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Abstract—We consider the nonlinear fractional wave-
equation

utt −∆u + (−∆)β/2 Dαu = |u|p ,

posed in Q := (0, +∞)× IRN , where Dα, 1 < α < 2, is a time
fractional derivative, (−∆)β/2 , 0 < β < 2 is fractional power of
−∆, with given initial position and velocity u(x, 0) = u0(x) and
ut(x, 0) = u1(x). We find Fujita’s exponent which separates
in terms of p, α, β, and N, the case of global existence from
the one of nonexistence of global solutions. Then we establish
necessary conditions on u0(x), u1(x) assuring non-existence of
local solutions.

Index Terms—nonlinear wave equation, fractional power
derivative, critical exponent.

I. INTRODUCTION

IN this paper, we discuss the nonexistence of weak solu-
tions to the nonlinear fractional wave equation posed in

QT = IRN × (0, T ), 0 < T ≤ +∞, subject to the initial
conditions:{

utt −∆u + (−∆)
β
2 Dα

+u = |u|p
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ IRN .

(1)

Where ∆ = ∂2
1 + ...+∂2

N is the usual Laplacian in the space
variable x, ut is the time derivative of u, (−∆)β/2 is β/2
fractional power of the Laplacian(0 < β ≤ 2) which stands
for propagation in media with impurities and is defined by

(−∆)β/2
v(x) = F−1

(|ξ|βF (v) (ξ)
)
(x),

where F denotes the Fourier transorm and F−1 its inverse;
Dα

+, is the fractional derivative of order, 1 < α < 2, such
that Dα

+ = Dα−1
+ ut where Dα−1

+ is the Caputo fractional
derivatives of order α− 1, u0(x) and u1(x) are given initial
data. Before we state our results, let us dwell on existing
literature concerning equations close to initial value problem
(1).

The time fractional derivative has long been found to be
very effective means to describe the anomalous attenuation
behaviors. For example, Hanyga and Seredynska[13], con-
sidered the differential equation

D2u + γDη+1u + F (u) = 0, (2)

where Dη+1, 0 < η < 1, represents the (η + 1)-order
fractional derivative in the sense of Caputo which models
the anomalous attenuation, and γ is the thermoviscous coef-
ficient. Recently, Chen and Holm [4], studied the equation

∆v =
1
c2
0

vtt +
2α0

c1−γ
0

(−∆)y/2
vt, (3)
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which governs the propagation of sound through a viscous
fluid, c0 is the inviscid phase velocity, 2α0 is the collective
thermoviscous coefficient.

In [5], they extended their study to the wave equation
model for frequency dependent lossy media

∆P =
1
c2
0

Ptt + γ
∂η

∂tη
(−∆)s/2

P, (4)

0 ≤ s ≤ 2, 0 < η ≤ 3, η 6= 2, where γ is the
viscous constant, s and η can be arbitrary real numbers their
range of specification. Equations (3) and (4) can be seen as
generalization of the earlier important work of Greenberg,
MacCamy and Mizel [6] who considered the equation

ρ0utt = uxx + λuxtx + g(x, t)

with x ∈ IR, t > 0, and ρ0, λ are some constants that char-
acterize the medum; g(x, t) is a given function representing
an external force. As equations (3) and (4) my be viewed
as approximations of nonlinear equations, Eq. (1) contains a
nonlinear term that is a prototype of nonlinearities that may
occur in practice.

Let’s note also that in [3], Cholewa and Carvalho dealt
with the equation

utt = ∆u + (−∆)θ
ut + |u|p

which is a special case of problem (1).
If β = 0 and α = 1 in (1), then we obtain the wave

equation with the linear damping ut.There are many authors
treated this case, see for instance Todorova and Yordanov
[14], Qi. S. Zhang [15], Mitidieri and Pohozaev[9]. In [9], the
authors showed that the Fujita exponentis equal to 1 + 2/N .
The very interesting article of Todorova and Yordanov is in
fact a ”complete” study of Eq.(1) when β = 0 and α = 1.
However, when β = 0, 0 < α < 1, Kirane and Tatar [8]
showed that the blow-up results for p < 1 + 2α

2+N−2α .
The method of proof is rather simple and consists in a

judicious choice of a test function. This method developed
by Mitidieri and Pohozaev[9], Pohozaev and Tesei [10] for
the equation and inequalities with polynomial nonlinearity
and then in the paper of Baras and Pierre [1], Baras Kersner
[2], Kalashnikov [7] and Qi. S. Zhang [15].

II. PRELIMINARIES

In this section we present two different definitions of
fractional derivatives, and some of their properties. We define
the fractional derivative in the Caputo sense (see [11])

CDγu(t) =
1

Γ (γ)

∫ t

0

(t− τ)−γ
u(τ)dτ , 0 < γ < 1,
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and for higher power,

CDγu(t) =
1

Γ (m− γ)

∫ t

0

(t− τ)m−γ−1
u(m)(t),

m = [γ] + 1.

The fractional derivative in the Riemann-Liouville sense

RLDγu(t) =
1

Γ (m− γ)
dm

dtm

∫ t

0

(t− τ)m−γ−1
u(t)dt,

m = [γ] + 1.

The relationship between the two definitions is

RLDγu(t) =C Dγu(t) +
m−1∑

k=0

tk−γ

Γ (k − γ + 1)
u(k)

(
0+

)
,

we have also the formula integration by parts
∫ T

0

f(t)(Dγ
0|t g)(t)dt =

∫ T

0

g(t)(Dγ
t|T f)(t), 0 < γ < 1.

(see([12], p.46).

III. NON-EXISTENCE OF GLOBAL SOLUTIONS

QT will denote here the set QT := (0, T ) × IRN ,
Lp

loc (QT , dtdx) will denote the space of all functions v :

IR+ × IRN → IR such that
∫

K

|v|p dtdx < ∞ for any

compact K in IR+ × IRN .
Definition 1. A function u ∈ L1

loc (QT ) is a local weak
solution of the problem (1) defined on QT , 0 < T < +∞,
if u ∈ Lp

loc (QT ) such that:∫

QT

ξttu−
∫

QT

u∆ξ −
∫

QT

uDα
− (−∆)

β
2 ξ =

∫

QT

|u|p ξ +
∫

IRN

ξu1 +
∫

IRN

(−∆)
β
2 u0D

α−1
− ξ (0) ,

(5)

for any test function ξ ∈ C2,2
x,t

(
IRN × [0, T ]

)
, such that

ξ ≥ 0, ξ (T, x) = ξt (T, x) = ξt (0, x) = 0.
Now, we are in position to announce our results.
Theorem 3.1: Assume that∫

IRN

(−∆)
β
2 u0 > 0,

∫

IRN

u1 > 0, p > 1

if
p ≤ pc = 1 +

2α

2 + αN − 2α
,

then, problem (1) does not admit global nontrivial solutions
in time.

Proof. The proof is by contradiction. So we assume that the
solution is global. Let Φ be a decreasing function C2

0 (IR+),
0 ≤ Φ ≤ 1 such that

Φ(y) :=
{

1 if 0 ≤ y ≤ 1 ,
0 if y ≥ 2 .

We choose

ξ (x, t) := Φλ

(
t2α + |x|4

R4

)
, t = R

2
α τ, x = Ry,

dxdt = R
2
α +Ndydτ

Where R is a positive real number and λ is any real greater
than p.

The test function ξ is chosen so that∫

supp ξtt

ξ
−p′

p |ξtt|p
′
+

∫

supp ∆ξ

ξ
−p′

p |∆ξ|p′

+
∫

supp

ξ
−p′

p |Dα
t|T (−∆)

β
2 ξ|p′ < ∞.

To estimate the right hand side of (5)on, we write by using
the ε-Young inequality
∫

QT

ξttu ≤ ε

∫

supp ξ

|u|p ξ + Cε

∫

supp ξtt

ξ
−p′

p |ξtt|p
′
, (6)

Similarly,
∫

QT

u∆ξ ≤ ε

∫

suppξ

|u|p ξ + Cε

∫

supp∆ξ

|∆ξ|p′ ξ −p′
p , (7)

and ∫

QT

uDα
− (−∆)

β
2 ξ ≤ ε

∫

suppξ

|u|p ξ

+Cε

∫

supp

ξ
−p′

p Dα
t|T (−∆)

β
2 ξp′ .

(8)

Where p′ =
p

p− 1
. Summing up estimates (6), (7) and (8),

with ε small enough, we infer that
∫

IRN

(−∆)
β
2 u0D

α
−ξ (0) +

∫

QT

u1ξ +
∫

QT

|u|p ξ

≤ Cε(
∫

suppξ
ξ
−p′

p (|ξtt|p
′
+ |∆ξ|q + |Dα

t|T (−∆)
β
2 ξ|p′))

(9)
for some positive constant Cε = 1/p′ (pε)

p′
p . At this stage,

we introduce the scaled variables

t = τR
2
α , x = Ry

and set Ω :=
{

(τ, y) ∈ IR+ × IRN ; τ2 + |y|4 ≤ 2
}

. There-
fore, writing

ϕ (t, x) = ϕ
(
τR

2
α , Ry

)
:= χ (τ, y)

we have∫

Q
T R

2
α

ξ
−p′

p |ξtt|p
′
= R

2
α +N− 4

α p′
∫

Ω

χ
−p′

p |χττ |p
′
,

∫

Q
T R

2
α

ξ
−p′

p |∆ξ|p′ ≤ R
2
α +N−2p′

∫

Ω

χ
−p′

p |∆χ|p′

and ∫

Q
T R

2
α

ξ
−p′

p Dα
t|T (−∆)

β
2 ξp′ ≤

R
2
α +N−(2+β)p′

∫

Ω

χ
−p′

p Dα
t|T (−∆)

β
2 χp′

Now taking ε small enough, we obtain the estimate∫

Q
T R

2
α

ξ |u|p ≤ CεR
2
α +N−2p′×

∫

Ω

χ
−p′

p

(
|χtt|p

′
+ |∆χ|p′ + |Dα

t|T (−∆)
β
2 χ|p′

) (10)

In the estimate (10),we have to distinguish tow cases:
Either p < pc: In this case, passing to the limit as
R →∞ in (10) we obtain

lim
R→∞

∫

Q
T R

2
α

ξ |u|p =
∫

IRN×IR+

|u|p = 0.
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Thus u = 0.
Or p = pc: In this case, we obtain from (10) that∫

IRN×IR+

|u|p ≤ C.

So
lim

R→∞

∫

CR

|u|p ξ = 0, (11)

where CR =
{

(x, t) : R4 ≤ t2α + |x|4 ≤ 2R4
}

.we set

Ω1 :=
{

(τ, y) ∈ IR+ × IRN ; 1 ≤ τ2α + |y|4 ≤ 2
}

If instead of using ε-Young inequality, we rather use the
Hölder inequality, then than the estimate (9), we find∫

|u|p ξ ≤
(∫

CR
|u|p ξ

) 1
p

(∫

Ω1

ξ
−p′

p |ξtt|p
′
) 1

p′
(∫

Ω1

ξ
−p′

p |∆ξ|p′
) 1

p′

+
(∫

Ω1

ξ
−p′

p |Dα
t|T (−∆)

β
2 ξ|p′

) 1
p′

Passing to the limit as R → ∞ in (12) and taking into
account (11), we obtain∫

|u|p ξ = 0.

Thus u = 0 a.e. The proof is complete.
Remark 3.1: When α → 1, the critical exponent is

pc = 1 + 2
N (see Todorova-Yordanov [14]).

IV. NECESSARY CONDITIONS FOR LOCAL AND GLOBAL
EXISTENCE

Theorem 4.1: Let u, be a local solution to (WE)-(1) where
T < +∞ and p > 1. Then there exist constants C1, C2 and
C3 such that

C1T
−α inf

|x|>R

(
(−∆)

β
2 u0

)
+ C2 inf

|x|>R
u1 (x) ≤ C3T

−2q

Proof. Let us consider the following test function

ξ (x, t) = Φ
( x

R

) (
1− t2

T 2

)2q

where Φ ∈ W1,∞
(
IRN

)
is nonnegative with suppΦ ⊂{

x ∈ IRN/1 < |x| < 2
}

(supp stands for support), and

satisfies |∆Φ| ≤ kΦ and
∣∣∣(−∆)

β
2 Φ

∣∣∣ ≤ k′Φ
for some positive constants k, k′. From (9), we have

∫

IRn

(−∆)
β
2 u0D

α−1
− ξ (0) +

∫

QT

u1ξ ≤

C

(∫

QT

ξ
−q
p |ξtt|q + |∆ξ|q +

∣∣∣Dα
t|T | (−∆)

β
2 ξ

∣∣∣
q
)

for some positive constant positive C.
It is clear, from our choice of ξ that the requirements

ξ (x, T ) = ξt (x, T ) = ξt (x, 0) = 0

are satisfied. Now, we estimate the right hand side in terms
of T and R. First, if we set t = τT , we find∫

QT

ξ
−q
p |ξtt|q dxdt ≤ C1

T 2q−1

∫

IRN

Φ
( x

R

)
dx, (12)

for some C1 > 0 and
∫

QT

ξ
−q
p |∆ξ|q ≤ C2k

qR−2qT

∫

IRN

Φ
( x

R

)
dx (13)

For the last term, we compute Dα
−ξ

Γ (2− α) Dα
t|T ξ =

∫ T

t

ϕ” (σ)
(σ − t)α−1 dσ =

∫ T

t

[(
1− σ2

T 2

)2q
]′′

(σ − t)α−1 dσ

= −4q
T 2

∫ T

t

[
σ

(
1− σ2

T 2

)2q−1
]′

(σ − t)α−1 dσ

= −4q
T 2

∫ T

t

[(
1− σ2

T 2

)2q−1

− 2 σ2

T 2 (2q − 1)
(
1− σ2

T 2

)2q−2
]

× (σ − t)1−α
dσ

then

Γ (2− α)Dα
t|T ξ =

−4qT−4q

∫ T

t

(
T 2 − σ2

)2q−1
(σ − t)1−α

dσ

+8q (2q − 1)T−4q

∫ T

t

σ2
(
T 2 − σ2

)2q−2
(σ − t)1−α

dσ

≡ I + J

Using the Euler’s change of variables

y =
σ − t

T − t
⇒ σ − t = (T − t) y

we see that

y =
σ − t

T − t
, 1− y =

T − σ

T − t

and

1− y2 =
T 2 − σ2

(T − t)2
− 2t

1− y

T − t
.

and

T 2 − σ2 =
(
1− y2

)
(T − t)2 + 2t (1− y) (T − t)

Therefore

I = −4qT−4q

∫ T

t

(
T 2 − σ2

)2q−1
(σ − t)1−α

dσ

= −4qT−4q (T − t)1−α+2q ×∫ 1

0

(1− y)2q−1 ((T − t) (1 + y) + 2t)2q−1
y1−αdy

since we have

(T − t) (1 + y) + 2t = (T + t) + y (T − t)

and as

y (T − t) < (T − t) ≤ (T + t) , for y < 1

then one can apply the Binomial formula for non integer
power to

I = −4qT−4q (T − t)1−α+2q ×
∫ 1

0

(1− y)2q−1 ((T + t) + y (T − t))2q−1
y1−αdy
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or

I = −4qT−4q
∞∑

k=0

C2q−1
k (T − t)1−α+2q+k (T + t)2q−k−1

×
∫ 1

0

(1− y)2q−1
y1−α+kdy

where

C2q−1
k =

(2q − 1)!
k! (2q − 1− k)!

Using the formula

∫ 1

0

(1− τ)u−1
τv−1dτ =

Γ (u) Γ (v)
Γ (u + v)

, u, v > 0

we obtain

I = −4qT−4q×
∞∑

k=0

C2q−1
k (T − t)1−α+2q+k (T + t)2q−k−1 Γ(2q)Γ(2−α+k)

Γ(2q+2−α+k) .

the same thing for J

J = 8q(2q − 1)T−4q

∫ T

t

σ2(T 2 − σ2)2q−2(σ − t)1−αdσ

= 8q(2q − 1)T−4q×
∫ 1

0

(t + (T − t)y)2left(1− y)2q−2((T + t)+

y(T − t))2q−2(T − t)−α+2qy1−αdy

then

J = 8q (2q − 1)T−4q
∞∑

k=0

C2q−2
k

∫ 1

0

(t + (T − t) y)2

× (T + t)2q−2−k (T − t)k−α+2q (1− y)2q−2
yk+1−αdy

= 8q (2q − 1)T−4q×
+∞∑
k=0

C2q−2
k

[
t2 (T + t)2q−2−k (T − t)k−α+2q ×

∫ 1

0

(1− y)2q−2
yk+1−αdy

+2t (T + t)2q−2−k (T − t)k−α+2q+1×∫ 1

0

(1− y)2q−2
yk+2−αdy

+(T + t)2q−2−k (T − t)k−α+2q+2×∫ 1

0

(1− y)2q−2
yk+3−αdy

]

Using the formula in the above

J = 8q (2q − 1)T−4q×
∞∑

k=0

C2q−2
k

[
t2 (T + t)2q−2−k (T − t)k−α+2q

Γ(2q−1)Γ(2−α+k)
Γ(2q+1−α+k)

+2t (T + t)2q−2−k (T − t)k−α+2q+1 Γ(2q−1)Γ(3−α+k)
Γ(2q+2−α+k)

+(T + t)2q−2−k (T − t)k−α+2q+2 Γ(2q−1)Γ(4−α+k)
Γ(2q+3−α+k)

]

Hence

Dα
t|T (1− t2

T 2 )2q = −4qT−4q

Γ(2−α) ×
[ ∞∑

k=0

C2q−1
k (T − t)1−α+2q+k × (T + t)2q−k−1

Γ(l)Γ(2−α+r)
Γ(l+2−α+r)

]
+ 8q(2q−1)

Γ(2−α) T−4q×
∞∑

k=0

C2q−2
k

[
t2(T + t)2q−2−k(T − t)k−α+2q

Γ(2q−1)Γ(2−α+k)
Γ(2q+1−α+k)

. + 2t(T + t)2q−2−k(T − t)k−α+2q+1 Γ(2q−1)Γ(3−α+k)
Γ(2q+2−α+k)

+(T + t)2q−2−k(T − t)k−α+2q+2 Γ(2q−1)Γ(4−α+k)
Γ(2q+3−α+k)

]

if we set t = τT we find

Dα
t|T (1− t2

T 2 )2q = −4qT−α

Γ(2−α) ×
[ ∞∑

k=0

C2q−1
k (1− τ)1−α+2q+k × (1 + τ)2q−k−1

Γ(l)Γ(2−α+r)
Γ(l+2−α+r)

]

+ 8q(2q−1)
Γ(2−α) ×

∞∑
k=0

C2q−2
k

[
τ2(1 + τ)2q−2−k(1− τ)k−α+2q

Γ(2q−1)Γ(2−α+k)
Γ(2q+1−α+k) .

+2τ(1 + τ)2q−2−k(1− τ)k−α+2q+1 Γ(2q−1)Γ(3−α+k)
Γ(2q+2−α+k)

+(1 + τ)2q−2−k(1− τ)k−α+2q+2 Γ(2q−1)Γ(4−α+k)
Γ(2q+3−α+k)

]

Thus

Dα
t|T

(
1− t2

T 2

)2q

≤ Cq,α

Γ (2− α)
T−α (14)

where Cq,α is constant depending of q and α.
Substituting expression (15) into the following integral∫

Q

ξ1− p
p−1

∣∣Dα
−ξ

∣∣ p
p−1 =

∫

QT

Φ
( x

R

) (
1− t2

T 2

)2q(1− p
p−1 ) ∣∣Dα

−ξ
∣∣ p

p−1

We have the estimate∫

Q

(hξ)1−q
∣∣∣(−∆)

β
2 Dα

−ξ
∣∣∣
q

≤
T 1−αq

Γ (2− α)×
∫ 1

0

(1− τ)2q(1−q)
τ2q(1−q)dτ

∫

IRN
Φ

( x

R

)

Then we have∫

Q

(hξ)1−q
∣∣∣(−∆)

β
2 Dα

−ξ
∣∣∣
q

≤

Cα,qΓ (2q (1− q) + 1)2

Γ (2− α) Γ (4q (1− q) + 2)
T 1−αq

∫

IRN

Φ
( x

R

)
.

(15)

Now we compute Dα−1
t|T

(
1− t2

T 2

)2q

Γ (2− α) Dα−1
t|T

(
1− t2

T 2

)2q

=

−
∫ T

t

(σ − t)1−α

((
T 2 − σ2

T 2

)2q
)′

dσ

Using the above Euler’s change of variable to compute

I :=
∫ T

t

σ
(
T 2 − σ2

)2q−1
(σ − t)1−α

dσ
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or

I = (T − t)2q−α+1 ×
∫ T

t

((T − t) y + t) (1− y)2q−1

((T + t) + y (T − t))2q−1
y1−αdy

By using the generalized binomial formula we may write

I = (T − t)2q−α+1
∫ 1

0

((T − t) y + t) (1− y)2q−1×
∞∑

k=0

Ck
2q−1 (T + t)2q−1−k (T − t)k

yk+1−αdy

Using the formula

∫ 1

0

(1− τ)u−1
τv−1dτ =

Γ (u) Γ (v)
Γ (u + v)

, u, v > 0

we obtain

I = (T − t)2q−α+2
∞∑

k=0

Ck
2q−1 (T + t)2q−1−k (T − t)k ×

∫ 1

0

yk+2−α (1− y)2q−1
dy

+(T − t)2q−α+1
t
∞∑

k=0

Ck
2q−1 (T + t)2q−1−k (T − t)k ×

∫ 1

0

yk+1−α (1− y)2q−1
dy,

hence

Dα−1
t|T

(
1− t2

T 2

)2q

= 4qT−4q

Γ(2−α) ((T − t)2q−α+2×
∞∑

k=0

Ck
2q−1 (T + t)2q−1−k (T − t)k Γ(k+3−α)Γ(2q)

Γ(k+3−α+2q) +

(T − t)2q−α+1
t×

∞∑
k=0

Ck
2q−1 (T + t)2q−1−k (T − t)k Γ(k+2−α)Γ(2q)

Γ(k+2−α+2q) ).

(16)

In particular we have

Dα−1
t|T ξ (0) = 4qT−α+1

Γ(2−α)

∞∑
k=0

(
Ck

2q−1

) Γ(k+3−α)Γ(2q)
Γ(k+3−α+2q) .

(17)
Substituting the expression of Dα−1

t|T ξ, in the following term,

∫

QT

u1D
α−1
− ξ =

1
Γ(2−α)

∫

IRN

u1 (x)Φ
( x

R

) ∫ T

0

[(T − t)2q−α+2l×
∞∑

k=0

Ck
2q−1 (T + t)2q−k (T − t)

∫ 1

0

yk+2−α (1− y)2q−1
dy

+(T − t)2q−α+1
t×

∞∑
k=0

Ck
2q−1 (T + t)2q−k (T − t)k ×

∫ 1

0

yk+1−α (1− y)2q−1
dy]dt

it easy to see that

∫

QT

u1D
α−1
− ξ =

T−α+2

Γ (2− α)
×

∫

IRN

u1 (x)Φ
( x

R

)∫ 1

0

[(1− τ)2q−α+2×
∞∑

k=0

Ck
2q−1 (1 + τ)2q−k (1− τ)k

∫ 1

0

yk+2−α (1− y)2q−1
dy+

(1− τ)2q−α+1
τ×

∞∑
k=0

Ck
2q−1 (1 + τ)2q−k (1− τ)k ×

∫ 1

0

yk+1−α (1− y)2q−1
dy]dτ

therefore
∫

QT

u1D
α−1
− ξ =

Cα,qT
−α+2

Γ (2− α)

∫

IRN

u1 (x)Φ
( x

R

)
dx. (18)

We have, ∫

QT

ξ
−q
p |Dα

t|T (−∆)
β
2 ξ|q ≤

k′qR−βq

∫

Q

Φ
( x

R

) ∣∣∣∣∣D
α
−

(
1− t2

T 2

)2q
∣∣∣∣∣

q

Using (15), we find∫

QT

ξ
−q
p

∣∣∣Dα
t|T (−∆)

β
2 ξ

∣∣∣
q

≤

C3R
−βqT−αq+1

∫

IRN

Φ
( x

R

)
.

(19)

Gathering the estimates (19), and (20), we obtain

C1T
−α+1

∫

IRn

Φ(−∆)
β
2 u0 + C2T

∫

IRN

Φu1 ≤

( C1
T 2q−1 + C2k

qR−2qT + C3R
−βqT−αq+1)

∫

IRN

Φ
( x

R

)
dx

(20)
On the other hand we have∫

IRN

(−∆)
β
2 u0Φ

( x

R

)
≥

inf
|x|>R

(
(−∆)

β
2 u0

) ∫

IRN

Φ
( x

R

) ∫

IRN

u1 (x)Φ
( x

R

)
≥

inf
|x|>R

u1 (x)
∫

IRN

Φ
( x

R

)

(21)
Taking into account the estimate (22), the inequality (17)

dividing by the term
∫

IRN

Φ
( x

R

)
, imply that

C1T
−α inf

|x|>R

(
(−∆)

β
2 u0

)
+ C2 inf

|x|>R
u1 (x) ≤

(C3T
−2q + C4k

qR−2q + C5R
−βqT−αq).

(22)

and Passing to the limit as R → +∞, we get

C1T
−α inf

|x|>R

(
(−∆)

β
2 u0

)
+ C2 inf

|x|>R
u1 (x) ≤ C3T

−2q

(23)
Corollary Assume that problem has a nontrivial global weak
solution. Then one at least of the following is satisfied

lim
|x|→+∞

inf
(
(−∆)

β
2 u0

)
= 0, lim

|x|→+∞
inf u1 (x) = 0.

Corollary If one of the following limits is infinite
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lim inf |x|→+∞
(
(−∆)

β
2 u0

)
> 0, lim inf |x|→+∞ u1(x) >

0,then problem (1), cannot have any local weak solution.
If A = lim

|x|→+∞
inf (−∆)

β
2 u0 > 0 and B =

lim
|x|→+∞

inf u1 (x) > 0. Then T ≤ min
{

C6

A
1

2q−α
, C7

B
1
2q

}
.

Theorem 4.2: Suppose the problem (1) has a nontrivial
global weak solution. Then, there are two positive constants
k1 and k2 such that

lim
|x|→+∞

inf
(
(−∆)

β
2 u0 |x|−min{2q−α,βq−α(1−q)}

)
≤ K1,

and lim
|x|→+∞

inf
(
|x|min{2q,(α+β)}

u1 (x)
)
≤ K2,

Proof. In the relation

C1T
−α

∫
IRN Φ(−∆)

β
2 u0 + C2

∫
IRN u1 (x)Φ

(
x
R

) ≤

(C3T
−2q + C4k

qR−2q + C5R
−βqT−αq)

∫
IRN Φ

(
x
R

)
.

as β < 2 and α− 2q < 0, we have

C1

∫
IRN Φ(−∆)

β
2 u0 ≤

(C3T
α−2q + C4k

qR−2qTα + C5R
−βqTα−αq)

∫
IRN Φ

(
x
R

)
.

Taking in the right hand side T = R, we obtain

C1

∫
IRN Φ(−∆)

β
2 u0 ≤

(C3R
α−2q + C4k

qRα−2q + C5R
−βq+α(1−q))

∫
IRN Φ

(
x
R

)
.

Then ∫

IRN

Φ(−∆)
β
2 u0 ≤

C8R
−min{2q−α,βq−α(1−q)}

∫

IRN

Φ
( x

R

)
.

(24)

Now, using assumptions on Φ (namely, R < |x| < 2R)∫

IRN

Φ(−∆)
β
2 u0 ≤

C8

∫

IRN

|x|−min{2q−α,βq−α(1−q)} Φ
( x

R

)

we see that

inf
|x|>R

(
(−∆)

β
2 u0 |x|−min{2q−α,βq−α(1−q)}

)
×

∫

IRN

|x|−min{2q−α,βq−α(1−q)}Φ ≤

C8

∫

IRN

|x|−min{2q−α,βq−α(1−q)} Φ
( x

R

)
.

(25)

To conclude it suffices to take the sup with respect to t of
(26) and divide by∫

IRN

|x|−min{2q−α,βq−α(1−q)}Φ
( x

R

)
.we get

lim
|x|→+∞

inf
(
(−∆)

β
2 u0 |x|−min{2q−α,βq−α(1−q)}

)
≤ C8

With similar argument we have,∫

IRN

Φu1 ≤
(

C1
T 2q + C2k

qR−2q + C3R
−βqT−αq

) ∫

IRN

Φ
( x

R

)
dx

We obtain,∫

IRN

Φu1 ≤ C9R
−min{2q,(α+β)}

∫

IRN

Φ
( x

R

)
dx,

hence∫

IRN

Φu1 ≤ C9

∫

IRN

|x|−min{2q,(α+β)} Φ
( x

R

)
dx.

Thus

inf
|x|>R

(
|x|min{2q,(α+β)q}

u1 (x)
)∫

IRN

|x|−min{2q,(α+β)q} Φ

≤ C9

∫

IRN

|x|−min{2q,(α+β)q} Φ
( x

R

)
dx.

Finally passing to the sup , and deviding both
sides of the resulting relation by the expression∫

IRN |x|−min{2q,(α+β)q} Φ
(

x
R

)
dx we obtain

lim
|x|→+∞

inf
(
|x|min{2q,(α+β)q}

u1 (x)
)
≤ C10

V. CONCLUSION

Our analysis is certainly robust for more general wave
equations. It can surely be used, for equations wich interpo-
lates heat equation and the wave equation.
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