
 

  

Abstract—We obtain common fixed points and points of 

coincidence of a pair of mappings satisfying a generalized 

contractive type condition in cone metric spaces. Our results 

generalize some well-known recent results in the literature. 

 
Index Terms— coincidence point; common fixed point; 

compatible mapping; cone metric space. 

 

I. INTRODUCTION 

A large variety of the problems of analysis and applied 

mathematics reduce to finding solutions of non-linear 

functional equations which can be formulated in terms of 

finding the fixed points of a nonlinear mapping. In fact, 

fixed point theorems are very important tools for proving the 

existence and uniqueness of the solutions to various 

mathematical models (differential, integral and partial 

differential equations and variational inequalities etc.) 

representing phenomena arising in different fields, such as 

steady state temperature distribution, chemical equations, 

neutron transport theory, economic theories, financial 

analysis, epidemics, biomedical research and flow of fluids. 

They are also used to study the problems of optimal control 

related to these systems [16]. Fixed point theory concerned 

with ordered Banach spaces helps us in finding exact or 

approximate solutions of boundary value problems [2]. In 

1963, S. Ghaler, generalized the idea of metric space and 

introduced 2-metric space which was followed by a number 

of papers dealing with this generalized space. A lot of 

materials are available in other generalized metric spaces, 

such as, semi metric spaces, quasi semi metric spaces and D-

metric spaces. Huang and Zhang [7] introduced the concept 

of cone metric space and established some fixed point 

theorems for contractive type mappings in a cone metric 

space. Subsequently, some other authors [1, 3, 5, 6, 8, 10, 

11, 13, 16] studied the existence of fixed points, points of 

coincidence and common fixed points of mappings 

satisfying a contractive type condition in cone metric spaces. 
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In this paper, we obtain points of coincidence and common 

fixed points for a pair of mappings satisfying a more general 

contractive type condition. Our results improve and 

generalize some significant recent results. 

A subset  P   of a real Banach space  E   is called a cone if 

it has the following properties: 

 

(i) P   is non-empty closed and  ≠P    };{0   

(ii) R∈≤ ba,0   and 

x, y ∈ P ⇒ ax + by ∈ P;   

(iii) ( ) }.{0=−∩ PP  

For a given cone  EP ⊆ , we can define a partial ordering  

≤   on  E   with respect to  P  by  yx ≤  if and only if  

Pxy ∈−  . We shall write  yx <  if yx ≤   and  

yx ≠  , while  yx <<   will stands for  Pxy int∈−  , 

where  Pint   denotes the interior of  .P  The cone  P   is 

called normal if there is a number  1≥κ   such that for all  

,,, Eyx ∈   

.yxyx κ≤⇒≤≤0                                (1) 

The least number  1≥κ     satisfying (1) is called the 

normal constant of  .P   

In the following we always suppose that  E   is a real 

Banach space and  P  is a cone in  E  with  Pint    ≠ ∅  

and  ≤  is a partial ordering with respect to  P.   

Definition 1  Let  X   be a nonempty set. Suppose that the 

mapping EXXd →×:  satisfies: 

(i) ),( yxd≤0   for all  Xyx ∈, and 0=),( yxd   

 if and only if  x = y  ; 

(ii) ),(),( xydyxd =  for all  Xyx ∈,  ; 

(iii) ),(),(),( yzdzxdyxd +≤ for all  .,, Xzyx ∈   

Then  d   is called a cone metric on  X   and  ),( dX  is 

called a cone metric space. 

Let  nx  be a sequence in  X   and  Xx ∈  . If  for  
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each  0    c<<  there is  N0 ∈n  such that for all  

,),(,0 cxxdnn n <<≥  then  x n    is said to be 

convergent or  { }nx  converges to  x  and  x  is called 
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the  limit of x n  . We denote this by lim ,xxnn =   or  

,xxn →  as .∞→n   If for each  c<<0  there is  

n0 ∈ ℕ   such that for all  ,),(,, 0 cxxdnmn mn <<≥  

then  x n    is called a Cauchy sequence in  X  . If every 

Cauchy sequence is convergent in  X  , then  X   is called a 

complete cone metric space. Let us recall [6] that if  P   is a 

normal cone, then  ,Xxn ∈  converges to  Xx ∈  if and 

only if  dx n , x → 0  as n → ∞  . Furthermore,  

x n ∈ X  is a Cauchy sequence if and only if  

0→),( mn xxd    as   n, m → ∞.   

 Lemma 2 Let  ),( dX   be a cone metric space,  P   be a 

cone. Let  { }nx   be a sequence in  X   and  { }na   be a 

sequence in  P   converging to 0. If  nmn axxd ≤),(   for 

every  N∈n   with  nm >  , then  { }nx   is a Cauchy 

sequence. 

Proof. Fix c<<0  and choose  

}:{),( δδ <∈= xExI 0 such that  

IntPIc ⊂+ ),( δ0  . Since  an → 0  , there exists  

n0 ∈ N   be such that  an ∈ I0,δ   for every  0nn ≥  . 

From  IntPac n ∈−  , we deduce  

caxxd nmn <<≤),(   for every  0, nnm ≥   and hence  

x n   is a Cauchy sequence. 

Remark 3   Let  EDCBA ,,,,   be non negative real 

numbers with  CBEDCBA =<++++ ,1   or  

D = E.   If  
1)1)(( −−−++= DCDBAF   and  

1)1)(( −−−++= EBECAG ,  then  1<FG  . In fact, 

if  CB =   then  

,1
11
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⋅
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 and if  ED =  , 
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<
−−
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⋅
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A pair ( )Tf ,   of self-mappings on  X  are said to be 

weakly compatible if they commute at their coincidence 

point (i.e.,  TfxfTx =  whenever  Txfx =  ). A point  

Xy ∈  is called point of coincidence of  T   and  f   if there 

exists a point  Xx ∈  such that  .Txfxy ==   

 

 

II. MAIN RESULTS 

The following theorem improves/generalizes the results [1, 

Theorems 2.1, 2.3, 2.4], [5, Theorems 1, 2,3], [7, Theorems 

1,3, 4], [8, Theorem 2.8], [13, Theorems 2.3, 2.6, 2.7, 2.8], 

and [15, Theorems 1, Corollary 2]. 

Theorem 4  Let  ),( dX  be a complete cone metric 

space,  P   be a cone and  nm,   be positive integers. 

Assume that the mappings  XXfT →:,  satisfy: 

)],(),([)],(

),([),(),(

xTfydyTfxdyTfyd

xTfxdfyfxdyTxTd

mnn

mnm

+++

+≤

γ

βα
 

for all  Xyx ∈,   where  γβα ,,  are non negative real 

numbers with .122 <++ γβα  If  )()( XfXT ⊆   

and  )(Xf  is a complete subspace of  X  , then  
nm TT ,   

and  f   have a unique common point of coincidence. 

Moreover if  ( )fT m ,   and  ( )fT n ,   are weakly 

compatible, then  
nm TT ,   and  f   have a unique common 

fixed point. 

Huang and Zhang [7] proved the above result by restricting 

that (a)  P   is normal (b)  XIf =  (c)  1== nm   

(d) one of the following is satisfied :  
 0,1 ==< γβα  ( [7, Theorems 1] ), 

 0,
2
1 ==< γαβ  ( [7, Theorems 3] ),  

 0,
2
1 ==< βαγ   ( [7, Theorems 3] ). 

Abbas and Jungck [1] extended the results of Huang and 

Zhang [7] by removing restriction (b) and obtain common 

fixed points and points of coincidence of mappings .,Tf  

Meanwhile Rezapour and Hamlbarani [13] improved the 

results of [7] by omitting the assumption (a). Vetro [15] 

removed restriction (b) and replaced (d) by combining (i) 

and (ii). Azam, Arshad and Beg [5] and Jungck et al [9] 

extended these results to a generalized contractive condition 

by omitting the restrictions (a), (b). 

The following theorem is a further generalization of 

Theorem 4 which removes restrictions (a), (b), (c), and 

replaces (d) with a more generalized contractive condition. 

Theorem 5 Let  ),( dX  be a complete cone metric space,  

P   be a cone and  nm,   be positive integers. If the 

mappings  XXfT →:,  satisfy: 

),(),(

),(

),(),(),(

xTfydEyTfxdD

yTfyCd

xTfxdBfyfxdAyTxTd

mn

n

mnm

++

+

+≤

 

for all  ,, Xyx ∈  where  EDCBA ,,,,   are non 

negative real numbers with 

CBEDCBA =<++++ ,1  or .ED =   If   

)()( XfXT ⊆   and  )(Xf  or  )(XT  is a complete 

subspace of  X  , then  
nm TT ,   and  f   have a unique 

common point of coincidence. Moreover if  ( )fT m ,   and  
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( )fT n ,   are weakly compatible, then  
nm TT ,   and  f   

have a unique common fixed point. 

 Proof.  Let 0x  be an arbitrary point in X . Choose a 

point  1x  in  X   such that   01 xTfx
m=  . This can be 

done since  )()( XfXT ⊆  . Similarly, choose a point  

x 2  in X such that  .12 xTfx n=  Continuing this process 

having chosen  nx  in X , we obtain  1+nx   in  X  such 

that 

fx 2k+1 = Tm x 2k

fx 2k+2 = Tnx 2k+1 , k = 0,1, 2,… .
 

Then,   
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xTfxEd
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fxfxAd

xTxTdfxfxd

 

It implies that 

).,(][

),(]1[

122

2212

+

++

++≤

−−

kk

kk

fxfxdDBA

fxfxdDC
 

That is, 

dfx 2k+1 , fx 2k+2  F dfx 2k, fx 2k+1,
 

where  
DC

DBA
F

−−

++
=

1
 . 

Similarly we obtain, 

),,(][

),(][

),(),(

3222

2212

12223222

++

++

++++

++

++≤

=

kk

kk

k

n

k

m

kk

fxfxdEB

fxfxdECA

xTxTdfxfxd

 

which implies  

),(),( 22123222 ++++ ≤ kkkk fxfxdGfxfxd  

 with  
EB

ECA
G

−−

++
=

1
 . 

Now by induction, we obtain for each …,2,1,0=k   

),()(

),()(
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),(),(
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and  

( ) ).,(

),(),(
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By Remark 3   qp <  we have 
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In analogous way, we deduce 

),,(
1

)(
)1(),( 10122 fxfxd

FG

FG
Ffxfxd

p

qp 








−
+≤+  

 

),(
1

)(
)1(),( 1022 fxfxd

FG

FG
Ffxfxd

p
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

−
+≤  

and 

).,(
1

)(
)1(),( 10212 fxfxd

FG

FG
Ffxfxd
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


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+≤+  

 

Hence, for  mn <<0   

,),( nmn afxfxd ≤  

where  ),(
1

)(
)1( 10 fxfxd

FG

FG
Fa

p

n 








−
+=   with  p   the 

integer part of  .2/n   

Fix 0 c<<  and choose  }:{),( δδ <∈= xxExI 0   

such that  PIc Int⊂+ ),( δ0  . Since  an → 0   as  

n → ∞  , by Lemma 2, we deduce that  }{ nfx   is a Cauchy 

sequence. 

If  )(Xf   is a complete subspace of  X  , there exist  vu,    

X∈   such that  fuvfxn =→  (this holds also if  

TX  is complete with  )(XTv ∈  ). Fix  0    ≪ c    and 

choose  N∈0n   be such that  
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for all  0nn ≥  , where  
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Now, 

).,()(

),(

),()(

),()1(

),(),(),(
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uTfudEB

fxfxCd

fxfudEA

fxfudD

uTfxdfxfuduTfud
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m
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c
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fxfxdk

fxfudkfxfudkuTfud

nn

nn

m

=++<<
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+≤

−

−

333

),(

),(),(),(

212
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Hence  

p

c
uTfud m <<),(  

for every  N∈p  . From  

,),( PuTfud
p

c m
Int∈−  

being  P   closed, as  ∞→p  , we deduce  

PuTfud m ∈− ),(   and so  0=),( uTfud m
 . This 

implies that  .uTfu m=   

Similarly, by using the inequality, 

),,(),(),( 1212 uTfxdxfuduTfud
n

nn

n

++ +≤  

we can show that ,uTfu n=  which in turn implies that  

v  is a common point of coincidence of  
nm TT ,  and f  , 

that is 

.uTuTfuv nm ===  

Now we show that  
mTf ,  and  

nT   have a unique 

common point of coincidence. For this, assume that there 

exists another point  
∗

v   in  X  such that  

∗∗∗∗ === uTuTfuv nm
  for some  

∗u   in  .X   From  

),,()(

),(),(

),(

),(),(

),(),(
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++≤

++
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=

vvdEDA
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we obtain that  .vv =∗
 Moreover,  ( )fT m ,  and 

( )fT n ,  are weakly compatible, then 

,

and

fvufTfuTvT

fvufTfuTvT

nnn

mmm

===

===
 

which implies  wfvvTvT nm ===  (say). Then  w  is 

a common point of coincidence of  
nm TT ,  and f  

therefore,  ,wv =  by uniqueness. Thus  v  is a unique 

common fixed point of  
nm TT ,  and f  . 

Example 6  Let 
2},3,2,1{ R== EX   and  

( ) }.0,:,{ ≥∈= yxEyxP    

Define  
2R: →× XXd  as follows: 

( )
( )
( )












−∈≠

−∈≠

−∈≠

=

=

}.1{, andif,

}3{, andif,1

}2{, andif,

if

),(

3
8

7
4

3
14

3
10

7
5

Xyxyx

Xyxyx

Xyxyx

yx

yxd

0

 

Define the mappings  XXfT →:,  as follows: 

( ) ,xxf =  

 


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.2 if3

2if1
)(
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x
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Note that 1)(2 =xT  for each ,Xx ∈   
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This implies 

( ) ( )
( )

( )

( ) ( )[ ]
[ ]

[ ]

)2(),3((
3

10
,

7

5

)1,2()3,3(

)3,2()1,3()2,3(

))3(,2())2(,3(

))2(,2(

))3(,3(
)2,3(

2

2

2

TTd

dd

ddd

TfdTfd

Tfd

Tfd
ffd

=







<

++

++=

++










+
+

γ

βα

γ

βα

 

for all )1,0[,, ∈γβα  with 122 <++ γβα  . 

Therefore, Theorem 4 and its corollaries (, Theorems 2.1, 
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2.3, 2.4], [5, Theorems 1, 2, 3], [7, Theorem 2.8], [13, 

Theorems 2.3, 2.6, 2.7, 2.8] and [15, Theorem 1, Corollary 

2]) are not applicable. From 
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for  2=y   and  
7
5,0 ===== EDCBA  , it follows 

that all conditions of Theorem 5are satisfied for  

7
5,0 ===== EDCBA   and so  T   and  f   have a 

unique common point of coincidence and a unique common 

fixed point. 

Corollary 7   Let  ),( dX  be a complete cone metric 

space,  P   be a cone and  nm,   be positive integers. If a 

mapping  XXT →:  satisfies: 

),(),(),(

),(),(),(

xTydEyTxdDyTyCd

xTxdByxdAyTxTd

mnn

mnm

+++

+≤
 

for all  Xyx ∈,  , where  A,B,C,D,E   are non negative 

real numbers with CBEDCBA =<++++ ,1  

or .ED =   Then  T   has a unique fixed point. 

 Proof.  By Theorem 5, we get  Xx ∈  such that  

.xxTxT nm ==  The result then follows from the fact 

that 
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which implies  .xTx =  

Example (Applications) 8    Let 

0,),],3,1([ 2 >== aECX RR  and 
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Similarly, 
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Thus for  

,38,0,53.0 ======= nmEDCBA  all 

conditions of Corollary 7 are satisfied and so  T   has a 

unique fixed point, which is the unique solution of the 

integral equation: 
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or the differential equation: 
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Hence, the use of Corollary 7 is a delightful way of showing 

the existence and uniqueness of solutions for the following 

class of integral equations:  
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