
 

 
Abstract—Using the heat kernel characterization, we establish 
some boundedness properties for Riesz potentials and Riesz 
transforms on Lipschitz spaces in a compact Lie group.  
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I. INTRODUCTION 

Let G be a connected, simply connected, compact semisimple 
Lie group of dimension  n .  The main purpose of this paper is 

to establish boundedness of Riesz transforms jR  

 nj ,,2,1   and Riesz potentials  zI  on the Lipschitz 

spaces    qpqp ,1,0,  on  G .  These operators 

were studied by E.M. Stein in [8], by using the heat kernel  tW  

on  G . It was proved by Cowling, Mantero and Ricci in [6] 

that the Riesz transforms  jR    are Calderón-Zygmund 

operators. Thus a standard argument shows that  jR  are 

bounded operators on the Lebesgue space   GLp    for  any  

 p1 . Also, it is well-known that the Riesz transforms  

jR    are not bounded on the Lebesgue spaces   GL1   and  

 GL .  Our results (see Theorem 2) in this paper, however, 

seem little surprising, since we will show that on a compact 

Lie group  G , the Riesz transforms  jR   are bounded on the  

Lipschitz spaces  Gqp,
   for any   p1  if  α > 0. 

Our main results are stated in the following theorems.  
Theorem 1 Let Re(z) = β/2 > 0. Then the Riesz potential  

  z

zI
  is a linear operator that maps qp,

 to   
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qp,
 boundedly. 

Theorem 2 The Riesz transforms are bounded on  qp,
 . 

Theorem 3 Suppose that  Re(z) = β/2 < 0  and  α + β > 0.  

Then zI  is a linear bounded operator from qp ,
 to   qp ,

 . 

    Our proof uses a heat kernel characterization of the 
Lipschitz space obtained by Meda and Pini in [7], the 
semi-group property of the heat kernel and an estimate on the 
heat kernel in [6]. This proof might be a new one even in the 
classical case. 

    For the historic development of the Riesz potential on both 
classical case and Lie groups, one can refer [8],[9],[10] and the 
references therein. We also want to mention some recent 
articles [2],[3],[4] about harmonic analysis on compact Lie 
groups. 

    This paper is organized as following. In the second 
section, we will present some necessary notations on Lie group 
and definitions of operators and spaces that will be studied in 
the paper. We will introduce some lemmas in the third section 
and present the proofs of the theorems in Section 4. In this 
paper, we use the notation  A   B to mean that there is a 

positive constant  C  independent of all essential variables such 
that  A ≤ CB. We use the notation  A ≈ B  to mean that there are 

two positive constants 1c   and  2c  independent of all essential 

variables such that  1c A ≤ B ≤ 2c A. 

II. NOTATIONS AND DEFINITIONS. 

Let G  be a connected, simply connected, compact 
semisimple Lie group of dimension  n.  Let  g  be the Lie 

algebra of  G   and  τ  the Lie algebra of a fixed maximal torus  

T  in G  of dimension  m.  Let  A  be a system of positive roots 

for (g, τ),  so that  Card(A) = (n-m)/2 and let  



A

 .  

    Let  ∣ ⋅ ∣   be the norm of  g  induced by the negative of 

the Killing form  B  on  g ,  the complexification of  g,  then  

∣ ⋅ ∣   induces a bi-invariant metric  d  on  G. Furthermore, 

since |B
    is nondegenerate, given   hom ,  


 , 

there is a unique  H    in     such that  

   ,H B H H    for each  H   .  We let  <,>  and  
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∥⋅ ∥  denote the inner product and norm transferred from  τ  

to   hom , i   by means of this canonical isomorphism. 

    Let   , expH H I   ,  I  being the identity in  

G. The weight lattice  P  is defined by  

 : , 2P n n       � � for any with 

dominant weights defined by  

 : , 0P A       � �for any .  Λ  provides a 

full set of parameters for the equivalent classes of unitary 
irreducible representation of  G: for  λ∈Λ, the representation  

U has dimension  

,

,A

d


  
 


  

and its associated character is 

     ,

,

i w

w W
i w

w W

w e

e

  

 
 







 

7

 

    where    , W  is the Weyl  group and   w  is the 

signature of  w W .  Let 1 2, , , nX X X  be an orthonormal 

basis of  g.  Form the Casimer operator 

2

1

n

i
i

X


  . 

This is an elliptic bi-invariant operator on G which is 
independent of the choice of orthonormal basis of g. The 

solution of the heat equation on  G   

        , , , ,0
d

x t x t x f x
dt


     

for    1f L G   is given by     , tx t W f x   ,  

where tW  is the Gauss-Weierstrass kernel (heat kernel). It is 

well known that tW  is a central function and one can write it 

as, for     and  t > 0, 

 

      
2 2

t

tW e d
  

 


  
  



  . 

 

It is easy to see that tW  satisfies the semi-group property  

t s t sW W W    for any  s, t > 0. 

    Using the heat kernel, one can defines various useful 
function spaces on  G. One of such spaces is the Besov space  

 ,p qB G  defined in the following. 

    For any  k > α ≥ 0,  and  1 ≤ p ≤ ∞,  we say that a function  

f  is in the homogeneous Besov space  ,p qhB G   if the   

 ,p qhB G   norm of  f 

 

 

,

0

1

2 12

0

p q

n

p

hB G

q qk
I

t L G
I k

f

t X W f t dt



 




  
        

 
 

when  q ≠ ∞;  and 

   ,
00 2

supp q p
n

k I
thB G L G

tI k

f t X W f








 

     

 when  q = ∞,  where  1 2
1 2

njj jI
nX X X X   with the 

multi-index   1 2, , nI j j j  . 

    We say that an p
L   function  f  is in the Besov space  

 ,p qB G  if 

       , , , 1p q p p qB G L G hB G
f f f p

 
      

is finite.  
  Remark 4  (i) In the definition of the Besov spaces, the sum 

is taken over all the differential monomials of order  k, and 0n  

is a fixed big number. It is easy to check that in the definition of 

the Besov spaces, one can use the number  0n  - 1  to replace  

0n . 

    (ii) One can pick any  k > α  in the definition. The Besov 
norms obtained from different  k  are equivalent. 

    Another important function space is the Lipschitz space  
,p q

  on G.  Let  k  be a positive integer. For   pf L G  

and for every element  V ∈ g,  with  |V∣ =1,  we define the 
k-th order difference operator centered at  x  with direction  V  
by 

      
1

1 exp
k

kk
sV

j

k
f x f x jsV

j

 
    

 
 , s > 0. 

 

The  k-th order  pL -modulus  of smoothness of  f  is the 
function 

 

  
1,0

, , sup
p

p k
k sV LV s t

t f L f
  

   . 

 

    Let  α ≥ 0.  We say that a function    pf L G ,   

1 ≤ p ≤ ∞ ,  is in the Lipschitz space  ,p q
 ,   if the norm 

 

      ,

1
1 1

0
, ,p q p

q qp
kL G

f f t t f L t dt


 


    

if  1 ≤ q < ∞,  and 
 

    ,

0 1
sup , ,p q p

p
kL G

t
f f t t f L






 
    (if  q = ∞) 
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is finite. 
    The Lipschitz space plays an important role in studying 

harmonic analysis on Lie groups. It is known in [1] that one can 

use the Lipschitz space to characterize the Hardy space  pH on 
a compact Lie group. Also, Meda and Pini proved that the 
Besov norm and the Lipschitz norm are equivalent (see [7]), 

therefore     , ,p q p qG B G   . 

    Next, we recall that one can use the heat kernel to define 
Riesz transforms and Riesz potentials on G. The following 
definitions can be found in Stein [8]. The Riesz potential  

   , , Re 0
z

zI z z
    ,  is defined by 

   
1

0

1
'

z z
tf t W fdt

z

   
  . 

 where 
 

      
 

2 2

\ 0

'
t

tW e d
  

 


  
  



   

Thus, it is easy to see that 
 

  ' 0tG
W x dx  . 

 

    We can extend the definition of  zI  to the complex plane 

by using the formula 
 

     1z z      . 

 
We are interested in the particular case  z = 1/2  and define 

the Riesz transforms   1, 2, ,jR j n    by 

1 1

2 2

0j j tR f t X W fdt
  

  . 

 When in the case   , 0z i   , 

 

     0

1

1

i i
tf t W fdt

i

 


 

   
   . 

 

In [6], both operators   i  and jR  are shown to be 

Calderón-Zygmund operators. Combining that with the  L²  
boundedness proved by  E.M. Stein [8], it follows by a standard 
method of Calderón-Zygmund decomposition that both 

operators   i  and jR  are strong type  (p, p) ,  

1 < p < ∞,  and of weak type  (1, 1).  In this paper, we are also 

interested in the Riesz potentials    2 , 0
i

    . 

 

Some Lemmas 
 

    Let  2,sH   be the Sobolev space of functions  f  on  G  for 

which any  
1 2
, ,

sj j jX X X g ,   2

1 k

s

jk
X f L G


 .  

A norm on the subspace of central functions in  2,sH   is 

 2,

1

22 2
s

s

H
f f d 



 


 
  
 
  

where f  are the Fourier coefficients of  f.  Since the heat 

kernel tW  is a central function, we have the following estimate 

of  tW . 

 
Lemma 5  For any multi-index  I  and any  1 ≤ p ≤ ∞, 

 
t

p

I N
t L G

X W �   for any  N > 0  uniformly for  t > σ. 

 
    Proof. Use the Hölder's inequality, semi group property of  

tW   and the left  invariance  of  X,  one has 

 

 

   

     

   

22

2, 2

/2 /2 /2 /2

/2 /2 ,

p

s

I I
t tL G L G

I I
t t t t L GL G L G

t tH G L G

X W X W

X W W X W W

W W








�

�  �  

with   s = |I|. 
 

Thus, the lemma follows easily from the definition of tW . 

     
    By the Poisson summation formula (see [5], or [6]), we 

know that 
 

    

22 2

4, ,

m

t t

t
t

A

e
W e

D

 

 

   







 

 
  
 
 

 


 

where 
 

   , .i w

w W

D e  


   

 
Using this expression of the heat kernel, we can obtain the 

following estimate. 
 
Lemma 6  For any multi-index I with  |I ∣ = k,  

 1

2 1
k

I
t

L G

t X W �  uniformly for  t > 0. 

 
    Proof:  By Lemma 5, we may assume that  t  is small.  Let  
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U  be a neighborhood of  0  in  τ  such that it translates by 

elements of  Λ  are all disjoint, and let  η(x)  be a C   function 
supported on U,  radial and identically one on a neighborhood 

of  0.  One defines two modified kernels  tK   and  tV  by 

 
2

2
2 42 ,

n
t t

tV e t e
 












 


 

    
2

2 22 4 .
n

t t t
tK e e

 




   
 





 


 

 By Theorem 4 of  [6], it is known that for any pair of 
integers  s  and  N, 

    2, , 0.s

N
t t H G

V K O t t    

Also, by Theorem 2 of  [6], we know that given any pair of 
integers  s  and  N, there is an integer  L  such that 

   2,, , 0,
s

N
L t t t H G

V W O t t     

where 

 
 

, ,
0

,
2

M
j

L t j L
j

L n m
t D M




     

and ,j LD ,  j = 0,1,...,M,   are differential operators of order  

j, which are invariant under both left and right translations. 
Thus, for  t ≤ σ,  we have 

   
 

 
   

     

1 2

2 1

2, 2, 1

,

, ,

, ,s r

I I
t t L t tL G L G

I I
L t t t L t tL G L G

I
t t L t t t L t tH G H G L G

X W X W V

X V K X K

V K V W X K



   

     

�

� �

 �
 

for some suitable integers s and  r.  Therefore, for 0 < t ≤ σ, 
 

 
   1 1,1 .I I

t L t tL G L G
X W X K � � 

    Recalling that the function tK ,  considered as a function 

on  G, is supported on a small neighborhood of  I  of  G, one 
introduces on this neighborhood the regular coordinates  

 1, , n  , where     1 1
, , exp .

n

n j jj
X  


   

In this coordinates, 
 

   
2

2
2 42

n
t t

tK e t e


  


   

 
By the proof of the Lemma 5 in [6], it is easy to see that 

  
2

42
,

n
I II t

L t tX K t e


 
 

 � . 

Thus 

   
2

42 2 2 1
Ik n

II t
tt X W t e O



 
 

�  

 is an integrable kernel on  G.  The lemma is proved. 
     
    By the proof of Lemma 6, it is easy to obtain the following 

estimate. We skip the proof of it. 
 
Proposition 7  Let  0 < t ≤ 1.  Then 

   2 2

J

J
z tX I W t

 

 
 

  

 for any multi-index  J  with  |J∣ ≥ β = 2Re(z). 
 

Proofs of Theorems  
 
Proof of Theorem 1 
    Since the norms of Besov space and Lipschitz space are 

equivalent, it suffices to show our theorems in the Besov 
norms. For any  1 ≤ p ≤ ∞, by the Minkowski inequality and 
Hölder's inequality, 

 

 

   1 2

1 11 12 2

0 0
' ' .

p

p

z L

t tL L G L G

I f

f t W t dt t W t dt
 

  
 

 
 

 

    Thus, by Lemma 5 and  Lemma 6, we have 

  ppz LL
I f f . 

 Now, by the definition of the Besov norm, it suffices to 
show 

   ,, .p qp qz BhB
I f f

 
  

 
First, we study the case  q = ∞. It is easy to see that we only 

need to prove that if  k > α + β,  then for any multi-index  I  with  
|I∣ = k,  one has 

 
 

   

0

0

2

0 2

2
.

0 2

1 sup

sup

p
n

pp
n

k
I

t Z L G
t

k
I

t L GL G
tI k

t X W I f

t X W f f

 







 

 



 



 
 

Denote 02 n   . Using the semi-group property of  tW  

and the left invariance of  IX ,  we have 
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1

1

1

1

1

1
1 2 30
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p

I
t Z L G

p p
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t sG

p p
z I

t sG t

p pt z I
t sG

X W I f

s X W f x ds dx

s X W f x ds dx

s X W f x ds dx J J J





 










 
 

 

 
  
 

 
     
 

 

 

 



For any   0 < t ≤ σ,  when    k > α + β,  by the Minkowski 

inequality we see that   2
1

k

t J
  

  is dominated by 

 1

1

1
2

.

p p
I

t s L GG
s X W f dsdx





  

 

  
 
  
  . 

Thus, by Lemma 5, we have 

 
2

1 .p

k

L G
t J f

  

 . 

Let  p′  be the conjugate index of  p.  By Hölder's inequality, 
we have 

 

 

1 1

'1 1
2 2

3 0 0

2 2

0 2
sup .

p

p pt tpI
t sG

k k
I

t L Gt

J s X W f x dsdx s ds

t t X W f

 

  



 



  


 

       
    



  


 

 Similarly, by Hölder's inequality, the second integral  J₂   
is dominated by, up to a positive constant, 

 

   

 

 

1
1

1
' 2 2

2 2

0 2
sup .

p

p

p k p k ppIp
t s L Gt

kk
I

t L Gs

t X W f s s ds

t t X W f

  


 



   



 


 

   
  







 

 Combining the estimates on J₁ , J₂ and  J₃ ,  we obtain 
the estimate (1), which proves the case  q = ∞. 

    Next, we show the case  1 ≤ q < ∞. Checking the proof for 
the case  q = ∞,  we only need to show that both 
integrals

   

   

1

1

1 12

0 0

1

1 12

0

2 ,

3

q q
k p pt z I

t sG

q

k p p
z I

t sG t

t s X W f x ds dx t dt

t s X W f x ds dx t dt

 

  

 
 



 
 



  
           

  
           

  

  

 

are bounded by  ,p qB G
f


, up to a constant multiple. Using 

the Hölder Inequality, we easily obtain that the inside integral 
in (2) 

 

   1

1

1

0

2
p

p pt z I
t sG

I
s tL G L G

s X W f x ds dx

t W X W f





 
 

 



 



 

 which implies that the integral  (2)  is bounded by  

 , .p qB G
C f


 

    Now for k > 2α + 2β + 1,  and any  I  with  |I∣ =k, we 

write 1 2I IIX X X  such that  ∣ I₁ ∣ = k₁ > α + β,  ∣ I₂
∣ = k₂ > α + (β/2) + 1.  Then the integral (3) is bounded by 

 

   

 

 

2 1
1

2

2
,

1

'' 12 2

0

1

12 1
' 12 2

0

1
2

12

0
p

q q
p pk q p

ppp I
t sG t t

p q
k q p qp q pp I I

t sp Lt

k q qqI
t Bp

t s ds s X W f x ds dx t dt

t t X W f s X W ds t dt

t X W f t dt f


    

   




 
 



    
 




 
          

 

 
    
   

   
  

   

 





    .q G

 
 
The proof of the theorem is completed. 
 

Proof of Theorem 2 
 
 By checking the proof of Theorem 1, one easily sees that 

   ,,
.p qp qj B GhB G

R f f


  

  
To prove the theorem, now it suffices to show that 

   , .p qpj B GL G
R f f


  

By the  pL  boundedness of jR  for  1 < p < ∞  proved in  

[CM], clearly we only need to discuss the cases  p = 1  and   
p = ∞.  If  p = 1  and  q = ∞,  by Lemma 5, it is easy to see that 
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 Using Integrate by part; the first term above is bounded 
by,  (up to a constant multiple), 
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1

2

0

1

2

0
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.
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t X W f x dx

t X W f x dt dx f
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 By Lemma 6, 
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liminf
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 Also, 
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2

0
.
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t X W f x dt dx
t

t X W f x dt dx










  



 
 

 Integrating by parts  k  times for an even  k > α,  we get 

 

 

 

 

     

1

1 1, 1,

1

2
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2 2 2
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2

0
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In the same way, we can prove the case  p = q = ∞. 
    Next, we consider the case  p = 1 and  1 ≤ q < ∞. In this 

case, we have 
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1
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1

1
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0

.q

j L GL G

q q
k k
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L G
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R f f

t X W f t dt dx
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    The proof for the case   p = ∞  and  1 < q < ∞  is similar and 
is skipped. The theorem is proved. 

 

Proof of Theorem 3. 
 
    Without loss of generality, we may assume  z = - β/2.  

First, we prove that 

     ,4 p p qz L G B G
I f C f


  

 for any  , .p qf B G  By the definition of the Riesz 

potential, it is easy to see that 

    12

0

k k
z tI f x t W f x t dt


      

 for some  k  satisfying  1 ≥ k - α/2 > 0.  By Lemma 5, it is 
easy to see that 

 
 

 

1
2

0
.p p

p

k k
z tL G L G

L G

I f t W fdt f
  
    

    When  q = ∞  and  p ≠ ∞,  let  ε  be a small positive number 
such that  pε  is sufficiently small in a way to be determined. 
Then 

 

 

12

0

1

1
2

0
.

k k
t

pk p p pk
t

t W f x t dt

t W f x dt



 

 

    
 

 

    
  




 

Thus, up to a positive constant,  p

p

z L G
I f   is dominated by 

   

1
2 22

00
sup pp

p
p pk k

s L GL Gs
s W f t dt f

  



     
 

 

 
   

 


We now have 

   ,p pz L G B G
I f f


  

 by choosing a small  ε > 0. 
     

When  q = ∞   and   p = ∞,   z L G
I f  is bounded by 

   

   , ,

1
2

0

1
2 2

0
1 .

k k
tL G L G

B G B G

f C t W f dt

f t dt f
 



 


 

   

 

   
 

  

   
  



 
 

    When 1 ≤ q < ∞  and  1 ≤ p ≤ ∞. Using the Minkowski 
inequality, we have 

     

1
2

0
.p p p

k k
z tL G L G L G

I f f t W f dt
  

    

For  q=1, 
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    For  1 < q < ∞,   we use Hölder's inequality to obtain 
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1

1

1
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2 0
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p p
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qq k qk
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I f C f
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 where 
1

'' 1
2 2

2 0
.

qq

C t dt
 


   
 

 
   
 
  

     Thus (4)  is proved. To complete the proof of Theorem 
3, it remains to show that 

   , , .p q p qz hB G B G
I f C f

 
  

 We skip the proof, since it is similar to those of Theorem 
1. 
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