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Abnormal S-fuzzy Subpolygroups

H. Hedayatf, A. Ebrahimiafi

Abstract—In this paper, the notion of idempotent fuzzy Definition 2.2: A polygroup is a system
subpolygroup with respect to as-norm is introduced and some p — {P,-,e,—1}, wheree € P, —1 is a unitary
related properties are investigated. Then, homomorphic image operation onP, - maps P x P into the P*(P), and the
and inverse image ofS-fuzzy subpolygroups are discussed. Next, followi L hold f I P !
some properties of direct product of S-fuzzy subpolygroups '0"OWING axioms hold for allz,y, z € I~
are presented. Finally, abnormal S-fuzzy subpolygroups are 1) (x-y)-z=z-(y-2),

studied. 2)e-x=x-e=u,
Index Terms—polygroup, S-fuzzy subpolygroup, S-product, (3) Z € ¥~ z impliedy € z- 27" andz e y~" - .
abnormal S-fuzzy subpolygroup The following elementary facts about polygroups follow

easily from the axioms:
I. INTRODUCTION

HE concept of a hypergroup was introduced by Martfl
[24]. Since then, many mathematicians have studied tisnon-empty subsef of a polygroupP is a subpolygroup
concept ([4], [6], [10], [12], [13], [5], [19], [20], [18]). The of P ifand only if (1) a,b € K impliesa-b C K, (2) a € K
theory of hypergroups has found many applications in thepliesa~! € K.
domain of mathematics and elsewhere. For example, polyet P, and P, be polygroups and : P, — P, a mapping.
groups which form an important subclass of hypergroupshen, f is called a homomorphism if(zy) = f(x)f(y) for
were studied by Comer [7], [8]. Quasi-canonical hypergroupsl =,y € P;. Also, f is called a homomorphism of type
(called "polygroups” by Comer) were introduced for the firsif f=1(f(z)f(y)) = (f 1 f(2))(f~1f(y)) (see [30]).
time in [6].
The notion of fuzzy set was first introduced by Zadeh [29)]. pefinition 2.3: A mappingx : P — [0,1] is called a
Zahedi, Bolurian and Hasankhani in 1995 [30] introducegzzy set in a polygroug®. For any fuzzy set in P and any
the concept of a fuzzy subpolygroup. Triangular norms wefe- [0, 1] we define two setd.(,t) = {z € P | u(z) < t}

introduced by Schweizer and Sklar [26], [27] to model thgnq,, = {z € P | u(z) >t} which are called lowet-level
distances in probabilistic metric spaces. In fuzzy sets theogyit and upper-level cut of u, respectively.

triangular norm (t-norm) and triangular co-norm (¢-conorm
or s-norm) are extensively used to model the logical connec-
tives: conjunction (AND) and disjunction (OR), respectivelyp
There are many applications of triangular norms in seve[gl

l—ececoa Nz, (e =2, (xy) =y L2t

Definition 2.4: [30] A fuzzy setu defined on a polygroup
is called a fuzzy subpolygroup if for ail,y € P,

i <
fields of Mathematics, and artificial intelligence [23]. Dude ) min{p(z), py)} < piz), for all z € zy,

< —1 .

and Jun [15] introduced the notion of an idempotent fuz% 2? ple) < pa=), for all z € P'_l

. : : is easy to see thay(z) = pu(z—'). Moreover, from the
subquasigroup with respect totanorm and discussed SOme, |, \e definition we can deduce thate) > p(z) for ever
of its properties. Akram [2] introduced the notion of an =H y
. ) . € P.
idempotent fuzzy subquasigroup with respect to-rorm.
In this paper, the notion of idempotent fuzzy subpolygroup _
with respect to as-norm is introduced and some related Theorem2.5: [3], [30] Let P be a polygroup and: a
properties are investigated. Then, homomorphic image aly§2y set ofP. Then, . is a fuzzy subpolygroup of if and
inverse image oS-fuzzy subpolygroups are discussed. NexPnlY if for every ¢ € [0, 1], u:(# 0) is a subpolygroup of>.
some properties of direct product §ffuzzy subpolygroups O
are presented. Finally, abnormgifuzzy subpolygroups are

studied. Definition 2.6: [15], [27] A t-norm is a mappindl’ :
[0,1] x [0,1] — [0, 1] that satisfies the following conditions:
Il. PRELIMINARIES (Th) T(e, 1) = o,
In this section, we first review elementary aspects that ar&) 7(a, 8) = T(8,a),
necessary for this paper. (T3) T(a, B) < T(a,v), whenevers < v,

(T4) T(Q,T(ﬂ, 7)) = T(T(OZ?ﬁ)a’Y)! for all 0175,7 € [Oa 1]
Definition 2.1: Let P be a non-empty set anfl : P x A'simple example of a t-norm i; the functidfi(a, 5) =
P — P*(P) be a mapping, wheré*(P) is the set of min{a, 5}. Generally,T'(a, 5) < min{a, 5} andT/(a,0) =
all non-empty subsets oP. Then f is called a binary Ofor_ all 0‘75? [0,1]. Moreover,([0, 1], T) Is a commutative
hyperoperation orP. semigroup with0 as the neutral element. In particular,

a:bDepartment of Mathematics, Faculty of Basic Science, Babol Univer- T(T(c, 8),T(v,6)) = T(T(r,7),T(8,9))
sity of Technology, Babol, Iran, e-mails: hedayatil43@yahoo.com, heday-
atil43@gmail.com holds for alla, 8,7,6 € [0, 1].
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Let T} andT; be two t-norms. We say thaf; dominatesls
and writeT; > Ty if

Ty (T (a, B), T2(v,0)) > To(T1(a, ), T1(B,0))

for all , 3,7,6 € [0,1]. Obviously,T > T for all t-norms
(for more details see [15], [23], [28]).

A fuzzy set ; on a polygroup P is called aT-fuzzy
subpolygroup (see [19]) of if for all z,y € P,

(1) p(2) = T(p(z), u(y)), for all z € zy,

(2) pla") > p(x).

Definition 2.7: A s-normis a mapping : [0, 1]
1] that satisfies the following conditions:

x[0,1] —

[0,

(81) S(z,0) = =,

(S2) S(x,y) = S(y, x),

(83) S(x,S(y, 2)) = S(S(x,9),2),
(S1) S(z,y) < S(z,2), Whenevery<z

for all z,y,z € [0, 1].
A simple example of as-norm is the functionS(z,y) =
max{z,y}. Generally,S(z,y) > max{z,y} and S(z,1) =
1 for all z,y € [0, 1]. Moreover,([0,1],S) is a commutative
semigroup withl as the neutral element. In particular,

S(S(a:,y), S(th)) = S(S(Jf, Z)’ S(yv t))

holds for allz, y, z,t € [0, 1].
Let S; and S, be two s-norms. We say thaf; surrenders
So and write S; < Sy if

51(52(.’17, y)7 52(27 t)) < 52(51 (J}, Z)? Sl (yv t))
for all z,y, z,t € [0,1]. Obviously,S <« S for all s-norms
(see [2]).

Ill. S-FUZzY SUBPOLYGROUPS

In what follows P is a polygroup and> is a s-norm unless
otherwise specified.

g € G},x,H,~'}, where(HgH)™ ' = Hg~'H,(Hg1 H) *
(HgoH) = {Hg1hgoH | h € H}. The systemG//H is
a polygroup andK//H is a subpolygroup of7//H. Let
S be as-norm defined byS(z,y) = min{z + y, 1} for all
z,y € [0, 1]. Define a fuzzy set. in G//H by

1, if ge K,
w(HgH) _{ 0, otherwise,
for every HgH € G//H. It is easy to see that satisfies:
(1) p(HgihgH) < S(u(HgiH), n(HgoH)), for all
HgiH,HgpoH € G//H and HglhggH € (Hng) *
(Hg2H).
(2) u(HgH) < u((HgH)™1), for everyHgH € G//H.
Also, Im(u) C Es. Hence,p is an idempotentS-fuzzy
subpolygroup ofG//H.

Proposition 3.4: [2], [23] If a fuzzy setu is an idempotent
with respect to a-norm S, then S(z,y) = max{z,y}, for
all z,y € Im(p). O

In the next results, we investigate the relationship between
S-fuzzy subpolygroups and their level subsets. It is easy to
prove two following propositions.

Proposition3.5: Let a fuzzy setu on a polygroupP be
an idempotent with respect to &norm S. If each non-
empty level subsel; is a subpolygroup ofP, then p is
a S-idempotent fuzzy subpolygroup d?. a

Proposition3.6: Let . be aS-fuzzy subpolygroup ofP
anda € [0, 1].
(1) If « =0, thenL(u, «) is either empty or a subpolygroup
of P.
(2) If S
subpolygroup ofP.

max, then L(u,«) is either empty or a
O

Theorem3.7: Let .S be as-norm. If each non-empty level

Definition 3.1: The set of all idempotents with respecsubsetL(u,«) of 4 is a subpolygroup of, theny is a S-

to S, i.e., the setEs = {x € [0,1] | S(z,z) = z}, is a
subsemigroup of|[0, 1], S). If Im(u) C Eg, then the fuzzy
setp is called an idempotent with respect to th@ormsS

(briefly, S-idempotent).

In this section, we introduce the notion 8ffuzzy subpoly-

group and investigate some interesting properties concemsy fu(x), u(y)} < to, hencez,y € L(

fuzzy subpolygroup ofP.

such

Proof. If there existz,y € P and z € ay
tlhat w(z) > S(u(x),u(y)), then by taking to
Stu(z) + S(u(@),u(y))}, we have S(u(z), u(y)) <

fo < u(z) and S(u(z),u(y)) > max{u(z),u(y)}, then
i, to). Since

ing to the level subsets, union, image and preimage un%a(ru’to is a subpolygroup ofP, then z € L(yu,t,) and

homomorphisms and the relationship betwédeiuzzy and
S-fuzzy subpolygroups.

Definition 3.2: A fuzzy setu in P is called a fuzzy
subpolygroup ofP with respect to as-norm S (briefly, S-
fuzzy subpolygroup) if:

(1) w(z) < S(u(x),u(y)), forall z,y € P andz € zy,
(2) p(z) < p(xzt), forall z € P.

If a S-fuzzy subpolygroup: of P is an idempotent, we say[

that i is an idempotent-fuzzy subpolygroup ofP.

Example 3.3: Suppose thatf and K are subgroups of a

groupG and H C K. Define a systent?//H = {{HgH \

u(z) < to, a contradiction. Similarly, we can prove that
wu(z) < p(x~t) for all x € P. Therefore,u is a S-fuzzy
subpolygroup ofP. O

Definition 3.8: Let S be as-norm andu andv two fuzzy
sets inP. Then, theS-product of, and v denoted by]u -
Vg, is defined[n - v]s(z) = S(u(x),v(z)), for all x € P.
Obviously, [ - v]s is a fuzzy set inP such that[u - v]s =
v s

Theorem3.9: Let S be as-norm andu and v S-fuzzy
subpolygroups ofP. If a s-norm S* surrendersS, then the
S*-product[u - v]g- is a S-fuzzy subpolygroup ofP.

(Advance online publication: 27 February 2012)
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Proof. For all z,y € P andz € xy, we have

(- Vs (2) = 5™ (u(2),v(2))

< 57 (S(ul=), u(y)), S(v(z), v(y)))

< S5 (), v(=)), S* (1Y), v ()

= S(p - v]s=(@), [ - v]s=(y))
Also, for everyz € P, we haveu(z) < p(z~1) andy(x) <
v(z~1). ThenS* (u(z), v(x)) < S*(u(z™),v(z~1)), which
implies that[y-v] s« (x) < [u-v]g-(x~1). Therefore[u-v]s-

is a S-fuzzy subpolygroup ofP. O

Corollary 3.10: The S-product ofS-fuzzy subpolygroups
is a S-fuzzy subpolygroup. |

Definition 3.11: Let {u; | i € I} be a family of fuzzy
sets inP. Then, the union\/ wi of {u; | i € I} is defined

by (Ve pi)(x) = sup{uz( ) | i € I}, for eachz € P.

Theorem3.12: If {u; | @ € I} is a family of S-fuzzy
subpolygroups of a polygroup, then \/ 1; IS again as-
i€l

fuzzy subpolygroup ofP.

Proof. For x,y € P andz € zy, we have

\ (=)
el

< sup {sw(x),ui(y)) i I}

= S(sup{pi(z) | i € I}, sup{pi(y) | i € I})
= S\ ) (@), (\ 1))

i€l icl

= sup{pi(z) [ i € I}

Also, for eachx € P, we have

(\/ pa) (@) = sup{pi(x) | i € T}
iel
< suplpsle™) [ 1€ 1} = (V ju)(a

el

Therefore,\/ 1; is a S-fuzzy subpolygroup ofP.
el

Definition 3.13: Let f be a mapping oP. If v is a fuzzy
setinf(P), then the fuzzy sef ~!(v) = vo f in Pis called
the preimage ofs underf.

Theorem3.14: An onto homomorphism preimage of anProof. See [30].

(idempotent).S-fuzzy subpolygroup is an (idempotent)
fuzzy subpolygroup.

IN

Also, for eachx € P, we have

i)@) = (o f)(@) =v(f(z))
< v(f(a)7h) = o (x‘1)>
= (wof)a) =),
Moreover, if v is S-idempotent, then for eachx €

Im(f~1(v)), there eXIStSy € P, such thatf~1(v)(y) =
z. Then, S(z,) = S(f~'()w), f(V)(y) = S((vo
), o f)(y)). Since v is S-idempotent,v(f(y)) €
Im(v) € Es. then S(v(f(y)),v(f(y) = v(f(y)) = (vo

L(v) is idempotent.

)( ) = f~Y(v)(y) = x. Therefore,f~

Proposition 3.15: Let S and.S* be s-norms such that™*
surrendersS. If h: P, — P, be an onto homomorphism of
polygroups, then for any-fuzzy subpolygroupg andv of

Py, we haveh~([u- v]s-) = [~ (1) - h=(v)]

Proof. By Theorem 3.14h=1(u), h=1(v) andh = ([u-v]s+)
are S-fuzzy subpolygroups of,. For eachr € P, we have

P ([ vle)| (@) = - s (h(@)

which completes the proof.

Definition 3.16: Let p be a fuzzy set inP and f be
a mapping defined oP. Then the fuzzy sep’ in f(P)
defined by

inf

f
w (y) L

is called the image of. under f.
A fuzzy setp in P has theinf property if for any subset
A C P, there existag € A such thatu(ag) = ingu(a).

ac

u(x), Vye f(P),

Theorem3.17: An onto homomorphism of typ8 image
of a fuzzy subpolygroup with thénf property is a fuzzy
subpolygroup.

0

Definition 3.18: Let T' be at-norm. Then, it is easy to
verify that the mapS : [0,1] x [0,1] — [0,1] defined by

Proof. Let f : P, — P, be an onto homomorphism of S(z,y) =1—T(1 —z,1 —y) is as-norm.

polygroups. Ifv is aS-fuzzy subpolygroup of?, andf~*(v)
is the preimage of under f, then for allz,y € P, and

2 € ay (f(2) € f(2) () we have

By assumption of this definition, we have the following
theorem.

(Advance online publication: 27 February 2012)
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Theorem3.19: A fuzzy setu of P is aT-fuzzy subpoly- Therefore,A x u is a S-idempotent fuzzy subpolygroup of
group of P if and only if its complemeni© is a S-fuzzy P; x Ps. 0
subpolygroup ofP.

Theorem4.3: Let A and i be fuzzy sets inP such that
Proof. Let u be aT-fuzzy subpolygroup of?. Forz,y € P X x p is a S-fuzzy subpolygroup of? x P. The following

andz € zy, we have statements hold.
(1) Either A(e) < A(z) or u(e) < u(x), for all z € P.
p(z2) = 1—p(z) <1—T(ux), wy)) (2) If pis S-idempotent and\(e) < Xx), for all z € P,
’ (

1- T(l 2 ( ) 1- e (y)) = S(Mc(m)7ﬂc(y)) (3) If \is S-idempotent anm
Similarly, we can prove that®(z~!) > p¢(x) forall z € P. then either\(e) < A(z) or A(e)
Hence,u¢ is a S-fuzzy subpolygroup ofP.

A
then eitheru(e) < A(x) or p(e) < /J x).

w(zx), for all z € P,

)-

I/\/q?\
IN

Conversely, Assume that® is a S-fuzzy subpolygroup of proof. (1) Assume that\(z) < A(e) and u(y) < pu(e) for
P.Forz,y € P andz € zy, we have somez,y € P. Then, (A x p)(z,y) = S\(z), u(y)) <
S(A(e),u(e)) = (A x p)(e,e). This implies that

p(z) = 1-pz) Zl—S(u (z)

16 (y)) (A x p)(x,y) < (A x p)(e,e), which is a contradiction.

= 1-50—p(2),1=ply)) =T(u), n(y) (2) Assume thatA(z) < u(e) and u(y) < wu(e) for
Similarly, we can prove that(x) < u(z~'). Hence,u is a somez ,y € P. Then,

S-fuzzy subpolygroup ofP. O
(A x p)(@,y) = S(A(®), uly)) < S(ule), ule)) = pule).
IV. DIRECT PRODUCT OFS-FUZZY SUBPOLYGROUPS .
In this section, we introduce the notion of direct produ-;z/{nce}‘(e) < /\r(]x) f< ple), thenpu(e) < S(A(e), ule)) =
of S-fuzzy subpolygroups. Specially, we investigate th 1)(e, ). Therefore,
relationship between direct product afigproduct ofS-fuzzy \ X < < S(\ — () x
Sbpoarane. (A x ) () < pu(e) < SA(e). ple)) = (A x (e ).
which is a contradiction.
Definition 4.1: Let S be as-norm. If ;; and s are two
fuzzy sets onP; and P, respectively, thery defined on (3) Assume thati(e) > A(z) and A(e) > pu(y) for
Py x Py by p(w1,w2) = S(pu(21), pa(a2)) is & fuzzy set on SOMex,y € P. Then,

Fi ¢ P which 15 denoted by <y O x 1) (9) = SO 1(9)) < SA(E) Me) = A(e).

Theorem4.2: Let P, and P, be polygroups an® = P, x  Since u(e) < u(y) < A(e), then A(e) < S(A(e), u(e)).
P, be the direct product polygroup @f, and P,. Let A be a Therefore,
S-fuzzy subpolygroup of?; andyu a S-fuzzy subpolygroup -
of P,. Then,v = Ax u is aS-fuzzy subpolygroup of?; x Ps. (A u)(,y) < Me) < S(Ale), ule)) = (A x u)(e,e),
Moreover, if A andu are S-idempotent, then sos= A x . which is a contradiction. O

Proof. Let (x1,22), (y1,92) € P x P> and (z1,22) € Theorem4.4: Let ;. and v be fuzzy sets inP such that
(z1,22)(y1,92). Then, u % v is a S-fuzzy subpolygroup ofP x P. The following
_ statements hold.
(Axp)(z1,22) = S(A=1) pu(z2)), 21 € 21y, 22 € 2oy (1) If v(xz) > ple) for all z € P, thenv is a S-fuzzy
Also, we have subpolygroup ofP.
(2) If u(z) > p(e) forall z € P andv(y) < p(e) for some

S(S(A (1), A1), S(p(z2), p(y2))) Y€ P, thenp is a S-fuzzy subpolygroup ofP.

)
S(S(A(x1), u(x2)), SN (w1)s 11(y2)))
S(O % 1) (1, 22), (0 % 1) (51, 10)). Z;cécfe(lgylt f\,(\)ll’earilaa\vlee P,v(x) > p(e), then for allz,y € P

Similarly, we can prove thaiA x u)(zi,22) < (A x
w)(xy,22)~t for all (zq,22) € Py x P,. Assume that\

IA

(A x p)(21, 22)

and . are S-idempotent, then for eachr, y) € Im(\ x p), v(z) < Sule),v(z)) = (pxv)(e )
there existyz,t) € Py x P, such that(A x 11)(z,t) = (z, ). < S((wxv)(ex), (uxv)(ey))
We have = S(S(ule),v(x)), S(u(e), v(y)))
= S(S(ule), ule))), S(v(x),v(y)))
S((@,y), (@,y) = SIAx p)(z,1), (A x p)(z1)) < S(S(w(x),v()), Sw(x),v(y)))
= S(S(A(2), u(1)), S(A(2), u(t))) = Sw(x),v(y)).
= S(5(A(), A2), S(u(t), w(2))) Similarly, we can prove that(z) < v(z~!) for all z € P.
= S(A(2),u(?)) = S((A x p)(z,t Therefore,v is a S-fuzzy subpolygroup of°.
- (CL‘, y)

(Advance online publication: 27 February 2012)
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(2) Assume thaj(z) > u(e) for all z € P andv(y) < p(e)
for somey € P. Then,v(e) < v(y) < ple) < p(x),
it follows that v(e) < p(z) for all z € P. For all
z,y € P and z € ay, then u(z) > wv(e). Now,
we have (p x v)(z,e) S(u(z),v(e)) > wp(z) and

(nxv)(y,e) = S(uly),v(e)) = pu(y). Therefore,
n(z) < S(u(z),v(e) = (uxv)(z,e)

< S((pxv)(w,e), (uxv)(y,e))

= S(S(u(z),v(e)), S(u(y),v(e)))

= S(S(v(e),v(e)), S(u(x), u(y)))

< S(S(u(@), u(y)), S(w(x), u(y)))

Similarly, we can prove that(z) < p(z
Therefore,u is a S-fuzzy subpolygroup ofP.

—1) forall x € P.
g

Theorem4.5: The relationship betweesi-fuzzy subpoly-
groupsy X v: P x P — I and[u - v]s can be viewed via
the following diagram

d
P ~PxP
wevls | MY w v
- 5 IxI
WhereI =1[0,1] andd : P — P x P is defined byd(x) =
(z,z). Also, [ - V]g is the preimage of. x v underd.

Proof. For everyz € P, we have
A pxv)(@) = ((pxv)od)(

(u xv)(d(z)) = (px v)(z,z)
(@), v(x)) = (1 - vs(z).

is the preimage of. x v underd.

~

Therefore,[u - v]s O

Definition 4.6: If v is a fuzzy set inP, the weakestS-
fuzzy relation onP, that isS-fuzzy relation orv, is u,, given
by o, (z,y) = S(v(x),v(y)) for all z,y € P.

Theorem4.7: Letv be a fuzzy set i andp, the weak-
estS-fuzzy relation onP. Then,v is a.S-fuzzy subpolygroup
of P if and only if u, is a.S-fuzzy subpolygroup of? x P.

Proof. Suppose that is a S-fuzzy subpolygroup ofP. Let

(w1,22), (Y1,92) € P x P and (21, 22) € (w1, 22)(y1,2)-
Then, we have

=
—
<
—
N
)
=
=

v(z

(

S(S(w(x1),v(y1)), S(v(w2), v(y2)))
(S(
(

/’(‘I/(217Z2)

IN

S(S(v(xy
S (1, 72), o (Y1, Y2)
Let (z1,22) € P x P, then

Sw(ar!), v(ey ")
((w1,22) 7).

S(v(@1), v(22))

Mu(l‘l,xz) x2
Mv(xl Ty ):

<
Ly

Therefore,u,, is a S-fuzzy subpolygroup of? x P.
Conversely, suppose that, is a S-fuzzy subpolygroup of
P x P. For anyzy,x2,y1,y2 € P andz; € x1y; andzs €
Toy2, WE have

Sw(z1),v(22))

o (21, 22)
S(pw(w1,91), o (22, Y2))
S(S(w(x1),v(y1)), S(v(x2), v(y2)))-

In particular, puttingr; = zo = x, y1 = yo =y andz; =
zo = z, we haverv(z) < S(v(z),v(y)), for all z,y € P and
z € xy. Similarly, we can prove that(z) < v(z~!) for all
x € P. Thereforey is a S-fuzzy subpolygroup of?. O

A

V. ABNORMAL S-FUZZY SUBPOLYGROUPS
In this section, we introduce the notion of abnornyaiuzzy

subpolygroup. By this notion, we show that, under certain

conditions,S-fuzzy subpolygroups are two-valued.

Definition 5.1: A S-fuzzy subpolygroup of is said to be
abnormal if there exists € P such thatu(x) = 0. Note that,
if S-fuzzy subpolygroup: of P is abnormal, them(e) =
Hence,u is abnormal if and only ifu(e) = 0.

Theorem5.2: Let i be aS-fuzzy subpolygroup of” and
uT a fuzzy set inP defined byu™(z) = p(x) — u(e) for
all z € P. Then,u™ is an abnormalS-fuzzy subpolygroup
of P containing.

Proof. For all z,y € P andz € xy, we have

pt(z) = plz) - ple)
< S(ulx), u(y) — ple)
= S(u(x) — ple), uly) — nle))
= S(u(2), 1" ()
For everyx € P, we have
pt(x) = px) - ple)
< p(amh) = ple) = pt (),
We haveu™(e) = u(e) — u(e) = 0. Therefore,u™t is an

abnormalS-fuzzy subpolygroup of°. Clearly, x C ™. O

Corollary 5.3: If p is a S-fuzzy subpolygroup ofP sat-
isfying u*(z) = 1 for somex € P, thenu(z) = 1. O

Theorem5.4: Let u andv be S-fuzzy subpolygroups of
P.If v C pandp(e) = v(e), thenP, C P,, whereP, =
{z e Pl pu(z)=pn(e)}

Proof. Assume that C p andu(e) =
v(z) < p(z) = p(e) = v(e). Noticing thatv(e) <
all z € P, we havev(z) = v(e), thenx € P,.

v(e). If z € P,, then
v(x) for
U

Corollary 5.5: If ;4 andv are abnormal-fuzzy subpoly-
groups of P satisfyingr C 1, thenP, C P,. O
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Theorem5.6: A S-fuzzy subpolygroupf P is abnormal [9]
if and only if u™ = p.

Corsini P., Hypergraphs and hypergroups, Algebra Universalis 33
(1996) 548-555.

[10] Das P. S.Fuzzy groups and level subgroups, J. Math. Anal. Appl. 84

(1981) 264-269.

Proof. The sufficiency is obvious. Assume that is an [11] Davvaz B., Corsini P.Fuzzy n-ary hypergroups. Intel. Fuzzy Syst.

abnormal S-fuzzy subpolygroup ofP and x € P, then
pt(z) = p(@) — ple) = p(). O

18(4) (2007) 377-382.

[12] Davvaz B., Corsini P., Leoreanu-Fotea Myzzy n-ary subpolygroups,

Computers and Mathematics with Applications 57 (2009) 141-152.

[13] Davvaz B., Vougiouklis T.n-ary hypergroups, Iran. J. Sci. Technol.

Trans. A 30(A2) (2006) 165-174.

Theorem5.7: If u is a S-fuzzy subpolygroup ofP, then [14] Dudek W. A., Fuzzy subquasigroups, Quasigroups and Related Sys-

(W) =p

tems 5 (1998) 81-98.

[15] Dudek W. A., Jun Y. B.,Fuzzy subguasigroups over a t-norm,

Quasigroups and Related Systems 5 (1999) 87-98.

Proof. Assume thatr € P, then [16] Garrison G. N.Quasigroups, Ann. of Math. 41 (1940) 474-487.
[17] Hedayati H.,Connections between generalized fuzzy ideals and sub-
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implicative ideals of BCl-algebras, IAENG Int. J. Appl. Math., Vol. 41
No. 1 (2011) 17-22.

— .t +
z) = p(z)—p(e) [18] Hedayati H. t-implication-based fuzzy interior hyperideals of semihy-

pergroups, J. Discrete Math. Sci. Crypth. 13(2) (2010) 123-140.

[19] Hedayati H., Ameri R.On fuzzy closed invertible and reflexive subsets

of hypergroups, Italian J. Pu. Appl. Math. 22 (2007) 95-114.

[20] Hedayati H., Arab Z.Product of fuzzy subpolygroups with respect to

t-norms, Bull. Cal. Math. Soc. 103 (1) (2011) 35-46.

[21] Hedayati H., Jafari ZRedefined generalized fuzzy subpolygroups with

thresholds, Mathware and Soft Computing 17 (2010) 1-13.

Theoremb5.8: Let . be a non-constant-fuzzy subpoly- [22] Kavikumar J., Khamis A. B.Fuzzy ideals and fuzzy quasi-ideals in

group of P, which is minimal in the poset of abnorm&l

ternary semirings, IAENG Int. J. Appl. Math., Vol. 37 No. 2 (2007)
102-106.

fuzzy subpolygroups of under sets inclusion. Thep,takes [23] Kiement E. P., Mesiar R., Pap Hriangular norms, Kluwer Academic

only two values) and 1.

Publishers, Dordrecht,(2000).

[24] Marty F., Sur une generalization de la notion de grup, 8th Congress

Math. Scandenaves, Stockholm (1934) 45-49.

Proof. Note thatu(e) = 0. Letx € P be such thati(z) # 0. [25] Rosenfeld A.Fuzzy groups, J. Math. Anal. Appl. 35 (1971) 512-517.
It is sufficient to show tha]u(x) — 1. Assume that there [26] Schweizer B., Sklar A.Statistical metric spaces, Pacific J. Math. 10

(1969) 313-334.

existsa € P such that0 < u(a) < 1. Define a fuzzy sev [27] Schweizer B., Sklar AAssociative functions and abstract semigroups,

by v(z) = %(u(m) + p(a)) for eachz € P. Then, clearlyv
is well-defined and for alk,y € P andz € xy we have

Publ. Math. Debrecen. 10 (1963) 69-81.

[28] Sessa S.On fuzzy subgroups and fuzzy ideals under triangular norm,

Fuzzy Sets and Systems 13 (1984) 95-100.

[29] Zadeh L. A.,Fuzzy sets, Inform. Control 8 (1965) 338-353.
[30] zahedi M. M., Bolurian M., Hasankhani AQn polygroups and fuzzy

v(z) = S(uw(z)+p(a))
(S(u(), u(y)) + p(a))

= S(5(u(a) + (@), 5 (o) + (@)

= Sw(z),v(y)-
Similarly, we can prove that(z) < v(z~!) for all z €
P. Hence,v* is an abnormalS-fuzzy subpolygroup ofP.
Noticing thatut(e) = 0 < v (a) = i,u(a) < u(a), we
know thatv™ is non-constant. From™ (a) < p(a), it follows

that 1 is not minimal, which is a contradiction. Therefore,
the proof is completed. O

DN =D =
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