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Connections between Generalized Fuzzy ldeals
and Sub-implicatie Ideals of BCl-algebras

H. Hedayati

Abstract—The concept of quasi-coincidence of an interval fact, (€, € Vq)—fuzzy subgroup is an important and useful
valued fuzzy set is considered. By using this idea, the notion generalization of Rosenfeld’s fuzzy subgroup. This concept
of interval valued («, 3)—fuzzy sub-implicative ideals of BCl- 55 peen studied further in [2]. The aim of this paper is
algebras is introduced, which is a generalization of a fuzzy . .
sub-implicative ideal. Also some related properties are studied to In.trod.uce. a”‘?' study new sorts of interval va!ued f.uzzy
and in particular, the interval valued (€, vq)—fuzzy sub- Sub-implicative ideals of a BCl-algebra and to investigate

implicative ideals in a BCl-algebra will be investigated. the new aspects of related properties. The combined notions
Index Terms—BCl-algebra, (sub-implicative) ideal, interval of belongingness and quasi-coincidence (in different cases)
valued (a, 3)—fuzzy (sub-implicative) ideal of interval valued fuzzy points and fuzzy sets were used to

introduce these sorts of interval valued fuzzy sub-implicative
ideals. Also, the definition of interval valued fuzzy sub-

implicative ideals with thresholds was considered and some
FTER the introduction of fuzzy sets by Zadeh [17]pasic related results are proved.
there have been a number of generalizations of this
fundamental concept. In 1975, Zadeh [18] introduced the Il. PRELIMINARIES AND NOTATIONS
concept of interval valued fuzzy subsets, where the values of
the membership functions are intervals of numbers instegg.a I_3CI-aIgebra we mean an algebra’ of type.(2,0)
.~ .~ sgtisfying the following conditions for alt, y, z € X:
of the numbers. Such fuzzy sets have some applications B (z%y) % (@%2)) % (z%y) =0
the technological scheme of the functioning of a silo-far ) (% (Z* )) kg =0 y ’
with pneumatic transportation, in a plastic products compa g) vk Oy 4 ’
and in medicine (see the book [1]). The fuzzy algebrai 1) @k y = O’andy sz =0imply z =y
structures play a prominent role in mathematics with widI e define a relationc on X as foIIoWS'
applications in many other branches such as theoreticaYv = '
physics, computer sciences, control engineering, information x<yifand only if zxy =0,
sciences, coding theory, topological spaces, logic, set theary, . . .
group theory, groupoids, hyperstructures theory, real analyégen (X, <) is a partially ordered set. A BCl-algebd is

measure theory etc (for instance see [4-7], [11], [14], [L552d {0 beimplicativeif (x x (x + y)) + (y * x) =y * (y * z)
[19]). orall x,y € X.

any BCl-algebraX, the following hold:
(xxy)*z=(x*2)xy,
v (zx(zry)) =y,

I. INTRODUCTION

Iseki in 1966. In the same year, Iseki [8] introduced th
notion of a BCl-algebra which is a generalization of a BCK
algebra. Since then numerous mathematical papers hige (%% 2)* (yx2))* (zxy) =0,
been written investigating the algebraic properties of Jzx0=z,

BCK/BCl-algebras and their relationship with other univers% ) 0% (wxy) = (0x2)*(0*y),

structures including lattices and Boolean algebras. Therelfd © =¥ impliesz 2 <yx 2 andz*y < 2 % .

a great deal of literature has been produced on the thE(B _what fo_lfl_ov(\j/sAX shall mtean gsizlf-igl*geb ra”ugles_z otrer-
of BCK/BCl-algebras, in particular, emphasis seems to haV&>€ SPecilied. A non-empty su IS called andea

been put on the ideal theory of BCK/BCl-algebras. For th )f) i A
general development of BCK/BCl-algebras the ideal theoé%) €4

plays an important role. In [10], Jun and Meng considered tys)  * ¥ € A andy € ‘:} |mpl?/ zE IA S Af (i
fuzzification of p—ideals in BCl-algebras. In [13], Liu and € now review some fuzzy logical concepts. A fuzzy setin

. . ceoo o - set X s a functionp : X — [0, 1]. For a fuzzy se: in X
Meng introduced the notion of fuzzy positive implicative, dt € [0,1] definey, to be the sety, — {z € X|u(z) > t},

and investigate some of their properties. Liu and Meng, ., ~. . : i
[10] introduced the notion of sub-implicative ideals in BCI- hich is called devel setof u. A fuzzy sety in X is said

algebras. Also Jun [9] introduced the notion of fuzzy sukgp be afuzzy ideabf X if for all z,y € X

implicative ideals of BCl-algebras and obtained some relat(% })1 #(0) 2;1(@),

results. A new type of fuzzy subgroups ((€,vq)—fuzzy ) plw) = min{p(x xy), p(y)}. .

subgroups) was introduced in an earlier paper of Bhakat an@" 2nY €lements andy of a BCl-algebrax™ « y denotes
Das [3] by using the combined notions of belongingness™ (.. % (2 * (@ +y))...), in which z occursn times.

and quasi-coincidence of fuzzy points and fuzzy sets. IDefinition 2.1.[12] A non-empty subsetl of X is called
_ o . asub-implicative ideabf X if
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Definition 2.2. [9] A fuzzy sety in X is called asub-
implicative idealof X if for all x,y,z € X
(1) p(0) = p(x),

(I111) p(y? * x) > man{p(((x? * y) * (y * x)) * 2), p(2)}.

By an interval numbera we mean ([18]) an interval

[a=,at], where0 < a= < at < 1. The set of all
interval number is denoted b§[0, 1]. The interval[a, a] is

identified with the number € [0, 1]. For interval numbers

a; = la; ,a;]] € D[0,1],i € I, we define
infa, = [\ a;, \afl,  supi; =[\/a;,\/ o]
i€l i€l iel el
and put
(1) a1 < ap <= a; <a, anda] < a7,
(2) a1 = az <= a] =a; anda] =ad,

(3) a1 < az <= a1 < az anda; # az,
(4) ka = [ka™, ka™], whenever) < k < 1.

It is clear that(D[0,1],<,\/, ) is a complete lattice with such thatr; € F, (((z* xy) * (y * x))
0 = [0,0] as the least element ard= [1,1] as the greatest Thenz; € \/qF and (((z? * y) *

element.

if for all ¢,r € (0,1] andx,y € X, the following conditions

hold:

(I3) z7 € F implies 0;8F),

(113) (((z* * y) * (y * x)) * z)7aF, and z~aF imply (y* *
z)z, -BF.

Let F be an interval valued fuzzy set &f such thafur (z) <

[0.5,0.5], for all z € X. Suppose that € X andt € (0, 1]

such thate> € AgF. Thenpip(z) > ¢ and i (z)+t > [1,1]

It follows that [1,1] < pp(z) +t < pp(x) + pp(z) =

20 (), which implies thatur(x) > [0.5,0.5]. This means

that {z+ | 2 € AgF'} = ). Therefore the case =c Aq in

the Def|n|t|ons 3.1 and 3.2 can be removed.

Proposition 3.3.Every interval valued € Vq, € Vq)—fuzzy
(sub-implicative) ideal ofX is an interval valued(e, ¢
Vq)—fuzzy (sub-implicative) ideal oX.

Proof. Let F' be an interval valuede vq, € Vq)—fuzzy sub-
implicative ideal ofX. Let z,y,2 € X andt,r € (0,1] be
xz)r€ Fandz € F.
(y*xz))*2)y € \/qF and
Z7~ € \/qF It follows that0- € VqF and (y? * x)~ ~¢€ VvqF,

By aninterval number fuzzy seét on X we mean ([15]) the which completes the proof For the case of mterval valued

set

F={(z,[pp(@),np@)]) | v € X},

(€, € vq)—fuzzy ideal the proof is similar.

Proposition 3.4. Every interval valued €, €)—fuzzy (sub-

where ;i and ;i are two fuzzy subset off such that implicative) ideal ofX is an interval valuede, € Vq)—fuzzy

pp(z) < ph(z) for al 2 e X. Putting gp(z) =

i (), pi(2)], we see thate = {(x, iz (x)) | = € X},
wherepr : X — DI0, 1].

[1l. I NTERVAL VALUED («, 3)—FUZZY SUB-IMPLICATIVE
IDEALS

(sub-implicative) ideal ofX.
Proof. It is clear by considering the definitions.

Lemma 3.5.Let I be a (sub-implicative) ideal ok, then
x1 (the characteristic function of) is an interval valued
(€, €)—fuzzy (sub-implicative) ideal oX.

The concept of quasi-coincidence of a fuzzy point can B0Of. Letz,y,z € X andt,r € (0,1] be such that; € x;.

extended to the concept of quasi-coincidence of a intenfinced € I, theny;(0) =

valued fuzzy set. An interval valued fuzzy detof X of the

form ~(7£ 0.0) "
__ t(#£ 10,0 I =,
ie(y) = { [0, 0] if ‘37& z,

is said to be thanterval valued fuzzy pointvith support
x and interval valued and is denoted byt An interval
value fuzzy pointz;-is said to bebelong to(resp. bequasi-
coincident with) an interval valued fuzzy sét written as
ay € F (resp.ayqF) if i () >t (resp.ip(z) + > [1,1]).
If vy € F or (resp and)r;qF, then we writez; € VgF'
(resp r> € AqF). The symbole Vg meanse Vq doesnot
hold.
We usea and 3 to denote any one of the,q, € Vq or
€ Aq unless otherwise specified. We also emphasisifhat
[z, 1] must satisfy the following conditions:

) Any two elements ofD[0, 1] are comparable,

(1
(2) [up(@), pp(@)] < [0.5,05] or [up(z), ph(z)] >
[0505] for all z € X.

Definition 3.1. An interval valued fuzzy sef' of X is
called aninterval valued(«, 3)—fuzzy idealof X if for all
t,r € (0,1] andz,y € X, the following conditions hold:
(I2) z7aF implies 0-3F,

(112) (z * y);aF, andy~aF" imply 5 ~3F.

Definition 3.2. An interval valued fuzzy sef’ of X is called
an interval valued(«, 3)—fuzzy sub-implicative ideaf X

[1,1] > x7(z) > t. ThusO~e XI-
Also let (((gc2 *y)* (y*x))* 2)r € x; andz~ € xr. Then
N (((@2xy)*(ya))x2) > £ > [0,0] andy () > 7 > [0,0].
These implyx7(((#?xy) x (y*x)) xz) = x1(2) = [1,1], and
so(((x?*xy)x(yxz))xz) €l andz € I, thusy? xz € .
It follows that Y7 (32 * ) = [1,1] > t A 7, which means
(y* % )7, ~ € xs. Thereforex; is an interval valuede, €
)—fuzzy sub-implicative ideal ofX. For the case of interval
valued (€, €)—fuzzy ideal, the proof is similar.

Theorem 3.6.For any subsef of X, x; is an interval valued
(€, € Vq)—fuzzy (sub-implicative) ideal oX if and only if
1 is a (sub-implicative) ideal o .

Proof. Let x; be an interval valuede, € vq)—fuzzy sub-
implicative ideal of X. If x € I thenz 1) € x;. This
implies 0, 1) € Vgxr, hencex(0) > [0,0], so0 € I. Also
if (x2*xy)*(y=*2)x2 € I andz € I, then (((z? x
y) * (y *x)) * 2)p,1y) € xr and zp,q; € x7. These imply
(y?*x)1 1) € Vaxu, henCeX](yQ*I') > [0,0], soy?*x € I.
Conversely, ifI is a sub-implicative ideal ofX, then x;
is an interval valued e, €)—fuzzy sub-implicative ideal of
X by Lemma 3.5. Thereforg; is an interval valuede, €
Vq)—fuzzy sub-implicative ideal ofX by Proposition 3.4.
For the case of interval value@:, € Vq)—fuzzy ideal the
proof is similar.

Theorem 3.7. Let F be a non-zero interval valued
(a, B)—fuzzy (sub-implicative) ideal ofX. Then the set
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supp(pr) = {x € X | pr(x) > [0,0]} is a (sub-implicative)

ideal of X.

Proof. Let z € supp(ur) then pp(xz) > [0,0]. Now,
we assume thatiz(0) = [0,0]. If a € {€,€ Vg}, then
T OF, but (O);;(E)EF, for every 3 € {€,q,€ Vg, €
Mg}, which is a contradiction. Alsa; j¢F" but (0)[1,1]BF,
for every 8 € {€,q, € Vg, € Ag}, which is a contradiction.
Hence 7 (0) > [0,0], that is0 € supp(pr). Also let
(% xy) * (y * x)) * z € supp(ur) and z € pp, then
i7(((@ % y) * (y * 2) % z) > [0,0] and jiz(2) > [0,0).
Now, we assume thatz(y? xx) = [0,0]. If a € {€, € Vq},
then (((22 x y) : (y * x)) * z)ﬁ;(((ﬂ*y) (s Z)ozF and

(Z)O‘F but (y *m)u () (g=2)) =) ART( ﬁF for every

€ {€,q,€ Vg,€ Ag}, which is a contrad|ct|on Also
((((E xy)* (y*x))*2)1,19F andzp 11 F, but (y?«z)[1 1 8F,
for every 8 € {€,q, € Vg, € Ag}, which is a contradiction.
Hencer(y?xx) > [0,0], that isy?xx € supp(ur). There-
fore supp(i1r) is a sub-implicative ideal oKX . Similarly, we
can prove thakupp(ur) is an ideal ofX.

Let F' be an interval valued fuzzy set. Then, for every
[0, 1], the setF- = {x € X| ur(x) > t} is called thenterval
valued level subscetf F. Aninterval valued fuzzy seft’ of X

IV. INTERVAL VALUED (€, € Vq)—FUZZY
SUB-IMPLICATIVE IDEALS

Definition 4.1. An interval valued fuzzy sef’ of X is called
an interval valued fuzzy (sub-implicative) ideal X if for
all x,y, z € X, it satisfies the following conditions:

(14) pr(0) = pr(z),

(114) pp(x) = pr(z*y) A pe(y),

(ir(y? * @) > e (((2® * y) * (y * 2)) * 2) A fie(2))-

Theorem 4.2. An interval valued fuzzy sdf' of X is an
interval valued fuzzy (sub-implicative) ideal &fif and only
if for any [0,0] < ¢ < [1,1], P{(# 0) is a (sub-implicative)
ideal of X.

Proof. Let F' be an interval valued fuzzy sub-implicative
ideal of X and[0,0] < ¢ < [1,1] such thatF(+ (). Also let

x € Fy, then jip(z) > 1. So ir(0) > jip(z) >t and hence
0 € Fr Also if ((z® xy) * (y*2)) *z € Frandz € Fy
then fip(((22 % y) * (y * ) * 2) > ¢ and ,uF( ) >t SO
7 (% % x) > p (2% % y) * (y 7)) * 2) A jip(2) > T and
hencey? xz € P ThereforeF-is a sub-implicative ideal of
X. Similarly we can prove that’- is an ideal ofX.

Conversely, suppose for af, 0] <t < [1,1], F{(# 0) is a

is calledproper if ImF contains at least two elements. Twosub-implicative ideal ofX. Let z,y,z € X andup(z) = t1,

interval valued fuzzy sets are said to bquivalentif they

have same family of interval valued level subsets. OtherwidBusiiz(0) > t1 = iir (). Also ((z2xy)*(yxa))

they are said to baon-equivalent.

Theorem 3.8. Suppose thatX contains some proper sub-

implicative ideals. Then a proper interval valueg, €
)—fuzzy (sub-implicative) ideaF of X with |ImF| > 3

wr (((x?xy)* (y*x))*z) =ty andup(z) = ts. Then0 € Fi

*Z € Ft~/\t~
andz € I . Theny? x z € Fr i thus i (y? *x) >
taAtz = ﬁ}(((x?*y)*(y*x))*z)/\up( ). ThereforeF is an
interval valued fuzzy sub-implicative ideal df. Similarly,
we can show thaF' is an interval valued fuzzy ideal of.

can be expressed as the union of two proper non-equival@tample 4.3.Consider a BCl-algebr& = {0,a,b,c} with

interval valued(e, €)—fuzzy (sub-implicative) ideal of.

Proof. Let I be a proper interval value, €)—fuzzy sub-
implicative ideal of X' with ImF' = {to,t1,....tn}, where
t0>t1>...>t andn > 2. ThenF~CF~ . C
F~ = X is the chain of interval vaIue@ fevel sub-
|mpI|cat|ve ideals of F'. Define two interval valued fuzzy
setsG and H in X by

N B if :EGF{;,

po(r) =9 & reF-\F—and2<k<n
t;é if .I‘EFEI,

. tq if I'GF{'\FA'

mE)=N it ae P\
tr if x€F-\F,—and4<k<n

such thatt, < 7, < {; andi; < 7 < t3. ThenG and

H are interval valued e, €)—fuzzy sub- |mpI|cat|ve ideals
of X, whereF~ C F~ C..CF- =X, andF~ -

F‘~

va1uede —Ievel sub-implicative ideals ok, andG, H < F.

C F~ =X are respecuvely the chain of mterval((((

the following table.

ol |o| *
ol |o|lo
(SN Rl Nl Han] S
o|lolo|o| o
(=] ol o Kol Ne

Define an interval valued fuzzy sét by p7(0) = [0.8,0.9]
and ip(x) = [0.1,0.2] for all z # 0. Then F is an interval
valued fuzzy ideal ofX, but it is not an interval valued fuzzy
sub-implicative ideal ofX because

ir(a® +b) # TE (6 * a) * (a b)) * 0) A G (0).

Definition 4.4. An interval valued fuzzy seft’ of X is said
to be aninterval valued(e, € vq)—fuzzy (sub-implicative)
ideal of X if for all [0,0] < ¢,7 < [1,1] andz,y,z € X,
the following conditions hold:

(I5) zy € F implies that0- € VqF,

(115) (x*y) EF andy~e Fimply that v ~ € VqF,

e xy) x (y xx)) * 2)y € F and 2~ € F imply that

(y? = x)p > € VaF).

Thus G and H are non-equivalent, and it is obvious that
G U H = F. ThereforeF' can be expressed as the uniofExample 4.5. Consider the BCl-algebra of Example 4.3.
of two proper non-equivalent interval valugd, €)—fuzzy Define an interval valued fuzzy sét by ur(0) = [0.7,0.8]
sub-implicative ideal ofX. For the case of interval valuedand ur(z) = [0.2,0.3] for all = # 0. It is easy to verify that
(€, €)—fuzzy ideals the proof is similar. F is an interval valuede, € Vq)—fuzzy ideal of X.
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Example 4.6.Consider aBCl-algebraX = {0,
the following table.

1,2} with

0
0
1

(v} Ran) ol

O NN DN

DN —=| O| *

212

Let F' be an interval valued fuzzy set iX defined by
pr(0) = pp(1) = [0.6,0.7] and px(2) = [0.2,0.3]. It is
easy to verify that? is an interval valuede, € vq)—fuzzy
sub-implicative ideal ofX.

Theorem 4.7.The conditions(75) and (II5) in Definition

4.4, are equivalent to the following conditions, respective

forall x,y,z € X

(16) jir(z) A 0.5,0.5] < jip(0),
(116 fip (x % y) A fir (y) A [0.5,0.5] < ip(2),

(iF (22 5y)  (y*2)) +2) Afir (2) A[0.5,0.5] < i (y %))
Proof. (I5) = (I6) : Suppose that: € X. Then we

consider the following cases:

(a) pr(xz) < [0.5,0.5]. In this case, assume thaf(0) <

wr(x) A [0.5,0.5]. Then, it implies thatur(0) < pr(z).

Chooset such thatip(0) < ¢ < pp(z). Thenazy € F but
0-€ VgF, which contradicts(15).

(b) pr(x) > [0.5,0.5]. In this case, assume thal(0) <

[05, 05] Then Z[0.5,0.5] € F but 0[0‘5$0~5]67\/QF, whichis a
contradiction. Hencé6) holds.

(II5) = (II6) : Suppose that,y,z € X. Then we can
consider the following cases:

(@) pr(((z?*y) * (y*x)) * 2) A up(z) <[0.5,0.5]. In this

case, assume thatr(y? * x) < pr(((2? * y) * (y * x)) *

2) A ip(2) A [0.5,0.5]. Then, it implies thatuz(y? * z) <

pr(((z% % y) * (y * 2)) * 2) A ip(2). Chooset such that
(2 xx) <t < pp(((a2xy) = (y*x))*2) A ar(z). Then
(((@*xy)*(y*x))*z); € F andzy € F, but (y* xx);€ VgF,

which contradicts(115).

(b) pr(((@?*y)*(y*xz))*2) Afr(2) > [0.5,0.5]. In this case,
assume thatiz(y?*x) < [0.5,0.5]. Then(((z?*y)*(yxx))*

Z)[0.5,0.5] € F and zy 505 € F, but (y? * x)[0.5,0.5€ V¢F,

which is a contradiction.

Similarly we can prove thgtp(x +y) A pr(y) A[0.5,0.5] <
ur(x). Therefore(116) holds.

(I6) = (I5) : Straightforward.

(I16) = (II5) : Let (((z% % y) * (y*x))*z)y € F and

z~ € F. Thenpp(((2%*y) * (yxx))x2) > t andup( ) >
We havejir (y* *x) > jr(((a? xy) * (y +x)) % 2) A jir(2) A
[0.5,0.5] > t AT A[0.5,0.5]. We can consider two following
cases:

(a) t AT > [0.5,0.5], then zp(y? * ) > [0.5,0.5], which
implies thatur(y? * ) + (£t A7) > [1,1], or equivalently
(y? * r)y ~qF. Thus (y? * T)y~ € VgF.

(b) tAT < [0.5,0.5], thenjiz(y?*x) > tAT, or equivalently
(y* % x)7 ~ € F. Thus (y* * x)7 ~ € VgF.

Similarly, we can provéz *y)- € I andy~ € F imply that

2+~ € VqF. Therefore(115) holds

tAT

Corollary 4.8. An interval valued fuzzy sdf of X is an
interval valued(e, € Vvq)—fuzzy (sub-implicative) ideal of
X if and only if conditions(76) and (/16) in Theorem 4.7
hold.

Theorem 4.9.Let F be an interval valuede, € vq)—fuzzy
(sub- implicative) ideal ofX. Then for all [0,0] < ¢ <
[0.5,0.5], = () or F>is a (sub-implicative) ideal oX.
Conversely , IfF |s an interval valued fuzzy set of
such that F{(# 0)) is a (sub-implicative) ideal ofX for
all [0,0] < t < [0.5,0.5], then F is an interval valued
(€, € vq)—fuzzy (sub-implicative) ideal of.

Proof. Let F' be an interval valuede, € vq)—fuzzy sub-
implicative ideal of X and[0,0] < t < [0.5,0.5]. It is easy
to verify that0 € Fx If ((2%#y)*(y*x))*z € Frandz € Fx,
then ir (22 x y) * (y xx)) * z) > t and iz () > t. Hence
i ((y°x) > fip (((2%5y)*(y*2))*2) Atir (2) A[0.5,0.5] >
F A10.5,0.5] = t. Thusy? x x € Fx Similarly, z x y € F-
é(ndy € Fimply thatz € F-
Conversely LetF' be an mterval valued set of such that
F(# 0) is a sub-implicative ideal o, for all [0, 0] < t<
[0.5,0.5]. Let z,y,z € X. It is easy to verify thafuz(0) >
wr(2)A[0.5,0.5]. Also we can say thatr (((z2*y)x*(y*z))*
wMM)[%Oﬂ—mmwﬂ)>ﬁwaH@*
x))xz)Apup(2)A[0.5, O 5] = to. Hence((x?xy)* (y*x))*z €
F~ andz € F~ soy?xzx € F~ Similarly, z x y € F-and
Y e Frimply thatx € P

Theorem 4.10.Let F' be an interval valued fuzzy set of
X. ThenF{(# 0) is a (sub-implicative) ideal ofX for all
[0.5,0.5] < t < [1,1] if and only if for all z,y,z € X the
following conditions hold:

(I7) pr(0) V [0.5,0.5] > pr(z),

(LI7) pr(x) V [0.5,0.5] > pp (2 + y) A pr(y),

(iF (y* #2) V[0.5,0.5] > jp (2% #y) * (y*)) #2) A (2)).
Proof. Assume thatF:(# () is a sub-implicative ideal of
X for all [0.5,0.5] < ¢t < [1,1]. It is easy to verify that
wr(0) V [0.5,0.5] > up(x). If there existz,y,z € X such
that i (y2 * ) V [0.5,0.5] < ur(((z2 *y) * (y* x)) * 2) A
ir(z) = t, then we have0.5,0.5] < t < [1,1], ir(y?*x) <
tand((z2sy)* (y*x))*z € F-andz € Fr Soy®«x € F,
which implies thatiz(y? * ) > t. This is a contradiction.
Thus g (y? * 2) vV [0.5,0.5] > pr(((z? xy) x (y * x)) *
z) A up(z) for all z,y,z € X. Similarly we can show that
pwr(z) Vv 1[0.5,0.5] > pur(z+y) A pr(y). Therefore(I7) and
(II7) hold.

Conversely , suppose that conditiof7) and (117) hold.
Let [0.5,0.5] < ¢ < [1,1]. It is easy to see thab € Fx
Also let (2% x y) * (y * x)) * z € Frand z € F-. We have
(0.5,0.5] < t < up(((@? xy) * (y * x)) * 2) A ip(z) <
e (y? * ) V [0.5,0.5], which implies thatir (y? ) > t.
Thusy? « 2 € Fx Similarly, z +y € Frandy € F-imply
thatz € Fx

By Theorem 4.2, it is well known that an interval valued
fuzzy setF' of X is an interval valued fuzzy (sub-implicative)
ideal if and only if °{(# () is a (sub-implicative) ideal ok
for all [0,0] < ¢ < [1,1]. In Theorem 4.9, we prove thdt is
an interval valued €, € Vvq)—fuzzy (sub-implicative) ideal
of X if and only if the setF*{(# ) is a (sub-implicative) ideal
of X forall [0,0] < < [0.5,0.5]. Naturally, a corresponding
result should be considered whé# is a (sub-implicative)
ideal of X for all [0.5,0.5] < < [1,1].

Definition 4.11. An interval valued fuzzy sef’ of X is said
to be aninterval valued(€, € Aq)—fuzzy (sub-implicative)

(Advance online publication: 10 February 2011)



TAENG International Journal of Applied Mathematics, 41:1, IJAM 41 1 03

ideal if for all [0,0] < ¢,7 < [1,1] andz,y,z € X the
following conditions hold:

(I8) 0-€F implies z;€ AgF,

(I18) 27, ~€F |mpI|es (7 * y)>€ AgF or y~€ AqF,

((y? * x) ~eF implies (((z2 * y) * (y * a:)) * 2)>€ AqF' or
7€ /\qF)

Definition 4.14.Let [0,0] <3 < ¢ < [1,1]. Then an interval
valued fuzzy setr" of X is called aninterval valued fuzzy
(sub-implicative) ideal with threshold$, ¢) of X if for all
x,y,z € X the following conditions hold:

(110) 77 (0) V'3 > jip(z) AT, B

(1110) jip(x) V'3 > jip(z  y) A ji(y) AT, R
(1 (P 2) V3 > fr (a2 ) * (y* 2)) * 2) A fir(2) A D).

Theorem 4.12.Let F' be an interval valued fuzzy set of

X. Then F is an interval valued(€, € Aq)—fuzzy (sub-
implicative) ideal of X if and only if for all z,y,z € X
the following conditions hold:

(19) pr(0) Vv [0.5,0.5]) > pr(z),

(119) fip(x) V [0.5,0.5] > fip (z + y) A fir (y),
(hr(y*+2)V[0.5,0.5] > pp(((2%#y)* (y*2)) *2) Afir (2)).

Proof. Let F' be an interval valued€, € Aq)—fuzzy sub-
implicative ideal of X. If there existsz € X such that
e (0) vV [0.5,0.5] < pr(z) = t, then [0.5,0.5] < t <
[1,1], 0;€F and 2y € F. It follows that z;gF. Then
pr(z )+t < [1,1]. Sot < [0.5,0.5], which is acontrad|ct|on
Hence(79) holds. Also if there existr, y,z € X such that
7 (52 2)V[0.5,0.5] < fip (22 5y)* (yxx) = 2) N () = £,
then[0.5,0.5] < ¢ < [1,1], (y?*x);€F, (((x?xy)*(y*x))*
z)y € Fandz~e F. It follows that(((x xy)x(y*x))*2):qF
or zqF. Then pr(((x? s y) * (yxx)) *2) +t < [1,1]
or up( Y+t < [1,1). Sot < [0.5,0.5], which is a
contradiction. Hencegix(y? * x) V [0.5,0.5] > up(((2? *
y) *
pr () V
holds.
Conversely , let(I9) and (179) hold. Also letx,y,z € X
and [0,0] < ¢,7 < [1,1]. If 0;€F, thenit is easy to verify
thatz;€ AgF. Now if (y2xz)- ~EF, thenpip (y?«x) < tAT.
Then we have the following cases:
(a) If @p(y? *2) > Gr(((a? *y) * (y * @) * 2) A fGp(2),
then ur(((22 x y) * (y * 1)) x 2) A up(2) < t A7, and SO
pr(((x?xy)* (y*x))*2) < toruep(z) <7 It follows that
(((z* % y) * (y * x)) * 2);€F or z~€F, which implies that
((x2*y)* (y*x)) * z)~€ AgF or 7€ AgF.
() If jir(y? +2) < i (22 +y) « (y )+ 2) A i (=), then
we have[0.5,0.5] > pr((z2xy)*(y*x))*2) Air(2) (since
(7 +2) Y [0.5,0.5] > fir (22 5y) * (y+)) 2) Afi (2).
Now if (((2? % y) * (y * z)) * z)> € F and z> € F then
t < pup(((@?*y)* (y*xx))*2) <[0.5,0.5] or 7 < fp(z) <
[0.5,0.5]. It follows that (((z* * y) * (y * x)) * z);gF or
z=qF, which implies that(((z* * y) * (y * ) * z)7€ AqF or
z~€ AgF. Similarly, 2 ~€F implies that(z * y)~€ AqF' or
y~e € AgF. Thereforethe proof is completed.

[0.5,0.5] > pur(z*y) A pr(y). Therefore(119)

Theorem 4.13.An interval valued fuzzy sdt of X is an
(€, € Aq)—fuzzy sub-implicative) ideal ofX if and only if
F(# () is a (sub-implicative) ideal oX for all [0.5,0.5] <
t<[1,1].

Proof. The result is immediately followed by Theorem 4.1(’5LF<y wa) 2 (@7 y) * (y*2)) * ) Air(0) A

and 4.12.

In [13], Yuan et al. gave the definition of fuzzy subgroup with

(y * 2)) * 2) A up(z). Similarly, we can prove that

Remark. If F'is an interval valued fuzzy (sub-implicative)
ideal with thresholds ofX, then we can conclude thdt
is an ordinary interval valued fuzzy (sub-implicative) ideal
whens = [0,0] andt = [1,1]. Also F is an interval valued
(€, € vq)—fuzzy (resp.(€, € Aq)—fuzzy) (sub-implicatie)
ideal whens = [0,0] andt = [0.5,0.5] (resp.5 = [0.5,0.5]
andt = [1, 1]).

Theorem 4.15.An interval valued fuzzy sdt of X is an
interval valued fuzzy (sub-implicative) ideal with thresholds
(3,t) of X if and only if £, (# 0) is a (sub-implicative) ideal
of X forall < a <t.

Proof. Let F' be an interval valued fuzzy sub-implicative
ideal with thresholdgs,7) of X ands < @ < t. It is easy
to verify that0 € Fx. Let ((x* xy) * (y x x)) * z € > and
z € Fx, thenup(((m xy)x(y*xx))*z) > aandup(z) > a.
Now we have
(% * 2) VE 2 (0?5 y) * (y*2) % 2) A jip(2) AT >
aNnt>a >3,
which implies thatir(y® * =) > @, and soy® x z € Fx.
Similarly, x x y € F>; andy € Fx imply thatz € F.
Conversely , letF' be an interval valued fuzzy set of
such thatF~(# 0) is a sub-implicative ideal ofX for all
3 < a<t. ltis easy to verify thafir(0) V3 > r(z) At for
allz € X. Ifthere existz, y, z € X such thapF(y *ar)\/s <
ur(((x?*y) * (y*x))*z)/\up( JAt =a,thens < a < t,
ﬁ;(y xx) < aand((z?+y)* (y*x))*z € Prandz € F-.
Soy?xzx € F~, which |mpI|es thatur(y? * x) > a. This
contradlcts,uF(y +x) < & Thuspp(y?+z) V3 > e (2%«
y)* (y*xx))*2) A pp(z) At, for all z,y,z € X. Similarly,
we can prove thafiy(z) Vs > ﬁ}(x*y) A ir(y) At, which
completes the proof.

V. PROPERTIES OF INTERVAL VALUED(E, € Vq)—FUZZY
SUB-IMPLICATIVE IDEALS

Theorem 5.1.1f F' is an interval valued(e, € vq)—fuzzy
sub-implicative ideal ofX, then the following inequality
holds:

(I11) fr(y * 2) > (@ % y) * (y * 2)) A 0.5,0.5].
Proof. If F is an interval valued(e, e Vq)—fuzzy sub-
implicative ideal of X, then by takingz = 0 in (/16) of
Theorem 4.7 and using/6) of Theorem 4.7, we have:

0.5,0.5]
(y*xx)) A 1r(0) AJ0.5,0.5]
= up((x? *y) * (y * x)) A [0.5,0.5],

= pr((z® xy) =

thresholds which is a generalization of the fuzzy subgroup .

of Rosenfeld and also the fuzzy subgroup of Bhakat alr@WICh completes the proof.

Das. Based on [13], we can extend the concept of a fuzZyreorem 5.2.Every interval valued €, € Vq)—fuzzy sub-
subgroup with thresholds to the concept of interval valuethplicative ideal ofX is an interval valued e, € Vq)—fuzzy
(sub-implicative) ideal with thresholds in the following wayideal of X.
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Proof. Let F' be aninterval valued(e, € Vvq)—fuzzy sub-
implicative ideal of X. Puttingy = x in (I16) of Theorem
4.7, we obtain for allz, z € X

Q*x)

pr(x) = pp (e
> pr(((@? x2) % (x*x)) * 2) A p(z) A[0.5,0.5]
= pp(z *2) A pr(z) A0.5,0.5].

ThereforeF is an interval valuede, € V¢)—fuzzy ideal of
X.

The following example shows that the converse of Theorem

5.2 may not be true.

Example 5.3.Consider the BCl-algebrX of Example 4.3.
Define an interval valued fuzzy sét of X by pr(0) =
[0.72,0.78] and pr(x) = [0.22,0.28] for all = # 0.
Then it is easy to verify thatF' is an interval valued
(e,€ vq)—fuzzy ideal of X, but it is not an interval
valued(e, € Vq)—fuzzy sub-implicative ideal oX. Because
fir(a? % b) = [0.22,0.28] # [0.5,0.5] = ur(((b? * a) * (a *
b)) % 0) A ur(0) A [0.5,0.5].

Theorem 5.4.Every interval valued e, € Vq)—fuzzy ideal

F of X satisfying the conditiorf/11) of the Theorem 5.1 is
an interval valued(e, € vVq)—fuzzy sub-implicative ideal of (11

X.

Proof. Let F' be an interval valuede, € vq)—fuzzy ideal
of X. For anyzx,y, z

inX, by conditions(I11) of Theorem 5.1 andlI6) of
Theorem 4.7, we have

T+ 1) > (@« ) * (y + 2)) A [0.5,0.5]
> pr(((@?xy)* (y*x)) *2) A fip(2) A0.5,0.5] A[0.5,0.5]
> pr(((@? % y) * (yx2)) * 2) A wp(2) A 0.5,0.5].

Therefore F' is an interval valued(e, e Vq)—fuzzy sub-
implicative ideal of X.

Example 5.5. Consider a BCl-algebr& = {0,aq,1,2, 3}
with the following table

*0]al|l]|2]3
0j0|0[3|2]|1
alal0|3]|2]1
1]1]1(0|3|2
212121013
313(3[2(1]0

Define an interval valued fuzzy sét in X by ur(0)
[0.7,0.8], pr(a) = [0.5,0.6] and pr(l) = prp(2)
wr(3) [0.2,0.3]. Then F' is an interval valued(e, €
Vq)—fuzzy ideal of X such that the inequalityz(y? *x) >
wr((@? x y) = (y * x)) holds for allz,y € X. Therefore
by Theorem 5.4F is an interval valued e, € Vq)—fuzzy
sub-implicative ideal ofX.

Theorem 5.6.In an implicative BCl-algebraX every inter-
val valued(e, € vVgq)—fuzzy ideal ofX is an interval valued
(€, € Vq)—fuzzy sub-implicative ideal of.

Proof. Let X be an implicative BCl-algebra anfl' be an
interval valued(e, € Vgq)—fuzzy ideal of X. We have

r (Y« ) = i (y = (y = x))

> i ((y * (y *2)) * 2) A JIE(2) A (05,05
= ur(((z? xy) % (y*x)) * 2) A pp(z) A0.5,0.5].

Therefore F' is an interval valuede, € Vq)—fuzzy sub-
implicative ideal of X.
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