of rational functions
with respect to an Hermitian positive-definite inner product. Fi-
nally, we give a relation between associated rational functions of
different order, independent of whether they form an orthonor-
mal system.

Keywords: Orthogonal rational functions, associated rational
Sfunctions, rational functions of the second kind, three-term recur-
rence relation, Favard theorem.

1 Introduction

Let ¢,, denote the polynomial of degree n that is orthonor-
mal with respect to a positive measure p on a subset S of the
real line. Further, assume the measure y is normalized (i.e.
js dp = 1) and suppose the orthonormal polynomials (OPs)
¢y, satisfy a three-term recurrence relation of the form

¢_1(I) = O7
an¢n(£) -

¢0 (I’) = 1,
(= Bn)pn—1(7) —an_1¢n_2(v), n>1,
where the recurrence coefficients «,, and (3, are real, and
ay, # 0 for every n.

Let the polynomial (;55;1) . of degree n—k denote the associated
polynomial (AP) of order £ > 0, with n > k. By definition,
these APs are the polynomials generated by the three-term re-
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currence relation given by

¢<_‘”< )

an¢n k(

0, ¢(x)=1,
)= (2= Ba)o) )y (x) —

k
an,1¢gn)72)7k(l’),
n>k+ 1.

Note that this way the APs of order 0 and the OPs are in fact
the same.

The following relation exists between APs of different order

L@)ol @) = o) (@)oll2, ()]

qunm?;z)«kl ( )¢Ef)*1)*k?(x)’ (1)

wheren +1 > m+1 > 35 > k > 0 (see e.g. [10, Eqns
(2.5)-(2.6)] for the special case in which m = 7 = k + 1,
respectively m =n — 1).

k
am+1 ¢£n

From the Favard theorem it follows that the APs of order k
form an orthonormal system with respect to a positive nor-
malized measure ,u(’“) on S. Therefore, another relation exists
between the APs of order j and £ in terms of polynomials of
the second kind:

t—x

W 9 (@) |
0<j<k—-1<n, (2

and hence,

¢(J) (t) — ¢(J) (z ) noq "
t—x N Z OTk(b

k=j+1

(@00 (1) 3

(see e.g. [10, Eqgns (2.9) and (2.13)] for the special case in
which j = 0). For ¢t = z, relation (3) can be rewritten as

—~ 1
> @l

k=j+1

2 [0, = @ @

Orthonormal rational functions (ORFs) on a subset S of the
real line (see e.g. [2, 8, 9] and [1, Chapt. 11]) are a general-
ization of OPs on S in such a way that they are of increasing
degree with a given sequence of complex poles, and the OPs
result if all the poles are at infinity. Let ¢,, denote the rational
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function with n poles outside S' that is orthonormal with re-
spect to a positive normalized measure 1 on S. Under certain
conditions on the poles, these ORFs satisfy a three-term recur-
rence relation too. Consequently, associated rational functions
(ARFs) can be defined based on this three-term recurrence re-

lation. Furthermore, in [1, Chapt. 11.2], the rational function
[1]

of the second kind 5, of ¢, is defined similarly as in (2); i.e.
t) — T
Pll(z) = / Mdu(t), n>0. (5
s _

The aim of this paper is to generalize the relations for APs,
given by (1)-(4), to the case of ARFs. The outline of the pa-
per is as follows. After giving the necessary theoretical back-
ground in Section 2, in Section 3 we deal with the generaliza-
tion of relation (1). Next, we give a relation between ARFs of
order k£ — 1 and k in terms of rational functions of the second
kind in Section 4. We conclude the article with the generaliza-
tion of relation (3) and (4) in Section 5.

This paper is an updated and extended version of the confer-
ence paper [5]. First, we have proved a more general relation
between ARFs of different order in Theorem 3.3. Secondly, in
Section 5 we have given a generalization of relation (3) and (4)
to the case of ARFs. Whereas in [5], the generalization of re-
lation (2) has only been proved for k = j + 1.

2 Preliminaries

The field of complex numbers will be denoted by C and the
Riemann sphere by C = C U {oo}. For the real line we use
the symbol R, while the extended real line will be denoted by
R = R U {oo}. Further, we represent the positive real line by
R* = {z € R: 2z > 0}. If the value a € X is omitted in the
set X, this will be represented by X,; e.g.

Co = C\ {0}.

Let ¢ = a+ib, where a, b € R, then we represent the real part
of ¢ € C by R{c} = a and the imaginary part by S{c} = b.

Given a sequence A, = {a1,9,...,a,} C Co, we define

the factors

x
Z =— l=1,2,...
l(x) 1—%/(}1’ ) Y ’n,
and products
bo(z) = 1, bi(z) = Zi(z)by—1(x), l=1,2,...,n,

1 l
, mx) =] -2/a), wolx)=1.

i=1

The space of rational functions with poles in .4,, is then given

by
L, = span{bo(x), by (x)a cey bn(x)}

We will also need the reduced sequence of poles A\, =
{ak+1, g2, .. an}, where 0 < k < n, and the reduced
space of rational functions with poles in A,,\j, given by

Lo\ = span{bp\k(2), bt 1)\k(2), - . by ()}
where (@) ok
bi(x i
b €Tr) = = 5
i (@) b(z)  mw(z)
for [ > k and

l

mk(T) = H (1—z/a;), my(z) =1

i=k+1

In the special case in which & = 0 or £ = n, we have that
Ao = Ap and Lo = Ly, respectively A\, = 0 and
Lon = Lo = C. We will assume that the poles in A,, are
arbitrary complex or infinite; hence, they do not have to appear
in pairs of complex conjugates.

We define the substar conjugate of a function f(z) € L, by

fulw) = [@).

Consider an inner product that is defined by the linear func-
tional M:

We say that M is an Hermitian positive-definite linear func-
tional (HPDLF) if for every f, g € L it holds that

f#0e M{ff.} >0 and M{fg.} = M{f.g}.

Further, assume M is normalized (M {1} = 1) and suppose
there exists a sequence of rational functions {¢,, }22;, with
©n € Ly \ L1, so that the ,, form an orthonormal system
with respect to the HPDLF M.

Let ag € Cy be arbitrary but fixed in advance. Then the or-
thonormal rational functions (ORFs) ¢,, = fr—" are said to be
regular for n > 1if p,,(a,—1) # 0 and pn(n&n,l) # 0. A
zero of p,, at oo means that the degree of p,, is less than n. We
now have the following recurrence relation for ORFs. For the
proof, we refer to [8, Sec. 2] and [3, Sec. 3].

Theorem 2.1. Let Ey € Co, a—y1 € Ry and ag € Cqy be
arbitrary but fixed in advance. Then the ORFs ¢;, | = n —
2,n—1,n, withn > 1, are regular iff there exists a three-term
recurrence relation of the form

on(x) = Zn(x) {En {1 + )

an(x)} Pn—1(2)

Ch
—w<ﬁn—2($)}7 E, C,eCy, F,cC, (6
with
o o
B, 2 _4J{Oén} S{an-1} —: A, €RY, 7

|an|2 Ian—1|2
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_ By 1+ Fo/Zp 1 (@n-1)]

Cn = = ; (®)
En—l
and
% {a’ﬂ} 1 % {an72} 1
S{F,} = o 5 — oL 5 9
|ovn| | En| lon 2] | B 1]
whenever o, _1 € Ry, respectively
[RAFN? + [S{F} = iZn-1(@n-1)]" =
_ E.1> A
.Zn— . 2 | n . n 10
[iZ—1(@n-1)] B A (10)
whenever a,,_1 ¢ R. The initial conditions are p_(z) = 0

and @o(x) = 1.

In the remainder we will assume that the system of ORFs
{pn}S is regular.

(k) _ Pn_ k(x)

Let ¢ € L\, denote the associated rational

n\k — wn\k(m
function (ARF) of ¢,, of order k; i.e. @EL}C\),C, n==k+1k+
2,...,1s generated by the three-term recurrence relation

k k
P @ =0, el (@) =1,
o) w1 o®
Pk () = Zn(x) {En [1 + anjl(m)jl Pln1)\k (T)
} ,n>k+1.

Cn (k)
) <‘O(n—2)\k( x)

Note that in the special case in which £k = 0, we have that

(0)
n\O = @n.

As a consequence of the Favard theorem for rational functions
with complex poles (see [4, Thm. 4.1]) we then have the fol-
lowing theorem.

Theorem 2.2. Let {‘Pi?ﬁ?;k 41 be a sequence of rational
functions generated by the three-term recurrence relation (6)—
(10) for n > k > 0, with initial conditions gpgill)\k(x) =0

and g@,(f\)k(x) = 1. Furthermore, assume that

Il ap_1 € @0,

2. ‘Pizk\)k €Ly \ Lo\ n=k+1,k+2,....

Then there exists a normalized HPDLF M) so that

(f.g) =M™ {fg.}

defines an Hermitian positive-definite inner product for which

the rational functions <p5f\)k form an orthonormal system.

3 AREFs of different order

The aim of this section is to generalize relation (1) to the case
of ARFs. First we need the following two lemmas.

Lemma 3.1 The ARFs ¢\, with s = k, k + 1,k + 2 and

n > k + 1, satisfy the relation given by

k Fk k
) = Zun @B |1+ 2 1 @)
Zit2(T) (k42
—Ck+2m (k) (@) (D)

Proof. First, consider the case in which n = k + 1. From the
three-term recurrence relation we deduce that

(%) Fita
@(k+1)\k( r) = Zp1(2) Epa [14— Zk(:c)}
k+1 .
We also have that apgkilg\(kﬂ)() = 1, while
@éﬁiig\(k +2)( ) = 0. Hence, the statement clearly

holds forn = k + 1.

Next, consider the case in which n = k + 2. From the three-
term recurrence relation we now deduce that

k+2 (k)
i) Ao

Zi12(2)
Zk* (.1‘) .

Plhan (@) = Ziya(2) By {1+
— Cryo2

k+2)

Also now we have that @Ek+2)\(k+2)(a?) = 1. Moreover,

F;
Zit2(7) B2 {14— btz } (*)

Zis1(x) <p(,€+1)\k(x)

F
= Z}c+2(£€)Ek+2 |:1 + k+2:| X

Zk+1

ke (@)-
P(k+2)\(k+1)

Zy1(2)Er g [

= Zk41(®) Bt [14— 5( )]

Consequently, the statement clearly holds for n = k + 2 as
well.

Finally, assume that the statement holds for n—2 and n—1. By
induction, the statement is then easily verified for n > k + 3
by applying the three-term recurrence relation to the left hand

side of (1 1) for V), as well as to the right hand side of (11)
(k+

(k+2)
e O

for ¢ A\ (k42)"

and ¢

Lemma 3.2. The ARFs <pff)

\s withs =k, 5,5+ 1land k <
7 < n, are related by

P (@) = e (@) ()

J+1($) (j+1)

(k)
~ Uiz e (D96 (12)

N (2)-
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Proof. Forevery [ > 0 we have that

1 l
‘sz)—n\z(x) =0, Spl(\)l( ) 1

0d {0 (0) = Zia(o) B |1+
Thus, the relation given by (12) clearly holds for j = n or
j = k. While for j = n —1orj = k + 1, (12) is nothing
more than the three-term recurrence relation, respectively the
relation given by (11).

So, suppose that the statement holds for j. From the three-
term recurrence relation it follows that

(k) _ (k)
Pl @) = 951 (@20 (@)
Zjt1(z) (k)
_ ., Li\)
j+1 Z]—l*( )80(] 1)\k( ),

while for j < n — 1 it follows from Lemma 3.1 that

Zijv2(T) (j+2) )
42 Zj*(x) ‘Pn\(]urz)(x) = @n\]( )

(j+1) )
— @G0 (@ (@)-

Consequently, by induction we then find for j + 1 that

(3+1) (k)
a5 +1) (@2 k(@)
Zit2(T) (j+2) (k)
j+2 Z]]*(:c) <P,f\(j+2)(l')90j\k(l‘)
Zina(x) (1) (k)
_Cj+1m99n\(j+1)(x)@(jfl)\k(x)
k k
JFS@S\)J( )805\3@( )= (\)( )s
which ends the proof. O

We are now able to prove our first main result.

Theorem 3.3. Let P and Q\W3), withn +1 > m +1 >
7 >k >0, be given by

m—+1

PO @) = ] Cig P (z) =1, (13)
z 2*

i=j+1

. ,
Qi) = w;ik<x>wﬁ€j<m>

j k
—o (@) ().
Then it holds that
, m k

Q'Erlj”%)( )= P'r(rfJ)rl( )@;\(erljﬂ)( )@Ejll)\k(x)' (14)

Proof. Since for every [ > 0 it holds that Q(l l)( )=0=
@El)_l)\l( ), the statement clearly holds for & = j. Similarly,

for every [ > j — 1 it holds that Ql(s’j)(x) =0= 901(&121)( ),

so that the statement clearly holds for m = n as well. Thus, it
remains to prove the statement forn+1 > m+1 > 5 > k > 0.

Let k£ and j be fixed. For m = j, (14) reduces to the relation
given by (12). While for m = 5 — 1 we have that

k,j k j
QP (2) = o) 1 n (@) (@)
] ] k
= PP (@)l ()3 ().

(k,5)

m—2,n—2°
(k.5) (k.5) (k.5) : :
Qm 1,n—2° Qm 2n—1 and Qm 1n l’Wlthn >m >] +1

By induction, we then find for Q that (see also Figure 1
for a graphical representation of the proof by induction)

So, suppose that the statement holds for @

QN (2) = o (1)) () — oD (2) 1), ()
= [ @)l (@) = PED@)el) ) (@) x
[ @) @) = PU D @)l ) (@) -
[ @) (@) = P (@)pl) ) ()] x
[ @) @) = Pr D @)el ) ()]
= oy @) (@) (@)
+ P (@) P (2)Q1 ) (@)

m—2,n—2

— P @ P @)Q (@)

— oy @ P @)QU ) (x)

= PR@) {o\ o @iy @)l
+ P )@Enm 2))\(m (@)

— g @) PO @)y ()

(n—1) (m—1) (k)
P\ (n—1) ()P 1)\ (m—1) (x)} PGk
:Pr(r{)( ){‘P(T(nll) 1)( T)p ’gL\T)n(x)
p(m=D) (k)
~Pr\(m- 1>(I)}‘P<a‘—1>\k($)
m—+1 k
= Pf(vz-)i-l( )‘PEL\J”_)H)(x)@gj)_l)\k(x)-

\m ()

4 Functions of the second kind

Suppose the ARFs goglk\z,:zl) of order k — 1 > 0 form an
orthonormal system with respect to a normalized HPDLF
M®*=1D and let ®,, (1) be given by

_ k—
By by (1) = (1= /T )0 oy (@) (19)

(Advance online publication: 20 November 2008)
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Figure 1: Graphical representation of the proof by induction of
Theorem 3.3. The (n, m)-coordinates marked with an "0’ de-
note the initialization, while the induction step is represented
by the rectangular and arrow. Consequently, the statement fol-
lows by induction for the (n,m)-coordinates marked with a
black dot.

Then we define the rational functions of the second kind 1,
by

(1—=z/ak)
Va\k(T) = ~=——"X
k() B .Ch
|:Mt(k1) {q)n\(k—l)(t? T) — @\ (k1) (2, 1) }
t—x

5n,k1/ak1:| ) n 2 k— 1) (16)

where 6,, ;1 is the Kronecker Delta. Note that this definition
is very similar to, but not exactly the same as the one given
before in (5). We will then prove that the 1, satisfy the
same three-term recurrence relation as 505?\?/:)—1) with initial
conditions 9 _1)\x(z) = 0 and ¢} (z) = 1, and hence, that

Yok (x) = ‘PELk\)k(m)' First, we need the following lemma.

Lemma 4.1. Let wn\k, withn > k —1 > 0, be defined
as before in (16). Then it holds that V(;_1y\r(x) = 0 and
’lﬁk\k(x) =1, while ’lﬂn\k S Ln\k forn > k.

Proof. Define q,,_(,—2) by

Gn—(k—2)(2) = (1 — 2/qk—1)Tn\ (k-1 ().

For n > k it then follows from (15) and (16) that

_ 1 - 1
Ek—lckwn\k(x) = = \k(m) Mt(k b {HX

k— - o
P 1y (D () — (L= /e p ) (@)] )

n—(k— k—1 k i
St o)} a

(17)
Tp\k(T)
Further, with
Cn,kx = lim Wnl’i(;f),
r—oo I
we have that
(k—1) (k) ~ Cnk—1 4 (k-1) (k—1)
M, {an,(k,l)(t)} = aMt {‘Pn\(kfm(t)}
= O7
so that 1,,\, is of the form
(k)
pn—k(
= Lo\k-
Yok () T () € Lok

For n = k we find that

Ep 1 Crthp\i () =

Py (Baa(@) — (1= /@ )p" (@)

Mt(k_l) —z(l —t/x)
Note that
i — 220 6y Ahuzn® | _ 0,
I x 1—t/x
so that

_ (k—1)
_ 1-— _
Ypi(e) = lim M 1){ 1o } n_ (o)

T—qp—1 1-— t/l’ Ek*lckx
(k—1)
_ o PRen@) B [1+ Fi/Zx—1(2)]
Tk 1 Ek_lcka(z) Tk —1 Ek_lck
_ B 1+ Fi/Zi—1(tk—1)] _1
Ep_1Cy

Finally, in the special case in which n = k — 1, we have that

27D {<I>(k_1)\(k_1>(t, ) = Poe—\(e—1) (2, 7) }
t

t—a
_ Mt(k—l) { (1- x/akqt)_—agl —t/ak_1) }
=1/

(Advance online publication: 20 November 2008)
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The following theorem now shows that these v,,\;, satisfy the
same three-term recurrence relation as the ap(kfl) .

n\(k—1)
Theorem 4.2. Let 1,,\ ), be defined as before in (16). The ra-
tional functions Yy, withl =n—2,n—1,nandn > k+1,
then satisfy the three-term recurrence relation given by

Vo\k(T) = Zn(7) {En [1 + fn } Yn—1)\k(T)

Zna ()
Cn
_Zn_z*(l')w(”Q)\k(.r)} . 38)

The initial conditions are Y, 1)\ (x) = 0 and Y\ (x) = 1.

Proof. First note that the ARFs 90;6(;17)1)’ withl=n—2,n—

1, n, satisfy the three-term recurrence relation given by (18),
and hence, so do the @), (,_1). Consequently, we have that

Uk (%) = Zn () {En [1 + ZHFT()} Yn-1)\k(T)

C, fn(z,)
_Z7L_2*($)1/J(n2)\k(x)} +M { t—x }
b (1—=z/on) Cons Zi+1(z)
okt an_1Er_ 10 * Zy—14(x)’
(1 I/ak)

where f,(x,t) = o In (z,t) and g, (x,t) is given by

gn(xv t) =k, [Zn(t) - Zn(x)]q)(n—l)\(k—l)(ta (B)
n, Zn(x
+ E,F, |:Zn_(1t()t) - Zn—(l(i):| (I)(n—l)\(k—l)(t>x)
Zyn(t) Zy(x) .
-Cp |:Zn_2*(t) - Zn_g*(.lf)] D2\ (k—1)(t; T).
Note that

(t— =)

Zn(t) = Zn(x) (1—t/on)(1 —z/ay)

Zn(t) _ Zn(z) (t_x)/Zn—l(an)
Zn-1(t)  Zn_1(x) (1—t/apn)(1 —z/ay)
Zn(t) _ Zn () - (t — )/ 224 (an)
Zn—o0x(t)  Zp_os() (1—t/a,)(1—x/ay)’
so that
fulet) (O =wfon)  Zul)
t—o1 - Ek—lck Zk—l*(l')<1 t/ n) hn(t)
_ (A —=/ax)  Zn(x) Zn(t)
= e (1 B o
where
ha(t) = E [1+F”] (k=) (t)
n n Zn_1(n) Pln—1)\(k—1)
Cn 1
T T (o) éfb 2))\(k 1(6)-

It clearly holds that

Mt(k_l) {hn()} = =00 k+1Ck+1/Zi—1+(ths1)-

Further, note that

Zt) _ Za)
Zn72*(an) Zn72*(t)
and
Zt) )
anl(an) anl(t) ’
Hence
k
Zn(Ohn(t) = o0 1) (1)
(k—1) (k—1)
= EnFn 1)\ e-1) () + Cn iz o1y ()
so that
MED L7 () ha(t
ENAO) 5 6o
As a result,
Mtk: 1){fn($ t)}
t—zx
P (1—=z/on) Con Zi+1(z)
T A1 B Cy, Zy—14(x)’
which ends the proof. O

The next theorem directly follows from Lemma 4.1 and The-
orem 4.2.

Theorem 4.3. Let ;. be defined as before in (16). These
Yp\k are the ARFs <p(k\)k of order k with initial conditions

k k
P (@) = 0and o) () = 1.

In the above lemma and theorems we have assumed that the
ARFs <p7(f\?k1 1 1) form an orthonormal system with respect to a
normalized HPDLF M (*—1) The assumption certainly holds

for k = 1, and hence, the ARFs goill)l are the rational functions
of the second kind of the ORFs ¢,,. The next question is then

whether the ARFs 9053\)1 form an orthonormal system with re-

spect to a normalized HPDLF M (1), Therefore, we need the
following lemma.

Lemma 4.4. Let the ARFs gp \k of order k be defined

by (16). Then the leading coefficient K( )k, i.e. the coeffi-

cient of by 1, in the expansion of 90;\),6 with respect to the basis

{be\ks - - bk}, s given by
K 1—t/a
KW, = Znmlh) e {/a} .
Ey_1Cy 1—t/ay

(Advance online publication: 20 November 2008)
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Proof. Note that the leading coefficient K, (k) ', 1s given by (see
also [3, Thm. 3.2])
k
el . 9051\)1@( ) ) p;k,)k(ﬂf)
) = lim = —_,
n k T bn\k( ) xnfk

T—0p

Further, let g,_(y_2) be defined as before in Lemma 4.1.
Clearly, for n > k it then holds that

(k—1)
I L ) (I)M(k—l) M —0
T—0up gn—(k—1) t 1— t/x o

So, from (17) we deduce that

Ek—lckK,(Lk_)k
(k—1)

pnf(kfl)@c)M(k‘fl) { 1—t/ag—_1 }

gn—(k—1) 1—t/x

M(k 1) {1 —t/a_1 } .

1—t/ay,

This proves the statement. O

= lim

T—=0n

(k1)
=K, (k-

As a consequence, we now have the following theorem.

Theorem 4.5. Let the ARis ‘szk\)k of order k be defined by (16)
and assume that a1 € Ry. Further, suppose that

Mt(k_l) {1t/ak—1} £0

1—t/am (19)

whenever n > k and o, ¢ {ap_1,0,ax}. Then it holds
that the gpilk\)k form an orthonormal system with respect to a
normalized HPDLF M ().

€ Ln\k \E(n—l)\k iff K‘I(Lk—)k # 0. We
# 0 for every n > k, due to the fact

Proof. Note that goglk\)k
now have that Kgi_(;l 1
that the ARFs gogllg\z,il) € Lo\ (k—1) \L(n—1\(k—1)- Moreover,

as M*~1) is a normalized HPDLF and because go,(f\zklll) is

regu]ar, we also have that

JVILED
! 1—t/a,

whenever «,, € {ap_1,@,ar}. Thus, together with the
assumption given by (19), it follows from Lemma 4.4 that

<p£lk\)k € Lok \ Ln-1)\k for every n > k. Consequently,
both assumptions in Theorem 2.2 are satisfied, which ends the

proof. O

Finally, note that none of the ARFs form an orthonormal sys-
tem whenever (A, U {ap}) C (C\ R). On the other hand,
whenever the inner product is defined as a weighted infinite
sum of as an integral over a subset of the real line with respect
to a positive bounded Borel measure, and all the poles (includ-
ing o) are real and outside the convex hull of the support of
the measure, then the ARFs form an orthonormal system for
every order k > 1.

5 ARFs and functions of the second kind

In the previous section, a generalization of (2) to the case of
ARFs has been proved for the special case in which & = 5+ 1.
The aim of this section is to give a generalization for arbitrary
k,with 7+ 1 < k <n+1, and hence, to give a generalization
of relation (3) and (4).
()

Suppose the ARFs P of order j > 0 form an orthonormal

system with respect to a normalized HPDLF M), and let
X%J )z be defined by

D i(t,x) — D iz, t)
WL () = (1= /o) =R (0)
Clearly, for fixed values of = we have that X(J ) S En\7,

hence, there exist coefficients ay, ,, () so that

thj?vc Zakn

(‘Dk\J t),
with .
apn(z) = MY {xﬁféwﬁij\j)*} :
For k = j < n, it already follows from the previous section
that .
aj,n( ) = E; CJ+1<Pn\(J+1)(37)
While for £ = n we have the following lemma.
Lemma 5.1. For k = n, the coefficient ay, ,,(x) is given by

n=j

n>j o @D

In the special case in which o; € Ry, we may rewrite (21) as

Zn(x)
Zj (.’E

a”hn(x) = (1 _x/aj-‘rl)/ana n Z.]

~—

Proof. The expression for a; ;(z) is easily verified (see also
the last step in the proof of Lemma 4.1). So, it remains to
prove the case in which n > j. We then have that

(4)

Xz (1)

an.n(2) = tlirg (4) (t)
" P

_ ~ /e im 1—$/aj _ (1_t/a1) 'n\)j(x)
Sl B (t =)o) (1)
= (1=a/aju0) |25 = 2 (1=a/agin) .

In the remainder we will make the following assumptions:

(Al) aj €Rg, 7 > 0;
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(A2) A(—2)\;j C Ro whenever n > j + 2.

Finally, note that ORFs are fixed up to a unimodular constant.
Thus, without loss of generality we may as well assume that

(A3) E;, € Ry whenever a;_1 € Rg.

We are now able to prove our second main result.

Theorem 5.2. Let y\%, with 0 < j < n, be defined by (20).
Under the assumptions (Al)—(A3) it then holds that

(k+1) (z) (J)()

( +1)
X Ejn Z G P\ (k1) (2) P
Zn(fv) — /o) ()
(t 22
" Zj(z) ( an emglt) (2D
where P,Ef; ) is defined as before in (13). And hence,
(k+1) _ 1 @) {G) L)
P\ (k1) () = M X020y |
\(k+1) EJ+1P]£ +1)($) { (k\7) }
< k<n.

Proof. The equality in (22) clearly holds for n € {j,j + 1}.
Thus, suppose the equality holds for n — 2 and n — 1, and let
(see also the proof of Theorem 4.2)

F, j
hn(t) = En [1 + an()] @gn) (@)

Cn )
_ Z"_2(an)@(n,2)\j(t)

and
rn(t) = Zn(t)hn(t) = @3, (1)
(4) (4)
- FE Fn‘P(n 1)\]( ) + Cn@(zl_g)\j(t)-
By induction, we then find for n > j + 2 that

o1 o Za(2)
n\(n 1)(x)X"—17I(t) C"Zn_Q(m)Xﬂ—Q,ﬁ(t)

1—z/ajp1\ Zn(x)
an ) Zj(x)

X9 (t) =

+(1—z/ajn) rn(t)

(J+1
= b+l Z Pk:+1

+ cn_2<x>so(n_2)\j () + e (@) 1y, ()
n Zn(l’) (1 —x/ozj_H) (4) (t)

an n\i

(k+1) )
)P\ (k1) (@ ) (t)

and
e 1(z) = F <1—x/a;+1>§j§§§x
v R Pk e B |

———— =E; Pfﬂ""” T @(n) T).
Zin@Z(e) e @)

O

Finally, as a consequence of the previous theorem, we have
the following corollary.

Corollary 5.3. Let Y/, with 0 < j < n, be defined by (20).
Under the assumptions (Al)—(A3) it then holds that

(1~ /o)1 - x/ajm% ¢, (@)

(j+1 (k+1) j
= Lj+1 Z P ' n\(k+1)( )%(j\)j(z)

1 Zn () ] ()
+ (),
p e baeies] LAl
where P,Ef{ ) is defined as before in (13).

Proof. From Theorem 5.2 it follows that

+1 k41 i
XSL i Ejn Z Plgi-l ) gl\-z_k—)kl)(x)wg\)j (z)
Zn( ) 1—1‘/Otj+1 7)
- Z.() ( o Ppr; (T)-
On the other hand we have that
XD@) = (1—z/ajn)(l—z/a;)® x
P () el @)
li 1-t/aj 1—z/aj
t—zx t—x
(4)

d ‘Pn\'(m)
= (-2/aj)( —z/ay) — | 77— ;/aj
= (/o)1 - zfay) 5 [¢0,0)]

J+1 3 gz [ Pn\i
l—z/ajn\ @)
" < a; ) P ()
Consequently,

(1~ /o)1 - x/am% ¢, (@)

1 k 1 j
= Jﬂzp,gfﬁ D (@)l (x)

"\(k+1) k\j
Zn(z) 1 1 ()
1—a/a; Lo .
o x/ag+l>[zj(x) i

(Advance online publication: 20 November 2008)



TAENG International Journal of Applied Mathematics, 38:4, [IJAM 38 4 08

Finally, note that

Zo(z) 1 1 1
Zj(x) an  a;  Zj(an)(1 -z/ay)’
which ends the proof. O

6 Conclusion

In this paper, we have given a relation between associated ra-
tional functions (ARFs) of order j and £ > j + 1 in terms of
rational functions of the second kind, assuming the ARFs of
order j form an orthonormal system with respect to an Her-
mitian positive-definite inner product. Further, we have given
a relation between ARFs of different order that holds in gen-
eral; i.e. the relation holds independently of whether the ARFs
involved form an orthonormal system with respect to an Her-
mitian positive-definite inner product. If all the poles are at
infinity, we again obtain the polynomial case.

The results in this paper have been derived in the more gen-
eral framework of the approximation of integrals on the inter-
val [—1, 1]; more specific, to characterize rational quadrature
formulas with positive weights and to derive asymptotic for-
mulas for the weights (like has been done for the polynomial
case in [6, 7]). At this moment of writing, however, this inves-
tigation is still in an early phase.
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