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Abstract—In this paper, the notion of idempotent fuzzy
subpolygroup with respect to as-norm is introduced and some
related properties are investigated. Then, homomorphic image
and inverse image ofS-fuzzy subpolygroups are discussed. Next,
some properties of direct product of S-fuzzy subpolygroups
are presented. Finally, abnormal S-fuzzy subpolygroups are
studied.
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I. I NTRODUCTION

T HE concept of a hypergroup was introduced by Marty
[24]. Since then, many mathematicians have studied this

concept ([4], [6], [10], [12], [13], [5], [19], [20], [18]). The
theory of hypergroups has found many applications in the
domain of mathematics and elsewhere. For example, poly-
groups which form an important subclass of hypergroups,
were studied by Comer [7], [8]. Quasi-canonical hypergroups
(called ”polygroups” by Comer) were introduced for the first
time in [6].
The notion of fuzzy set was first introduced by Zadeh [29].
Zahedi, Bolurian and Hasankhani in 1995 [30] introduced
the concept of a fuzzy subpolygroup. Triangular norms were
introduced by Schweizer and Sklar [26], [27] to model the
distances in probabilistic metric spaces. In fuzzy sets theory,
triangular norm (t-norm) and triangular co-norm (t-conorm
or s-norm) are extensively used to model the logical connec-
tives: conjunction (AND) and disjunction (OR), respectively.
There are many applications of triangular norms in several
fields of Mathematics, and artificial intelligence [23]. Dudek
and Jun [15] introduced the notion of an idempotent fuzzy
subquasigroup with respect to at-norm and discussed some
of its properties. Akram [2] introduced the notion of an
idempotent fuzzy subquasigroup with respect to as-norm.
In this paper, the notion of idempotent fuzzy subpolygroup
with respect to as-norm is introduced and some related
properties are investigated. Then, homomorphic image and
inverse image ofS-fuzzy subpolygroups are discussed. Next,
some properties of direct product ofS-fuzzy subpolygroups
are presented. Finally, abnormalS-fuzzy subpolygroups are
studied.

II. PRELIMINARIES

In this section, we first review elementary aspects that are
necessary for this paper.

Definition 2.1: Let P be a non-empty set andf : P ×
P → P∗(P ) be a mapping, whereP∗(P ) is the set of
all non-empty subsets ofP . Then f is called a binary
hyperoperation onP .
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Definition 2.2: A polygroup is a system
P = {P, ·, e,−1}, where e ∈ P, −1 is a unitary
operation onP , · maps P × P into the P∗(P ), and the
following axioms hold for allx, y, z ∈ P :
(1) (x · y) · z = x · (y · z),
(2) e · x = x · e = x,
(3) x ∈ y · z implied y ∈ x · z−1 andz ∈ y−1 · x.
The following elementary facts about polygroups follow
easily from the axioms:

e−1 = e, e ∈ x·x−1∩x−1·x, (x−1)−1 = x, (x·y)−1 = y−1·x−1.

A non-empty subsetK of a polygroupP is a subpolygroup
of P if and only if (1) a, b ∈ K impliesa·b ⊆ K, (2) a ∈ K
implies a−1 ∈ K.
Let P1 andP2 be polygroups andf : P1 → P2 a mapping.
Then,f is called a homomorphism iff(xy) = f(x)f(y) for
all x, y ∈ P1. Also, f is called a homomorphism of type3
if f−1(f(x)f(y)) = (f−1f(x))(f−1f(y)) (see [30]).

Definition 2.3: A mapping µ : P → [0, 1] is called a
fuzzy set in a polygroupP . For any fuzzy setµ in P and any
t ∈ [0, 1] we define two setsL(µ, t) = {x ∈ P | µ(x) ≤ t}
andµt = {x ∈ P | µ(x) ≥ t} which are called lowert-level
cut and uppert-level cut ofµ, respectively.

Definition 2.4: [30] A fuzzy setµ defined on a polygroup
P is called a fuzzy subpolygroup if for allx, y ∈ P ,
(1) min{µ(x), µ(y)} ≤ µ(z), for all z ∈ xy,
(2) µ(x) ≤ µ(x−1), for all x ∈ P .
It is easy to see that,µ(x) = µ(x−1). Moreover, from the
above definition we can deduce thatµ(e) ≥ µ(x) for every
x ∈ P .

Theorem2.5: [3], [30] Let P be a polygroup andµ a
fuzzy set ofP . Then,µ is a fuzzy subpolygroup ofP if and
only if for every t ∈ [0, 1], µt(6= ∅) is a subpolygroup ofP .
�

Definition 2.6: [15], [27] A t-norm is a mappingT :
[0, 1]× [0, 1] → [0, 1] that satisfies the following conditions:
(T1) T (α, 1) = α,
(T2) T (α, β) = T (β, α),
(T3) T (α, β) ≤ T (α, γ), wheneverβ ≤ γ,
(T4) T (α, T (β, γ)) = T (T (α, β), γ), for all α, β, γ ∈ [0, 1].
A simple example of a t-norm is the functionT (α, β) =
min{α, β}. Generally,T (α, β) ≤ min{α, β} andT (α, 0) =
0 for all α, β ∈ [0, 1]. Moreover,([0, 1], T ) is a commutative
semigroup with0 as the neutral element. In particular,

T (T (α, β), T (γ, δ)) = T (T (α, γ), T (β, δ))

holds for allα, β, γ, δ ∈ [0, 1].
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Let T1 andT2 be two t-norms. We say thatT1 dominatesT2

and writeT1 � T2 if

T1(T2(α, β), T2(γ, δ)) ≥ T2(T1(α, γ), T1(β, δ))

for all α, β, γ, δ ∈ [0, 1]. Obviously,T ≥ T for all t-norms
(for more details see [15], [23], [28]).

A fuzzy set µ on a polygroupP is called a T -fuzzy
subpolygroup (see [19]) ofP if for all x, y ∈ P ,
(1) µ(z) ≥ T (µ(x), µ(y)), for all z ∈ xy,
(2) µ(x−1) ≥ µ(x).

Definition 2.7: A s-norm is a mappingS : [0, 1]×[0, 1] →
[0, 1] that satisfies the following conditions:
(S1) S(x, 0) = x,
(S2) S(x, y) = S(y, x),
(S3) S(x, S(y, z)) = S(S(x, y), z),
(S4) S(x, y) ≤ S(x, z), whenevery ≤ z,
for all x, y, z ∈ [0, 1].
A simple example of as-norm is the functionS(x, y) =
max{x, y}. Generally,S(x, y) ≥ max{x, y} andS(x, 1) =
1 for all x, y ∈ [0, 1]. Moreover,([0, 1], S) is a commutative
semigroup with1 as the neutral element. In particular,

S(S(x, y), S(z, t)) = S(S(x, z), S(y, t))

holds for allx, y, z, t ∈ [0, 1].
Let S1 and S2 be two s-norms. We say thatS1 surrenders
S2 and writeS1 � S2 if

S1(S2(x, y), S2(z, t)) ≤ S2(S1(x, z), S1(y, t))

for all x, y, z, t ∈ [0, 1]. Obviously,S � S for all s-norms
(see [2]).

III. S-FUZZY SUBPOLYGROUPS

In what followsP is a polygroup andS is a s-norm unless
otherwise specified.

Definition 3.1: The set of all idempotents with respect
to S, i.e., the setES = {x ∈ [0, 1] | S(x, x) = x}, is a
subsemigroup of([0, 1], S). If Im(µ) ⊆ ES , then the fuzzy
setµ is called an idempotent with respect to thes-normsS
(briefly, S-idempotent).

In this section, we introduce the notion ofS-fuzzy subpoly-
group and investigate some interesting properties concern-
ing to the level subsets, union, image and preimage under
homomorphisms and the relationship betweenT -fuzzy and
S-fuzzy subpolygroups.

Definition 3.2: A fuzzy set µ in P is called a fuzzy
subpolygroup ofP with respect to as-norm S (briefly, S-
fuzzy subpolygroup) if:
(1) µ(z) ≤ S(µ(x), µ(y)), for all x, y ∈ P andz ∈ xy,
(2) µ(x) ≤ µ(x−1), for all x ∈ P .
If a S-fuzzy subpolygroupµ of P is an idempotent, we say
that µ is an idempotentS-fuzzy subpolygroup ofP .

Example3.3: Suppose thatH andK are subgroups of a
groupG andH ⊆ K. Define a systemG//H =

{
{HgH |

g ∈ G}, ∗,H,−1
}

, where(HgH)−1 = Hg−1H, (Hg1H) ∗
(Hg2H) = {Hg1hg2H | h ∈ H}. The systemG//H is
a polygroup andK//H is a subpolygroup ofG//H. Let
S be as-norm defined byS(x, y) = min{x + y, 1} for all
x, y ∈ [0, 1]. Define a fuzzy setµ in G//H by

µ(HgH) =
{

1, if g ∈ K,
0, otherwise,

for everyHgH ∈ G//H. It is easy to see thatµ satisfies:
(1) µ(Hg1hg2H) ≤ S(µ(Hg1H), µ(Hg2H)), for all
Hg1H,Hg2H ∈ G//H and Hg1hg2H ∈ (Hg1H) ∗
(Hg2H).
(2) µ(HgH) ≤ µ((HgH)−1), for everyHgH ∈ G//H.
Also, Im(µ) ⊆ ES . Hence,µ is an idempotentS-fuzzy
subpolygroup ofG//H.

Proposition3.4: [2], [23] If a fuzzy setµ is an idempotent
with respect to as-norm S, thenS(x, y) = max{x, y}, for
all x, y ∈ Im(µ). �

In the next results, we investigate the relationship between
S-fuzzy subpolygroups and their level subsets. It is easy to
prove two following propositions.

Proposition3.5: Let a fuzzy setµ on a polygroupP be
an idempotent with respect to as-norm S. If each non-
empty level subsetµt is a subpolygroup ofP , then µ is
a S-idempotent fuzzy subpolygroup ofP . �

Proposition3.6: Let µ be aS-fuzzy subpolygroup ofP
andα ∈ [0, 1].
(1) If α = 0, thenL(µ, α) is either empty or a subpolygroup
of P .
(2) If S = max, then L(µ, α) is either empty or a
subpolygroup ofP . �

Theorem3.7: Let S be as-norm. If each non-empty level
subsetL(µ, α) of µ is a subpolygroup ofP , thenµ is a S-
fuzzy subpolygroup ofP .

Proof. If there exist x, y ∈ P and z ∈ xy such
that µ(z) > S(µ(x), µ(y)), then by taking t0 =
1
2
{µ(z) + S(µ(x), µ(y))}, we have S(µ(x), µ(y)) <

t0 < µ(z) and S(µ(x), µ(y)) ≥ max{µ(x), µ(y)}, then
max{µ(x), µ(y)} < t0, hence x, y ∈ L(µ, t0). Since
L(µ, t0) is a subpolygroup ofP , then z ∈ L(µ, t0) and
µ(z) ≤ t0, a contradiction. Similarly, we can prove that
µ(x) ≤ µ(x−1) for all x ∈ P . Therefore,µ is a S-fuzzy
subpolygroup ofP . �

Definition 3.8: Let S be as-norm andµ andν two fuzzy
sets inP . Then, theS-product ofµ and ν denoted by[µ ·
ν]S , is defined[µ · ν]S(x) = S(µ(x), ν(x)), for all x ∈ P.
Obviously, [µ · ν]S is a fuzzy set inP such that[µ · ν]S =
[ν · µ]S .

Theorem3.9: Let S be a s-norm andµ and ν S-fuzzy
subpolygroups ofP . If a s-norm S∗ surrendersS, then the
S∗-product[µ · ν]S∗ is a S-fuzzy subpolygroup ofP .
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Proof. For all x, y ∈ P andz ∈ xy, we have

[µ · ν]S∗(z) = S∗(µ(z), ν(z))
≤ S∗(S(µ(x), µ(y)), S(ν(x), ν(y)))
≤ S(S∗(µ(x), ν(x)), S∗(µ(y), ν(y)))
= S([µ · ν]S∗(x), [µ · ν]S∗(y)).

Also, for everyx ∈ P , we haveµ(x) ≤ µ(x−1) andν(x) ≤
ν(x−1). ThenS∗(µ(x), ν(x)) ≤ S∗(µ(x−1), ν(x−1)), which
implies that[µ ·ν]S∗(x) ≤ [µ ·ν]S∗(x−1). Therefore,[µ ·ν]S∗
is a S-fuzzy subpolygroup ofP . �

Corollary 3.10: TheS-product ofS-fuzzy subpolygroups
is a S-fuzzy subpolygroup. �

Definition 3.11: Let {µi | i ∈ I} be a family of fuzzy
sets inP . Then, the union

∨
i∈I

µi of {µi | i ∈ I} is defined

by (
∨

i∈I µi)(x) = sup{µi(x) | i ∈ I}, for eachx ∈ P.

Theorem3.12: If {µi | i ∈ I} is a family of S-fuzzy
subpolygroups of a polygroupP , then

∨
i∈I

µi is again aS-

fuzzy subpolygroup ofP .

Proof. For x, y ∈ P andz ∈ xy, we have

(
∨
i∈I

µi)(z) = sup{µi(z) | i ∈ I}

≤ sup
{

S(µi(x), µi(y)) | i ∈ I

}
= S(sup{µi(x) | i ∈ I}, sup{µi(y) | i ∈ I})
= S((

∨
i∈I

µi)(x), (
∨
i∈I

µi)(y)).

Also, for eachx ∈ P , we have

(
∨
i∈I

µi)(x) = sup{µi(x) | i ∈ I}

≤ sup{µi(x−1) | i ∈ I} = (
∨
i∈I

µi)(x−1).

Therefore,
∨
i∈I

µi is a S-fuzzy subpolygroup ofP . �

Definition 3.13: Let f be a mapping onP . If ν is a fuzzy
set inf(P ), then the fuzzy setf−1(ν) = ν ◦f in P is called
the preimage ofν underf .

Theorem3.14: An onto homomorphism preimage of an
(idempotent)S-fuzzy subpolygroup is an (idempotent)S-
fuzzy subpolygroup.

Proof. Let f : P1 → P2 be an onto homomorphism of
polygroups. Ifν is aS-fuzzy subpolygroup ofP2 andf−1(ν)
is the preimage ofν under f , then for all x, y ∈ P1 and
z ∈ xy (f(z) ∈ f(x)f(y)) we have

f−1(ν)(z) = (ν ◦ f)(z) = ν(f(z))
≤ S(ν(f(x)), ν(f(y)))
= S(ν ◦ f(x), ν ◦ f(y))
= S(f−1(ν)(x), f−1(ν)(y)).

Also, for eachx ∈ P1, we have

f−1(ν)(x) = (ν ◦ f)(x) = ν(f(x))
≤ ν(f(x)−1) = ν(f(x−1))
= (ν ◦ f)(x−1) = f−1(ν)(x−1).

Moreover, if ν is S-idempotent, then for eachx ∈
Im(f−1(ν)), there existsy ∈ P1 such thatf−1(ν)(y) =
x. Then, S(x, x) = S(f−1(ν)(y), f−1(ν)(y)) = S((ν ◦
f)(y), (ν ◦ f)(y)). Since ν is S-idempotent,ν(f(y)) ∈
Im(ν) ⊆ ES , thenS(ν(f(y)), ν(f(y))) = ν(f(y)) = (ν ◦
f)(y) = f−1(ν)(y) = x. Therefore,f−1(ν) is idempotent.
�

Proposition3.15: Let S andS∗ be s-norms such thatS∗

surrendersS. If h : P1 → P2 be an onto homomorphism of
polygroups, then for anyS-fuzzy subpolygroupsµ andν of
P2, we haveh−1([µ · ν]S∗) =

[
h−1(µ) · h−1(ν)

]
S∗

.

Proof. By Theorem 3.14,h−1(µ), h−1(ν) andh−1([µ ·ν]S∗)
areS-fuzzy subpolygroups ofP1. For eachx ∈ P1, we have

[
h−1([µ · ν]s∗)

]
(x) = [µ · ν]S∗(h(x))

= S∗(µ(h(x)), ν(h(x)))
= S∗([h−1(µ)](x), [h−1(ν)](x))

=
[
h−1(µ) · h−1(ν)

]
S∗

(x),

which completes the proof. �

Definition 3.16: Let µ be a fuzzy set inP and f be
a mapping defined onP . Then the fuzzy setµf in f(P )
defined by

µf (y) = inf
x∈f−1(y)

µ(x), ∀y ∈ f(P ),

is called the image ofµ underf .
A fuzzy setµ in P has theinf property if for any subset
A ⊆ P , there exista0 ∈ A such thatµ(a0) = inf

a∈A
µ(a).

Theorem3.17: An onto homomorphism of type3 image
of a fuzzy subpolygroup with theinf property is a fuzzy
subpolygroup.

Proof. See [30]. �

Definition 3.18: Let T be a t-norm. Then, it is easy to
verify that the mapS : [0, 1] × [0, 1] → [0, 1] defined by
S(x, y) = 1− T (1− x, 1− y) is a s-norm.
By assumption of this definition, we have the following
theorem.
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Theorem3.19: A fuzzy setµ of P is aT -fuzzy subpoly-
group of P if and only if its complementµc is a S-fuzzy
subpolygroup ofP .

Proof. Let µ be aT -fuzzy subpolygroup ofP . For x, y ∈ P
andz ∈ xy, we have

µc(z) = 1− µ(z) ≤ 1− T (µ(x), µ(y))
= 1− T (1− µc(x), 1− µc(y)) = S(µc(x), µc(y)).

Similarly, we can prove thatµc(x−1) ≥ µc(x) for all x ∈ P .
Hence,µc is a S-fuzzy subpolygroup ofP .
Conversely, Assume thatµc is a S-fuzzy subpolygroup of
P . For x, y ∈ P andz ∈ xy, we have

µ(z) = 1− µc(z) ≥ 1− S(µc(x), µc(y))
= 1− S(1− µ(x), 1− µ(y)) = T (µ(x), µ(y))

Similarly, we can prove thatµ(x) ≤ µ(x−1). Hence,µ is a
S-fuzzy subpolygroup ofP . �

IV. D IRECT PRODUCT OFS-FUZZY SUBPOLYGROUPS

In this section, we introduce the notion of direct product
of S-fuzzy subpolygroups. Specially, we investigate the
relationship between direct product andS-product ofS-fuzzy
subpolygroups.

Definition 4.1: Let S be as-norm. If µ1 andµ2 are two
fuzzy sets onP1 and P2, respectively, thenµ defined on
P1×P2 by µ(x1, x2) = S(µ1(x1), µ2(x2)) is a fuzzy set on
P1 × P2, which is denoted byµ1 × µ2.

Theorem4.2: Let P1 andP2 be polygroups andP = P1×
P2 be the direct product polygroup ofP1 andP2. Let λ be a
S-fuzzy subpolygroup ofP1 andµ a S-fuzzy subpolygroup
of P2. Then,ν = λ×µ is aS-fuzzy subpolygroup ofP1×P2.
Moreover, ifλ andµ are S-idempotent, then so isν = λ×µ.

Proof. Let (x1, x2), (y1, y2) ∈ P1 × P2 and (z1, z2) ∈
(x1, x2)(y1, y2). Then,

(λ× µ)(z1, z2) = S(λ(z1), µ(z2)), z1 ∈ x1y1, z2 ∈ x2y2.

Also, we have

(λ× µ)(z1, z2) ≤ S(S(λ(x1), λ(y1)), S(µ(x2), µ(y2)))
= S(S(λ(x1), µ(x2)), S(λ(y1), µ(y2)))
= S((λ× µ)(x1, x2), (λ× µ)(y1, y2)).

Similarly, we can prove that(λ × µ)(x1, x2) ≤ (λ ×
µ)(x1, x2)−1 for all (x1, x2) ∈ P1 × P2. Assume thatλ
andµ areS-idempotent, then for each(x, y) ∈ Im(λ× µ),
there exists(z, t) ∈ P1×P2 such that(λ×µ)(z, t) = (x, y).
We have

S((x, y), (x, y)) = S((λ× µ)(z, t), (λ× µ)(z, t))
= S(S(λ(z), µ(t)), S(λ(z), µ(t)))
= S(S(λ(z), λ(z)), S(µ(t), µ(t)))
= S(λ(z), µ(t)) = S((λ× µ)(z, t))
= (x, y).

Therefore,λ × µ is a S-idempotent fuzzy subpolygroup of
P1 × P2. �

Theorem4.3: Let λ and µ be fuzzy sets inP such that
λ × µ is a S-fuzzy subpolygroup ofP × P . The following
statements hold.
(1) Either λ(e) ≤ λ(x) or µ(e) ≤ µ(x), for all x ∈ P .
(2) If µ is S-idempotent andλ(e) ≤ λ(x), for all x ∈ P ,
then eitherµ(e) ≤ λ(x) or µ(e) ≤ µ(x).
(3) If λ is S-idempotent andµ(e) ≤ µ(x), for all x ∈ P ,
then eitherλ(e) ≤ λ(x) or λ(e) ≤ µ(x).

Proof. (1) Assume thatλ(x) < λ(e) and µ(y) < µ(e) for
somex, y ∈ P . Then, (λ × µ)(x, y) = S(λ(x), µ(y)) <
S(λ(e), µ(e)) = (λ × µ)(e, e). This implies that
(λ× µ)(x, y) < (λ× µ)(e, e), which is a contradiction.

(2) Assume thatλ(x) < µ(e) and µ(y) < µ(e) for
somex, y ∈ P . Then,

(λ× µ)(x, y) = S(λ(x), µ(y)) < S(µ(e), µ(e)) = µ(e).

Sinceλ(e) ≤ λ(x) < µ(e), then µ(e) ≤ S(λ(e), µ(e)) =
(λ× µ)(e, e). Therefore,

(λ× µ)(x, y) < µ(e) ≤ S(λ(e), µ(e)) = (λ× µ)(e, e),

which is a contradiction.

(3) Assume thatλ(e) > λ(x) and λ(e) > µ(y) for
somex, y ∈ P . Then,

(λ× µ)(x, y) = S(λ(x), µ(y)) < S(λ(e), λ(e)) = λ(e).

Since µ(e) ≤ µ(y) < λ(e), then λ(e) ≤ S(λ(e), µ(e)).
Therefore,

(λ× µ)(x, y) < λ(e) ≤ S(λ(e), µ(e)) = (λ× µ)(e, e),

which is a contradiction. �

Theorem4.4: Let µ and ν be fuzzy sets inP such that
µ × ν is a S-fuzzy subpolygroup ofP × P . The following
statements hold.
(1) If ν(x) ≥ µ(e) for all x ∈ P , then ν is a S-fuzzy
subpolygroup ofP .
(2) If µ(x) ≥ µ(e) for all x ∈ P andν(y) < µ(e) for some
y ∈ P , thenµ is a S-fuzzy subpolygroup ofP .

Proof. (1) If for all x ∈ P , ν(x) ≥ µ(e), then for allx, y ∈ P
andz ∈ xy, we have

ν(z) ≤ S(µ(e), ν(z)) = (µ× ν)(e, z)
≤ S((µ× ν)(e, x), (µ× ν)(e, y))
= S(S(µ(e), ν(x)), S(µ(e), ν(y)))
= S(S(µ(e), µ(e))), S(ν(x), ν(y)))
≤ S(S(ν(x), ν(y))), S(ν(x), ν(y)))
= S(ν(x), ν(y)).

Similarly, we can prove thatν(x) ≤ ν(x−1) for all x ∈ P .
Therefore,ν is a S-fuzzy subpolygroup ofP .

IAENG International Journal of Applied Mathematics, 42:1, IJAM_42_1_05

(Advance online publication: 27 February 2012)

 
______________________________________________________________________________________ 



(2) Assume thatµ(x) ≥ µ(e) for all x ∈ P andν(y) < µ(e)
for some y ∈ P . Then, ν(e) ≤ ν(y) < µ(e) ≤ µ(x),
it follows that ν(e) < µ(x) for all x ∈ P . For all
x, y ∈ P and z ∈ xy, then µ(z) > ν(e). Now,
we have (µ × ν)(x, e) = S(µ(x), ν(e)) ≥ µ(x) and
(µ× ν)(y, e) = S(µ(y), ν(e)) ≥ µ(y). Therefore,

µ(z) ≤ S(µ(z), ν(e)) = (µ× ν)(z, e)
≤ S((µ× ν)(x, e), (µ× ν)(y, e))
= S(S(µ(x), ν(e)), S(µ(y), ν(e)))
= S(S(ν(e), ν(e)), S(µ(x), µ(y)))
≤ S(S(µ(x), µ(y)), S(µ(x), µ(y)))
= S(µ(x), µ(y)).

Similarly, we can prove thatµ(x) ≤ µ(x−1) for all x ∈ P .
Therefore,µ is a S-fuzzy subpolygroup ofP . �

Theorem4.5: The relationship betweenS-fuzzy subpoly-
groupsµ× ν : P × P −→ I and [µ · ν]S can be viewed via
the following diagram

?

-

?��

d
P

I

P × P

I × I
?

µ ν
µ× ν

S

[µ · ν]S

whereI = [0, 1] andd : P → P × P is defined byd(x) =
(x, x). Also, [µ · ν]S is the preimage ofµ× ν underd.

Proof. For everyx ∈ P , we have

d−1(µ× ν)(x) = ((µ× ν) ◦ d)(x)
= (µ× ν)(d(x)) = (µ× ν)(x, x)
= S(µ(x), ν(x)) = [µ · ν]S(x).

Therefore,[µ · ν]S is the preimage ofµ× ν underd. �

Definition 4.6: If ν is a fuzzy set inP , the weakestS-
fuzzy relation onP , that isS-fuzzy relation onν, is µν given
by µν(x, y) = S(ν(x), ν(y)) for all x, y ∈ P .

Theorem4.7: Let ν be a fuzzy set inP andµν the weak-
estS-fuzzy relation onP . Then,ν is aS-fuzzy subpolygroup
of P if and only if µν is a S-fuzzy subpolygroup ofP ×P .

Proof. Suppose thatν is a S-fuzzy subpolygroup ofP . Let
(x1, x2), (y1, y2) ∈ P × P and (z1, z2) ∈ (x1, x2)(y1, y2).
Then, we have

µν(z1, z2) = S(ν(z1), ν(z2))
≤ S(S(ν(x1), ν(y1)), S(ν(x2), ν(y2)))
= S(S(ν(x1), ν(x2)), S(ν(y1), ν(y2)))
= S(µν(x1, x2), µν(y1, y2)).

Let (x1, x2) ∈ P × P , then

µν(x1, x2) = S(ν(x1), ν(x2)) ≤ S(ν(x−1
1 ), ν(x−1

2 ))
= µν(x−1

1 , x−1
2 ) = µν((x1, x2)−1).

Therefore,µν is a S-fuzzy subpolygroup ofP × P .
Conversely, suppose thatµν is a S-fuzzy subpolygroup of
P × P . For anyx1, x2, y1, y2 ∈ P andz1 ∈ x1y1 andz2 ∈
x2y2, we have

S(ν(z1), ν(z2)) = µν(z1, z2)
≤ S(µν(x1, y1), µν(x2, y2))
= S(S(ν(x1), ν(y1)), S(ν(x2), ν(y2))).

In particular, puttingx1 = x2 = x, y1 = y2 = y and z1 =
z2 = z, we haveν(z) ≤ S(ν(x), ν(y)), for all x, y ∈ P and
z ∈ xy. Similarly, we can prove thatν(x) ≤ ν(x−1) for all
x ∈ P . Therefore,ν is a S-fuzzy subpolygroup ofP . �

V. A BNORMAL S-FUZZY SUBPOLYGROUPS

In this section, we introduce the notion of abnormalS-fuzzy
subpolygroup. By this notion, we show that, under certain
conditions,S-fuzzy subpolygroups are two-valued.

Definition 5.1: A S-fuzzy subpolygroup ofP is said to be
abnormal if there existsx ∈ P such thatµ(x) = 0. Note that,
if S-fuzzy subpolygroupµ of P is abnormal, thenµ(e) = 0.
Hence,µ is abnormal if and only ifµ(e) = 0.

Theorem5.2: Let µ be aS-fuzzy subpolygroup ofP and
µ+ a fuzzy set inP defined byµ+(x) = µ(x) − µ(e) for
all x ∈ P . Then,µ+ is an abnormalS-fuzzy subpolygroup
of P containingµ.

Proof. For all x, y ∈ P andz ∈ xy, we have

µ+(z) = µ(z)− µ(e)
≤ S(µ(x), µ(y))− µ(e)
= S(µ(x)− µ(e), µ(y)− µ(e))
= S(µ+(x), µ+(y)).

For everyx ∈ P , we have

µ+(x) = µ(x)− µ(e)
≤ µ(x−1)− µ(e) = µ+(x−1).

We haveµ+(e) = µ(e) − µ(e) = 0. Therefore,µ+ is an
abnormalS-fuzzy subpolygroup ofP . Clearly,µ ⊆ µ+. �

Corollary 5.3: If µ is a S-fuzzy subpolygroup ofP sat-
isfying µ+(x) = 1 for somex ∈ P , thenµ(x) = 1. �

Theorem5.4: Let µ and ν be S-fuzzy subpolygroups of
P . If ν ⊆ µ and µ(e) = ν(e), thenPµ ⊆ Pν , wherePµ =
{x ∈ P | µ(x) = µ(e)}.

Proof. Assume thatν ⊆ µ andµ(e) = ν(e). If x ∈ Pµ, then
ν(x) ≤ µ(x) = µ(e) = ν(e). Noticing thatν(e) ≤ ν(x) for
all x ∈ P , we haveν(x) = ν(e), thenx ∈ Pν . �

Corollary 5.5: If µ andν are abnormalS-fuzzy subpoly-
groups ofP satisfyingν ⊆ µ, thenPµ ⊂ Pν . �
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Theorem5.6: A S-fuzzy subpolygroupof P is abnormal
if and only if µ+ = µ.

Proof. The sufficiency is obvious. Assume thatµ is an
abnormalS-fuzzy subpolygroup ofP and x ∈ P , then
µ+(x) = µ(x)− µ(e) = µ(x). �

Theorem5.7: If µ is a S-fuzzy subpolygroup ofP , then
(µ+)+ = µ.

Proof. Assume thatx ∈ P , then

(µ+)+(x) = µ+(x)− µ+(e)
= (µ(x)− µ(e))− (µ(e)− µ(e))
= µ(x)− µ(e) = µ+(x).

�

Theorem5.8: Let µ be a non-constantS-fuzzy subpoly-
group of P , which is minimal in the poset of abnormalS-
fuzzy subpolygroups ofP under sets inclusion. Then,µ takes
only two values0 and1.

Proof. Note that,µ(e) = 0. Let x ∈ P be such thatµ(x) 6= 0.
It is sufficient to show thatµ(x) = 1. Assume that there
existsa ∈ P such that0 < µ(a) < 1. Define a fuzzy setν

by ν(x) =
1
2
(µ(x) + µ(a)) for eachx ∈ P . Then, clearlyν

is well-defined and for allx, y ∈ P andz ∈ xy we have

ν(z) =
1
2
(µ(z) + µ(a))

≤ 1
2
(S(µ(x), µ(y)) + µ(a))

= S(
1
2
(µ(x) + µ(a)),

1
2
(µ(y) + µ(a)))

= S(ν(x), ν(y)).

Similarly, we can prove thatν(x) ≤ ν(x−1) for all x ∈
P . Hence,ν+ is an abnormalS-fuzzy subpolygroup ofP .

Noticing that µ+(e) = 0 < ν+(a) =
1
2
µ(a) < µ(a), we

know thatν+ is non-constant. Fromν+(a) < µ(a), it follows
that µ is not minimal, which is a contradiction. Therefore,
the proof is completed. �
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