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Non-existence of Global Solutions to a Wave
Equation with Fractional Damping

Mohamed Berbiche, Ali Hakem

Abstract—We consider the nonlinear fractional
equation

wave-

wir — Au+ (=A)2 D% = |ul?

posed in Q := (0, +o0) x R, where D*, 1 < a < 2, is a time
fractional derivative, (—A)ﬁ /2 ,0 < B < 2is fractional power of
—A, with given initial position and velocity u(x,0) = uo(z) and
ut(z,0) = ui(x). We find Fujita’s exponent which separates
in terms of p, o, 3, and N, the case of global existence from
the one of nonexistence of global solutions. Then we establish
necessary conditions on uo(x),u1(z) assuring non-existence of
local solutions.

Index Terms—nonlinear wave equation, fractional power
derivative, critical exponent.

I. INTRODUCTION

N this paper, we discuss the nonexistence of weak solu-

tions to the nonlinear fractional wave equation posed in
Qr = RY x (0,7), 0 < T < +o0, subject to the initial
conditions:

Uy — Au+ (—A)2 DYu = uf”

{ u(z,0) = ug(z), us(x,0) = uy (x),z € RY. M

Where A = 97 +...+ 0% is the usual Laplacian in the space
variable x, u; is the time derivative of u, (—A)ﬁ 25 B /2
fractional power of the Laplacian(0 < 3 < 2) which stands
for propagation in media with impurities and is defined by

(—A)"2u(z) = F7L(E]°F (v) (9)) (x),

where F denotes the Fourier transorm and F~! its inverse;
D¢, is the fractional derivative of order, 1 < a < 2, such
that D} = Df‘f_‘lut where D! is the Caputo fractional
derivatives of order o — 1, ug(x) and wuq(z) are given initial
data. Before we state our results, let us dwell on existing
literature concerning equations close to initial value problem
(1).

The time fractional derivative has long been found to be
very effective means to describe the anomalous attenuation
behaviors. For example, Hanyga and Seredynska[13], con-
sidered the differential equation

D%y + D"y + F(u) =0, )

where D"T10 < n < 1, represents the (n+ 1)-order
fractional derivative in the sense of Caputo which models
the anomalous attenuation, and ~y is the thermoviscous coef-
ficient. Recently, Chen and Holm [4], studied the equation
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which governs the propagation of sound through a viscous
fluid, ¢ is the inviscid phase velocity, 2« is the collective
thermoviscous coefficient.

In [5], they extended their study to the wave equation
model for frequency dependent lossy media

1 u
AP = cT%Ptt + ’Y% (_A)S/Q P, 4)

0 < s <2, 0<n < 3, n # 2 where «y is the
viscous constant, s and 7 can be arbitrary real numbers their
range of specification. Equations (3) and (4) can be seen as
generalization of the earlier important work of Greenberg,
MacCamy and Mizel [6] who considered the equation

PoUtt = Ugy + )\UJ,tJ, + g(mv t)

with z € R, ¢ > 0, and pg, A are some constants that char-
acterize the medum; g(x,t) is a given function representing
an external force. As equations (3) and (4) my be viewed
as approximations of nonlinear equations, Eq. (1) contains a
nonlinear term that is a prototype of nonlinearities that may
occur in practice.

Let’s note also that in [3], Cholewa and Carvalho dealt
with the equation

Uy = Au + (—A)a ug + |ul?

which is a special case of problem (1).

If 3 =0and @« = 1 in (1), then we obtain the wave
equation with the linear damping u;.There are many authors
treated this case, see for instance Todorova and Yordanov
[14], Qi. S. Zhang [15], Mitidieri and Pohozaev[9]. In [9], the
authors showed that the Fujita exponentis equal to 1+ 2/N.
The very interesting article of Todorova and Yordanov is in
fact a “complete” study of Eq.(1) when 8 =0 and o = 1.
However, when 3 = 0,0 < a < 1, Kirane and Tatar [8]
showed that the blow-up results for p < 1 + 2—',—]%/7&—%

The method of proof is rather simple and consists in a
judicious choice of a test function. This method developed
by Mitidieri and Pohozaev[9], Pohozaev and Tesei [10] for
the equation and inequalities with polynomial nonlinearity
and then in the paper of Baras and Pierre [1], Baras Kersner
[2], Kalashnikov [7] and Qi. S. Zhang [15].

II. PRELIMINARIES

In this section we present two different definitions of
fractional derivatives, and some of their properties. We define
the fractional derivative in the Caputo sense (see [11])

CDVu(t) = ! ) /0 (t—7) Tu(r)dr , 0<y<1,

T ()
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and for higher power,

CDVu(t) = —— | / (t— 7)™ e,

I'(m—~
m=[y]+ 1.

The fractional derivative in the Riemann-Liouville sense

RLDvu(t) = F(w;v)j; /0 (t — )™ L u(t)t,
m=[y]+ 1.

The relationship between the two definitions is

=

m— tkiry
RLD'y t :C D ul(t E (k) +
’LL() u()+kzor(k,_,y+1)u (0)7

we have also the formula integration by parts

T T
| owsoma= [ a0, n0. 0<y <1
0 0

(see([12],p.46).

IIT. NON-EXISTENCE OF GLOBAL SOLUTIONS

Qr will denote here the set Qr := (0,7) x RY,
LY (Qr,dtdz) will denote the space of all functions v :

R, x RY — R such that |v]? dtdz < oo for any

N K
compact K in Ry x R™.
Definition 1. A function u € L}, (Qr) is a local weak
solution of the problem (1) defined on Qp, 0 < T < +00,

if w e L} . (Qr) such that:

Epu — / uAE — uD® (fA)%j £=
Qr T Qr

e+ | ew+ [ (=A)FugD g (0),
QT RN RN

for any test function £ € C’ff (RY x [0,77), such that
5 2 07 g(T,fE) = gt (Tvl.) = Et (va) = 0.
Now, we are in position to announce our results.
Theorem 3.1: Assume that

3
/ (—A)%u0>0,/ uy >0,p>1
RN RN

2a
2+ aN —2a’
then, problem (1) does not admit global nontrivial solutions
in time.
Proof. The proof is by contradiction. So we assume that the

solution is global. Let ® be a decreasing function C3 (R ),
0 < ® <1 such that

®)

if

. 1 if 0<y<1 ,
()= { 0 if y>2
‘We choose
t2o¢ 4
€ (a,1) = & (}T) t=R%r,z =Ry,

dzdt = Ra N dydr

Where R is a positive real number and A is any real greater
than p.

The test function £ is chosen so that

—p’ / —p’ ’
[ Fad [ g
supp &t supp A¢

= s ’
+ & |Dt|'T (—A)Z EP < o0
supp
To estimate the right hand side of (5)on, we write by using
the e-Young inequality

—»’ ’
éttuSs/ |u\f’£+05/ EF 1eul” | ©)
Qr supp & supp &it

Similarly,

’
—P

/ uAgsE/ [ € + C. ALF ¢ )
T suppé suppA§

B
[ wpr-ayfese [ e
T -, sugpf
ro. [ eF Dy, (-a)ier

sSupp

and

®)

Where p/ = Ll Summing up estimates (6), (7) and (8),

p—
with € small enough, we infer that

[ oD+ [ wer [ ape
RN ., , T T 5 /
< C([ppe &7 (™ + A7+ [Dap (—A)Z 7))
, ©)
for some positive constant C. = 1/p’ (ps)% . At this stage,
we introduce the scaled variables

t:TR%, r = Ry

and set Q := {(7’7 y) e Ry x RY; 72 + [y[* < 2}. There-
fore, writing

ptz)=¢ (TR%7Ry> =x(7,y)

we have
—p’ / 2 4 —p’ ’
/ €F Jeul7 = RETN ””/x 2 e
Yrnt ¢
=’ / 2 N9y = 4
/ €7 AL < RETN - /xP Ax|”
Yrnt ¢
and

—p’ B
/Q £F Dy (~A)F e <
RS

’ —p’ o B8
RE+N—-(2+8)p /QX > Dt|T (=A)2 x?

/

Now taking e small enough, we obtain the estimate

/ € luff < CeREFN=2"x
Qnd ) (10)
L3 (bl +18x7 + 1057 (<8)% )

In the estimate (10),we have to distinguish tow cases:
Either p < p.: In this case, passing to the limit as
R — o0 in (10) we obtain
lim Elul’ = / lu|” = 0.
R—o0 Q RN xR,
TR

Qo
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Thus u = 0.
Or p = p.: In this case, we obtain from (10) that

/ P < C.
RN xR

ul”§ =0,

So

lim
R—o0 CR

an
where Cr = {(x,t) CRY <20 4|zt < 234} .we set

0 = {(T,y) eR, x RY;1 <72 4 [y|* §2}

If instead of using e-Young inequality, we rather use the
Holder inequality, then than the estimate (9), we find

/Iul”&g
(fCR |U|p§>% </S21 f%/ |§ttp/)1l (/ £ > |A§|p)
([ F g carier)”
Q1

Passing to the limit as R — oo in (12) and taking into
account (11), we obtain

Jure=o.

Thus u = 0 a.e. The proof is complete.
Remark 3.1: When o — 1, the critical exponent is
pe=1+ % (see Todorova-Yordanov [14]).

1
I

IV. NECESSARY CONDITIONS FOR LOCAL AND GLOBAL
EXISTENCE

Theorem 4.1: Let u, be a local solution to (WE)-(1) where
T < 400 and p > 1. Then there exist constants C,Cy and
C'3 such that

CiT~™® inf

nf ((—A)ﬂ )+02 inf uy (z) < CaT—2

|z|>R

Proof. Let us consider the following test function

cn=e(3) (-5

where & € Wi (IRN ) is nonnegative with supp® C
{z e RV/1 <|z| <2} (supp stands for support), and

B
satisfies |A®| < kd (=A)20] < KO
for some positive constants k, k’. From (9), we have

/n(—A)guOD3‘1§(0)+/ € <

T

and

(/5 el + 1861 + [ Dy (-2)% ¢

q)
for some positive constant positive C.
It is clear, from our choice of £ that the requirements

§(x,T) =& (2,T) =& (v,0) =0

are satisfied. Now, we estimate the right hand side in terms
of T and R. First, if we set t = 771, we find

—q Cl X
q < -
/QTg P el dudt < b /JRN@ (R) dz,

12)

for some (7 > 0 and

-t q ap—2q x
€7 |AE|? < CokR T/IRN@(R)dx (13)

Qr

For the last term, we compute DO“E

Fe- t|T5 / J—t do =
1 g

o-2)
/ [wmjdj

0) g =
r 2g—1

—4qT74q/ (T° — 0?) T o—t)'"do
¢

T
+8¢(2¢—1) T’4q/ o? (1% - 02)2q_2 (0 —t)' " “do
=I1+J '

Using the Euler’s change of variables

yZ;:i:Mr—t:(T—t)y
we see that
o—t T—0
v=pop VT
and ) )
7y2:T—0'2 tl—y'
(T —t) T—t
and

T2 — 02 = (1—y?) (T —t)> +2t (1 —y) (T — 1)

Therefore
r 21
I = —4qT—% (T? — o?) o -t do
= 4T (T L R

/0 (L= g (T — ) (1 +y) + 262"y ey

since we have
(T—-t)Q+y) +2t=(T+1t)+y(T—1)

and as
y(T—t) <(T-1) <

then one can apply the Binomial formula for non integer
power to

(T+t), for y<1

I = —4qT % (T —t)' >+

X

1
/0 (1= )2 (T 1 1)+ y (T — 1) ey
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or

I = ,4qT74q Z C}zq—l (T B t)l_a+2q+k (Tth)Qq_k_l

k=0
1

></ (1—y)* i ytmothay
0

where
c2a-1 _ (2¢ - 1)!
k k(2 — 1 —k)!

Using the formula

1

/ (1—7) vty = LWL (v) (U), u,v >0

0 I'(u+v)
we obtain
I = —4qT%x

« k —k— —a+k

35 G (1 - ) T A s,

the same thing for J

T

J=8q(2¢ — )T~ [ o*(T? V= do

= 8¢(2q — 1)T~47x

— 03?12 (g —t

/1(t + (T —t)y)2left(l — y)?12((T +t)+
0

y(T —1))*172(T — t)~*T2ay'~dy

then

(t+ (T - 1)y)*

2q—2 —
Y)Yy

J=8¢(2q—-1)T 4QZCZQ 2/

k=

0
> (T+ t)2q_2 k (T t)k a+2q (1

=8q(2¢ — 1) T 4%

+oo
) Czqu [tg (T + t)zqusz (T - t)kfa+2q %
k=0

/1 (1—y)" 12yt ody

+021t (T + t)29727F (T — ¢)Fot2ett
(1—y)2 12yt 2ody

—|—0(1T n t)2q—2—k (T - t)k—a+2q+2 «
(1—y)*? y’”?’“dy}

X

Using the formula in the above

J =8q(2¢—1)T 4%

E C}zq—Q t2 (T+ t)2q—2—k (T _ t)k:—oc-‘rQq
k=0
I'(2¢—1)I'(2—a+k)
I'(2¢g+1—a+k)
2q—2—k k—a+2q+1 I'(2qg—1)I'(3—a+k)
+2t (T + )™ (T —1t) o ettty

2q—2—k k—a+2q+2 I'(2q—1)T'(4—a+k
(T 4 8207278 (1 — gm0 Dy i) |

Hence
Do (1 £2y2a — T
t\T( T2> — T(2-a)
|:Z Czq—1<T _ t)l—a+2q+k > (T+t)2q—k—1
k=0
(T (2—a+r) 8q(2q—1) n—4,
T 2—atr) } + Ig(Qq ay 77X

X ~2¢—2
Z kalZ* [t2(T 4 t)2q727k(T o t)k7a+2q

IM
T(2¢+1-atk) [(2q—1)T(3—a-+k)
2q—2—k k—a-+2 - —a
A 24(T + )20 727R (T — pyhmer2enl LB POt
ok b—a I(2¢—1)T(4—a+k)
H(T + )22 — ke e

if we set t = 71" we find

«a _ t2\2q _ —4qT"
Dijr (1 = 42)™ = $5=y %

[§ Ciq71(1 — p)lat2atk (1 4 7)2ak—1
=

F(l_)l“(27a+r):|
T(+2—a+tr)
+pdl

S C272 [72(1 4+ )22 k(1 — 1

1"(20(1 HI'(2—a+k)
T'(2¢g+1—a+k)
+27(1 4 7)%4727F(1 —

+(147)20727k(1 —
Thus

)kfoc+2q

)k a+2¢+1T(2¢g-1)T(B—a+k)
T'(2q+2—a+k)

)k a+2q+2r(2q 1)F(4 OH”k)
T'(2¢g+3—a+k)

2q
t C
Sl 1— = e Ly A 14
tlT( T2> “T(2-a) (14
where C o is constant depending of ¢ and o
Substituting expression (15) into the following integral

[Pl -
; R N
Lor@(-m) i

We have the estimate

[ 4o~ D
Q

T'-d ' 2q(1—q) _2q z
- _ (1—q) il
F(Q—a)x/o(l 7) ’ dT/N(I)(R>

Then we have

/Q (he)'~

Oa,qr(2Q(1_Q)+l)2 1—agq -
F@- )l (dg(l—q) +2) /IRN‘I’R

<

(—A)% poe|” <

15)

2q
t2
Now we compute DHT (1 — ﬁ)

Using the above Euler’s change of variable to compute

T
I::/ J(T2—02)2q_1 (g—t)lfo‘dg
t
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or

T
[= (T 1)+ / (T —tyy+1)(1— >
(T+1) +y (T - )2 =y

By using the generalized binomial formula we may write

1
I= @ [ (T =y -
0
> Chyy (T (T =) oy
k=0
Using the formula

T'(u)T (v)

—_— ,0>0
I'(u+v)’ “v

1
/ (1- T)uil N =
0
we obtain
o0
I= (T —t)y* 2 kzo Ch_ (T + > F (T — )" x
) =
/ yk+2—a (1 _ y)Qq—l dy
0
FE P S Ol (T 0
) =
[
0
hence
o— 2\ 24 —4q 2q—a+2
D (1-4) " = HE5(1 — )" x
> ng—l (T + t)zq_l_k (T — t)k w+

T(kt3—at2
=0 (k+3—a+2q)

(16)
(T —)** g x

o0 2q—1—k k T(k+2—a)T(2
kg_jocgq_l(T+t) TR )t SRR,

In particular we have

I'(2—o) I'(k+3—a+2q) *
a7
Substituting the expression of D;’f;lf , in the following term,

/ u D =
ﬁ/ﬂw w (x)fb(%) /OT[(T—t)QMW x

= 1
kz ng,1 (T + t)2qfk (T . t)/ yk+2—a (1 _ y)zq*l dy
=0

0

a— ot X2 —
Dijp'€ (0) = ¥y > ((Chir ) Tieisanss)

+(T — 1) gx
> Ch (T +t)2 (T — )" %
k=0
1
/ YR (1 — ) * 7 dyldt
0

it easy to see that

T—(x+2

a—1¢&
/TulD S raa”

/IRN w (@)@ (%) /01[(1_7)2‘1—“*2 «

= —k k
> Chya (14 (1= 7)
1

/ yk+27a (1 N y)Qq—l dy+

0
(1- T)2q7a+1 TX

= 2g—k k
kzngqA (1+7) " (1 —-7)"x

1
/ Yy (1= y)* dyldr
0

therefore
Cp . T2 x
Dele = Tt d(=)de. (1
/Tu1 o T(2=a) /]RNul(x) <R)da: (18)
‘We have,

4 e 8
o €7 |Dfir(-A)7¢lg <

8 x 12 2q
'q p—Fq — ) | D% - —
KR /Q<1>( ) (1 2)

Using (15), we find

q

=4 | g s |9
/ 7 |Dijr (—A)2 f‘ <
T . (19)
. R—BaT—agq+l =
CsR-PaT /}R K (R) .
Gathering the estimates (19), and (20), we obtain
ClT_a+1 / P (—A)g Ug + CQT/ Pu; <
n IRN
_Cy -2 —Bap—agtl x
(2SL; + Cok"R-2T + C3R-P9T )/ @ (L)

On the other hand we have

8 T
“A)Z up® (7) >
| cafwe(5)>
8 x T
w (21Fw) [ @ () [ mee(F) 2
M \CAT ) f P R fou 12 (R) 2
T
inf (=
@ [ o (3)
21)
Taking into account the estimate (22), the inequality (17)
dividing by the term / o (E) imply that
RN R

CiT~® inf
|lz|>R

(C3T~24 + C4k9R=24 + CsR—PaT o),

and Passing to the limit as R — +o00, we get

((—A)g uo) +Cy inf wuy (z) <
|lz|>R (22)

s
CiT™% inf ((—A)f uo) 4+ Cy inf uy (x) < C3T ™21
|z|>R |z|>R

(23)
Corollary Assume that problem has a nontrivial global weak
solution. Then one at least of the following is satisfied
Jm it ((—A)fuo) =0,
x|—+o00 x

Corollary If one of the following limits is

lim infu () =0.
——+00

infinite

(Advance online publication: 10 February 2011)
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liminf ;) 4o ((—A)gu()) > 0, liminf ;o ui(z) >
0,then problem (1), cannot have any local weak solution.

3

If A = H1im inf(-A)2uy > 0 and B =
x|——+o0

lim infuy (z) > 0. Then T < min { —%s— <7

|z|—+o00 A2¢d—a PB2q

Theorem 4.2: Suppose the problem (1) has a nontrivial
global weak solution. Then, there are two positive constants
k1 and k5 such that

‘ |lim inf ((—A)g ug \x|_min{2q_a’ﬁq_a(1_q)}) < Ky,
x| —400
andlm‘liﬂm+Oo inf (|x|min{2q’(a+ﬁ)} Uy (ac)) < Ko,

Proof. In the relation
B

1T« fIRN (0] (7A) 2 ug + Cy fIRN U1 (l’) (0] (%) <
(C3T~29 + C4kIR™24 + Cs R~PIT ) f]RN d (%) .
as < 2 and o — 2¢q < 0, we have
8
C1 [gn ®(=A)7 up <
(C3T*724 4 C4kIR™29T 4 Cy R—PIT 1) Jrn @ (%) .
Taking in the right hand side 7' = R, we obtain
B
Ch fIRN O (—A)2 ug <

(CgRa_Qq + CykIR29 4 C%R‘Bq‘*‘“(l_@) f]RN (0] (%) .
Then

/ i) (*A)g ug <
RN

— min{2¢g—a«,8q—a(l1—q)} £
Cs Rt /IRN ¢ (R) '

Now, using assumptions on ® (namely, R < |z| < 2R)
g
/ P (—A)E (%) <
RN

o — min{2¢—a,fg—a(1-0)} g (E)
S/IRN 2| R

we see that

inf ((7A)§ %o |x|*min{2qfaﬂqfa(1*q)}) %
|z|>R

/ |x|—min{2q—a,ﬁq—a(1—Q)} P <
IRN

— min{2¢—a,Bq—a(1—q)} (f
Cy /IRN 2| ® R)'

To conclude it suffices to take the sup with respect to ¢ of
(26) and divide by

(24)

(25)

||~ min{2a-oBr—e(-0)} g (%) .we get
IRN
i (-2)% g g el0l) < gy
x|——4o0

With similar argument we have,

/ duy <
RN

(S + CokIR=24 + CyR=PIT—01) /IRN ® (%) do

‘We obtain,

P <CR*min{2q’(a+B)}/ o (L dz,
/I;N U1 - 9 RN (R) v

hence

/ duy < 09/ ||~ minPe et} g (3) d.
]RN IRN R

Thus
inf (‘xlmin{Qq,(a+ﬂ)Q} uy (CL’)) / |m|7min{2q,(a+ﬁ)Q} d
]RN

|z|>R
< Cg/ |z|7min{2q’(a+ﬁ)q} D (E) dx.
IRN R

Finally passing to the sup , and deviding both
sides of the resulting relation by the expression
S ||~ {20 (245} (%) dz we obtain

lim inf <|x|min{2q’(°‘+ﬁ)q} Uuq (3:)) < Cho

Fp——

V. CONCLUSION

Our analysis is certainly robust for more general wave
equations. It can surely be used, for equations wich interpo-
lates heat equation and the wave equation.
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