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Stability and Bifurcation Analysis in A SEIR
Epidemic Model with Nonlinear Incidence Rates

Changjin Xu and Maoxin liao

Abstract—In this paper, a special SEIR epidemic model
with nonlinear incidence rates is considered. By analyzing the
associated characteristic transcendental equation, it is found
that Hopf bifurcation occurs when these delays pass through
a sequence of critical value. Some explicit formulae for deter-
mining the stability and the direction of the Hopf bifurcation
periodic solutions bifurcating from Hopf bifurcations are ob-
tained by using the normal form theory and center manifold
theory. Some numerical simulation for justifying the theoretical
analysis are also presented. Finally, biological explanations and
main conclusions are given.

Index Terms—SEIR epidemic model; stability; Hopf bifurca-
tion; periodic solution

I. INTRODUCTION

IN

ecent years, great attention has been paid to the dynamics
properties (including stable, unstable, persistent and oscilla-
tory behavior ) of the epidemic models which have significant
biological background. Many excellent and interesting results
have been obtained [5-13]. It is well known that epidemic
models are investigated on the transmission dynamics of
infectious diseases in host population. In this paper, we
assume that disease spreads in a single host population
through direct contact of hosts and a host stays in a latent
period before becoming infectious after the initial infection.
An infectious host may die from disease or recover with
acquired immunity to the disease at the infectious stage.
The host population is partitioned into four classes: the
susceptible, exposed (latent), infectious, and recovered with
sizes denoted by S, F, I, and R, respectively. The host total
population N = S + E + I + R. Then, we consider the
following differential equations:

S(t) = p— pS — al? S,

E(t) = al?S? — (e + p)E, 0
I(t) = eE — (v + p)1,

R(t) =~1 — pR,

where p,q, «, i, e and v are positive parameters. For the
meaning of the parameters p, q, «, 4, € and -y, one can see
Sun et al.[5].

Considering the biological meaning of system (1), we can
easily obtain that the feasible region for system (1) is Ri.
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Adding the all the equations of (1), we get
S+E+I+R=—pu(S+E+T1+R—-1),

which has the following implication: the three-dimensional
simplex

S={(S,E,I,R)eR}, :S+E+I+R=1}

is positively invariant. On the simplex X,

According the above discussion and under the assumption
p = 1, Sun et al.[5] obtained the following three-dimensional
system

S(t) =p—pS —alS9,

E(t) = alS9 — (e + p)E, (2)

I(t)=€eE - (v+u)l

and investigated the global stability of (2).

In order to reflect the dynamical behaviors of the models
depending on the past information, it is more reasonable to
incorporate time delays into the system. Based on this idea
and under the assumption p = ¢ = 1, in this paper, we
consider the following delay differential equation:

S(t) = p— pS — oIS,
Et)=alS —(e+p)E({t—1), 3)
It)y=€eE(t—7)— (v+ p)l.

The dynamics of system (3) with delays could be more
complicated and interesting. To obtain a deep and clear
understanding of dynamics of SEIR epidemic model with
nonlinear incidence rates, in this paper, we study the stability,
the local Hopf bifurcation for system (3).

The remainder of the paper is organized as follows.
In Section 2, we investigate the stability of the positive
equilibrium and the occurrence of local Hopf bifurcations.
In Section 3, the direction and stability of the local Hopf
bifurcation are established. In Section 4, numerical simula-
tions are carried out to illustrate the validity of the main
results. Biological explanations and some main conclusions
are drawn in Section 5.

II. STABILITY OF THE POSITIVE EQUILIBRIUM AND
LOCAL HOPF BIFURCATIONS

In this section, we shall study the stability of the positive
equilibrium and the existence of local Hopf bifurcations. One
can see that if the following condition

(HL) aep > pe+p)(v+p)

(Advance online publication: 24 August 2011)



TAENG International Journal of Applied Mathematics, 41:3, IJAM 41 3 03

holds,
Eo(S*, E*,I*), where

g _H o B e aep—ple+ )y + )
pt ol ’ ale+ ) (v +p)
Let E = (S*, E*, I*) be the arbitrary equilibrium point, and

set z(t) = S(t) — S, y(¢)
then (4) becomes

&(t) = —(u+ al*)x(t) + aS*2(t) — ax(t)z(t),
y(t) = al*x(t) + aS*2(t) —
2(t) = —(v+ p)z(t) + eyt — 7).

_ = E(@t)— E*, 2(t) = I(t) — I*,

®)
The linearization of Eq. (5) at (0,0,0) is
(t) = —(p + al*)a(t) + aS*2(t),
y(t) = al*a(t) + aS*2(t) — (e + py(t —7),  (©6)
At) = =(v+w)z(t) +ey(t — 7).
whose characteristic equation is
N+ A+ pad + (@A + @A + gs)e M =0, (7)
where
p1o= 2p+y+al’,
p2 = (p+al™)(y+p),
@o= 7th
g2 = (u+y+al”)(e+p) —eaS",
G = (et al*)(e+p)(y+p) — a2 I

—(u+ al")eaS™.

In order to investigate the distribution of roots of the tran-
scendental equation 7), the following Lemma is useful.

Lemma 1 [2] For the transcendental equation
P\ e
A" 4 p(0)>\n71

|: (1)>\n 1

+[ (m))\n Ly

—ATm ) _

i A+ )

+p<> A+p(1>} e 4

e

P 4 p<m>} “ATm ),

as (71,72, 73, +, Tm) vary, the sum of orders of the zeros
of P(\, e, ... e=*™) in the open right half plane can
change, and only a zero appears on or crosses the imaginary
axis.
For 7 = 0, (7) becomes
A+

(p1 +q1)A2 + (p2 + g2)A + g3 = 0. (8)

A set of necessary and sufficient conditions that all roots
of (8) have a negative real part is given by the well-known
Routh-Hurwitz criteria in the following form:

(H2) (p1+aq1)(p2+q2) —g3 >0, g3 > 0.
For w > 0,4w is a root of (7) if and only if
—iw® —prw? +ipow+(—qrw’+igaw+gs3)(cos wr—isin wr)
Separating the real and imaginary parts, we get

{

(g3 — q1w?) cos wT + qaw sinwT = prw?,
Gow coswT — (g3 — qw?) sinwt = W3 — paw.

9

(e+py(t —7) + ax(t)z(t),

=0.

then Eq. (3) has an unique positive equilibrium which leads to

q§w2 + (g3 — (J1w2)2 = P%w4 + (W3 - P2W)27
namely,
qz)w —q3 =0. (10)

w®+(pf —2pa+2q1g3 — ¢} )w' + (p3

Let z = w?, then (10) become

z3+r122+rgz+r3:0, (1
where
=Dy —2p2 + 20143 — 43, T2 = D5 — 43, T3 = —q3.
Denote
h(z) = 224 ri22 4 rez 41y, (12)

Since lim,_, o h(2z) = 400 and r3 < 0, we can conclude
that Eq. (11) has at least one positive root. Without loss
of generality, we assume that (11) has three positive roots,
defined by 2z, 23, 23, respectively. Then Eq. (10) has three
positive roots

V71, wa = /22, wg = /23

w1 =

By (9), we have

p1w?(gs — w?) + (W — pow)gow

COS WET =
(Q3 - Q1w2) (q )

Thus, if we denote

. 1 2 _ 2 3
T,gj) = w{ arccos [plw (g3 — @w”) + (w pgw)qu} +257 7,
k

(g3 — q1w?)? + (qow)?

(13)
where k =1,2,3;5 = 0,1, -, then diwy, is a pair of purely
imaginary roots of Eq. (7) with T(J ). Define

To = 7',50) = min {Tk } Wy = Wk, - (14)

0 ke{1,2,3}
The above analysis leads to the following result:
Lemma 2 [f (H1) and (H2) hold, then all roots of (7) have

a negative real part when T € [0, 70) and (7) admits a pair of
D (k=1,2,3] =

purely imaginary roots twjy when T = Tk

0,1,2,--).
In the sequel, we assume that

(H3) [(4p2 + ¢2) — 2p1(p1 + @1)]* < 12pa(p2 + go).

Let A(7) = a(7) +iw(T) be a root of (7) near 7 = 79 and
O[(Tlgj )) =0, and w(7;, G )) = wy. Due to functional differential
equation theory, for every T,Ej),k =1,2,35=0,1,2,---,
there exists € > 0 such that A\(7) is continuously differen-
tiable in 7 for |7 — Tkj | < e. Substituting A(7) into the left
hand of (7) and taking derivative with respect to 7, we have

(dA) U BA £ 2\ )T
dr  M@A? + g +g3)
Thus, Re (%)_1

@A+ q2
M@ A% + @A+ q3)

T
)\ .
|)\:iwk =

(p2 +q2 — 3w,%)wk[(q3 — qlw,%) Sinwleg 9 _ (oW, COS wlegj)]

M? + N?

2(p1 + q1)wi[(gs — qrw3) cos wkT]E]) + @owy, Sin wkrlgj)}

* M2+ N? ’
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where

[wo(gs — qlwk) Slnwlegj) — ‘Dwk coS wkT(J)]

[wo(gs — qlwk) cos wleg 2

M

N = (])]

+ Qka SinwgT

2) Lo =

[4p2 + g2 — 2p1(pr + 1) |wi + p2(p2 + ¢2)}
]v[Q 4#,]\]2

By the assumption (H3), so we have

signRe <d/\) = signRe <d>\>_1
g dr r=r®) -8 dr r=r®

According to above analysis and the results of Kuang [3]
and Hale[4], we have

Theorem 1 If (H1),(H2) and (H3) hold, then the equilib-
rium Ey of system (3) is asymptotically stable for T € [0, 79)
and unstable for T > 79, system (3) undergoes a Hopf
bifurcation at the equilibrium Ey when T = Tk] k=
1,2,3;5=0,1,2,---

Together with (9), it follows that Re (

wi{3wy —

> 0.

Proof The proof of the stability of the ecgulhbrium Ey can
be obtained by Lemma 2. When 7 = Tk Jk=1,2,3; =
0,1,2,---. (7) has a simple purely imaginary roots A =
Fwii, and all roots \; # A, X satisfy \; # imwy, for any
integer m, since there is no other purely imaginary roots
except for A = +iwy,. Furthermore, Re(\ (7 (j))) >0,k =
1,2,3;5 =0,1,2,---. Due to the Hopf bifurcation theorem
[4], we complete the proof.

III. DIRECTION AND STABILITY OF THE HOPF
BIFURCATION

In the previous section, we obtained conditions for Hopf
bifurcation to occur when 7 = T,EJ),k = 2,3;5 =
0,1,2,---. In this section, we shall derived the explicit
formulae determining the direction, stability, and period of
these periodic solutions bifurcating from the positive equi-
librium Ey(S*, E*, I*) at these critical value of 7, by using
techniques from normal form and center manifold theory
[1]. Throughout this section, we always assume that system
(3) undergoes Hopf bifurcation at the positive equilibrium
Eo(S*, E*,T*) for 7 = 7k = 1,2,3; = 0,1,2,---.,
and then =+iwy are corresponding purely imaginary roots
of the characteristic equation at the positive equilibrium
Eo(S*, E*, I*).

For convenience, let Z(t) = z(7t),y(t) = y(rt),z(t) =
2(rt) and 7 = 77 + 1, where 7.) is defined by (2.10) and
€ R, drop the bar for the simplification of notations, then

system (5) can be written as an FDE in C' = C([—1,0]), R?)
as
t) = Ly(ug) + F (s, ), (15)
where u(t) = (z(t), y(t), (t)) € C and u(0) = u(t+0) =
(x(t+0),yt+0),2(t+0)" €C,and L, : C — R, F :
R x C — R are given by L, =
| ~(u+a) 0 as* 61(0)
(T,EJ) +p) al* 0 asS* ¢2(0)
0 0 —(v+n) ¢3(0)

_ 0 0 0 $1(—1)
+r ) [ 0 (et 0 62(~1) | (16)
0 € 0 #3(—1)
and
, —a¢1(0)p3(—1)
o) =@+ | agi(0)gs(=1) |, an
0
respectively, where ¢(0) = (¢1(0), p2(0), $3(0))T € C.

From the discussion in Section 2, we know that if = 0,
then system (15) undergoes a Hopf bifurcation at the positive
equilibrium Ey(S*, E*, I*) and the associated characteristic
equation of system (15) has a pair of simple imaginary roots
iwm‘,ﬁj ).

By the representation theorem, there is a matrix function
with bounded variation components 7(, i), 0 € [—1, 0] such
that

0
o= [ dn@.weo). for vec.
-1
In fact, we can choose n(0, u) =
_ —(u+al* 0 0
(7 + ) al*  —(e+p) 0 |o(0)
0 € 0
| 0 0 —aS*
~P 4w 0 0 as 50+1), (19
0 0 —(yv+n)
where ¢ is the Dirac delta function.
For ¢ € C([—1,0], R?), define
do(0) _1<60<0
A(p)o = v N ’ (20
Joydn(s, me(s), 0=
and
0 -1<6<0
Rp=14 =V 21
T @D

Then (15) is equivalent to the abstract differential equation

= A(p)us + R(p)uy, (22)

where u;(0) = u(t + ) € [-1,0].
For v € C([0,1], (R?) deﬁne
2o s € (0,1],
f dnT(t,0)9(-t), s=0.
For ¢ € C([-1,0], R?) and ¥ € C([0,1], (R3)*), define

the bilinear forrn
0

0
<6 >= F(0)$(0) — / ST (€ — 0)dn(6)S(€)de.

—1Je=0
where n(f) = n(6,0), the A = A(0) and A* are ad-
joint operators. By the discussions in Section 2, we know
that :i:z'wm,ij ) are eigenvalues of A(0), and they are also
eigenvalues of A* corresponding to ion,gj ) and —iw, T,gj)
respectively. By direct computation, we can obtain

(7) (7)
q(0) = o :

(1,a1,a2)Tei‘”°Tk g (s) = D(l,a’{,aQ)e“”“Tk

(Advance online publication: 24 August 2011)



TAENG International Journal of Applied Mathematics, 41:3, IJAM 41 3 03

_ 1
D = 5, where
a (two + v + ) (iwg + p + aI*)
1 . j ’
aeS*eZon]iJ)
_ wotptalt . —iwg+p+al”
@ = aS* 1= al* ’
O = aS* (—iwo + 2al* + p)
2 )

al*(—iwy + v + )

B =1+aja] +aza; +ajai(e+ u)e“"”éﬂ) + alageewwé” )
Furthermore, < ¢*(s),¢(#) >=1 and < ¢*(s), g(¢) >=0.
Next, we use the same notations as those in Hassard [1]
and we first compute the coordinates to describe the center
manifold Cy at u = 0. Let u; be the solution of Eq. (15)
when p = 0.
Define

2(t) =< ¢, ug >, W(t,0) = us(0) — 2Re{2(t)q(0)}. (23)
on the center manifold Cy, and we have

W(t,0) = W(z(t), z(t),0), (24)

where

2 2
W(z(t), 2(t),0) = Wzo% + Wiizz + WOQ% + -0, (25)

and z and Z are local coordinates for center manifold Cy in
the direction of ¢* and g*. Noting that W is also real if u, is
real, we consider only real solutions. For solutions u; € C
of (15),

{t) = iwor 2+ (0)F(0,W (2, %,0) + 2Re{zq(0)}
= iwor 2+ 3 (0) fo-
That is
2(1) = iworz + g(2,2),
where
_ 22 _ 72 227
g(z,2) = 920? + 91122 +g()25 + 9217 4+

Hence, we have g(z,2) = ¢*(0) fo(z,2) = f(0,us) =
DT,gj)oz(l + a})agz® + QDTlij)oz(l +aj)Re{az}zz
+Dr (1 + a})a3z? + D7 a(l + a})
<[5 a2+ W 0) + WP 0 + WP 0)
xz?% + h.o.t.

Then we obtain

g0 = 2D7a(l +a})ay,
g11 2DT]5j)OZ(1 + a})Ref{az},
g2 = 2D7Pa(l+a})a3,
_ 1 1
g21 = 2DT,5”0¢(1 +aj) |:2W2(é)(0)a‘2 + §W2(g)(0)

For unknown W3’ (0), W3 (0), W1 (0), Wi (0) i

m go1,
we still need to compute them.
Form (22), (23), we have
wo o AW =2Re{g(0)fq(0)},  -1<6<0,
T L AW - 2Re{g"(0)fq(0)} + . 6=0
= AW+ H(z,z,0), (26)
where
22 z2
H(Z, 2, 9) = H20(0)5+H11(G)ZE-FHOQ(G)?-F LN (27)
Comparing the coefficients, we obtain
(AW — 2i79) wo)Wag = —Ha(6), (28)
AW11(0) = —Hq1(0). 29)

We know that for 6 € [—1,0),

H(z,2,0) = —q"(0)foq(0) — q*(0)foq(0)
= —9(2,2)q(0) — g(z,2)q(0).

Comparing the coefficients of (30) with (27) gives that

(30)

Hao(0) = —g20q(0) — Go2q(0). (3D
Hy1(0) = —911q(0) — 9114(0). (32)
From (3.14),(3.17) and the definition of A , we get
Wao(h) = inoT;Ej)Wm(e) + 920q(0) + go2q(0).  (33)
Noting that ¢(0) = q(O)ei“UTlg'7>9, we have
Wan(0) = —Lg(operni’? o 2 g(geivons
woTy, 3wo Ty
+ By 2o, (34)

where Fy = (E%l),Efz),Ef)’)) € R? is a constant vector.
Similarly, from (29), (32) and the definition of A, we have

Wi1(0) = g119(0) + g11d(9), (35)
— I g(0)e om0+ .
onkJ onk]

Wu(a) _ (](O)einT;j)e_;'_

(36)
where Ey = (Eél)7 Eém, Eé?’)) € R? is a constant vector
In what follows, we shall seek appropriate E£,E5 in (34),

(36), respectively. It follows from the definition of A and
(31), (32) that

O .
/ dn(a)WQO(G) = 2inTI§])WQO (0) — HQ()(O) (37)
—1
and 0
[ anowiso) = - (o) 39)
-1
where 7(0) = n(0,0).
From (28), we have
) —Qag
Hao(0) = —g209(0) — go2q(0) + 277 | adjas |, 39)
0
4 —aRe{as}
Hi1(0) = —g119(0) _911(0)5(0)"‘2719) aaiRe{as}
0
(40)
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Noting that

0 .
<zon(J)I / ei”‘”fij)ed??(oo q(0) =0,
-1

] o v
(‘iwoni”f - / e’““’i”ednw)) a(0) =0
-1
and substituting (34) and (39) into (37), we have

. 0 . j .
(i I - / Ay (0)) By = 27

That is
1 0
—al* lo
0 766_21.“)07—75]‘)

where l; = 2iwg + 1+ al*, 1o = 2iwy + (e + p)e —2iwory

—Qas
aajas
0
—aS* —Qas
0 Ey=2| aajay |,
I3 0

)
)

ls = 2iwg + v + p. It follows that

EW = AAll E® — AAu E® = AA113’ @1
where
ll 0 —aS*
Ay = det —al* l2 0 R
0 —ee w0 g
—aas 0 —aS*
A1 = 2det | aalaz Iy 0 ,
0 766_2”]07—’?) 13
l1 —aay —aS*
Ay = 2det | —al* aajaso 0 ,
0 0 I3
Il 0 —aag
A3 = 2det| —al” lo oajas
0 —ee2iwor” 0
Similarly, substituting (35) and (40) into (38), we have
0 —aRe{as}
/ dn(0))E, = 27’,?) aajRe{as}
That is
A+ al* 0 —aS* —aRe{as}
—al* e+p —aS* | B2 =2 aajRe{as}
0 —€ vyt u 0
It follows that
ES = AA—Z’;, EY = AAQ; E® = AA—Z;, (42)
where
w+al* 0 —aS*
Ay = det —al*  —(e+p) —aS* ,
0 R O )
—aRe{as} 0 —aS*
Ay = 2det | aajRe{as} e+p —aS* |,
0 —€ v+ u
uw+al* —aReasy —aS*
Aoy = 2det —al*  —aaiRea? —aS* ,
0 0 —(v+n)
w+al* 0 —aReas
Ay = 2det —al*  —(e+p) —adajRea?
0 —€ 0

From (34),(36),(41),(42), we can calculate g»1 and derive the
following values:

c1(0) = 2wz %) (920911 —2|g11|* — |g()322> + %»
= Re{cl(o_)}
Re{\ (r¢))}
By = 2Re(ci(0)),
n — e} +peim{N ()}

woT, ]Ej)

These formulaes give a description of the Hopf bifurcation
periodic solutions of (15) at 7 = Tkj),(k‘ =1,2,3;j =
0,2,3,---) on the center manifold. From the discussion
above, we have the following result:

Theorem 2 The periodic solution is supercritical (subcriti-
cal) if pe > 0 (ue < 0); the bifurcating periodic solutions
are orbitally asymptotically stable with asymptotical phase
(unstable) if B2 < 0 (B2 > 0); the periodic of the bifurcating
periodic solutions increase (decrease) if T > 0 (T < 0).

Remark 1 A 7T -periodic solution of (15) is a T-periodic
solution of (5).

IV. NUMERICAL EXAMPLES

In this section, we present some numerical results of
system (3) to verify the analytical predictions obtained in
the previous section. From section 3, we may determine
the direction of a Hopf bifurcation and the stability of the
bifurcation periodic solutions. Let us consider the following
system:

S(t) =0.2—0.28 — 215,
E(t) =2IS —0.5E(t — 1),
I(t) =03E(t — 1) — 041,

(43)

which has a positive equilibrium Ey(S*, E* I*) =
(é, f‘5, 5) and satisfies the conditions indicated in Theorem
1. When 7 = 0, the positive equilibrium Ey = (3, %, £)
is asymptotically stable. Take j = O for example, by some
complicated computation by means of Matlab 7.0, we get
wo ~ 0.4112, 79 ~ 5.67, X (19) ~ 0.4209 — 5.1315¢. Thus
we can calculate the following values:

c1(0) &= —0.7802 — 4.04521, 1o ~= 0.4122, 35 ~ —2.3552,
Ty =~ 6.3235. Furthermore, it follows that ps > 0 and
B2 < 0. Thus, the positive equilibrium Ey = (3,1, 1)
is stable when 7 < 7y as is illustrated by the computer
simulations ( see Figs.1-7 ). When 7 passes through the
critical value 7o, the positive equilibrium Ey = (3, %, 1)
loses its stability and a Hopf bifurcation occurs, i.e., a
family of periodic solutions bifurcations from the positive
equilibrium Ey = (:1,), i 5) Since po > 0 and [z < O,
the direction of the Hopf bifurcation is 7 > 7y, and these
bifurcating periodic solutions from Ey = (3, 1%, 1) at 7o are

15°
stable, which are depicted in Figs.8-14.
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Fig.1
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0 100 200 300 400 500 600
t

Fig. 1. Behavior and phase portrait of system (43) with 7 = 5.5 < 79 =
5.67. The positive equilibrium Eg = (%, 14—5, %) is asymptotically stable.
The initial value is (0.4,0.35,0.14).

Fig.2
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t

Fig. 2. Behavior and phase portrait of system (43) with 7 = 5.5 < 19 =
5.67. The positive equilibrium Eq = (%, %, %) is asymptotically stable.
The initial value is (0.4,0.35,0.14).

Fig.3

0 100 200 300 400 500 600
t

Fig. 3. Behavior and phase portrait of system (43) with 7 =5.5 < 19 =
5.67. The positive equilibrium Ey = (37 145, é) is asymptotically stable.
The initial value is (0.4,0.35,0.14).

Fig.4

E()

034 036
s

Fig. 4. Behavior and phase portrait of system (43) with 7 =5.5 < 19 =
5.67. The positive equilibrium Eg = (37 5 1) is asymptotically stable.
The initial value is (0.4,0.35,0.14).

Fig.5

34 036
s

Fig. 5. Behavior and phase portrait of system (43) with 7 =5.5 < 19 =
5.67. The positive equilibrium Eg = (37 145, é) is asymptotically stable.
The initial value is (0.4,0.35,0.14).

Fig6
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EQ

Fig. 6. Behavior and phase portrait of system (43) with 7 = 5.5 < 19 =
5.67. The positive equilibrium Eg = (%7 14—57 %) is asymptotically stable.
The initial value is (0.4,0.35,0.14).

Fig.7

Fig. 7. Behavior and phase portrait of system (43) with 7 = 5.5 < 19 =
5.67. The positive equilibrium Ey = ( %, 14—5, %) is asymptotically stable.
The initial value is (0.4,0.35,0.14).

Fig.8
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Fig. 8. Behavior and phase portrait of system (43) with 7 = 5.8 >
79 ~ 5.67. Hopf bifurcation occurs from the positive equilibrium Eq =
(3,15, +). The initial value is (0.4,0.35,0.14).
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Fig.9
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Fig. 9. Behavior and phase portrait of system (43) with 7 = 5.8 >
T ~ 5.67. Hopf bifurcation occurs from the positive equilibrium Eq =
(3,15, +). The initial value is (0.4,0.35,0.14).

Fig.10

0 200 400 600 800 1000 1200
t

Behavior and phase portrait of system (43) with 7 = 5.8 >
67. Hopf bifurcation occurs from the positive equilibrium Eq =
(3,15 +). The initial value is (0.4,0.35,0.14).

Fig.11

Fig. 11. Behavior and phase portrait of system (43) with 7 = 5.8 >
T ~ 5.67. Hopf bifurcation occurs from the positive equilibrium Ey =

6
(3,15, %). The initial value is (0.4,0.35.0.14).

Fig.12.

Fig. 12.  Behavior and phase portrait of system (43) with 7 = 5.8 >
T ~ 5.67. Hopf bifurcation occurs from the positive equilibrium Eq =
(3,15, +). The initial value is (0.4,0.35,0.14).

Fig.13

25
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Fig. 13.
T ~ 5.67. Hopf bifurcation occurs from the positive equilibrium Eg =
(3,15, +). The initial value is (0.4,0.35,0.14).

Behavior and phase portrait of system (43) with 7 = 5.8 >

Fig.14

Fig. 14. Behavior and phase portrait of system (43) with 7 = 5.8 >
79 ~ 5.67. Hopf bifurcation occurs from the positive equilibrium Eg =

(3,15, +). The initial value is (0.4,0.35,0.14).

V. BIOLOGICAL EXPLANATIONS AND CONCLUSIONS

1 Biological explanations

From the analysis in Section 2, we know that if the
conditions (H1), (H2) and (H3) hold, then the positive
equilibrium Eo(S*, E*, I*) of system (3) is asymptotically
stable when 7 € [0, 7)), and unstable when 7 > 7. This
shows that, in this case, the susceptible, exposed (latent),
infectious host populations will tend to stabilization, that
is, the susceptible host populations will tend to S*, the
exposed (latent) host populations will tend to E* and the
infectious host populations will tend to I*, and this fact is not
influenced by the delay 7 € [0, 7). When 7 crosses through
the critical value 7y, the positive equilibrium Ey(S*, E*, I*)
of system (3) loses stability and a Hopf bifurcation occurs. If
the periodic solution bifurcating from the Hopf bifurcation is
stable, then this shows that the susceptible, exposed (latent),
infectious host populations may coexist and keep in an oscil-
latory mode. From discussion in Section 2, we know that the
positive equilibrium FEy(S*, E*, I'*) is always unstable when
T > 19. Therefore, if the above bifurcating periodic solution
is unstable, then it is at least semi-stable (stable inside and
unstable outside) and hence the susceptible, exposed (latent),
infectious host populations may keep in an oscillatory mode
near the positive equilibrium Eq(S*, E*, I*).

2 Conclusions

In this paper, we have investigated local stability of the
positive equilibrium FEy(S*, E*,I*) and local Hopf bifur-
cation in a special SEIR epidemic model with nonlinear
incidence rates. we have showed that if the conditions (H1),
(H2) and (H3) hold, the positive equilibrium Eq(S*, E*, I*)
of system (3) is asymptotically stable for all = € [0, 7o)
and unstable for 7 > 79. We have also showed that, if the
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conditions (H1), (H2) and (H3) hold, as the delay 7 increases,
the equilibrium loses its stability and a sequence of Hopf
bifurcations occur at the positive equilibrium Eo(S™, E*, I*),
i.e., a family of periodic orbits bifurcates from the the
positive equilibrium Fy(S*, E*, I*). At last, the direction of
Hopf bifurcation and the stability of the bifurcating periodic
orbits are discussed by applying the normal form theory and
the center manifold theorem. A numerical example verifying
our theoretical results is also correct.
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