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Dual Equation of Indefinite Problem with Three
Turning Points

R.Darzi, A. Dabbaghian, A. Neamaty and A. Jodayree Akbarfam *

Abstract—We consider the differential equation

for

where [ contain three turning points, that is here, ze-
ros of ¢. Using of the asymptotic estimates provided
in [5] for a special fundamental system of solutions of
(#) in I, we study the infinite product representation
of solutions of (i). Also, we use the infinite product
representations of the solutions to derive dual differ-
ential equations of the second order.

—y" +q(2)y = p°¢*(2)y zel:=[0,1], (i)

Keywords: Turning point, Asymptotic form,

Hadamard factorization theorem, Infinite products

1 Introduction

Differential equations with turning points have various
applications in mathematics, elasticity, optics, geophysics
and other branches of natural sciences(see[6,10,11]). The
importance of asymptotic analysis in obtaining informa-
tion on the solution of a Sturm-Liouville equation with
multiple turning points was realized by Leung [11], Olver
[15-16], Heading [6], and Eberhard, Freiling and schnei-
der in [4]. The results of [10,2,3] bring important inno-
vations to the asymptotic approximation of solutions of
Sturm-Liouville equations with two turning points. Nea-
maty and Dabbaghian [13], authors obtained Asymptotic
form of the solution of (i)with m turning points of odd-
even order. Marasi and Jodayree [12], authors considered
that the weight function has m turning points that one
is of odd order and others are of even order. In [15], au-
thors considered duality for an indefinite inverse Sturm-
Liouville problem with one turning point. In this paper
we obtain The canonical product of the solution of differ-
ential equation with turning points in a case where the
weight function has three turning points that z; is of even
order, x5 is of odd order and x3 is of even order. Such, we
use the infinite product representations of the solutions
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to derive dual differential equations of the second order.
In future paper we will apply the the dual equations to
find the solution of an inverse problem.

2 Notations

Let us consider the real second - order differential equa-
tion

" +a(zx)y=A*(x)y , zel=1[01, (1)
where A = p? is a real parameter, ¢? and ¢ are functions.
we suppose that

¢*(z) = [[(x — 2)" b0 ()

v=1

where 0 < 71 < 3 < 23 <1, I, € N, ¢o(x) > 0 for
x € I, and ¢g is twice continuously differentiable on I.
In the other words, ¢? has in I, three zeros x,, of order
ly, v =1,2,3, where [; is even, [y is odd and I3 is even.
In the terminology of [ 5 |, z1 is of type I, x5 is of type
IV and z3 is of type II. Zeros x, of ¢? are called turning
points. We also assume that ¢ is bounded and integrable
on I. Now let C'(x, A) be the solution of (1) corresponding
to the initial conditions C'(0,\) = 1, C'(0,A) = 0. In
order to represent the solution C'(z, ) as on Asymptotic
form we use a suitable fundamental system of solutions
(FSS) for Eq.(1) as constructed in [5 ]. Introducing some
terminology at this point we write:

[1]51+O(§) , as A — 00,
[a] = a—l—O(p%o) where a € C' and

oo = min{puq, po, p3},

1

MV:2+ZV7

Dye= [z, +€x,41 —€and I, = [Ty_1 + €2, — €] U

[, — €, + €] U [z + €, 241 — €.
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We know from [5] that in the sector

™
S 1 ={plargp € [_Z>O]}a

there exists an FSS of (1) {W1 1(x, p), Wa1(z, p)}
and such that

p [ lolar

lp(a)|"2e [1],0 < & < 21,
Wia(z, p) = |¢(:p)\*% CcSC iy

Lo 1Ol < )

o)~ re IO 0 < o <,
Waa(w.p) = § |o(x)| =% sinmuy 2

L \¢(t)|dt[1]’x1 P

Since x5 is of type IV, we also have the following FSS

1

P d

O R
_ . @ dt—i T

VI,Q(‘THO) %|¢(x)|7% cSC %{e"ﬂfaﬂ [p(t)|dt—i% [1}_’_

—io [* dt+i T
e zpfzz [$e) dt+eg [1]},.%’2 <zr<uwxs,

|¢(r)|_%e_pfw2 W(t)‘dt[l],zl <x < To,

2|¢(x)| % sin T2 (3)
i I \¢(t>\dm%[

Vao(z,p) =

1,22 < z < z3,

Since x3, is of type II, we also have the following FSS

ip [* d
()|~ 2 e PO o <,
Uslesl) =4 ()t esempuafe™ 0 1) 4.
cosmuze fS Id)(t)ldt[l]},xg <z<l,
—ip [ |#(t)|dt
()|~ e e O
io [* 16()dt
Ups(w,p) =4 COSTH3C .f”’ 1} ez <o <,
o(a)| % sin (4)
ol PO <,

It follows that the Wronskian of FSS satisfies

W(p) = W(Wii(z, p), Wan(z,p)) = —2p[1],
W(vl,Q(x7p)a‘/2,2($’p)) = _Qp[l]v
W<Ul,2(m7p)7 U2,2(x7p)) = *QZP[]-]

as p — 00.
We also need
{Wl,l(xla p)7 WZ,I(xhp)}? {‘/172(‘7;27 p)) ‘/2,2(‘%.2) p)}

and {U1,3(x3, p), Uss(w3, p)}. From [5] we have

V2m . 1_ ir(— 1y H1
Wia(z1,p) = 2 (ip)? Mescmpe™ i)
2#11/}(‘@1) [1]
Ll —p) 7
V2 1 iy 2009(2)
Wai(z1,p) = 2 (ip)2~HremiTaT m[%
where
vlar) = Jm 6 b@){ [ ot @)
i Ty T
At the x = x5, we have
Ver, 1 2124p(z2)
= — 27 B2, - C 1
‘/172($2,p) 2 (p) CSCT [ 1—\(1 — #2)[ ]7

Thz ) 224(x2)

V2T ()b ore T oo T 2V
2 o)

Vao(wa, p) = ——(p)2 H2e™"

At the x = x3, we have

V2r

1_ . am(i—
U1,3($37P):72 (p)2 M csempge™

HTa) 2M3w($3)
(1 — ps)

1],

Vor il im(1_n3y 2M3 (2
Us (w3, p) = ~——(p)2 Heem(a ) 201 (23)

2 T — i) T

3 Asymptotic form of the solution

We consider the differential equation (1) with the follow-
ing conditions
co,N)=1 , C'(0,\)=0 (6)

Applying the FSS {Wy 1(z, p), Wa1(x, p)} for x € I ¢, we
have

C(z,p) = aaWii(x, p) + caWa 1 (z, p), (7)

that using of Cramer’s rule leads to the equation

Cla.) = G755 (Waa 0.9 Ws:0)

_Wll,l(07p)W2,1(x7p))7 (8)

where W (p) = —2p[1].
Taking (2) in to account we derive

(Advance online publication: 13 May 2010)
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%|¢(w)|;%|¢( 0)[% (e ol le(Oldey)
e
(

31o(@)|72|6(0)]% (csc mpa (p) 9)
. LRl

L le(o)ldyy

C(z,p) =

+sinpa(p)

1)),z < z < xa.

By virtue of (12), the following estimates are also valid:

16(a)| 2 p(0) e Jo PO
Ek(x 0), O§x<x1
C(z,p) = i (10)
Lo(@)]~H16(0)]} escmpuye? o 01
Er(z,p),z1 < x < 2,
where
v(z)
B, p) = [1]+ 3 e hpn (@),
n=1
and a_s = a1 = =1, a9p = —a_1 =i, Br(x) #0

) 0 <6 < ﬁkl(z) < ﬁkQ(I) < - < ﬁkl/(.L)(x) <
2max{R4 (1), R_(1)}, where the integer-valued functions
v and by, are constant in every interval Dj., j =1,2,3
and

:/OI max{0, $2(¢) }dt

:/OI max{0, —¢2(¢) }dt- (11)

Similarly using of (5) and (11) for = z; we find that

C(x1,p) = \/%W(O)ﬁ(ip)%f‘“cscmtlei”(*%+%)
2#1'(/}( pf |(¢)|dt
A1 —m) By 12
Ar(1 — Ml) (@1, ). (12)

Hence we have estimated the solution of (1) defined by the
initial conditions (9) in I .. In order to find the solution
in Iy, we fix ¢ € (x1,z2) and use (3) and Cramer’s rule to
determine the connection coefficients Ny (p), Na(p) with

{ C(z,p) = Ni(p)V12(z, p) + Na(p) V2 2(, p),
13)

C'(x,p) = Ni(p)V{ (@, p) + Na(p)V35(x, p).
Consequently
1 1 2
Ni(p) = 1000} esempmer o 1#O1
1 . _p [*2
Na(p) = 10O sinmpre a0 (1)

Substituting (12) and estimates of Vja(z,p) and
Va,2(z, p) from (3) in the case
ro < x < x3 we derive the continuation of the solution

to interval (x2,x3) in the form:

1 o t)\dt
Cla.p) = 3lo(@)]~ 316(0)|3 (T (p S nn
TQ(P)eiip fmz ‘qb(t)ldt[l]) (15)
where
1 9 /L
Ti(p) = 5 esemi csc TH2 5 ”f lo(t)]dt— T
1 xg i
Tr(p) = 5 Csc iy cse 52 Pf |o(t)|dt+i5
+2sinmpy sin — TH2 —p L2 el dt— i
or
C(l‘a p) = %|¢(l‘)‘_% |¢(0)|% cse 7T/J41 cse 772ﬁ
(16)

21 |dt+ip [7 o) |dt—iZ
epf0 lo)lat+ip [ 16(2)] B, p),ws < 1 < @3-

In addition, the value of C(z, p) at © = x5 can be calcu-
lated by taking account of (7) and (16)
V27| $(0)| 2 p3 ~H2 2029 (23) esempicserpia

C(x%p) = 4F(1 . /1/2)

xe’ Jo? Wt)lthk(a:g,p). (17)

Now for fixed = € (x2,x3) and use (4) we determine the
connection coefficients Bi(p), Ba(p) with

C(z,p) = Bi(p)Ur3(w, p)+Ba2(p)Uzs(w,p) , w2 < <as,
consequently
1 ip [T |6(t)|dt
Bi(p) = 3603 Ty (p)e” s 101 1)

ﬂ-pf:; l#(e)ldt

£16(0)|® cos Tz T(p)e 1], (18)

Ba(p) = £[o(0)[ETu(p)e " oa 140y,

By the continuation of the solution to the interval (zs,1)

we have

C(z,p) = Bi(p)Urs(x, p) + B2(p)Uz3(z,p)  (19)

(Advance online publication: 13 May 2010)
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sy < <1,

then by (4) we obtain

O, p) = |6(x)| Dy () I P01 1)
Dapye Pl sy cact, ()
where
D1 (p) = Bi(p) cscmus,

Ds(p) = iBi(p) cos s + Ba(p) sinmps-

By substituting (21) in (23)we obtain the leading term of
C(z,p) in (x3,1) as follows:
Clx,p) =

2 dt+ip [* dt—i T
epfo |#()ldt+ pfxz l#()]dt YEg(x,p), T3 <z <1

T2

Ho(@)|~2[$(0)|2 cscmpy cse ™4

csC T3
(21)

In addition from (8) and (22) we can get the value of
C(z,p) at x = x3:

1

MW(O)|%péiu32”3w(x3)e”(1*%3

Clas.p) = ST — o)

(22)

T2
CSCT 41 CSCTCSCWug

. i 3
xef’fo M’(t)'d”pfmz |¢(t)‘thk(I37P)

4 The Asymptotic representation of the
canonical product

We consider the boundary value problem L; =
Ly (¢*(x), q(z),b) for Eq.(1) with boundary conditions

y(ov )‘) =1 y/(ov )‘) =0, y(b’ >‘) =

The boundary value problem L; for b € (0,z1) has a
countable set of negative eigenvalues {A;, (b)}n>0. The
asymptotic distribution of each function A, (b) is of the
form

nmw 1
An — + O(— 23
) =i O (23)
and for x = x; similarly from (15) we have
- nm + ( 2 - 1) 1

Such,for b € (1, z2) has a countable set of negative eigen-
values {A,, (b) }n>0:

1
)\n( ) +O(7)a (25)
fo |¢ )|dt "
and for x = x5 similarly from (20) we have
— nw + (L}Lz _ E)
A (@2) =~z 2t +0(-) (26)
o lo(t)]dt

For z, < © < xy4+1,v > 2, the boundary value prob-
lem L1, has an infinite number of positive and negative

eigenvalues,

/ nwt— % 1
_ == 1
A (b) = zm +O(E)' (28)
Similarly for x = z3,
nm+ (752 — %) 1
A (23) = W +O(E)’ (29)
N(wg) = T =5 Loy, (30)

Jox 10(t)]dt n

Since the solution C(z,p) of the Sturm -Liouville equa-
tion defined by a fixed set of initial conditions is an entire
function of p for each fixed x € [0, 1], thus it follows from
the classical Hadamard’s factorization theorem that such
solution is expressible as an infinite product.

Therefore, by using Hadamard’s theorem, C(z, A) can be
represented in the form

) A
b)nl;Il(l - T(b))

where ¢(b) is a function independent of A but may
depend on b. The sequence of A, is a zero set of C(b, \)
for each b, so that C(b,\,) = 0, which corresponds to
eigenvalues of the boundary value problem L,

(31)

on the closed interval [0,0], 0 < b < x;. We rewrite the
infinite product as

b)H)\ An(

C(b,\) =

c(b) H(l

2
/\n(b (32)

with

(Advance online publication: 13 May 2010)



TAENG International Journal of Applied Mathematics, 40:2, [JAM 40 2 05

where z, = z"75. Now (26) implies that)\_—z(’zl)
1+ O( 5). It follows from [7] that the infinite product

I+ X (b) is absolutely convergent on any compact subin-

terval of (0,z1). The function—2 is continuous and so

Xn(b
the O-term is uniformly bounded( 1)11 b.
Theorem 1. Let C(x, A) be the solution of (1) satisfying
the initial conditions C'(0,A) =1, C’(0,A) = 0. Then for
0<zx <z,

A — /\n(x)

Clx,\) = |9(x)|"2|6(0)2 R-(2) ||

n>1 n

(33)

proof. Let {\,(z)} be the eigenvalues of the boundary
value problem L; on [0, z], for fixed x, 0 < x < x; then

according to [9] we have

where z,, =

H()\—:\;(x)) _ smhR( )(\/)»\F( (logn

Thus from (13) and (35), we obtain

). (34)

c1(x) = |o(x)|216(0)] 2 R ().

Similarly for b = x; again by Hadamard’s theorem we
that

C(l‘l,)\)

:AH(

where A is constant. Let j,, n = 1,2, ... be the sequence
of positive zeros of the Bessel function of order p;, then

(35)

T 10
R% (z1)An(x1) n2”’

so the infinite product

—jn
11 RZ (1) An (1)

are absolutely convergent.Consequently we may write as
before,

Cloa ) = g [T A= )2 2)

72 (36)

where
—j2
A=Al ———2——.
! H R2 (1) A (1)
Theorem 2. For b = x4,

|6(0)] 29 (1) R (1) 211
24

C(.’El, )\) =

A= M\ (21))R2 (21
H( (.)) (1)

n>1 Jn

X (37)

where the sequence A, (1) represents the sequence of neg-
ative eigenvalues of the boundary value problem L; on
[0, 1‘1] .

proof. According to [14] the infinite product

>\>\£1R2.L'1
H( (1)) R= (1)

n>1 ‘7”

= 22U (1 + ) [iVAR- (1)) 7™

T (VAR (2))(1 + (18"

)

Rg, (73;1) '
Thus it follows from (15), we obtain

|6(0)| 29 (21) R (1) 211
24 ’

uniformly on the Circles |\| =

Ay =

Theorem 3. For z; < z < x9,

C(x,\) = |¢(x)|"%]6(0)|2 R (z) csc iy
H ”\2 (38)

proof. Similarly for z; < x < z2, we use from (13) and

(35).

Theorem 4. For x = x5, we have

|6(0)|2 ¢ (a2) R—_(x
242

1
2)2TH2 cse g

C(.CL'Q, )\) =

H (A=A, (wz))R (932) (39)

n>1 Jn

proof. The proof is similar in every respect to that of
theorem 2 and so is omitted.

For 25 < & < x3, the boundary value problem L; on [0, z]
has an infinite number of positive and negative eigenval-
ues , say, respectively, {\T}, {)\,}. By Hadamard’s the-
oram, the solution on [0, z], 2 < & < x3 is of the form

A A
C(z,A) = d(x) [ (1 - Aﬁ(w))(l M (@)

). (40)

Now let j,, n = 1,2,3, ..., be the positive zeros of .J!(z),
derivative of the Bessel function of order one. The distri-
bution of j, is of the form

~ 2 92 m7T2
Jn =m w _T+O(l)’

(see [1]). Consequently, we have

(41)

J2 1
ézl_i_o —),
R (o)A (@) G2

(Advance online publication: 13 May 2010)
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-2 1
@ oG

Consequently, the infinite products
I —Jn
’ R2 (z)\; ()

are absolutely convergent for each z3 < z < 3.
fore we may write

Jn
Heorwe “3)

There-

Ol ) = ex(o) [ A AL

Jn

(\f () = MRE(2)
=
where

i B 5721 —Jn
“0 =il meie eone

Theorem 5. For x5 < x < x3,

()|~ 31g(0)]2

C(z,\) = 3

x(R_(x)R

+(9:))% CSC Ty CSC 77%

N R (@)

n>1 Jn

(A=A, (2))R% (z2) A () —
[ O RDR )  0) -

n>1 J”

(45)

proof. From [14] we have

A=\, (2))R% (29 A (z) = N R2 (x
1:[1( (j)) ()1:11( ()}2)+()

B 4eB-(@VX
7R? (2)R2 (z)VA

feos(Ry(2)VA - 7) + O !

ﬁ)}

as A — oo. Thus we get

\¢( )I721(0)|% (R—(z) Ry (x))*

H2
CSC T j41 CSC 777.

CQ (I

Theorem 6. For z3 <z <1,

C(z,\) = \¢x>|—f|<z>< 0)|% (R—(z) R ())*

(46)

H2
CSC T j41 CSC w? CSC T3

A=\, (z))R% (= (A (z) — AN R2 ()
Xl:[1 (}) (2)1:[1 )5)+(‘

proof. This follows from (24) and (47).
We can proceed similarly for b = x3 to obtain

_ Cy(a) H 963))32 (z2)

n>1 ]”

C(.%'g,

H (A (x3) ;/\)Ri(ﬂvs). (47)

n>1

n

where C3(x) are constant and }n is the sequence of pos-
itive zeros Jj(z) and 7, is the sequence of positive zeros
of J,,13(2).

Theorem 7. For 2 = 3, we have

V7|6(0)| 29 (w3) R (2) RYY (w3)

Clas, 48
)= Wi+ 1) e
X cse iy cse mh?
H (A=A, 1‘3 ))RZ (22) H (A7 (3) —N)\)Ri(iva)'
n>1 ]71 n>1 n
proof. We have
I (A = A, (w3)) B2 (22) I (A% (z3) — AR (23)
n>1 In n>1 n
1 1
= 2T (g + ) (Ry () VA) WM, (49)
where
— ePR (Tz)+lﬂR+(Ts)—7Z[1]7
2py/ Ry (z3)R—

thus, we get

V|6 (0)] 2 ¢ (w3) R (w2) 2 R (3)

Cs(z) = AT (g + %)

M2
CSCTTl41 CSC w?.

5 The dual equation

In this section, we drive the dual equations associated
with (1) by use of infinite product representation.
Theorem 8. For 0 < x < x1, the sequences of functions
{A\n(2)} satisty

2¢ (z)\] N An(x), _
N 20 9NN - !
(@) P Vel

(Advance online publication: 13 May 2010)
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/)2
_2 ()‘n)

A, =0, (50)

where c(z) is defined in (35).
proof. For 0 < z < x1,the condition C(z, A\,(x)) = 0
gives,

80 oC 9C\, _

Oz 8)\ n=0
The sequence )\, represents the sequence of negative
eigenvalues of L; on (0,z1). With differentiating again

92C

2Cc 9% )

/ "o __
922 T2 ozonn T T
The first term in (53) is zero at (z,, (z)) by virtue of (1).
Thus

oC (51)

2 2
a C)\/ +87()\/)2

2oman T e o=

S (52

Now, we first calculate the various derivatives of C'(z, \).
In the case, from (35), it can be written

C(z,A) =c(x H

k=1

(53)

oC 9*C 44
X’ X

by using (56). In forming -2 8)\81, from (56), the interchange
of summation and differentiation in

aazac)\ at the points (z, A, (2))

We calculate

will be valid if the differentiated series

—An ()N ()
,#Zn (Ax(x) = An () Ar ()

is uniformly convergent which is the case from [16]. We
define T}, by

An (T
T, =Ty = T -3 60
ktn 1<k k
‘We have
oC —cT,,
ax B An) = ()’
0°C 2¢T, 1 An(z),
(‘T A ): Z 7(17 ) 17
8)\2 )\n(.%') it 1<i )\z )\Z(.%')
9%C ( )= T, n e T,
xoz " T @) T R ()

e, T, 1 An(T),

i#n,1<i

Placing these terms into (55), we obtain
!
+ —5"+

=0 (55)

!
22N, Y %(1 _ @)y

i#n,1<i 0 Ai(@)

where ¢(z) is defined in (35).
We note that dividing Eq. (53) by A/, and integrating
from a fixed number o # —1 up to x, we obtain

A2( )/\' (a) (@) ~26, (@ ),

where
TN
Sy (@, Ay) = (= )7

Similarly, for x1 < x < x9, using A,, the sequence of
negative eigenvalues on (z1,z2) and

C(z,A) = u(x) (57)
where u(z) = |p(x)|~2|p(0)|2 R_(z) csc w1, we obtain
A2 ()N (@)u?(a) _,,
/ _ 'n n 255 (2,An)
)= ew ¢ W
CE A )— 7; )71.
i#En
where 1 < 8 <z < x9.
02C 0%C ., ocC .,
2a 8)\/\"+W(A )2 +5A"_0' (59)

Theorem 9. For x5 < x < x3, the sequences of functions

{\F} and {)\} satisfy

4 2d/ (I))\I/
" d(x)

— M)

+
L2000 Y A;
n'‘n )\J,-

i#n, 1<

(Advance online publication: 13 May 2010)
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A A2
A0k - a2l 0 o)
; A
i#En
o 2d/($))\;
)
22 A0 Z = = A (@)~
1#n,1<4 i
MO (@) = Ap (@) (A2
20 1
DI p-2% ko
i#En l
proof. The conditions ¢(z, A\t (z)) = 0 and
o(z, A\, (z)) = 0 give the equations
Py o Py 2 094
2gaonn T G =0,
o 0% 9%¢ 2, O\ _
8 8)\)\" +8)\2()\ N2+ 8)\)\” =0. (62)
From (43), we have
A A
Cla,\) =d(@) [T - )1 - ). (63)

An (2) A ()

As before, we calculate the various derivatives of C(x, \)
and evaluate these at the fixed points (z, A} (x)),
(z, A\, (z)). Suppose

1‘
Gn=GCule N (@)= ] (- ), (64)
k#n,1<k (x)
A (@)
Hy, = Hy(w, A5 (2) = [ ] (1 —20). (65)
11;[k Ak ()
We have
ac 4 —dH,G,,
oA N ()
0*C ..  2dH,G, 1 2dH, G
gz (@A) = M (z) ;ix;(x)—mxﬁ A (z)
5 1
+ ()’
d*C w —d(@H,G,  d@)\!'H,G,
(1‘, n): 2
OOz A () M2 ()

d(@)\ H, G 1
A (@) ;A (z) = i ()
d(x)H, an — A () 7!

1<i A

z)H,G,, Z o — A ()7t

1<i,i#n Z

d(z)\H H, G,

1
N2 M@

1<i,i#n

Placing these terms into (65), we obtain (63).

Similarly for negative Eigenvalue A}, (z) we get (64).
Eq. (64) by A,

this case, dividing Eq. (63) by )\,J;/,
integrating from b up to x, we obtain

A#(“’))‘I,(b)dQ(b) 02Zn (TN N,)
A2 (b)d2(z) ’

A (@) =

o) = A2 (@)X (b)d?(b) 2 (@ An AL
A (@) = A2 (b)d2(z) ’

where

) /\+>‘ +y-1
Zn(, A0, M) =) AF = At
i#n b

TATAN ~

Similarly, for x5 <z < 1,

IR v oL O €)) RIn(E LA
)‘n (‘T) - +2 2
A~ (1) f2(2)
)\7'( ) )‘7_12( ) T_L( )f2(1)62Z7,,(w,>\,;,/\z)
" A2 (1) f2(x)
where
+
Zn(z, A7, A) Z/ A, A" A=Aty
i#n YT

+Z/ "(A‘—A*) Ld.

(Advance online publication: 13 May 2010)

In
and

(66)

(67)

(68)
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