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Magnetothermoelastic Problem of a Half-Space

S.K. Bhullar and J.L.Wegner

Abstract - This paper is concerned to study temperature
distribution, thermal stresses and  displacement
components for a magnetother moelastic problem of a half-
space subjected to (i) moving heat source and (ii) moving
load. Classical Dynamical Coupled, Lord-Shulman and
Green Lindsay theories of thermoelasticity are used for
mathematical analysis. It isfound that the L ord-Shulman
theory ismor e pronounced than coupled theory and Green
Lindsay theories. Numerical computations have been
performed for computing temperature, stresses and
displacement for thesetheories. Theresults obtained using
thesetheories are compared and depicted graphically.

the earlier contribution to the subject can be tbim[3].
The contribution of some authors who had worked in
this field is presented in [4-11]. The other stadie
performed is a coupled magnetothermoelastic problem
in elastic half space [12], transient generalized
magnetothermoelastic waves in a rotating half-sjpage
and a coupled magnetothermoelastic problem in a
perfectly conducting elastic half-space with thelrma
relaxation [14], magnetothermoelastic waves induned

a thermal shock in a infinitely conducting elastialf
space [15] and generation of generalized magneto

thermoelastic waves by thermal shock in a perfectly
conducting half-space[16]. Recently, relaxatiofeetf

on thermal shock problems in an elastic half-spafce
generalized magneto thermoelasticity are studiddh

In the present paper we have formulated a two-
The classical theory of thermoelasticity is based o dimensional magnetothermoelastic problem of a half-
Fourier's law of heat conduction, which predicts anspace subjected to moving heat source and movau) lo

Keywords: displacement, moving heat source, moving load,
temperaturefield.

I. INTRODUCTION

infinite speed of heat propagation. Many new thesor to study temperature field, thermal stresses and
have been proposed to eliminate this physicaldisplacement components.

absurdity. Lord and Shulman [1] first modified

Fourier's law by introducing into the field equat®

the term representing the thermal relaxation tifites . THEORY

modified theory is known as the generalized thesir . .
thermoelasticitill. Later, Greer? and Lindsay )[/2] Following ”Othmr.;m [17], for. gfenerallzed
developed a more general theory of thermoelastitity thermoelasticity with two relaxation times, the

which Fourier's law of heat conduction is unchanged linearized equations in non- dimensional form of
whereas the classical energy equation and thesstreslectrodynamics in slowly moving medium and the-non
strain temperature relations are modified by ini@dg  vanishing stress components are given by

two constitutive constants having dimensions ofetim ., 0 o S\ .

In the last five decades anotr?er domain has beeﬁ Usoe TU 1y +(ﬁ _])V,xy -p (Hx +tlQX)—aOu @)
developed, which investigates the interaction betwe 5 .

the strain and electromagnetic fields. This digogis (182 _])u,xy+lgzv,yy+v,xx _182(@ +t16,’y)_aov
called magnetoelasticity. The problem of interattio 2 2
between the elastic or thermoelastic field and the2, _ iﬂ 07 O+ iﬂ 9”1l
electromagnetic field has been a research topicafor ot oatz ot oatz

number of investigations in recent years becausiésof (3)
utilitarian aspects in various branches of scieand

technology, like geophysics for understanding ttiece 0

of the Earth’s magnetic field on seismic waveSUXX:,Bozux+(,82—2)Vy—,6’2(1+t1JH
damping of acoustic waves in a magnetic field, ' ' ot
emissions at electromagnetic radiation from nuclear

devices, development of a highly sensitive supeg :(ﬁZ_z)u + [2u, - B 1+t 0 o
conducting magnetometer, electrical power engingeri X omy Lot

optics and plasma physics. A comprehensive review o
O,=U, +Vv,

)

(4)

(5)
(6)
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t, and t; are thermal relaxation times and othewhere p=c—, is the dimensionless loading speed

symbols having their usual meanings.
discuss the results from different
thermoelasticity, we shall take for:

C-D theory,t, =t, =0;
L-S theory,t, =0, t, #0;
G-L theory, t, Z0,t, Z0.

In order to ) Y ) N
theories ofind the co-ordinatex” and Yy  move in positive

0
direction with speedp . It follows from (14) that we
may use the relation

0 _ 0

ot’ pax"
to eliminate time derivatives.

(15)

In terms of the nmgv

In the above equations, the following non-dimenalon co-ordinates given by (14), (1) and (2) togethethwi)

guantities are used

Xr:,70 y_ﬂoy’ ur:pco”ou
0 Co 0
4 _pCOI]OVt =1ty = Mot to =k,
0
g; T-T oC
g, =—,6= S0, =—5. 8
T, o K (8)

and (8) become

(82 -16+9, +u,, +u,

-B(6, - pt8,)=a,pu,, (16)
(8 -1)6+8, +v,, +v,,
_'82 (H,Y - ptle,yy) = ao pzv,xx (17)

Equations (9)-(10) together with relation (15), eaft
omitting the primes orx and y are as follows:

where, primes denote dimensional variables. If we
introduce the functiop defined by, ¢ =e—6 0° 62’ = 1[D2¢ + ptlﬂz 0‘9]_ p? 0’ ¢Z
Equations (1) and (2) take the form ox* a 0 X 0x (18)
9° g _ 1( 2 9° ¢ 0 02
= =(0%p-1,0%)- o= p0 4 2

atz a 02 (9) pax p OOXZ
The heat conduction equation given can be 19
written as a J ) X6+ (6 +¢)] (19)

5 a2 To obtain the expressions fé; ¢,u,v andaij let us
0?6 = {at +, tZJ [9 + 5(9 + ¢)] assume that where, D is the (complex) frequencyaand

(10) is the wave number in theg - direction and D is

and the stress components given by (4) - (6) aiteew
as

O-xx:|:1802 -B (1” ;H&ﬁm 2v,
(11)

%{ﬁé -p [1+t aiﬂmﬁm 2u,
(12)
ny: u,y +V,X (13)

We change the co-ordinate system moving with ifgyut
shifting the origin to the position of input

unknown quantity. Inserting (20) into (18) and X18
obtain:

|_9!¢!u!v’0ijJ(X! y)=[90,¢0,u0,vo,00ijj(y)

xexg/ax—Dy) (20)
D2 -a2 +a p*a?|g,(y)

_ _[(Dz —az)/aptl +ap?a’ ]90 (y) (21)
e go(y)= |07 - a?)- L+ ) fo (v) 22)

Eliminating Ho(y) from equations (21)-(22), we obtain

|.D4 -a,D* _azjeo(y)_ (23)
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where, where,m=a’* + a,a’p®
a = 2a’ +aa’p® +(1+ & +/2apt )y
=la* + wa? l1- ap? )+ gcwa?(1+ /apnt In terms of the moving co-ordinates (14) and by imgk
% ( zwé )( ap ) “ ( P l) use of relation (15) the stress components givefi by
o = —t,p a” —rap (13) become as follows
Equation (23) can be factorized as
0
(0% -k o* ~k2 ) (v) =0 . axx{ﬂé -ﬂ{l— Pt aﬂ@ o -2,
where, (31)
k12,2 =a’ tw, T, JW:|:B()2 _132(1_ ptlaaX\J:|9+B02¢_2u,x (32)
@ = Z[ap®a® + (1+ & +1gapt, )|
i gy T Uy, (33)
, = o - ap’al
The solution of (23) is written as Upon using (20), (25), (26) and (29) into equati31)-
2 (33), we get
8, = 6, explrax - k,y) (kz _az),apt + ap2a2
i=1 5 ' ! K2
Where,<9i are parameters depending up@n P k|2 —al+ ap2a2 - K _'mz
Substituting equation (25) in (21) and we get: 2 + '302 —ﬂz(l—/aptl) '
[ —a o, + ap'a? "7 5] [- (1) @)
— 2 _ .2 2,2
P, —Z ki —a” +ap“a x (ﬂz ‘1j(k2 —azj(/apt +apzaz)
= %6 exfrax—k. y) (26) - ' i
| EXAX=K Y, 2 a2 + apPal
Now, (16) and (17) together with (20) become as '
follows: x 8 explrax - k)
(D2 -a’+a, pzaz)uO +/a(,6’2 —1)¢0
_ 2,2 —
(/a +[°a ptl)¢9O =0 27) (KZ _azj apt, + ap2a®
2 2ra
Al 2-a?rap®a® |72 2
D?-a’+a,p’a’l, +ralB?-1)D k= —m
(+(1+/a,82 to)pDe Mo prsbe. 2| LA st
= Opy =
pt, 0 (28) TN —(1+/apt1p’2j
Substituting (25) - (26) in (27) (28), we get X (ﬁz —IJ(KZ _az)( apt, +ap2a2)
2 ia(,Bz _1)(K2 _az)/aptl +ap’a’ i k2 - a2 + ap2a2
_ 1 - 2_.2 2.2
U=, I —n? K -a +apa x g explrax-ky) (35)
= + (/a+ ptiaz,Bz)
xq explrax—ky) (29)

(,82 —1)(ki2 - az)/aptl +ap?a?
ki2 — 32 +ap2a2

—(1—/apt1B2)

2
- 2 2
Vo= kZ-m
i=1

x 6, exglrax—k; y)
(30)
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, , (Kz-az) apt, + ap2a? where L
_ 2
0= L5t SR 2-a el a, = [ f(xexpax)dx and f (x)
- , V(i
+ 2 - B2(L-1apt,) ! ,
ek & KP =exp(—x)
2 D i 2 2 a - a
ki -m lZlki -m 01:a13|‘:|221g2: ajl-:|3 21!|:|:_a'21+a‘22
—(1+/apt1,82) 1 ( )2
a,=a, =1 =—ex;{—bx—|/t )
x ( ﬂz—l)(lgz—azj(/aptl +a’p2a2) 117 S a3 e
' k? - a2 +ap®a® (36) K2 (’ at+ ptlazﬁz)
<oty o= | il )+ e
I k; k12 —a2+ a,pzaz
PROBLEMI 2 2 .2 2 2
—1p\k  —a“|rapt, + ap“a
Consider a homogeneous isotropic thermoelastia soli+ rak; ('8 )(Izi_ 2_2 ap212 el
occupying the region K2 -7 ki -a"+apa
y=20, —0o<X<00, —00<Z<00 —(1—/apt]ﬁ2)
of the xy-plane and displacemelit= (u,v,O) and the K2 (/a+ ptlazﬂz)
temperaturel are function ofx,y and timet which &2 = K2 _Zmz _ia(,82 ‘1)(k22 ‘5‘2)’5‘%+0'p2""2
is subjected to moving heat source with following ? k;-a’+ap®a’
boundary 2 _1\k2 — a2 )sant. + ap’a?
conditions, . 1ak, ('8 )522_ 621+)/apzlaza'p a
6(x, y,t)= f(x-yt), o, =(x y,t)=0, K2 —m? 2 "@& T ap
90 —(1—/aptlﬂ2)
—+h6=0 a, =0
0x (37) PROBLEMI |

where, h is the surface heat transfer coefficient ahd Consider a homogeneous isotropic thermoelastid sol

is arbitrary function and be the velocity of motioh occupying the region
heat source. Equations (37) together with (25)26)d Y 20, —0 < X<, —c0 <z<oco of the xy-plane
gives following expression: which is subjected to moving load with following

2 2 boundary conditions,
8 explax — = expl/ax
> Bexax-ky) = a exeax)

(38) = alx-
g, (% y,t)=g(x-vt) (a1)
2.2t + o02a2 —
ey ¥ 7320
R % i ho=0
"’/302‘/32(1_’@131) ay a
; :§ KZ ek (43)
BT
(o)
X (52 _1)k2-a2 + o022
Pl ometd)|
ke —-a“ +ap“a
x g exrax) =0
2
(k. +h) 8 explrax) =0
=1 (40)
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(kiz - az)/apt1 +ap2a? a, = (ﬁo2 _52(1‘/apt1))

2 __Za kZ -a?)iapt, + ap®a’
Al K2-a?+ap2a® T2 7 | b b, e
> 5 ki~ —m kZ-a’+ap’a

2 + B¢ - B(1-1apt,) (/a+pta2,82)
igl —| 1+rapt ,82 2a 2l 2 2 2,2

1 —k2 e _/a(,B —l)(k2 -a )(/apt1+ap a )
2
X (,32 —1)(ki2 - az)( rapt, + apzazj k; -a*+ap*a’®
- a,=0
ki2 ~a%+ afpza2 (/a+ t azlgz)
2 kZ p 1
x 8, explrax) = explrax) a, = kzilz ia(ﬁ’2 - 1)(k12 - az)/aptl +ap’a’
k=1 (44) "ELLIN k? -a? +ap’a’
1
2 _ 2 _ a2 2,2
(1¢-a?Japy + el ok, |72tk ~a et + ap'a
A K2 —a2 + e +ki2_m2 kj —a® +ap“a
- (l_laptllgz)
+ﬁ;2_/82(1_/ap§) (/a+ tazﬁz)

2 2 rak 45) 2 Ph
g 2 n12 - 2 n12 a'22 = k2 _ m2 _ |a(ﬁ2 _1)(k22 _az)/aptl +a’p2a2
i =1k“ - k=- 2 kzz—a2+ap2a2

_(1+/ap§,82j ) (,82 —1)(k22 _ az)/aptl +ap?a’
/akK, 2 _ a2 2,2
x (52_%2_ ZX,ap“apzaz) + K2~ kZ -a® +ap’a
+ —(1—/apt1,82)
2_.2 2.2
K*-a+ap"a , 1 )
xgexifiax)=0 s :]—Texp(— b(x - 1) )

2 . NUMERICAL RESULTS
Z(ki + h) Hl exd/ax): 0 In order to study temperature field, thermal steesand
= (46) displacement components, we have computed them for
where a specific model. The material chosen for numérica

5 calculation is Copper. The physical data for such
b, = 1 jg(x) explrax)dx and material in S| units is,
e 0 =893x10°kg/m*,C, = 0.398x10°J / kg,
K =38MW/m°C, £ =0.0168 B° = 35,3; = 201

To compare the results obtained using classical

g(x) = exr(— x2)

Solving equations (44)-(46) for unknown constants

I I I I
gzal3a22 g :_aisazl Dynamic Coupled, Lord-Shulman and Green-Lindsay
! o 'l o theories of thermoelasticity. The value of thermal
[ =- a'2 ai + ai a'2 relaxation times have been taken as:
12 1%2

ay, :(ﬁoz —ﬁz(l—/apg)) C-D theory,t, =t, =0;

+I802|:(k12 _az)[aptl +0’p2a2:| L-S theory,to = 05, tl =0;
k? -a®+ap’a’® G-L theory, t, =0.2,t, =05.
(/a+ ptla2ﬁ2) The graphs are drawn for different values of time,
_kfzi?nz _ra(p? -1)k? - a*) rapt, + ap*a?) t =02t =05 The values of real part of
k? —a* +ap*a’ temperature field and displacement components
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C-D theory

u(x,t) and v(x,t) are evaluated on the plane y = 1
for moving heat source and moving load.

Moving heat source: In Fig. 1-3, 3-D graphs shows the
variation in temperature for C-D, G-L and L-S thesr

and Fig.4, three curves, predicted by the threertbg, -0
C-D, G-L and L-S for temperature distribution, are
shown. The graph in Fig. 5, is drawn to see th
variation in temperature at time t=0.5 whereas th ' 5%
comparison for temperature variation, at time t=ang
t=0.5 due to moving heat source is shown in Figit& Fig. 1, 3-D graph for temperature distributiom @D
horizontal displacement for C-D, G-L and L-S thesri theory, due to moving heat source at t=0.2
respectively due to moving heat source at dimethessn
time t=0.2 is shown in Fig. 7-9. and comparisothoée
theories is given in Fig.10. The graph in Fig. i,
drawn to see horizontal displacement at time t=0.
whereas the comparison for horizontal displacement,
time t=0.2 and t=0.5 due to moving heat source i
shown in Fig. 12. Also, 3-D graphs in Fig. 13-15 &
shows the vertical displacement due to moving he‘o_os &
source at dimensionless time t=0.2 and their corsar 0l
can be seen in Fig.16. The graph in Fig. 17, isvdrto
see the vertical displacement at time t=0.5 and tt
comparison of vertical displacement at t=0.2 an@.&
all the three theories, is shown in Fig. 18.
Moving load: Similarly the results are obtained for the 50
pro_blem of moving load. The variation .in temperafu Fig. 2, 3-D graph for temperature distributiom €-L
horizontal displacement and vertical displacemeatt . _

. . theory, due to moving heat source at t=0.2
different values of time t=0.2 and t=0.5 and their
Comparison is shown in Fig. 19-36, for C-D, G-L and
L-S theories due to moving. Comparison, for C-DI. G-
and L-S theories due to moving load are shown i L~ theory
Fig.10-18.

G-L theory

-0.05

V. CONCLUSION
It is observed that:

) . . 0.05 LS

i. Temperature variation is more in L-S theoryt o "’.;;;eggé@".‘ \
than C-D and G-L theory with distance at smal | |53 S
time due to moving heat source.

ii. The same variation is observed in the case «
horizontal and vertical displacement
distribution. ' 5

iii. As well as case of moving load source is
concerned the variation in temperature anffig- 3, 3-D graph  for temperature distributiom f6S
displacement occurs in same fashion. theory, due to moving heat source at t=0.2

S AR
ARSI \
<A A
SEEREEEN
SEERLRRIIE,
LR

A

22
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C-D theory
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Fig. 4, Temperature distribution for C-D, G-L ane5L
theories, due to moving heat source, at t=0.2

Fig. 7, 3-D graph for horizontal displacement febC

T .
. theory, due to moving heat source at t=0.2
0.06 A
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0 \\t/ \ \ 7 G-L theory
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Fig. 5, Temperature distribution for C-D, G-L ane5L T
theories, due to moving heat source, at t=0.5 oo
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5 0
0.075 / fx\ ]
0.05 B/ A\ I ] Fig. 8, 3-D graph for horizontal displacement fot.G
0,025 A \ theory, due to moving heat source at t=0.2
: ey \ \\ ]
Of——= ] “ =
SN / \ \ /// 7
-0.025 N Ay AN\
N~ \\ L-S theory
-0.05 N
\ /
6 -4 -2 0 2 4 6 Q\:\\
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Fig. 6, Comparison for temperature distribution fa- i.o&é.‘i“‘\“\\\\\\\\\\\s
D, G-L and L-S theories, due to moving heat seurc Ny M\\\\\\\\\W;ﬁv 1
times, t=0.2 and t=0.5. oo L \\‘\«‘&‘\\\\\\Wgz
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Fig. 9, 3-D graph for horizontal displacement feSL
theory, due to moving heat source at t=0.2
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C-L theory
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Fig. 10, Horizontal displacement for C-D, G-L arvbL 0 LY Jos
theories, due to moving heat source, at t=0.2 X =~/
u Fig. 14, 3-D graph for vertical displacement fotL.G-
P theory, due to moving heat source at t=0. 2
0.006 N JoA
O — /NNy
\ 1/
- v -
0.06 1N [ CLCt=05 L-S theory
0.0l v/ ~GLt=05
- --L=St=05
-6 -4 -2 0 2 4 6

SN
A AN
Fig. 11, Horizontal displacement for C-D, G-L anc oot .,y':Z""s N
L-S theories, due to moving heat source, at t=0.£ '\9050’
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Fig. 15, 3-D graph for vertical displacement foSL-
-0.01 N

y theory, due to moving heat source at t=0. 2
\

N

-6 -4 -2 0

Fig. 12, Comparison for horizontal displacement fGr
D, G-Land L-S theories, due to moving heairse,

\Y
ti t=0.2 and t=0.5 0.01 o
imes, t=0.2 and t=0.5. 0.005 B L
N0 \/ f W
CD theory 0 DN / == X
-0005 \\ N ‘/// 7C_D,t20.2
-0.01 NN — GL,t=0.2
i - L-S§,t=0.2
-6 -4 -2 0 2 4 6

Fig. 16, Vertical displacement for C-D, G-L and L-S
theories, due to moving heat source

Fig. 13, 3-D graph for vertical displacement fobC-
theory, due to moving heat source at t=0. 2
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o — == ! X
N\ N C-C,t=0.5
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Fig. 17, Vertical displacement for C-D, G-L and L-S
theories, due to moving heat source,tat).5
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Of—+ / 1 x
Ny / ==
-0.005 N //
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N 1~
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Fig. 18, Comparison for vertical displacement f@-D,
G-L and L-S theories, due to moving heat squrce
times, t=0.2 and t=0.5.

C-C theory
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Fig. 19, 3-D graph for temperature distribution @D
theory, due to moving load at t=0.2

CG-L theory

oA
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Fig. 20, 3-D graph for temperature distributionG-
L theory, due to moving load at t=0.2

L-S theory
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Fig. 21, 3-D graph for temperature distribution fe8
theory, due to moving load at t=0.2

—
Q0
mnro
I
Iyl
[elele}
NN

-0.1
-0.15 e

Fig. 22, Temperature distribution for C-D, G-L dn
theories, due to moving load at t=0.2.
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Fig. 24, Comparison for temperature distribution fo
C-D, G-L and L-S theories, due to moving heatrseu
times, t=0.2 and t=0.5.

C-D theory

Fig. 25, 3-D graph for horizontal displacement@DbD
theory, due to moving load at t=0.2

G-L theory
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Fig. 26, 3-D graph for horizontal displacement@L
theory, due to moving load at t=0.2
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Fig. 27, 3-D graph for horizontal displacement lfeS
theory, due to moving load at t=0.2.
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Fig. 28, Horizontal displacement for C-D, G-L arnEL
theories, due to moving load at t=0.2

U
0.005 /"

0.002507iv NN

-0.0025 \\\ g //

0. A §Rige
-0.01 \ L-St-05

-6 -4 -2 0 2 4 6

Fig. 29, Horizontal displacement for C-D, G-L andL
theories, due to moving load at t=0.2
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Fig. 30, Comparison for horizontal displacement fGr
D, G-Land L-S theories, due to moving loathes,
t=0.2 and t=0.5.
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Fig. 31, 3-D graph for vertical displacement fobC-
theory, due to moving load at t=0.2.
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Fig. 32, 3-D graph for vertical displacement fol.G-
theory, due to moving load at t=0.2

Fig. 33, 3-D graph for vertical displacement foEL-
theory, due to moving load at t=0.2
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Fig. 34, Vertical displacement for C-D, G-L and L-S
theories, due to moving load at t=0.2.
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Fig. 35, Vertical displacement for C-D, G-L and L-S
theories, due to moving load, at t=0.5.
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Fig. 36, Comparison for vertical displacement f@-D,
G-L and L-S theories, due to moving load aesm
t=0.2 and t=0.5.
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