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Exact Solutions for Three Fractional Partial
Differential Equations by the (G’/G) Method

Nina Shang, Bin Zheng*

Abstract—In this paper, based on certain variable transfor-
mation, we apply the known (G’/G) method to seek exact
solutions for three fractional partial differential equations:
the space fractional (2+1)-dimensional breaking soliton equa-
tions, the space-time fractional Fokas equation, and the space-
time fractional Kaup-Kupershmidt equation. The fractional
derivative is defined in the sense of modified Riemann-liouville
derivative. With the aid of mathematical software Maple, a
number of exact solutions including hyperbolic function solu-
tions, trigonometric function solutions, and rational function
solutions for them are obtained.

Index Terms—(G’/G) method, fractional partial differential
equation, exact solution, variable transformation.

I. INTRODUCTION

In the literature, research on the theory of differential
equations, integral equations and matrix equations include
various aspects, such as the existence and uniqueness of
solutions [1,2], seeking for exact solutions [3,4], numerical
method [5-7]. Among these investigations, research on the
theory and applications of fractional differential and integral
equations has been the focus of many studies due to their
frequent appearance in various applications in physics, biol-
ogy, engineering, signal processing, systems identification,
control theory, finance and fractional dynamics, and has
attracted much attention of more and more scholars. For
example, Bouhassoun [8] extended the telescoping decompo-
sition method to derive approximate analytical solutions of
fractional differential equations. Bijura [9] investigated the
solution of a singularly perturbed nonlinear system fractional
integral equations. Blackledge [10] investigated the applica-
tion of a certain fractional Diffusion equation, and applied it
for predicting market behavior.

Among the investigations for fractional differential equa-
tions, research for seeking exact solutions and approximate
solutions of fractional differential equations is a hot topic.
Many powerful and efficient methods have been proposed
so far (for example, see [11-24]) including the fractional
variational iteration method, the Adomian’s decomposition
method, the homotopy perturbation method, the fractional
sub-equation method, the finite difference method, the finite
element method and so on. Using these methods, solutions
with various forms for some given fractional differential
equations have been established.

In [25], we extended the known (G’/G) method [26-28] to
solve fractional partial differential equations, and obtained
some exact solutions for the space-time fractional general-
ized Hirota-Satsuma coupled KdV equations and the time-
fractional fifth-order Sawada-Kotera equation successfully.
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In this paper, we will furthermore test the validity of the
(G’/G) method by applying it to solve other fractional partial
differential equations. The fractional derivative is defined
in the sense of modified Riemann-liouville derivative. We
list the definition and some important properties for the
modified Riemann-Liouville derivative of order « as follows
[22-24,29]:
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The rest of this paper is organized as follows. In Section
2, we give the description of the (G’/G) method for solving
fractional partial differential equations. Then in Section 3
we apply this method to seek exact solutions for the space
fractional (2+1)-dimensional breaking soliton equations, the
space-time fractional Fokas equation, and the space-time
fractional Kaup-Kupershmidt equation. Some conclusions
are presented at the end of the paper.

II. DESCRIPTION OF THE (G’/G) METHOD FOR SOLVING
FRACTIONAL PARTIAL DIFFERENTIAL EQUATIONS

In this section we give the description of the (%) method
for solving fractional partial differential equations.

Suppose that a fractional partial differential equation, say
in the independent variables ¢, x1, 2, ..., T, 1S given by

P(uy,...ux, Dfuq, ..., Df‘uk,Dflul, ey
D8 wp,...; DY uy,...; DY ug,...) =0, 4)

where u; = u;(t,21,%2,..., %), © = 1,...,k are unknown
functions, P is a polynomial in wu; and their various partial
derivatives including fractional derivatives.

Step 1. Execute certain variable transformation

ui(t7$1;$27 71;774) = UZ(E)’ g = §(t7x11$27 ...,l’n)7 (5)

such that Eq. (4) can be turned into the following ordinary
differential equation of integer order with respect to the
variable &:

P(Uy, ..U, UL, U, U U, ) =0.  (6)
Step 2. Suppose that the solution of (6) can be expressed
by a polynomial in (%) as follows:
my o
Uj(€) =D _aii(g)s i =120k ()
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where G = G(§) satisfies the second order ODE in the form
G+ \G' + pG =0, 8)

and A\, p, a;j;, i =0,1,...,m;, j=1,2,.., k are constants
to be determined later, a;,, # 0. The positive integer m;
can be determined by considering the homogeneous balance
between the highest order derivatives and nonlinear terms
appearing in (6).

By the generalized solutions of Eq. (8) we have

L VA —dp
\/ —4 A2 —4
C1 sinh Mf + C5 cosh %5
( )
A2 A2 —4
C} cosh ‘/fg 4 Cysinh %g
o A2 —4u >0,
(E) = \/4u A2
\/ 4 — N2
—(Csin —— § + C5 cos Mff
),
A2 4y — N2
C1 cos \/%E + Cysin \/%5
A2 —4pu <0,
AL Gy 2
2+Cl+02§) A 4/11—0,
)
where C, Cs are arbitrary constants.
Step 3. Substituting (7) into (6) and using (8/),
collecting all terms with the same order of (%)
together, the left-hand side of (6) is converted into

!/
another polynomial in (%) Equating each coefficient of
this polynomial to zero, yields a set of algebraic equations
for A\, p, a4, 1=0,1,....m;, 7=1,2,.. k.

Step 4. Solving the equations system in Step 3, and using
(9), we can construct a variety of exact solutions for Eq. (4).

IIT. APPLICATION OF THE PROPOSED METHOD TO SPACE
FRACTIONAL (2+1)-DIMENSIONAL BREAKING SOLITON
EQUATIONS

We consider the space fractional (2+1)-dimensional break-
ing soliton equations

2a+0 fe%
ut—|—ag %0 Y+ dau g g+4agxgv=(),

u & ’
ay 81,04 ’

(10)

where 0 < «, 8 < 1. Egs. (10) are variation of the following
(2+1)-dimensional breaking soliton equations equations [30-
33]
Up + QUgyy + dauv, + 4au,v = 0,
Uy = Vg

Y

For Egs. (11), some periodic wave solutions, non-traveling
wave solutions, and Jacobi elliptic function solutions were
found in [20-23]. But we notice no research has been paid
for Egs. (10) so far. In the following, we will apply the
described method in Section 2 to Egs. (10).

To begin with, we suppose u(z,y,t) = U(§), v(z, y,t) =

V(§), where £ = ct + F(1kj_ )x + F(1k+ 5)9 + &os
klv k?:

¢, & are all constants with ki, ke, ¢ # 0.
Then by use of (1) and the first equality in Eq. (3), we

obtain D¢u = D2U(§) = U'(&§)DgE = kU (), Dgu =
DgU(g) = U’(E)Dyﬁf = kU'(&), ur = cU’'(€), and then
Egs. (10) can be turned into
cU' + ak3koU"" + 4ak UV’ + 4ak, VU’ = 0,
kU =k V.
Suppose that the solution of Eqgs. (12) can be expressed
by

12)

my Gl i
U = 3 (G,
i=0 (13)
ma G/ i
V(§) = ;)bi(ﬁ) :
Balancing the order of U and UV’, U’ and V' in (12) we
have m; = ms = 2. So
G'\1 G2
U = ral Y )
&) ao+a1(Gg) +02(G) (14)

V(E) = bo + bi(G)t + ba(Gr)2.
Substituting (14) into (12), using Eq. (8) and collecting all

!
( %) together, equating
set of algebraic equations.

the terms with the same power of
each coefficient to zero, yields a
Solving these equations yields:

3 3

77‘1{:%)‘7 a2 = 771{%7

ap = Go, a1 =

8ak1 kopr + ak?koX* + ¢ + 4aa0k2

b =
0 4&]61

3 3
by = —§k1/€2)\7 by = —§k1k2,

where A\, u, ag are arbitrary constants.

Substituting the result above into Egs. (14), and combining
with (9) we can obtain the following exact solutions for Egs.
(10).

When A2 — 4u > 0, we obtain the hyperbolic function
solutions:

A2 —4
(e, y,t) = ag — SRIA[-§ + YA
)\2 4 A2 —4p
2
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A —4 A2 —4
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( VA2 — 4y
)

(1 cosh & 4 Cs sinh
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_ kl « kz el
Whereg—ct+r(1+a)x +1"(1+6)y =+ &o.
In particular, if we take Cy; = 0, then we obtain the

following solitary wave solutions, which are shown in Figs.
1-2.

A2 —4
_%k%(AQ — 4p1)[tanh *27“5]2

_ 8akikop + akike)? + ¢ + daagks
4(1]{31

2 _
+3 k1K X2 — Bkikz (A2 — 4p)[tanh VA~ L2,

v2($7y7t) =

When A2 — 4p < 0, we obtain the periodic function
solutions:

JA — 2 [A — N2
74'2 A §+C’200574ﬂ2 A £

)2,
4 — N2 4y — N2
Vﬁ2&4mm¢ﬁ2§

8aklkop + ak?ko\? + c + 4aagks
- 4ak1
\Vap — A2
2

(

(1 cos

’Ug(l’,y,t) =

—3kikaA[-5 +

4y — N2 4 — N2
—(C1 sin ’uff + C5 cos /~L2 f)]
4 A2 4p — N2
Clcos\/u §+C'2sm\/u2 ¢
4 — N2
\Aap — A2 — )2
—(C1 sin 'uiﬁ + Cs3 cos H
2 2 )]2
4 — N2 4 — N2 ’
C’lcos\/u §+Czsm\/u2 13
L L (16)
_ 1 ey 2 1<)
where & Ct+F(1+a)z +F(1+5)y + &.
When A2 — 4u = 0, we obtain the rational function
solutions:
_ 312 A CQ
ua(z,y,t) = ao = §FA~5 + el

_3 2 _/\ & 2
ghil-g + Ch +C’2§] ’
 8akTkop + akikeA® + c + daagks
4CLI{?1

Cs
+ Ci + 025]
2

’U4(:B7yat) =
~3kikaA[-5

3 A 2
lekg[ 2 Cl =+ 025]

_ kl a k2 B
Whereg—ct+r(1+a)x +F(1+ﬁ)y + &.

Remark 1. The established solutions above for the space
fractional (2+1)-dimensional breaking soliton equations are
new exact solutions so far in the literature.

Fig. 1 The solitary wave solution u, with a, = 1, A=4, u=3,

_ _ a1l _
kj =k, =1, & =0, a=p=7, c=1, t=0.1

Fig. 2 The solitary wave solution v, with a, = 1, A=4, u=3,

o= = _ P S e =y =
a=k =k,=1, &070, (17[375, c=1, t=x,=y,=0.1

IV. APPLICATION OF THE PROPOSED METHOD TO
SPACE-TIME FRACTIONAL FOKAS EQUATION
We consider the space-time fractional Fokas equation
32aq B 34o¢q a4aq aaq aaq
ot*dxt  0x3*oxy  Ox3*0xs O0zT Oxy
8204 82(1
+12q @ qa -6 ] qa
O O3 Iy 0ys
In [24], the authors solved Eq. (18) by a fractional Riccati
sub-equation method, and obtained some exact solutions for
it. Now we will apply the described method in Section 3 to
Eq. (18).
Suppose q(z,y,t) = U(E), where £ =

+12

=0,0<a<l1. (18

& «@
Tta) T
kl « kQ @ ll «Q l2 Q
T+t T Ta+ a2 " T+ TTa+a)2 T
0, k1, ko, li, lo, ¢, & are all constants with
ki, ko, l1, la, ¢ # 0. Then by use of (1) and the first

equality in Eq. (3), Eq. (18) can be turned into

Ack U" — k3 koU™ + k3 ke U™ + 12k ko (U”)?
+12]€1k2UU" — GleQU” =0.

(19)
Suppose that the solution of Eq. (19) can be expressed by

m

U@:Zm%ﬂ (20)
=0
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where G = G(§) satisfies Eq. (8). By Balancing the order

between the highest order derivative term and nonlinear term

in Eq. (19) we can obtain m = 2. So we have

G G

U() =a0+a1(G)+a2(G) .

Substituting (21) intg (19) and collecting all the terms with

the same power of (Q) together, equating each coefficient

to zero, yields a set of algebraic equations. Solving these
equations, yields:

2n

Kk N? — ki k3N + 8kTkop — 8k ki — Acky + 6l z2
o= 12k ks
ay = )\(k% - kQ), as = k% - k%

Substituting the result above into Eq. (21), and combining
with (9) we can obtain the following exact solutions to Eq.

(18).
When A% — 4u > 0,
qi(t,x1, 2, y1,92) =
k‘:lgkig/\Z — k‘lkg)\Q + 8]4)?]@# — 8k1k‘§,u — 4cky + 61115
12k 1 ko
A A2 — 4y
2 g A, VAT —4p
+A (k7 — k3)[ 5 + 5
VA2 —4 A2 —4
(1 sinh 'u§ + C5 cosh %5
( )]
/2 2 _
Cycosh Y2 —°H 4“ VA =W e Oysinh %g
2 A2 —dp
+(k? — k )[—— t
2_4 /N2 — 4
C} sinh ¢+ Cy cosh uﬁ
( e S @)
C} cosh 2_ M§ + Cy sinh 2_ Mf
where ¢ = c _qoy k1 gy kr e
I'l+a) Frl+a)™ " TA+a)™?

L b o
T+’ " T+ T

When \? — 4p < 0,
q2(t, 1,2, 9y1,Y2) =
k‘%kg)? - klkg)\Q + 8](??]{52# — 8]61]63/1 — 4Ck‘1 + 61112
12k1 ko
A Vap— A2
AR — )5 +
[4 — A2 [A1 — A2
—(C sin %/\5 + C5 cos %f
— 2]
C cos 'u#f + Cysin H £
A VAaAp— )2
- k%)[fg P AT
—(' sin § + Cycos ————
( \/— \/7 2, (23)
Cicos —— &4+ Cosin ——

Fig. 3 The periodic solution qa, in (23) with

A=2,pu=2 k=2 k=1 1,=1,=1, C=§ =0, oc:%, c
=1, t:XZZyZZOAI
where ¢ = I S SR R
I'l+ ) Fl+a)™ " T(1+a)™?

ll a 12 «
T+ T Ty ™%

n Fig. 3, the periodic function solution (23) is demon-
strated with some certain parameters.

When A2 — 4p =0,
q3(t,x1, 22,1, 42) =
E3kod? — ki kSA? + 8k kop — Skikip — dcky —1—61112
12k ko
CQ 02
MNEZ—ED[-Z2+ —2 4+ (K2 —k)[-Z +- 2
( 1 2)[ 2+C1+CQ§]+( 1 2)[ 2+Cl+c2§;4)’

where & =

Cc o kl « 2 o
Mt "TTa+ra) " Tara)® ™

ll o lQ «
T+’ T+ T

Remark 2. As one can see, the established solutions
for the space-time fractional Fokas equation above are
different from the results in [24], and are new exact
solutions so far to our best knowledge.

V. APPLICATION OF THE PROPOSED METHOD TO
SPACE-TIME FRACTIONAL KAUP-KUPERSHMIDT
EQUATION

We consider the following space-time fractional Kaup-
Kupershmidt equation

Dfu+ D3P+ 45u*DPu — ?Dqufcﬁu

—15uD¥u =0, 0<a, <1, (25)

which is a variation of the following Kaup-Kupershmidt
equation [34-36]:

75
Ut + Upzzze + 45’U,w’U/2 - ?uzuww — 1butge, = 07 (26)

To begin with, we suppose u(z,t) = U(§), where { =
c a k B

¢ +a)t + T+ 3" + &, k, ¢, & are all constants

with k, ¢ # 0. Then by use of (1) and the first equality in

Eq. (3), Eq. (25) can be turned into

75

15k30U" =0
(27)

U’ + kKPU® + 45kU2U" — —K*U'U" —
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Suppose that the solution of Eq. (27) can be expressed by

n el 212 8k*C3 2,90\2
U€) = Zai(a)l' (28) ug(x,t) = —2k°\° 4+ m + §k (\° +8u), (34)
]TSnalin;inégothe order of U(®) and UU"” in Eq. (27) we have g}here §= —11k5(—5i_‘)\(21u+—|—a1)6u2 + ) >+ I‘(llfi— 3) P4
/ /
U(€) =ao+ al(a) + 32(5)2~ 29) Case 2:
Substituting (29) into (27), using Eq./(S) and collecting all as = k2, a1 = k%), ag = 1%]&()2 +4p), k =k,

the terms with the same power of (%) together, equating
each coefficient to zero, yields a set of algebraic equations.

1
¢ = ——kP(—=8N\2p + 162 + A1),
Solving these equations, yields: 16 ( a a )

Case 1: 2 1 1 1
9 g:7§k7,u'37ﬂk7)‘4/14+6k7)\2,u2+@k7)\6'
ap = 8k?, a; = 8K\, ag = Zk*(\2 +8pu), k =k,
3 Substituting the result above into Eq. (29) and combining
¢ = —11K5(—8\2p + 1612 + \Y) with (9) we can obtain the following exact solutions to Eq.
’ (25).
1664 104 416 2
OO0 B T 2OkTAZ2, 30 When \* —4pu > 0,
9= 3 == (30) 1 1
Substituting the result above into Eq. (29) and combining us(x,t) = —EkQ)\Q + Zkz()\Q —4p)
with (9) we can obtain the following exact solutions to Eq.
(25). VA2 —14 VAT 14
When A2 — 441 > 0, C1 sinh %f + C5 cosh %{
VAZ — . A2 —4
up(z,t) = —2k2 2% + 2k%(\? — 4p) Cj cosh Tuf + Cy sinh %g
2
/N2 _ N2 _ 1
C| sinh %5 4+ C5 cosh %f +Ek2()\2 +4p), (35)
VA2 —4 VA2 —4 1
C4 cosh %5 + Cy sinh %{ . —— kP (—8A%p 4+ 162 + \*) . 1 5

where € = I+ a) e

2
+fl<:2(/\2 + 811), (31) So-
In particular, when A > 0, = 0,C; # 0,Cy = 0, we

— 11K (=8N + 164> + A*
where § = (= F(1u+ a) L ) “+ F(llj— 3) 2”+  can deduce the soliton solutions of the Kaup-Kupershmidt
&o. equation as follows:
Lioyo 2, A TN
In particular, when A > 0, = 0,C, # 0,Cy = 0, we ug(w,t) = Zk A”sech (7) + ﬁk A% (36)
can deduce the soliton solutions of the Kaup-Kupershmidt )
equation as follows: When A® —4p <0,
1 1
A 2 __tg24y2 12 2
ug(x,t) = 2k2)\2$ech2(?§) + ng)\Q‘ (32) ur(z,t) = 4k AT+ 4k (dp — A7)
2 - VAap — N2 -2
When A\* —4u <0, _Cy sin %g + O cos ,U2 ¢
t) = —2k7A% + 2k (4p — N2 VA — X2 — A2
uz(z,t) + 2k~ (4p ) C} cos %5 4 Cysin M2 ¢
V4 Vap — A2
—C si 1
Csin ¢ 4 Cocos 5 ¢ + 52O + 4p), 37)
V4 Vi — A2
C Cs 1
1 cos 5 + Cysin Y—— 5 3 _T6k5(_8A2M 41602+ AY) . ,
where £ = o4 P4
ra ra+
+§k2()\2 +8), (33) ¢, (1+a) 1+5)
where f _ —11]€5(—8>\2,LL + 16[1,2 + )\4) oy k l‘ﬁ‘i‘ When \2 — 4/1' =0,
I'l+«) I'(1+p5)
€o- L
1 k=C
)= ——kN+—2 —kQ A +4p), (38
When A2 — 4y = 0, us(z,t) = —7 (©r 1 o) (A*+4p), (38)
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1
—1—k5(—8)\2u + 1642 + \*)
I'l+a)

where ¢ = to+ P+

€o.-

I'(1+P)

Remark 3. The established solutions in Egs. (31)-
(38) are new exact solutions for the space-time fractional
Kaup-Kupershmidt equation.

VI. CONCLUSION

We have applied the known (G’/G) method to solve the
space fractional (2+1)-dimensional breaking soliton equa-
tions, the space-time fractional Fokas equation, and the
space-time fractional Kaup-Kupershmidt equation. Based on
certain fractional transformation, such fractional partial dif-
ferential equations can be turned into ordinary differential
equations of integer order, the solutions of which can be

expressed by a polynomial in (G/), where G satisfies the
ODE G"(§) + AG'(§) + pG(§) = 0. With the aid of
mathematical software, a variety of exact solutions for these
fractional partial differential equations are obtained. Being
concise and powerful, we note that this approach can also be
applied to solve other fractional partial differential equations.
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