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Comparison of Two Methods to Check Copula
Fitting

Yan Fang, Lisa Madsen, and Ling Liu

Abstract—The novelty of this paper is how we quickly and
accurately choose the true copula if we know the true copula
exists and is one from a given copula families. Goodness-of-fit
test approaches are the most popular procedure to select the
best copula for a particular data set. However, the goodness-
of- fit tests just check whether a parametric copula is rejected
or is not rejected for a specific data. This paper investigates
the feasibility of using Akaike Information Criterion (AIC) to
choose a copula model from a series of candidate copula models.
If the true copula is among the candidate families, the copula
with the least AIC should be the true one; otherwise, the copula
with the least AIC will be the best one. We do simulations to
show that AIC method is generally faster and more precise
than the multiplier goodness-of-fit test method.

Index Terms—AIC, empirical copula, goodness-of-fit, pseudo-
likelihood, pseudo-observations, semi-parametric.

I. INTRODUCTION

Opula have proved to be a very useful tool in the
analysis of dependency structures in modern finance
and insurance. It allows us to model the multi-dependence
without specifying the marginal distributions. The concept of
copula was based on Sklar’s theorem (Sklar [50]): any multi-
variate distribution can be decomposed into a copula and its
marginal; if the marginal distributions are continuous, then
the copula is unique; otherwise, it is uniquely determined on
its corresponding range. One attractive property of copula is
their invariance under strictly increasing transformations of
the margins. For a thorough literature review of copula, see
Nelsen [42]. Copula was first used in financial applications
by Embrechts et. al. [15]. Since then the application on copu-
la theory in finance and economics has grown tremendously.
Moreover, practical applications of this modeling approach
are found in fields such as finance (Nikoloulopoulos et. al.
[43]; Fang and Madsen [16]), hydrology (Genest et. al. [23]),
public health and medical (Winkelmann [52]) and actuarial
science (Frees and Valdez [19]; Otani and Imai [44]).
Although copula are becoming more and more popular
among academics, and many copula families have been
suggested, however, selecting the functional form for copula
is an open question in the literature. Our question is how
to quickly and precisely choose a true parametric copula
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from a series of given candidate families where the true
copula is included. Many authors recently proposed for using
the goodness-of-fit (GOF) test (Genest and Rivest [20] and
Fermanian [17], etc.) for choosing the copula models. Most
of them have been made to test the null hypothesis, e.g.,
Genest and Rivest [20], Shih and Louis [49], Breymann
et. al. [8], Fermanian [17], Genest et. al. [22], Dobri¢ and
Schmid [12], Genest and Rémillard [25], Genest et. al. [26],
Kojadinovic and Yan [36], Kojadinovic et. al. [35], and so
on. Among the existing approaches, some approaches are
full multivariate approaches while several approaches are
dimension reduction approaches which reduce the multivari-
ate problem to a univariate problem, and then apply some
univariate test. The former one leads to computationally
exhaustive for high dimensional problems, while the latter
one leads to numerically efficient approaches even for high
dimensional problems.

Among the dimension reduction approaches, it is common
to apply standard univariate statistics such as Kolmogorov-
or Cramér-von Mises type statistics. According to the large
scale simulations carried out in Genest et. al. [26], the most
powerful version of test based on the Cramér-von Mises
statistic is the parametric bootstrap-based GOF tests. An
approximate p-value for this test is obtained by means of a
parametric bootstrap whose validity was recently shown by
Genest and Rémillard [25]. Since each parametric bootstrap
iteration requires both random number generation from the
fitted copula and estimation of the copula parameter, hence
the essential inconvenience of this approach is its high
computational cost. Moreover, the larger the sample size,
the more restrictive the application of parametric bootstrap-
based GOF tests becomes. In order to circumvent this very
high computational cost, Kojadinovic and Yan [36] proposed
a fast large-sample testing procedure based on multiplier
central limit theorems. From now on, we will call this testing
procedure as the multiplier GOF test method. However, the
problem with this approach is that in order to get a valid
estimation of the parameter the multiplier GOF test requires
the sample size of at least 300. Another issue with the
multiplier GOF test is that it can not provide the best copula
from a series of candidate families.

The essence of GOF test is checking whether the unknown
copula actually belongs to the chosen parametric copula fam-
ily or not. It is only used to check whether we should reject
or fail to reject the chosen copula, thus we cannot use the
GOF test to chose the true parametric copula from a series of
copula model, even when the true copula is among the given
series. The contribution of the present paper is to accurately
and precisely choose an exact parametric copula for a given
data when the true copula exists and is among a candidate
families. And this paper will be based on the assumption
that the candidate families contain the true copula. Here,
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we introduce Akaike Information Criterion(AIC) developed
by Akaike [2], to chose a true parametric copula model.
Although AIC does not provide us with any understanding
of the power of the decision rule employed, it provides the
comparison of the fitting of different copula, therefore it can
be used as a tool for copula selection. One of the benefits
of AIC is that it takes less time than the multiplier GOF
test method. Furthermore, the smaller the AIC, the better the
copula is.

The purpose of this paper is to present a critical review of
AIC as a tool for choosing copula from a series of candidates
and to compare the relative effectiveness of AIC method
with the multiplier GOF test method through simulation
study, which involves a large number of copula alternatives
and dependence conditions. We provide some basic theory
regarding copulas in Section II. Both multiplier GOF test
and AIC are reviewed in Section III. The simulation results
from five one-parameter copula families, specifically, Clay-
ton, Frank, Gumbel, normal and t copulas, are presented in
Section IV. A brief conclusion is given at the end.

II. BASIC THEORY
A. Copula basics

The definition of a p-dimensional copula is a multivariate
distribution C with uniform (0,1) margins. According to
Sklar’s theorem (Sklar [50]), any multivariate distribution
function H with the marginal cumulative distribution func-
tions (cdfs) F'y,...,F, can be written as

H(x) = C(F1(z1),....Fp(z,)) , x €R?, (1)

for some copula C. If all the margins are continuous, then
C is unique. Therefore, the copula of the joint distribution
function for a random vector X = (X1,...,X,)T may be

derived from Equation (1), i.e.,
C(ul,...,up):H(Ffl(ul),...7F;1(up)), 2)

where F; '(-) is the inverse of the marginal cdfs and u; €

[0,1],Vi = 1,...,p. The copula density is given by
h(Fy ! (u1), ..., Fyt(uy))
c(ug,...,up) = L > p P 3)

i=1 £(F7 " (ui) 7
where f;(-) is the probability density function (pdf) for the
variable F; '(u;) and h(-) is the joint pdf for multivariate
(Ffl(ul), . 7F][jl(up)).

B. Estimation

When considering the problem of estimating the paramet-
ric multivariate density models, usually there are two broad
approaches to estimate the dependence parameter 6. They
differ mainly in the assumption about the parametric margins
or the non-parametric margins. Copula is mostly based
on a parametric copula and the non-parametric marginal
distributions, i.e., the semi-parametric copula. For copula
selection, we are only interested in the fit of the copula. We
do not wish to introduce any distributional assumptions for
the margins. Hence, we will use the semi-parametric copula
or use empirical margins to transform the observed data set
into the observed copula.

Assume that the unknown copula C belongs to an abso-
lutely continuous parametric family Co = {Cy : 6 € O},

where O is an open subset of R? for some ¢ = {1,2,3,...}
and the vector of copula parameters § = (01,...,6,) is
estimated from the random sample (Xi,...,X,). When
estimating the parameters for a semi-parametric copula, a
natural estimation method is the pseudo-likelihood approach
introduced in Genest et. al. [21] and Shih and Louis [49].
It consists of maximizing the log pseudo-likelihood function
1(#), namely,

0, = argmax ()
0

= argénaxz log Cg{Uil, R Uip}, 4)

i=1

where ¢y is the density function of the parametric copula
Co¢ € Co, and the U, = (U;1,...,U;,) are the pseudo-
observations or the re-scaled empirical distribution of X; =
(Xi1, ..., Xip), namely,

. Ry

Uy = 2. 5)

where R;; is the rank of X;; among (X1;, ..., Xp;).

C. Empirical Distribution

According to Deheuvels [9], a consistent estimation of
the underlying copula is possible via the empirical copula,
which also can be described as the distribution function of
the sample of the normalized ranks. The empirical copula
for n pseudo-observations Uy, ..., U, is given by

Cp(u) = Ui <un,y.., Uip S up), (©)

1

n

S|

7

where u = (ug,...,up) € [0,1]7, I(-) is the indicator
function, taking the value 1 if U;; < u; and O otherwise.

III. THE MULTIPLIER GOF TEST METHOD AND THE AIC
METHOD

We now briefly introduce the procedures for both the mul-
tiplier GOF test method and the AIC method, respectively.

A. Multiplier GOF test method

This subsection describes the multiplier GOF test method
introduced by Kojadinovic et. al. [35]. The multiplier GOF
test method is based on the empirical copula (Deheuvels [9]
and Deheuvels [11]), which is a consistent estimator of the
unknown copula C. The cardinal principle of this test has
been studied by Deheuvels [10] and Genest and Rémillard
[24]. The idea is to compare the empirical copula C,(u)
defined in Equation (6) with the parametric copula Cy(u)’s
estimator, Cy_ (u), which is obtained by assuming that H, :
CeCy={Cy:0 € O}. b, defined in Equation (4) is an
estimator of #. The natural way is to consider the distance
between empirical and null hypothesis distribution functions.
That is, under suitable regularity conditions, the empirical
copula process is

Cn(u) = vVn{Cy(u) - Cy, (0)}, (7
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where u = (uq,...,up,) € [0,1]P. The test statistic, the
Cramér-von Mises Statistic, is defined as

Sn = / C2 (u)dC,,(u)
[0,1]7

= 3 {CA(0) - 0, (0} ®)

The asymptotic distribution of test statistic S,, derived
from the process C,,(u) depends on the unknown distribution
Cy,, (u), hence, Kojadinovic et. al. [35] proposed the multi-
plier GOF test which is a fast large-sample testing procedure
based on the multiplier central limit theorems inspired by
Rémillard and Scaillet [46].

Let’s define a sequence of the distributed processes
{J;};_,, that is,

Ji(u) = ag(u) — © x Cy(u)
—icgﬂ(u)ag(l,...,1,uj,1,...,1)
j=1
with
ag(u) = I(U; <u) — Cy(u),

_ 9Cy(u)

Co(u) 90

—1/2
yUj +n /,...

Qn—1/2
U —nT
oIn—1/2 ’

co(u)el (u -t
. {ce(cg)(z)( >}] y
dCe(U)]

c(U) _ & e () é(w)
{cawi) 2 |5
[0,1]»

where I; = I(U;; < uj) — uy, ¢o(u) = Jcg(u)/08 and
céj)(u) = Jcg(u)/Ou;. Then Jy, ..., ], are independent and
identically distributed (i.i.d.) processes whose form depends
on the estimate of 6 as well as the hypothesized copula family
Cy. Let N be a large integer and let Zi(k),z' e{l,...,n}, ke
{1,...,N}, be iid. random variables with mean O and
variance 1 and be independent of the data X. Under suitable
regularity conditions, the GOF process (C,L,(Cél), .. .,(CéN)
defined in (7) converges weakly to ({> 1, J;(u)}/v/n,
{Ei 205y /v, o A0, 200 T(w)} Vi) (refer
to [34]).

Let J;(u) be the estimation version of J;(u) in which
all the unknown quantities are replaced by their estimates,
the approximate p-value for the test based on the multiplier
method can be obtained by means of the following procedure
(see Kojadinovic and Yan [33] and Kojadinovic et. al. [35],
for more details):

Algorithm 3.1: The multiplier GOF test procedure
STEP 1: Compute pseudo-observations le, ey U, from
the observed data X as in Equation (5), then use IAJZ to
get C,,(u) by using Equation (6); Estimate the dependence
parameter 6 by using Equation (4);

STEP 2: Compute the test statistic S,, defined in Equation

Cg(ul, e

Clw) =
Cg(ul, ..

and

o=

®);
STEP 3: Set N to be a large integer, and repeat the following
steps for every k € {1,...,N}:
3.1  Generate n i.i.d random variables ka), ey Zr(Lk)
from the standard normal distribution with mean 0
and variance 1;
3.2 Asin [34], form an approximate independent real-
ization of the test statistic under g by

cw) = 2= 3" 2[5, (w)
=1

3.3  Compute an approximate independent realization of
S,, under Hy by

2
s = [ {ePw} acuw
[0,1]

= > (e}
[
STEP 4: An approximate p-value for the test is given by
et 1S > S).

Since J;(u) only needs to be computed once, the multiplier
GOF test procedure is faster than the traditional parametric
bootstrap method. However, the derivation and the compu-
tation of terms ji(u) are complicated, since they involve
partial derivatives of cdf and pdf of the hypothesized copula
not only with respect to variables u; but also with respect to
parameters (see Kojadinovic and Yan [33] and Kojadinovic
et. al. [35]). Therefore, we propose a much easier way, i.e.,
the AIC method, to use choose a correct copula.

B. AIC approach

This section introduces the development and application
of AIC (Akaike [2], [3]) in copula selection. AIC derived in
Akaike [3] is defined as

AIC = —2( maximum log likelihood)
+ 2(number of free parameters)
= _21(671) + 2¢, )

where [(6,,) is the maximized value of the log pseudo-
likelihood function {(#) defined in (4), and ¢ is the number
of free parameter.

The AIC is a measure of the relative GOF of a model. We
are trying to reduce the distance between the true copula and
the approximate copula. Lehmann and Casella [39] suggested
using the Kullback-Leibler information as a measure of the
distance between the true model and the null hypothesized
model. Assume that the pdf of the true unknown copula and
the approximate copula model under null hypothesis for a
data set are c¢(u) and cy(u) respectively, then the Kullback-
Leibler information measure between c(u) and cy(u) is
defined as

K (c(w.co(w) = [ {roe | S ] b etujan

(w)
sl

= Ey [log ¢(u)] — Ey [log cg(u)]

(10)

where E,[-] denotes the expected value with respect to vari-
able u. The Kullback-Leibler information K (c¢(u), co(u)) >
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0, or equivalently, E, [logc(u)] > E, [logce(u)], and it
equals to O if and only if ¢(u) = cyp(u) happens almost
surely (see Chapter 2 from Kullback [38]). The smaller
the Kullback-Leibler information, the closer the approximate
copula to the true copula. Alternatively, the larger the quan-
tity E, [log co(u)], the closer the function cp(u) is to c(u).

Bozdogan [7] suggested that the AIC is an unbiased
estimator of —2E,, [log cg(u)], viz, AIC = —2E, [log ¢y (u)].
Substituting AIC into Equation (10), the Kullback-Leibler
information can be furtherly expressed as

K (c(u), co(u)) = (11)

Since AIC definitely is part of Kullback-Leibler informa-
tion, the value of AIC itself is not meaningful. However,
we can minimize AIC to minimize the Kullback-Leibler
information. In other words, the smaller the AIC, the closer
the function ¢y (u) is to the true copula pdf c¢(u). In addition,
AIC provides a versatile procedure for statistical model
identification and is free from the ambiguities inherent in the
application of the conventional hypothesis testing procedures.

When there are several competing copulas, we want to
know which copula fits the data best. The chosen copula
model should be the one that minimizes the Kullback-Leibler
information between the copula model and the true unknown
copula. We can calculate the AIC for each model with the
same data, then the “best” model is the one with the least
AIC value. AIC is more computationally efficient than other
copula selection methods. Though it can’t do a formal GOF
hypothesis test, it can be used to select the best copula from
a group of copula families. The practical advantage of AIC
in copula analysis will be demonstrated in next section by a
simulation study through the comparison between it and the
multiplier GOF test method.

1
u [log c(u)] + iAIC'

IV. SIMULATION AND RESULTS

To assess the performance of the AIC model-selection
method, we conduct a simulation study comparing the AIC
method with the multiplier GOF test method. The feature
of the multiplier GOF test are its ability to maintain its
nominal level, which is arbitrarily fixed at 5% throughout the
study, and its power under a variety of alternatives. While
the feature of AIC is to check the ability of the true copula
providing the least AIC, namely, the proportion of the least
AIC from the true copula. We simulate N = 1,000 times
to estimate the level or power of each of the two methods
under consideration. In each times, the multiplier GOF test
method, which is based on N = 1, 000 bootstrap samples, is
used to find out whether the copula under the null hypothesis
is rejected or not rejected; while the AIC method is used to
find out which copula provides the least AIC. After repeating
1,000 times, we will obtain the rejection proportions for the
multiplier GOF test as well as the proportions of the least
AIC for copula under interest. The procedure for calculating
the proportions of the least AIC is given in Algorithm (4.1).

Algorithm 4.1: AIC procedure
STEP 1: Set N = 1000 and repeat the following steps for
every k€ {1,...,N}:

1.1 From a given copula family we enerate the random

variables X(®) = (X{¥) . , where n is the
number of observatlons

1.2 Compute pseudo-observations ﬂgk), ey fJng)

from the data set X(*) by using Equation (5), then
get the AIC values defined in Equation (9) for all
candidate copula families and find out the copula
with the least AIC;

STEP 2: For all the candidate families, calculate the pro-
portions (out of V) that each families achieve the least AIC.

In this experimental design of the study, five one-parameter
copula families were considered: Clayton, Frank, Gumbel-
Hougarrd, Normal, and t with v = 5. They are abbreviated
as C, G, E N, and ts5, respectively, in the forthcoming
tables. Each copula families serve as the true copula or the
generating copula; For each copula family, four dependence
levels (0.2, 0.4, 0.6 and 0.8) corresponding to Kendall’s 7
are considered; Three different sample sizes (n=100, 300 and
500) are used; Three dimension sizes (2-variate, 3-variate and
4-variate) are tested.

Therefore, there are 4 x 3 x 3 = 36 scenarios. For each
scenario, we will

1. conduct the hypothesis test (namely, Ho copula (5
choices: Clayton, Frank, Gumbel, Normal, and t
with v = 5) and H; copula (5 choices: Clayton,
Frank, Gumbel, Normal, and t with v = 5)) for each
of the five copula families (i.e., Clayton, Frank,
Gumbel, Normal, and t with v = 5) by using the
multiplier GOF test method and

2. compute the AIC’s for each family (i.e, Clayton,
Frank, Gumbel, Normal, and t with v = 5).

In this simulation, one of the interest is to check whether
the true copula used to generate the random sample gives
the highest proportion of the least AIC. In the following, we
will call this proportion the “correct rate” (i.e. the proportion
that the true copula gives the least AIC in N = 1,000
repetitions). We are also trying to explore the connection
between the correct rate from the AIC method and the
empirical level (i.e., the proportion of rejections for the true
null hypothesis under N = 1,000 repetitions) from the
multiplier GOF test method. If the AIC method performs
well, then the “correct rate” is the highest and close to 1.
Conversely, if the multiple GOF test performs well, then the
empirical level is small and close to 0.

Tables I, IT and III compare the performance of the AIC
method with the multiplier GOF test method for sample
size n = 100, n = 300 and n = 500, respectively. The
AIC method globally agrees with the multiplier GOF test
method. In other words, a large correct rate corresponds to
a small empirical level. When both the sample size and the
dimension are fixed, as the dependence measure 7 increases,
the correct rate from the AIC method generally increase.
Or loosely speaking, the higher the dependence, the more
accurate the AIC method is. For example, for the Gumbel
copula with n = 300 and d = 2, the correct rates are 81.6%,
93.0%, 95.1% and 96.4% for 7 = 0.2, 0.4, 0.6 and 0.8,
respectively.

Moreover, we notice that the smaller the sample size, the
larger the correct rate. For example, for Gumbel copula with
7 = 0.2 and d = 2 the correct rate are 60.1%, 81.6% and
90.3% for n = 100, 300 and 500, respectively. Similarly,
when both 7 and sample size are fixed, as the dimension
increases, the correct rate correspondingly increases. For
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TABLE I: The proportions of rejection (at 5% significant level) of the null hypothesis and the proportions of the least AIC

obtained from 1, 000 repetitions when d = 2

n True Kendall's Proportions of the Teast AIC Proportions of rejection under Hg
Copula T G C F N t G C F N ts
100 G 0.2 60.1 33 9.3 1.5 158 3.0 665 177 95 142
0.4 73.6 0.3 4.1 104 11.6 2.9 97.5 440 225 270
0.6 79 0 2.5 8.4 10.1 2.6 100 618 297 317
0.8 783 0 1.7 6.8 13.2 3.1 100 774 385 384
( 02 ) 753 713 75 84 493 82 9.4 26 6.5
0.4 0 939 15 2.5 2.1 91.5 8.6 58.0 418 473
0.6 0 974 09 0.8 0.9 98.9 95 776 692 654
0.8 0 98.5 0.9 0.1 0.5 99.8 102 574 87.0 67.6
F 02 45 3.6 449 90 80 86 528 52 94 29
0.4 104 35 598 190 73 412 937 6.6 203 373
0.6 4.8 0.9 779 113 51 62.6 995 58 409  64.1
0.8 1.5 0 914 43 2.8 814 999 59 762 828
N 02 213 65 222 307 93 2745276 42 04
0.4 16.0 7.2 11.7 522 129 209 833 131 38 12.4
0.6 11.3 25 72 643 147 186 973 279 46 11.9
0.8 10.1 0.3 3.9 643 214 9.9 99.7 394 4.0 12.1
t 02 48 1I.T 35 5.0 65.6 89 33T 94 89 338
0.4 162 4.6 4.4 10.0 648 121 792 193 6.0 3.9
0.6 147 32 2.5 13.0  66.6 140 96.6 343 48 3.2
0.8 1.7 0.9 2.3 148 70.3 104 993 47.1 82 4.7
300 G 02 81,6 02 39 84 59 35 963  4I.6 243 330
0.4 930 0 0.5 2.7 3.8 42 100 81.8 512 573
0.6 95.1 0 0.1 1.5 33 2.8 100 973 645 684
0.8 964 0 0.1 0.7 2.8 3.0 100 99.7 693 68.2
C 02 0 938 19 277 1.6 940 50 60.0 440 380
0.4 0 99.7 0.1 0.1 0.1 100 6.0 99.6 974 985
0.6 0 100 0 0 0 100 5.1 100 100 100
0.8 0 100 0 0 0 100 6.0 100 100 100
F 02 6.2 42 68.0 86 3.0 556 874 49 1T 432
0.4 0.5 0 90.5 83 0.7 945 100 3.4 58.0 905
0.6 0.3 0 982 14 0.1 99.8 100 4.8 941 994
0.8 0 0 100 0 0 100 100 32 99.8 100
N 02 2679 86 585 24 320 705 0. 49 255
0.4 4.8 0.8 42 87.1 3.1 579 997 300 4.9 36.8
0.6 1.8 0 1.5 904 6.2 623 100 662 3.7 26.5
0.8 1.0 0 0.1 929 6.0 538 100 945 3.7 19.4
t 04 55 42 1.6 I3 874 217 610 238 114 44
0.6 4.1 0.2 0.6 1.7 93.4 39.1 995 588 9.0 4.4
0.8 2.0 0 0.2 2.3 95.5 50.7 100 83.8 7.7 4.4
0.2 1.6 0 0.1 3.5 94.8 450 100  96.8 8.1 3.7
500 G 02 930 0 5 35 20 32 99.6  59. 346 50.
0.4 977 0 0.2 1.1 1.0 43 100 97.0 750 80.6
0.6 988 0 0 0.5 0.7 32 100 100 878 884
0.8 992 0 0 0.2 0.6 2.3 100 100 89.0 89.1
( 02 0 979 05 2 0.4 993 50 847 719 ¥I8
0.4 0 999 0 0.1 0 100 4.2 100 99.9 100
0.6 0 100 0 0 0 100 58 100 100 100
0.8 0 100 0 0 0 100 5.7 100 100 100
0.4 0 0 97.1 29 0 99.9 100 4.1 84.1 993
0.6 0 0 99.8 0.1 0.1 100 100 5.7 99.8  99.9
0.8 0 0 100 0 0 100 100 25 100 100
N 02 6.5 3.6 36 755 06 ST.7 882 02 34 4572
0.4 1.2 0.2 1.5 96.2 0.9 812 100 48.1 44 58.7
0.6 0.1 0 0 98.6 1.3 88.5 100 882 42 51.1
0.8 0.1 0 0.2 98.1 1.6 854 100 999 28 30.5
t 02 25 03 02 03 96.7 335 819 463 162 438
0.4 1.3 0 0 1.4 97.3 66.5 100 850 13.0 45
0.6 1.1 0 0 0.4 98.5 759 100 989 9.6 3.8
0.8 0 0 0 1.1 98.9 73.6 100 100 8.2 33

example, for Clayton copula with 7 = 0.2 and n = 300
the correct rate are 93.6%, 99.4% and 99.8%.

For the multiplier GOF test method, the empirical levels
globally agree with 5% nominal level well. However, not
only does the empirical level agrees with 5% nominal level,
but also the rejection proportion from other copula family
agrees with 5% nominal level. Therefore, it gives more than
one copula families which provide the small proportion of
rejection for the null hypothesis under consideration. Some-
times, the rejection proportion from other copula instead of
the true copula is even less than the empirical level. For
example, when the generating copula is Frank, 7 = 0.2,
d = 4, and n = 300, the proportions of rejection are 4.9%
and 3.2% for Frank and Normal, respectively. The Normal
copula provides less proportion of rejection than the Frank
copula. But if we use the AIC method, only the Frank copula
provides the highest proportion (98.2%) of the least AIC.

As a reference, we will compare the correct rates and
the empirical levels. The simulation results are illustrated in
Figure 1. Each sub-figure gives the simulation results from
the different copula. In each sub-figure, the three columns
from left to right give the combination of multivariate di-
mension and 7 for n=100, 300 and 500 respectively. And in
each column, the four dots on each line correspond to the
simulation results with respect to the association parameter 7
(from left to right, 7 = 0.2,0.4,0.6,0.8). The three bottom
lines give the empirical levels for the multiplier GOF test
method, while the three upper lines give the correct rate by
using the AIC method.

Figure 1 visually helps us to discern the relationship
between the correct rates and sample size, dimension and
7. Obviously, all the correct rates are far more than 50%,
which means the AIC method provides only one copula
family that fits the data set well. For example, in figure 1 (e),
all the correct rates are greater than 50% and approaches to
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TABLE II: The proportions of rejection (at 5% significant level) of the null hypothesis and the proportions of the least AIC

obtained from 1,000 repetitions when d = 3

n True Kendall's Proportions of the Teast AIC Proportions of rejection under Hg
Copula T G C F N t G C F N ts
100 G 0.2 8. 08 0.7 6.9 42 49 71.0 215 9.1 7.0
0.4 884 0 4.5 2.8 43 2.0 983 491 222 1738
0.6 910 0 24 3.1 1.7 1.7 100 63.0 21.7 236
0.8 890 0 1.3 2.4 0 0 100 493 99 10.2
C 02 40 875 45 42 34 599 6.7 34T 169 309
0.4 0 978 14 0.4 0.4 977 6.5 743 541 626
0.6 0 99.1 05 0.2 0.2 994 6.0 82.0 724 645
0.8 0 99.3 0.6 0 0.1 99.6 2.0 219 641 143
0.4 6.1 1.8 81.0 85 2.6 419 956 49 5.1 30.1
0.6 2.4 0 940 35 0.1 539 100 4.0 23.0 53.0
0.8 0.2 0 983 1.0 0.5 564 100 0.6 483 472
N 02 Z 09 2600 67 376 623 270 27 20.
0.4 6.5 3.1 3.2 78.7 85 579 970 393 22 22.5
0.6 3.6 0.5 1.8 824 117 443 995 544 20 11.6
0.8 3.5 0.1 1.0 753  20.1 6.0 99.8 345 0.5 2.0
t 02 38 41 1.0 2.1 89.0 303 490 28T 73 235
0.4 35 1.5 0.5 3.7 90.8 433 930 437 46 2.9
0.6 1.9 0.3 0.3 4.7 92.8 420 996 571 22 1.0
0.8 3.3 0.9 0.5 5.8 90.4 11.3 100 38,6 0.9 0
300 G 0.2 968 0 2.1 1.0 0.1 2.8 985 467 363 184
0.4 99.7 0 0.2 0.1 0 35 100 933 688 509
0.6 995 0 0.2 0.2 0.1 2.6 100 995 706 628
0.8 994 0 0 0.1 0.5 1.1 100 100 592 55.6
C 02 0 99402 03 0. 989 49 863 726 808
0.4 0 100 O 0 0 100 6.3 100 995 999
0.6 0 100 O 0 0 100 4.6 100 100 100
0.8 0 1000 0 0 100 2.9 100 100 100
F 02 1.6 035 921 57 0.1 580 931 53 72 46.8
0.4 0.1 0 99.5 04 0 972 100 53 425 937
0.6 0 0 100 0 0 99.9 100 3.4 91.0  99.7
0.8 0 0 1000 0 100 100 2.1 99.0 100
N 02 22 23 47 90.7 0. 853 950 469 34 638
0.4 0.1 0 0.3 99.3 03 98.9 100 843 34 75.0
0.6 0.1 0 0 99.6 0.3 994 100 96.1 34 59.6
0.8 0.1 0 0 98.1 1.8 948 100 998 2.0 29.0
t 02 02 02 0 0 99.6 632 894 517 1I.6 4T
0.4 0.1 0.1 0 0.2 99.6 91.6 100 895 88 3.8
0.6 0 0 0 0.2 99.8 956 100  99.0 6.1 3.0
0.8 0 0 0 0.3 99.7 90.5 100 999 4.0 1.6
500 G 02 99.7 0 02 0.1 0 35 99.8 735 663 384
0.4 100 0 0 0 0 2.9 100 99.6 91.8 79.7
0.6 100 O 0 0 0 42 100 100 945 905
0.8 1000 0 0 0 1.8 100 100 87.0 83.7
C 02 0 000 0 0 0.1 1000 35 987 942 99.6
0.4 0 100 0 0 0.1 100 5.2 100 100 100
0.6 0 100 0 0 0.1 100 4.6 100 100 100
0.8 0 100 0 0 0.1 100 3.3 100 100 100
F 02 0.4 0 96.9 27 0 832 990 45 27 754
0.4 0 0 100 0 0 100 100 4.6 71.0 998
0.6 0 0 100 0.1 0 100 100 25 99.4 100
0.8 0 0 100 0 0 100 100 2.1 100 100
N 02 0.6 03 5 976 0 976 99.7 585 43 90.2
0.4 0 0 0 99.8 0.1 100 100 979 3.1 96.3
0.6 0 0 0 99.9 0.1 100 100 999 28 88.3
0.8 0 0 0 100 0 99.7 100 100 2.1 54.5
t 02 0 0 0 0 T00 835 980 761 212 42
0.4 0 0 0 0 100 993 100 993 11.8 32
0.6 0 0 0 0 100 99.8 100 100 9.6 3.7
0.8 0 0 0 0.1 99.9 99.5 100 100 64 2.1

1. Certainly, the AIC results agrees with the result from the
multiplier GOF test method. From figure 1 (e), it is clear that
all the bottom lines are around 5%. Hence, we fail to reject
the t copula. Meanwhile, according to the correct rates, the
t-copula fits the data much better than any other copula.

In addition to do the comparison of the simulation results
from the multiplier GOF test method and the AIC method,
the computational aspect also deserves attention, therefore
we also need to compare the time spent on doing the multi-
plier GOF test method and the AIC method. From section III,
we notice that the multiplier GOF test method includes two
steps, namely, the fitting and the test, while the AIC method
only needs the fitting. Since bivariate Normal copula is very
common in the real life, here we just compare the run time
of the AIC method and the multiplier GOF test method when
using the Normal copula as the generating copula and fixing
dimension to two. Table IV provides the run times in seconds
performed on one 3.20 GHz processor. These are based on

the R implementation of the tests available in the copula R
package. The last row gives the ratios of the run time spent
on the multiplier GOF test method to the run time spent
on the AIC method. As one can notice, the use of the AIC
method results in a very large computational gain. When the
sample size is 500, the run times spent on the multiplier
GOF test method is at least 6.14 times as the run times
spent on the AIC method. Even when the sample is small,
such as 100, the AIC method still same more time than the
multiplier GOF test method. Thus, the AIC method provides
more computational efficiency than the multiplier GOF test
method. For the rest copula families, the ratio results are
almost the same patterns.

V. CONCLUSION

An overview of the AIC method was given, along with the
multiplier GOF test method. A large Monte Carlo study was
presented, examining the proportion of the least AIC fixed

(Advance online publication: 13 February 2014)
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TABLE III: The proportions of rejection (at 5% significant level) of the null hypothesis and the proportions of the least
AIC obtained from 1,000 repetitions when d = 4

n True Kendall's Proportions of the Teast AIC Proportions of rejection under Hg
Copula T G C F N t G C F N ts
100 G 0.2 88.0 1.0 6.2 3.0 1.8 2.8 700 207 88 1.8
0.4 941 0 4.0 1.4 0.5 2.6 99.1 529 244 93
0.6 9.0 0 1.2 1.1 1.7 1.2 100 689 17.6 158
0.8 932 0 1.1 1.1 4.6 0 100 258 1.4 1.9

C 02 20 95.0 6 8 I.4 628 35 364 176 357

0.4 0 99.2 0.6 0.2 0 97.1 4.6 762  56.6 564
0.6 0 99.6 0.3 0.1 0 995 3.7 79.1  67.0 489
0.8 0 988 1.2 0 0 98.5 0.7 4.2 27.5 0.5
F 02 9.7 5.1 747 91 14.0 1277535 638 277 105
0.4 4.2 0.6 915 32 0.5 319 967 52 5.1 30.1
0.6 1.7 0 970 1.2 0.1 421 999 1.8 23.0 530
0.8 0.5 0 98.8 04 0.3 0.3 100 0.4 483 472
N 02 59 74 6.0 778 29 590 738 520 11 28.0
0.4 1.4 0.9 1.2 914 5.1 802 993 705 13 28.7
0.6 1.8 0.1 0.4 89.5 82 61.9 100 71.1 1.2 11.3
0.8 1.4 0 0.2 78.0 204 4.3 100 258 0 0.2
t 0.2 0.5 1.1 0.5 I.1 96.8 459 540 418 54 2.1
0.4 0.8 0.7 0.1 1.3 97.1 689 967 649 38 2.2
0.6 0.8 0.1 0.1 1.5 97.5 63.8 100 738 0.6 0.5
0.8 0.7 0 0 2.1 97.2 9.6 100 289 0.3 0
300 G 0.2 993 0 0.5 0.2 0 4.6 994 547 563 75
0.4 999 0 0 0.1 0 2.9 100 964 846 31.0
0.6 100 0 0 0 0 1.8 100 99.6 794 552
0.8 100 0 0 0 0 0.6 100 100 53.1 468
C 02 0 998 0 02 0 99.6 45 935 88T 963
0.4 0 100 0 0 0 100 4.0 99.9 99.8 100
0.6 0 100 0 0 0 100 39 100 100 100
0.8 0 100 0 0 0 100 1.8 100 100 99.9
F 0.2 0.8 0 982 1.0 0 529 960 49 32 38.6
0.4 0 0 100 0 0 96.2 100 4.3 217 91.0
0.6 0 0 100 0 0 100 100 33 82.0 995
0.8 0 0 100 0 0 100 100 1.9 99.5  99.6
N 0.2 03 0.3 13 981 0 987 997 902 21 86.3
0.4 0 0 0.3 99.9 0.1 100 100 99.8 32 92.4
0.6 0 0 0 99.6 04 100 100 100 2.5 74.2
0.8 0 0 0 993 0.7 99.6 100 100 0.7 27.2
t 0.2 0 0 0 0 100 903 955 8.6 138 42
0.4 0 0 0 0 100 99.5 100 98.7 1.8 3.4
0.6 0 0 0 0 100 99.9 100 999 69 29
0.8 0 0 0 0.2 99.8 98.7 100 100 2.8 0.5
500 G 0.2 99.7 0 0.2 0.1 0 4.0 100 779 8.0 159
0.4 100 0 0 0 0 3.8 100 99.8 982 59.7
0.6 100 0 0 0 0 23 100 100 977 85.6
0.8 100 0 0 0 0 1.5 100 100 85.6  79.0
C 0.2 0 100 0 0 0 100 42 993 985 999
0.4 0 100 0 0 0 100 43 100 100 100
0.6 0 100 0 0 0 100 3.4 100 100 100
0.8 0 100 0 0 0 100 1.5 100 100 100
F 0.2 0 0 100 0 0 785 997 55 6.6 73.1
0.4 0 0 100 0 0 100 100 32 500 99.8
0.6 0 0 100 0 0 100 100 32 98.6 100
0.8 0 0 100 0 0 100 100 2.1 100 100
N 0.2 0 0 0.1 999 0 100 100 976 30 99.1
0.4 0 0 0 100 0 100 100 100 33 99.5
0.6 0 0 0 100 0 100 100 100 3.6 96.8
0.8 0 0 0 100 0 100 100 100 1.3 69.6
t 0.2 0 0 0 0 T00 982 998 958 213 26
0.4 0 0 0 0 100 100 100 100 138 3.2
0.6 0 0 0 0 100 100 100 100 9.0 3.1
0.8 0 0 0 0 100 100 100 100 4.8 0.8

TABLE IV: The times (seconds) spent on doing the multiplier GOF test method and the AIC method: Normal and d = 2

n = 100 n = 300 n = 500
T 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
AIC 354.37 | 467.54 | 591.14 675.99 703.61 1039.36 | 1068.94 | 1237.30 1332.81 1523.44 1769.86 1814.36
Multiplier 692.6 811.18 | 921.86 | 1018.45 | 2228.83 | 2543.45 | 2767.10 | 2798.98 | 10504.80 | 1119298 | 10865.67 | 11389.22
1.95 1.73 1.56 1.51 3.17 2.45 2.59 2.26 7.88 7.35 6.14 6.28

at the generating copula family under several combinations
of problem dimension, sample size and dependence level.

Under the assumption that the true copula exists and
is among the series of candidate copula family, we have
found that the AIC method achieved better performance by
comparing to the multiplier GOF test method. It should also
be very easy to use the AIC method to choose the real copula.
Furthermore, using the AIC method is faster than using the
multiplier GOF test method to choose a copula, especially
for large sample sizes. Our study supports the use of AIC

to choose the best copula under the certain assumption.
However, without the aforementioned assumption the AIC
method cannot tell whether the copula with the least AIC is
suitable for the particular case, because the AIC is a measure
of the relative GOF of a statistical model and the AIC method
does not perform a formal GOF hypothesis test. When the
true unknown copula in not among the given candidate, the
copula with the least AIC will lead to the poor fitting. In
this paper, we propose using AIC criteria in choosing copula
models. As such, the AIC method is compared against the

(Advance online publication: 13 February 2014)
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Fig. 1: Plot for both the empirical levels and the correct rates for each copula families with d = (2, 3,4), n=(100, 300, 500),
and 7 = (0.2,0.4,0.6,0.8). The horizontal axis gives the 7 levels, and the vertical axis gives the proportions. The upper
three lines give us the correct rates from AIC, while the lower three lines give us the empirical levels (at 5% significance

level) of the multiplier GOF test method.

popular multiplier GOF test method.
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