
 

 
Abstract— HIV epidemic has struck prisons and other 

places of detention around the world with particular severity. 
A deterministic HIV/AIDS model which incorporates male 
prisoners and homosexuality is considered. An epidemic 

threshold value, the reproductive number  0R is proposed, 

and qualitatively used to examine the stability of the system. 
Depending on the value of the threshold value this state can be 

either infection-free ( 10 R ) or endemic ( 10 R ). 

Comprehensive analyses on these two steady states (infection-
free and endemic) have shown that they are both globally 

stable. Sensitivity analysis is performed on 0R . A key result 

arising from this model is that, efforts to control the HIV 
epidemic in Africa that ignore the prison situation are 
probably doomed to failure. 
 

Index Terms—HIV/AIDS, male prisoners, homosexuality, 
reproductive number, stability 
 

I. INTRODUCTION 

ABOUT 668, 000 men and women are incarcerated in sub-
Saharan Africa. South Africa has the highest prison 
population with 157,402 people behind bars in the region 
and 335 prisoners per 100,000 of the national population; it 
has the ninth largest prison population in the world [22]. 
Sub-Saharan Africa remains the region most heavily 
affected by HIV. In 2008, sub-Saharan Africa accounted for 
67% of HIV infections worldwide, 68% of new HIV 
infections among adults and 91% of new HIV infections 
among children. The HIV epidemic has struck prisons and 
other places of detention around the world with particular 
severity [11], [12]. International data show that HIV 
prevalence among prisoners is between six to fifty times 
higher than that of the general adult population. For 
example, in the USA the ratio is 6:1; in France it is 10:1; in 
Switzerland 27:1 and in Mauritius 50:1 [12]. On a global 
scale, the prison population is growing rapidly, with high 
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incarceration rates leading to overcrowding, which largely 
stems from national law and criminal justice policies. In 
most countries, overcrowding and poor physical conditions 
prevail [14]. This phenomenon poses significant health 
concerns with regard to control of infectious diseases-and 
HIV prevention and care most of all [15]. Prison 
populations are predominantly male and most prisons are 
male-only institutions, including the prison staff. In such a 
gender exclusive environment, male-to-male sexual activity 
(prisoner-to-prisoner and guard-to-prisoner) is frequent 
[13]. The actual number of instances is likely to be much 
higher than what is reported mainly due to continual denial, 
fear of being exposed or the criminalization of sodomy and 
homosexuality. Homosexual activity is illegal in every 
southern African country with the exception of South 
Africa. According to UNAIDS report released in 1995, 8.4 
percent of men in the Zambian prison of Kamfinsa reported 
anal sex, with the true figure likely to be higher [11]. A 
1999 Penal Reform International study of Zomba prison in 
Malawi reported respondents as estimating that between 10 
to 60 percent of prisoners had participated in, homosexual 
activity at least once. While much of the sex among men in 
prisons is consensual, rape and sexual abuse are often used 
to exercise dominance in the culture of violence that is 
typical of prison life [11]. Inmate rape, including male rape, 
is considered one of the most ignored crimes. Sexual and 
physical abuse in custody remains a tremendous human 
rights problem [1]. Among prisoners, the rate of sexual 
abuse is as high as 27 per cent, including rape by prison 
guards [22]. Available data indicate that rape is used as a 
disciplinary tactic and a control mechanism by prison 
authorities who not only ignore or do not prevent inmate 
rape, but encourage it as a punishment tool [19].  Prisoners 
form alliances, hierarchies and enmities that thrive on 
creating an atmosphere of fear and control where trade of 
sexual favors and sexual enslavement is widespread. 
However, those involved in sexual abuse do not consider 
themselves to be bisexual or homosexual, thus often 
hindering the dissemination of HIV prevention messages.  
 
Three aspects of man-to-man sexual activity in prison make 
it a high risk for HIV transmission: anal intercourse, rape 
and the presence of sexually transmitted infections (STIs). 
Related problems in prisons across Southern Africa include 
overcrowding, shortages, corruption, and the presence of 
juveniles alongside adult prisoners. The potential for the 
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spread of HIV is also increased by a lack of information and 
education, and a lack of proper medical care. STIs, if left 
untreated, can greatly increase a person's vulnerability to 
HIV through sexual contact, UNAIDS noted [23]. 
 
Mathematical models have become invaluable management 
tools for epidemiologists, both shedding light on the 
mechanisms underlying the observed dynamics as well as 
making quantitative predictions on the effectiveness of 
different control measures. The literature and development 
of mathematical epidemiology is well documented and can 
be found in [2], [4], [5]. Modeling the spread of HIV is an 
important and interesting topic for a lot of researchers. 
Many mathematical models have been proposed by different 
researchers; see for instance Daley and Gani [6], [7], [9], 
[10]. Ching et al, [6] proposed a fast numerical algorithm 
for solving the equilibrium values of the spread of HIV in a 
network of prisons. This paper seeks to use mathematical 
models to gain insights on transmission of HIV among male 
prisoners in the context of homosexuality. 

II. MODEL FORMULATION 

We divide the host population into the following 
epidemiological classes or subgroups: 

 nhS  : susceptible non-homosexual, 

 hS    : susceptible homosexual, 

 nhI   : non-homosexual  HIV infectives, 

 hI    :homosexual HIV infectives, 

 A : AIDS cases. 
Thus, the total population is given 

by AISISN hhnhnh  . We assume that all 

individual within the terminal form of AIDS are too sick to 
engage in homosexual and therefore do not contribute to the 
HIV/AIDS transmission dynamics, thus the total sexually 

active population is given by hhh ISN  . Individuals 

are recruited into the prisons through committing different 

crimes at a constant rate . Quantifying the proportion 
individuals recruited into each of the aforementioned 
epidemiological classes will require an extensive sensitivity 
analysis with parameter values estimated from real 
demographic data. However, we assume that a 

fraction 0 , 1 , 2 , and 3  are recruited into nhS , 

nhI , hS , and hI  respectively. Since individuals in the 

AIDS class do not influence the dynamics of the epidemic 
we have neglected the proportion of recruitment into this 
class.  Non-homosexuals susceptible individuals and non-
homosexuals HIV infectives are assumed to become 
homosexuals at a constant rate . Susceptible homosexuals 

hS  are infected with the disease following unprotected 

sexual contact with a homosexual HIV infective at 

rate
h

h

N

I
  . The parameter   is the product of effective 

contact rate for HIV infection and the transmission 
probability of HIV per contact. Non-homosexual HIV 

infectives  who would not join homosexuality behavior 
progress to AIDS stage at a constant rate  , while 

homosexual HIV infectives progress to AIDS stage at a 
constant rate  . Natural mortality rate   is assumed to be 

constant in all classes, with individuals in AIDS class 
suffering an additional mortality due to the disease at a 
rate . Furthermore, individuals are released from the 
prison at rate , which is assumed to be constant in all 
classes. The model flow diagram is depicted in Figure 1 
below. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
              Figure 1: Model flow diagram 
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From the descriptions and assumptions on the dynamics of 
the epidemic made above, the following are the model 
equations. 
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From system (1) nhS  and nhI  can be presented as  
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So that system (1) reduces to 
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System (3) is epidemiologically and mathematically well-
posed in the domain 
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The domain   is valid epidemiologically since all 
parameters and state variables for model system (3) are 
assumed to be non-negative for 0t . 
 

 

III. EQUILIBRIUM STATES, REPRODUCTIVE NUMBER AND 

STABILITY 

 

System (3) has an evident disease-free (DFE) given by 
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A. Reproductive number 

 The basic reproductive number: a threshold value 
representing how many secondary infections result from the 
introduction of one infected individual into a population of 
susceptible [8].  Following the next generation approach in 
[8] the reproductive number for model system (3) is given 
by 





0R . 

The reproductive number ( 0R ) measures the average 

number of secondary HIV cases produced by a single HIV 
homosexual infective during his/her entire sexual period in 
prison in the absence of HIV intervention strategies.  The 

value that ( 0R ) takes can indicate the circumstances in 

which an epidemic is possible. The interpretation of ( 0R ) is 

very straightforward: when the product of effective contact 
rate for HIV infection and the transmission probability of 

HIV per contact   the numerator of 0R  is greater than the 

sum of the natural death rate, prison release rate and rate of 
progression to AIDS stage for homosexual infectives 
(   ) then, epidemic prevalence will rise. 

 

B. Sensitivity analysis of the reproductive number 

We now investigate the sensitivity of 0R  to each of the 

parameters, following Arriola and Hyman [3]. The 
normalized forward sensitivity index with respect to each of 
the parameters is presented below: 
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From the above calculations (4) we observe that 0R  is most 

sensitive to changes in  . An increase in   will bring 

about an increase of the same proportion in 0R  and a 

decrease in   will result in a decrease in 0R  with about an 

equivalent magnitude. Sensitivity analysis of   and   

have an inverse proportional relationship with 0R  implying 

that any increase in either natural mortality rate or rate of 
progression to AIDS stage will reduce the reproductive 
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number, but however this is not practical. Although, 
sensitivity analysis of   have an inverse proportional 

relationship with 0R , this will only reduce HIV prevalence 

in prison but increase the epidemic burden in the community 
since some individuals released from the prison are HIV 
infectives, furthermore some would have adopted the 
homosexuality behavior which they were not doing before 

going to prison. Results from the sensitivity analysis of 0R  

suggest that more effort should be done on reducing  , and 

this can be attained through the provision of HIV 
preventative measures such as condoms and so on. 

 

C. Stability analysis of disease-free 

We now investigate the local stability of the trivial 
equilibrium point . The Jacobean ( )(J ) of system (3) 

at disease-free is given by 
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The two eigenvalues 1  and 3 , are clearly real and 

negative, while the third eigenvalues 2  is real and 

negative if and only if )(   . Thus, 2  

satisfies the necessary conditions for local stability of   

whenever 10 R . We summarize the result in Theorem 1 

below. 
 
Theorem 1: The disease-free equilibrium point  is locally 

asymptotically stable if 10 R , and unstable if 10 R . 

 
We now examine the global stability of the   using the 
Comparison Theorem as in [17], [18]. Note that the 
equations of infected components in system (3) can be 
written as 
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Where F  and V are given by;  
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Since, hh NS    (for all 0t ) in  it follows that  
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Using the fact that the eigenvalues of the matrix VF  all 
have negative real parts, it follows that the linearized 

differential inequality system (5) is stable whenever 10 R . 

Consequently, ),( AI h   0,0 , as t  . Thus, by 

Comparison Theorem [17] , ),( AI h  0,0 , as t  

. Evaluating system (3) at 0 AI h , one gets 0
hh SS   

for 10 R . Hence, the disease-free is globally 

asymptotically-stable for 10 R . We summarize the result 

in Theorem 2 below. 
 
Theorem 2: The disease-free equilibrium point  is 

globally asymptotically stable if 10 R , and unstable 

if 10 R . 

 

D. Endemic equilibrium 

Endemic equilibrium points are steady-state solutions where 
the disease persists in the population (all state variables are 

positive). By assuming that )(   , we are 

looking for positive equilibrium point for system (3). In this 
case the endemic equilibrium is denoted 

by ),,( ***
hhh NIS . Individuals in the AIDS class do not 

influence the dynamics of the disease hence we shall omit 
the last equation of system (3). 
 
Definition1: The disease is said to persist if there exists 
some 0 such that 
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 , for all nonnegative 

solutions of (3) with, 0)0( hI  and 0)0( hS . 

 
We now prove the above definition using Lyapunov’s direct 
stability method. Thus; 

IAENG International Journal of Applied Mathematics, 41:1, IJAM_41_1_07

(Advance online publication: 10 February 2011)

 
______________________________________________________________________________________ 



 

 

  1

1

)(

0 
















R
dt

dI

I
dt

dI

N

SI

dt

dI

h

h
h

h

hhh









 

 
The linearized differential inequality system (10) holds 

for 10 R . We summarize the result in Theorem 3, below. 

 

Theorem 3: If 10 R , the endemic equilibrium point   

exists. 
 
We now investigate the global stability of . In order to 
investigate the global stability of the endemic equilibrium, 

we adopt the approach in [16]. Assume )(   , 

then   exists for all hh IS , , for some .0  Let 

),( hh ISg  be a positive and monotonic function, and 

define the following continuous function in 2
  (for more 

details, see Korobeinikov, 2006 [16]. A function 
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If ),( hh ISg  is monotonic with respect to its variables, 

then the endemic state   is the only extremum and the 
global minimum of this function. Indeed 
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Grow, monotonically, and then the function ),( hh ISg  has 

only one stationary point. Further, since 
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Equations in system (8) are non negative, then the point   

is a minimum, that is, ),(),( **
hhhh ISVISV   , hence 

V is a Lyapunov function, and its time derivative is given 
by 
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Equation in (9) holds for 0, hh IS . Thus, we establish the 

following result. 
 
Theorem 4: The endemic equilibrium   is globally 
asymptotically stable whenever conditions outlined in (9) 
are satisfied. 

IV. CONCLUSION 

HIV/AIDS situation in prisons in Africa has been a highly 
neglected area. In this paper, a deterministic HIV/AIDS 
model in the context of male prisoners and homosexuality is 
formulated. The qualitative features of its equilibrium are 
analyzed. It is found that both the disease-free equilibrium 
and the endemic equilibrium exists whenever the 

reproduction number 0R   is less than a unity and greater 

than unity respectively, and are globally asymptotically 
stable. Sensitivity analysis on the reproduction number 

identifies  , the product of effective contact rate for HIV 

infection and the transmission probability of HIV per 
contact, as the most useful parameter to target for the 
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reduction of 0R  . For practical purposes, this corresponds 

to the need to address HIV prevention in prisons in the 
context of homosexuality. Although, sensitivity analysis 
have shown that an increase in , (the rate at which 
individual are released from the prison after completing 
serving their sentence or due to amnesty) will reduce the 
reproductive, we however note that this will only HIV in the 
prison but will continue to increase HIV prevalence in the 
community, since some of these individuals released into 
the community are infected, and some would have adopted 
the homosexuality behavior. Furthermore, we have noted 
that it’s important for collection of data relevant to the key 
parameters by epidemiologists and treatment providers at a 
global level as this would be of significant use from an 
implementation and policy perspective. 
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