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On the Blow-up Behavior of Solutions to
Semi-linear Wave Models with Fractional Damping

Ali Hakem, Mohamed Berbiche

Abstract—The aim of this research study is to consider the
Cauchy problem for the semi-linear wave equation

Ut — Au + DaHu + (—A)B/Q Ut = h(m, t) |’LL|p 5

oft

posed in Q := (0 + 0o) x RY, where D*™' 0 < o < 1 denotes
the time fractional derivative, (—A)*/? 0 < 8 < 2 is /2
fractional power of —A. In fact the researchers are interested
in Fujita’s exponent depending on all parameters «, 3 and the
spatial dimension N, as well as in finding necessary conditions
on the initial data which ensure nonexistence of local and global
solutions.

Index Terms—Caputo derivative, fractional power derivative,
critical exponent.

I. INTRODUCTION

N this paper we will consider the Cauchy problem for the
semi-linear wave equation with fractional damping

u — Au+ Dy u+ (=A)" 2wy = bz, t) uf’ (1)

posed in Q = (0, +00) x RY, subject to the initial conditions

w(z,0) =up(x) and wu(x,0) = ug(x).

Where A = §? + ... + 0% is the Laplacian in the space
variable x, and D**! (0 < o < 1) is the time fractional
derivative in the Caputo sense defined by

Utt(O')

a+1 o 1 i
Dy u(t) := T(2-a) /0 (t—o)°

(See [12],[13]) for more information on fractional time
derivative. (—A)” s B /2 fractional power of the Laplacian
defined by

(—A)u() = F7L(|E)°F (v) (6)) (2),

where F and F~! denotes the Fourier transform and its
inverse, which stands for propagation media with impurities
and wg, up are the given initial data. The time fractional
derivative is found to be a very effective means to de-
scribe the anomalous attenuation behaviors( see [3,4,14,18],).
Hanyga and Seredynska [14], studied the ordinary differential
equation

do.

D*u+~D" My 4 F(u) =0,

where D" 0 < n < 1, represents the (n+ 1)-order
fractional derivative in the sense of Caputo which models the
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anomalous attenuation, and + is the collective thermoviscous
coefficient. In [3], Chen and Holm studied the equation

1 2a
Av = —5 Ut + 17(; (*A)y/Q Vt,
[&4) Co

which governs the propagation of sound through a viscous
fluid, ¢ is the inviscid phase velocity, 2ay is the collective
thermoviscous coefficient. with x € R,t > 0, and pg, A
are some constants that characterize the medium; g(z,t) is
a given function representing an external force. Recently
Carvalho and Cholewa [2], dealt with the equation

up = Au + (—A)’B/2 ug + |ul?

The equations mentioned above are viewed to be a crucially
important work undertaken by Greenberg, MacCamy and
Mizel [5]. These researchers, consider the equation

pPoUtt = Ugg + )\utwm + g(aj? t)

In recent years, questions of global solution and blow-
up of solution to semi-linear wave equations with damp-
ing term have been studied by many researchers( see
[81.[9],[101,[11],[16]). As an illustration, the results found by
Todorova and Yordanov[17] are mentioned below. Concern-
ing the Cauchy problem for the semi-linear damped wave
equation with the forcing term

g — Au+ug = |[ul’  u(z,0) = ug (z) ,u(z,0) = uy (z),

where the authors solve the critical exponent problem. The
main result is that the critical exponent p. (V) is exactly
14 2/N. The number p. (N) =14 2/N is the well known
Fujita’s critical exponent for the heat equation u; — Au =
|ul” (see [17]). More precisely, they prove small data global
existence when p > p. (N). If 1 < p < p. (N), they prove
blow up for all solutions with data positive on average. In
[18] Zhang proves that the critical exponent belongs to the
blow up region. This problem has been left open by Todorova
and Yordanov [17].

The method used is based primarily on the articles of
Mitidieri and Pohozahev [9], Pohozahev and Tesei [11],
Pohozahev and Veron [12], Zhang [18]. It consists of a
judicious choice of the test function in the weak formulation
of the sought for solution of Eq. (1), in the second part of
this paper, we establish necessary conditions on the initial
datum assuring nonexistence of local and global solutions.
Finally, the method used in Baras and Kersner [1], will be
adapted.

Let us first define the operator of fractional derivative in

the Caputo sense Dg‘l » 0<a<l,

g\t“(t) =

1 t —a
m/o (t—7)" % w(r)dr, 7 >0,
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and in general

o 1 ¢ u(™ (1)
510) = £y,

n=la]+1,a>0

The fractional derivative in the Riemann-Liouville sense of
the higher power o

‘j;:mﬁfﬂ

=a]+1,a>0

For ¢ > 0, we define the right-handed Riemann-Liouville
fractional derivative by

o= (3) [

N7 dr
—_n 1 I
_ t) n+a+

n=la]+1,a>0

This allows us to present formula integration by parts

T
[ rowsima= [ 0w, 0<a<,

(See[17], p.46)

A. Nonexistence result

The function h is assumed to be nonnegative and satisfying
h SxR, tR%H) = R7h(z,t) for some positive constants o
and R large. Let us first clarify what is meant by a solution to
problem (1). Q7 here will denote the set Q7 := (0, T) xR,

Definition 1.1: Let 7" > 0. For a given functions ug €
HP (RY) and uy (z) € Lj,, (RY) with 0 < § < 2, the
function u defined on Q)7 is said to be a weak solution to
the problem (1) if u € L} (Qr, hdzdt) and it satisfies

| hetplul daie+ [ 0.0)(-8)"2 uods
T RN
@0 ude+ [ w0Dfy g (2.0 da

R

+ / w1 (#) D (3,0) do @)

:/ uapttdxdt—/ uAp dxdt

—/ u(—A)’B/2 o dxdt—/ uDﬁ;ldmdt
T Qr

for any test function ¢ € Cgf (R"™ x [0,TY), such as ¢ > 0,
(p(CC,T) = ¥t (.%‘,0) = ¥t (va) =0.
Now, we are able to announce our results.

Theorem 1.1: Let p > 1 and

p+2
(N + (x+1 - 2)
If the initial data satisfies [~ (fA)’B/2 up > 0, and

f]RN up > 0, f]RN ug > 0 then, every weak solution of the
problem (1) does not exist globally in time.

p+N+a+1

=min< 1+ (N3

P < Pc

Proof. The proof is by contradiction. So we assume
that the solution is global. Let & be a decreasing function
C2(R4),0< ® <1 suchas

— 1 if 0<y<1
q)(y)'_{ 0 if y>2 .

Let us consider

2(a+1) 22
o (t) = @' (t i )@l ('R'2> =1 (1) 2 (),

where R, T are positive real numbers and the number [
satisfies [ > 2¢. Now, by using e-Young inequality ab <
ea? + C (e) b? (where 1/p + 1/q = 1) with £ > 0, to the
right hand side of (2), we find

/ cph|u|pdmdt+/
Qr RN

—l—/ go(x70)u1dx—|—/
RN RN
ulDtalT pdr < 3)

Qr

¢ (z,0) (—A)ﬁ/2 wodx

uogDij7 ¢ (0) da+

c / (he) 7 (el + | Al +

T
q q
Dt + | (-2 0| daat,

for some positive constant C. The test function is chosen so
that

q
[pul” + 181" + D]+

fQT h‘P tr ¥
dxdt

‘(‘A)ﬁ/2 Pt

is finite. ,
Next we introduce the scaled variables ,t = Re+T7 and
x = Ry, we define the set () and the function i by

Q= {(7‘, y) € Ry x RY; 72D < 9 |y\2 < 2}

and

o () = (TR, Ry) = 0 (r,y),

respectively. Clearly, we have

dxdt = RN* &7 dydr; DT, o= RT(HDpatly;
t|TRa+1
(-2)"2p =R (-0)y.
Thus,

/ (ho) 7 pu|” ddt =
Q1 g2/ (a+1)

Rt [ ) P [ dyr
Q

/ (he) 7 |8l dadt =
Qrr2/(at1) 4)

Rt [ ()3 |Avl dyar,

/Q (he)7 |D

TR2/(a41)

R72q7%p+N+%ﬂ / (h’(/J)

t|TR2/(a+1)“+1¢|qdmdt:

w‘ dydr,
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and

(—A)ﬁ/2 ot * dwdt =

/Q (he) ™

TR2/(a+1)
RBa—fr— i TN+ ®)

/ (hp) 7 |(=A)*"2 | dydr
Q
These relations (3),(4) and (5) imply that
fQTRZ/(aJrl) helul’ drdt + [ ur (z) da+
Jr (=A% ugy (z) dw < CRmax(kka)
Jo ()™ . q
(|¢TT|q + |Aw|q + ’Dg‘—;lf(b‘ —+ ‘(_A)ﬁ/Q ¢T‘ )dydT
(©6)

Observe that our assumption p < p. is equivalent to

2
by =-2-Lp+ N+ —— <o,
p

a+1™—
q 2q 2
ky=—0q——-p———+N+——<0
2 fa pp oz+1+ +a+1_
Suppose that p < p., then
lim hulf = 0.
R—too Qr g2/ (a+1)

This implies that u = 0 a. e. on R* x R which is a
contradiction.

In the critical case (i.e. p = p.), we have by using again
Holder inequality to the first three terms in the right hand
side of (2) and the remaining term by e1-Young inequality,

it follows
Jo, e lul” dedt + [ ui (x) do+
f[RN (_A)B/Q uo (z) dx
<C (fQT h@\u“’dmdt) ’ [(fQT (h(p)l_q I‘Ptt‘q d.l?dt) q

1

+ (fQT h<p|u\pdxdt) v (fQT (he)' 4 | Apl? dacdt) 4

<IQT h<p|u|1’dxdt) v (fQT (h) ™7 |(=A)P/? Lpt’q dmdt)
+e1 fQT (he) |ul’ dedt+

_ . q
C(e1) o, ()" [ Dpfty| dadt,

a

(7
for some positive constants C,and ;. Now modifying the
above by introducing a new parameter S > 1 such as

o t2(a+1) . @
p(z,t) = ((SR)4>(I) <R2>

set t = (SR)ﬁT, x = Ry, we rewrite (8) as follows

Js, helul” < cs (i) +wdng

1

UZZ hwupdxdt> " x (fﬂz (hp) ™ lgprr | dyde

1
+S—%ﬂ+”(%_1)+ﬁ (fzg hgoupdxdt) !
1
(Jo, () (=), r dydr )" +

C S e (fzs hgaupdacdt) v (an e 1| Ap)? dydT>
O (e) 2=t [ (hp) | D2t dyar,

Q=

3
here
¥ =

{(x,t) e RY x R, : t2(¢+) < 2 (SR)*, |2f* < 232}

9 =

s
{(m) L (SR)* < 20+ < 2(SR)*, Jzf? < 232}

Yy =
{@t) 2@ <2(sR)' B2 < |of < 2R2),

and

Q= {(y,T) e RY x Ry;72eth) <9 |y]* < 2}
Qy = {(y,T) eRY x Ry;1 <720t <9 |yf* < 2}

Qg = {(y,T) e RY x Ry 720+ <21 < [y < 2}.

As
/ h|ul? dxdt < oo
IRN><1R+
we have
lim hu|f dedt = lim h|u|P dedt = 0.
R—+o00 b R—+oco b
Now let R — 400
/ h|ul? dedt <
RN XIR 4
q
C(E) S—Qq-&-o'(l—q)-i-OéiJrl ></ (h@)lfq D_,O_C‘JE}QP‘ dydr,
Q

©))
now, by taking e; = 1/2. Finally, let S — 400 in (9), we
infer that [,n g+ h|u[’” = 0. We have u = 0, because
—2¢4+0c(1—q)+ a%rl < 0, which completes the proof.
When @ — 0, 5 — 0 and h = 1 the critical exponent is

pe =1+ % (see Todorova-Yordanov [16]).

II. NECESSARY CONDITIONS FOR LOCAL AND GLOBAL
EXISTENCE

In this section we will notice that the nonexistence of
solutions depends on the behavior of the initial data in
infinity

Theorem 2.1: Let ug, u; € L™ (RN) sug > 0, up >
0,0 < a<1,0< B <2and p > 1. Let u be a local
solution to (1) where T' < 400, and p < ﬁ Then, there
are positive constants Ky, K5 such that

lim infh? tug (2) < Ky (THHe20 4 7O+ 0-0)

|| =00

‘ |lim inf h9= 1y (2) < Ko (TO‘*Q‘J + Ta*(aﬂ)q) )
x| ——+o0

Proof. We have by the definition of a weak solution
/ ¢ (2, 0)ur (z) do +/ o (2,0) (=8)" ug () da+
BR BR

/BR to () DﬁTgo(x,o)der/

ug D;’TT pdxdt <
Bpr X (O,T)

C (hep)

BRX(O,T)
q q
(Ipl® + 1801 + [ D[ + |(—2)2 1| ") daat.

=l

(10)

(Advance online publication: 24 August 2011)



TAENG International Journal of Applied Mathematics, 41:3, [JAM 41 3 05

We consider ® € H” (By) the first positive eigenfunction of ~ Using the Euler’s change of variable

the Dirichlet problem

{ _A® (z) = ko ()

T € By,

3 (z) =0 x € 0By,

and satisfies
(-2 @ (2) = K'® (x)

where By = {z ¢ RV, 1 < |z| < 2}. Now, we define the
following function

s () (1~ )"
—Aq>(|2> = kR0 <2|)

(—A)"2 0 (';;') WIRe ()

where  satisfies the requirements

@ (x,T) = ¢ (2,T) = ¢¢ (2,0) = 0.

Clearly,

and

We remark that
RL c RL c
Diipe= "Dijpe and Dt\T w= Dt|T ¥

Now, we estimate the right hand side in terms of 7" and R.
If we use the change of variables ¢ = 77", we obtain

R
BRX(O T)

(an
CiT=21 [, B0 (§) da,
[ )T |l ot <
BRX(O T) (12)
CoR™%T | K710 d
2 /BR (R) *
and i q
[T oyl <
Bgrx(0,T)
h.fill (13)

CsT'—4R—Pa /BR<1> (%) da,

q
for the term (hcp) Hr cp‘ dzdt, we need to
Brx(0,T)
compute D?‘;lap We have
TS S L
1ET T a) ), c

by substituting the expression of ¢, we have

Dot —4q X
0_2 2q—2
1) (1 - T2> X

1T T T (1= a)

T 2\ 2¢—1 2
o o
/ K“w) e

(c—t) “do
then

T
a+1 —4qT "% 2 2\29—1 —«
Dir'e —ﬁ/t (7% =0*)" (o —t)""do

+78q(2pq(ﬁ)§) - /t o? (T% - 02)2q 2 (0 —t) “do =
I+ J

o—t
= so0—t=(T—t
Y=gy =0 (T-1)y
we see that
_T—cr _ T?—52 1
1—y —% and 1 — (T 5 — 2t
=(1—y) (T -t +2(1—y) (T —1).
Therefore,
—a+2
[ = ML ()

/1 (L=y)™ (T =) (1 +y) +20" "y “dy
we nofice that
(T-t)14y) +2t=(T+t)+y(T -1
and as

y(T'—t)< (T —1t) <

then one can apply the Binomial formula for non integer
power to the term((T — t) (1 + ) + 2t)°?"", we find

(T+1t), for y<1,

I= S X O @ R (P
1
/ (1—y)*tyothay
0
where
o1 _ _ (2-1)(2¢-2) x... (2~ k)
k Ex(k—1)x(k—2)x..x3x2x1
Using the Beta formula
1
_ '(w)D
/ (1—7) "' 7""Ydr = B (u,v) = M,u,v >0,
0 I'(u+v)

we obtain

—4qT‘ Zc2q 1

F(Qq)I‘(l —a+k)
Fr2q+1—a+k)’
similarly for J

—a+2q+k (T + t)2q_k_1

qu(zr‘l@ila)fo (t+ (T —t)y)?
(1—y)* 2((T+t)+y(T )%

(T — 1)~ y=ody
8¢(2¢—1)T~ % X ~2g—2

_ q(th(2 )a) E ch fo (t+ (T

(T+t>2q 2— k(T t)k: a—142q

x (1 —y)* 2 yk=edy,

—t)y)”

then we have

J _ 8aq(2q— 1)T—*

I'2—a«)
Z O2q 2 [tg (T+t)2q 2—k (T - t)k—a—1+2q

fo (1 —y)2 2 yhody+

2t (11—‘ + )2q 22 ’;(T _ t)k7a+2q
X Jo L—y)" "y dy+
(T+ t)2q—2—k (T _ t)k—OH-Qq-‘rl

x [y (L—y)*? y’“”*"dy}
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Lo 29

which is By the same method we compute D (1 — %—Z) to find
8¢(2g—1)T™%1 X ~2¢—2 2q—2—k 2 _ig
J =M LGP Ty D;“T( =) o e (7 — ¢yt
k—a+2q—1 F(2q NI (1—a+k) .
(T —1)  TCa—adh) ZCQQ e e AR
+21 (T + )22 (T — 1) mo¥20 LG G o k) 291 24— (16)
a xfo yP3 e (1 — )™ dy + (T — )™

(T + t)2q727k (T — t)kfa+2q+1 F(2q71)F(37a+k:):| .

I'(2¢+2—a+k)

Hence

o 2\24  _ygpaa 2¢—1
Dt\;l ( %) = (i a) [Z Gy
(T . t)fa+2q+k‘

T'(2¢+1—a+k)

8q(2¢q—1)T 2q—2 2q—2—k
q(rq(1 ) Z . [t2 (T +)™"
(T t)k a+2q 1

I'(2¢g—1)I'(—a+k)

T(2q—1—atk)

2q—2—k k—a+2q I'(2¢q—1)I'(1—a+k
121 (T 4 £)27727F (T — )20 TR0 o)

x (T + t>2q7k71 F(2q)l"(1—o¢+k):| n

(T + )27 27k (7 — )Fmet2atd W} .

T(2q+2—a+k)

if we set t = 71" we find
2q a—1
a+1 t? _ —4qT— 2g—1
Dt\T (1_ﬁ) - F%2 a) [Ecq
(1 . 7_)1704+2q+k‘

2q—k—1 I'2q)T'(2—a+k)
x (14 T) ! m} +

8q(2q—1) Z C2q 2 [ 2 (1 _’_T)qusz (1 _T)k7a+2q
k=

T'(2—a)

T'(2¢—1)I'(2— a+k)
T'(2¢+1— a+k)

+27 (1 +7_) 2q—2—k (1 . )k a+2q+1 I'(2¢g—1)I'(3—a+k)

I'(2¢g+2—a+k)

el +T)2q—2—k (1- )k a+2q+2 T'(2¢g—1)T(4— a+k)} .

I'(2¢g+3—a+k)

tz Ch (T + ) (1 — 1)
k=0

o YT (1 )M dyd

In particular we have

4qT A I'(k+2—a)T(29)
ZCQ‘J "Th+2-a+2q)
(17

t|T<P(0

Then, we have

/BR w D€ (0) = CeT ™ /BR w® (%) de.  (18)

On the other hand (14) implies that

fB ><4OT)ulDtoiT907
4qT 44 2g—a+1
1“%2 @) fBRul ( )fo T—t)""
2q—1—k k
X ZCQq 1(T+t) (T t)
flyk“ a(lfy)Qq by
+(T —1)* “tzczq (T + 02 R (- o)

Sy (1 )2q 1dy]dt

hence

fBRX(O,T) uDijpp = Cr(jl @) fBR ui () @ (%) -(19)

Gathering all the estimates (12)-(19) together with (2), we

Therefore i1~ IB ug® ( ) dx + CoT—+! f (%) <
)\ 2 [CsT— 2‘1+CR2qT+CT1 “+1Q+CT1 1RP]x
Dot (1 - t) < CT ! (14) Jpo W70 () da,
T T2 = ' (20)

for some positive constant Cy depend of ¢ and «.
Using (12) to compute

[t g
Brx(0,T)

z 2 2q(1—q) .
@(f) <1> D& 7T,
/BRX(O,T) R 17 T

we have the estimate

[ eyt <
Brx(0,T)

1
1-(at1)q _ \2a(1-9) _2q(1—q) x
c,T /0 (1—-7) T dr /IRN o (R

for some positive constants C;,7 = 1,...,5. On the other
hand we have

fB uo® (%) >fR<| \<Ru0¢<%)2
mf hi=Yug (z f hl—4® (%)d

fBR UI‘I)( ) = [oucrm®(F) 2
inf 971y (x f AP (4) dx,

R
|z|> 5

Combining (18) and (19), we find

C’leo“i‘nf hi = ug (z fB hl=1® (%) dx+
CoT= 1 [y (1) @ (%) <

(C3T' =24 + C4R™2IT + Cs T1 (etD)a 4 CgTI-9R=P1)

x fBR he® (§) da
Then we have (22)
, dividing both sides of (21) by [ h'79® (%) dz > 0, we
/ (hp)™? D;’El@q < infer that

e 1s) 1 " 1

—(a x CiT—% inf h9™ T—*TCy inf h9~
C 11 ( +1)q/ iy (E) dr, ( 1 |gEIIIl>R uo () + 2 |$1|H>R Uy (x)>

Br < 03T172q + C4R72qT + C5T17(0‘+1)q+
Cor(2g(1-227)41)? CeT IR,

where C5 = T(2-a)r(4q(1- 27 )+2) (23)
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Finally, passing to the limit R — 400, we obtain
CiT= lim inf h9 tug (z) +
< OT1=20 4 Gy,
it follows from (24) that
Iw‘lilzlrw inf h? tug (z) <

Cs (T1+ozf2q + T(1+a)(17q)) ,

(24)

and
lim inf R4ty (7) <

|z|—+o00

C7 (Ta—Qq T Ta—((x+1)q)

Theorem 2.2: Suppose the problem (1) has a nontrivial
global weak solution. Then, there are positive constants K7,
and Kssuch that

‘m‘lirriwlnf (|x|2q 21ke) pa—lyo (p )) < Ky,
and
| ‘lini inf <|a:\2(qfa) ha Yy (a:)) < Ko,

provided that ¢ > o + 1.
Proof. From the relation (18), we infer that
& 1nf uo (

E z) [, W90 (5) da < (C5TOH1 204

C R- 2qT1+a +C T(1+a)(1—q)+
CoT1+o=aR=00) [ 119 (%) da,
< (C4R~ qu1+a + (08 + CgR™P7) THHo=1) x
[p W00 (%) da,
(25)
we notice that (Cs + C¢R™P7) is bounded, then by taking
T = R?, we find

Cp inf h9 lug (z)

Jnf Jp  ht 02 (

Jpg o (2)® (&) dy <
MR—2et2(te) [ p1=1 (Ry) ®

o <

(y) dy
Using the hypothesis on the support of ®, we get

b ot 1)

S, P (Ry) [y| 22 @ (y) da <
MR2=2(04) [ | 7202050 ploagy (2 g,

Next, taking the sup with respect to R of the both sides of
(24) and dividing by

—2¢+2(14a) 11—qg (L
/BR|x| h @(R)dx>0

(26)

we have

lim
|| —+o00

inf (uo (z) ha~! |x|2q72(1+°‘)> <K

and
Cy fB Uq ((E) P (ac) (C3Ta_2q + C4R_2qTa
CsTe~(ta 4 CeT~9R=P4) [, W1~ (§) dz,
(27)
then
Cy fBR Ul (I) P (%) < ((03 +c5 + CﬁRiﬁq)Taiq
+Cy R™24T%) fB hI—9d ( ) dx.
(28)

Now, taking as before T = R?, we realize

Ca [y (2)® (3) <

(e3¢5 + Cy+ CeR™PYRNO=D [ p1710 (£) da,
Thus

/BR i (z) ® (%) < ORM*@/B

arguing as above

B9 (%) dz,

R

. 2(qg—« _ 2(a— T
((dnt o201 () ) i, o 0 (5) <
CRe~9) [ hi=a |x|2(°‘*‘1 o (L) da,

The conclusion follows by dividing by
Jp, P71 22D @ (%), and passing to the limit when
R — +o0.

III. CONCLUSION

I wish that the present manuscript will open wide avenues
for further research in the field of Fractional derivative and
other domains.
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