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Further Results on 3—equitable Labeling

Gaurang V. Ghodasara, Sunil G. Sonchhatra

Abstract—A mapping f from the vertex set of a graph G to
the set {0, 1,2} is called 3-equitable labeling, if the edge labels
are produced by the absolute difference of labels of end vertices
such that the absolute difference of number of vertices of G
labeled with 0, 1 and 2 differ by atmost 1 and similarly the
absolute difference of number of edges of GG labeled with 0, 1
and 2 differ by atmost 1. A graph which admits 3-equitable
labeling is called 3-equitable graph. In this paper we prove that
the graph obtained by joining two copies of fan graph by a path
of arbitrary length is 3-equitable. We also prove similar results
for wheel, helm, gear and cycle with one pendant edge.

Index Terms—3-equitable graph, Fan, Wheel, Helm, Gear.

I. INTRODUCTION

E consider simple, finite, undirected graph G =

(V, E). In this paper F,, denotes fan graph with n+1
vertices, W,, denotes the wheel graph with n 4 1 vertices,
H,, denotes helm graph with 2n 41 vertices and G,, denotes
gear graph with 2n + 1 vertices. For all other terminology
and notations we follow Gross and Yellen[5].

If the vertices of the graph are assigned values subject to
certain conditions is known as graph labeling. A survey on
graph labeling is given by Gallian[4].

Definition 1.1 A fan graph, denoted by F,,, is the graph with
n + 1 vertices which is the join of the graphs P,, and Kj;.
ie. Fn = Pn +K1

Definition 1.2 A wheel graph, denoted by W,, is the join
of the graphs C,, and Kj. i.e. W, = C,, + K3

Here vertices correspond to C', are called rim vertices and
C,, is called rim of W,, and the vertex corresponding to K3
is called apex vertex.

Definition 1.3 A helm graph, denoted by H,, is the graph
obtained from wheel W,, by adding a pendant edge at each
vertex on rim of W,.

Definition 1.4 A gear graph, denoted by G, is obtained
from the wheel W,, by adding a vertex between every pair
of adjacent vertices of the rim of wheel.

Definition 1.5 Let G = (V, E) be a graph. A mapping f :
V(G) — {0,1,2} is called ternary vertex labeling of G and
f(v) is called label of the vertex v of G under f.

Let f* : E(G) — {0, 1,2} be the induced edge labeling
function defined by f*(e) = |f(u) — f(v)|, for an edge e =
uv of G. Let us denote vs (%) = the number of vertices of G
with label ¢ under f and e (7) = the number of edges of G
with label ¢ under f*, 0 <1,j < 2.

Definition 1.6 A ternary vertex labeling of a graph G is
called 3-equitable labeling if |v(i)—vs(j)| < 1and |ef(i)—
er() <L 0<ij<2.
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A graph G is 3-equitable if it admits 3-equitable labeling.

The concept of 3-equitable labelings was introduced by
Cahit[2] in 1990. Seoud and Abdel Magsoud[6] proved
that all fans except P» + K are 3-equitable. Bapat and
Limaye[1] proved that Helm H,, is 3-equitable for n > 4.
Youssef[11] proved that Wheels W,, = C, + K; are
3-equitable for n > 4. In this paper we prove that the graph
obtained by joining two copies of fan graphs by a path of
arbitrary length is 3-equitable. We also prove similar results
for wheel, helm, gear and cycle with one pendant edge.

II. MAIN RESULTS

Theorem 1 The graph obtained by joining two copies of fan
graph F), by a path of arbitrary length is 3-equitable.
Proof: Let G be the graph obtained by joining two copies of
fan graph F;,, = P, + K, by a path Py of length & — 1. Let
us denote the successive vertices of first copy of fan graph
by u1,us, ..., un4+1 (Where u; is the vertex corresponding to
K1) and the successive vertices of second copy of fan graph
by v1,v2,...,U,41 (Where v; is the vertex corresponding
to K1). Let w1, ws,...,w; be the vertices of path P with
wy, = uy and wg = v;.
We define labeling function f : V/(G) — {0, 1, 2} as follows.
Case 1: n = 0(mod6).

Subcase I: k = 0(mod6).
f(u;) =0; if i = 1,4(modb6)

=1; if i = 2, 3(mod6)

=2;if i =0,5(mod6), 1 <i<n+1
flv;) =0; if i =0, 3(mod6)

= 1; if i = 4,5(mod6)

=2;if i =1,2(mod6), 1 <i<n+1
flw;) =05 if j = 1,4(mod6)

=1; if j = 2, 3(mod6)

= 2:if j = 0,5(mod6), 1 < j < k.

.5
Subcase II: k& = 1(mod6).
flwg) = 2.
f(w;) =05 if j = 1,4(mod6)

= 1; if j = 2, 3(modb)

=2;if 5 =0,5(mod6), 1 <j <k-—1.
The remaining vertices are labeled same as in Subcase I.

Subcase III: k& = 2(mod6).

f(u;) = 0; if i = 1,4(modb6)

=1;if i = 2,3(mod6)

= 92;if i = 0,5(mod6), 1 <i <n+1
f(v;) = 0; if i = 2,5(mod6)

— 1, if i = 3,4(mod6)

=2;if i =0,1(mod6), 1 <i<n+1
f(w;) =05 if j = 1,4(mod6)

= 1; if j =0, 5(mod6)

=2;if j =2,3(mod6), 1 < j <k

fv2) =1, f(va) =0, f(vnq1) = 1.
f(v;) = 0; if i = 2, 5(mod6)
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=1; if i = 3,4(mod6)
=2;ifi=0,1(mod6), 1 <i<mn,i#2,i#A4

The remaining vertices are labeled same as in Subcase III

Subcase V: k = 4(mod6).
fni1) =1, f(wg) = 2.

The remaining vertices are labeled same as in Subcase III.

Subcase VI: k& = 5(mod6).

f(u;) = 0; if i = 0, 3(modb6)

= 1; if i = 4, 5(mod6)

=2;if i =1,2(mod6), 1 <i<n+1
fv) =0;if i =1,4(mod6)

= 1; if i = 2, 3(mod6)

=2;if i =0,5(mod6), 1 <i<n+1

=1; if j = 3,4(mod6)
=2;if j=0,1(
Case 2: n = 1(mod6).

Subcase I: k& = 0(mod6).
flu ) = O if i =1, 4(mod6)
; if i =0, 5(mod6)

—2, ifi=2,3(mod6), 1 <i<n+1
f(v) = 0; if i = 2, 5(mod6)

=1; if i = 3,4(mod6)

=2;if i =0,1(mod6), 1 <i<n+1
flw;) =05 if j = 1,4(mod6)

= 1; if j = 2,3(mod6)

=2;if 5 =0,5(mod6), 1 <j <k

Subcase II: k=1
f(v;) =0; if i = 1,4(mod6)
=1; if i = 2, 3(mod6)
=2;if i =0,5(mod6), 1 <i<n+1.
The remaining vertices are labeled same as in Subcase I.
Subcase III: k& = 2(mod6).
fu; ) = 0 if i = 0, 3(modb6)

—~

; if @ = 4, 5(mod6)
;if i =1,2(mod6), 1 <i<n—+1
flv ) = 0 if i = 1,4(mod6)
; if ¢ = 2,3(mod6)
:21fz:05(m0d6), <i<n+1
f(wg) = 0.
f(w;) =05 if j = 0, 3(mod6)
=1; if j = 4, 5(mod6)
=2;if j=1,2(mod6), 1 <j<k-—1
Subcase IV: k& = 3(mod6)
flu;) =0; if i = 2, 5(mod6)
=1; if i = 3,4(mod6)
=2;if i =0,1(mod6), 1 <i<n+1
f(v;) =0; if i = 1,4(mod6)
= 1; if i = 2, 3(mod6)
=2;if i =0,5(mod6), 1 <i<n+1
f(w;) =05 if j = 0,3(mod6)
= 1; if j = 4, 5(mod6)
=2;if j =1,2(mod6), 1 <j <k
Subcase V: k = 3(mod6).
f(u;) = 0; if i = 1,4(mod6)
=1; if i = 2, 3(mod6)
=2;if ¢ =0,5(mod6), 1 <i<n+1
flv) = 0; if i = 1,4(mod6)
; if 1 = 2, 3(mod6)
—2 if i =0,5(mod6), 1 <i<n+1
f(w;) =05 if j = 1,4(mod6)

= 1; if j =0, 5(mod6)
= 2;if j = 2,3(mod6), 1 < j < k.
Subcase VI: k = 5(mod6).
f(u;) =0; if i = 0,3(modb)
= 1; if i = 4,5(mod6)
=2;if i =1,2(mod6), 1 <i<n+1.
f(v;) =0; if i = 1,4(mod6)
=1;if i = 0,5(mod6)
=2;if i =2,3(mod6), 1 <i<n+1.
f(w;) =05 if j = 2,5(mod6)
=1; if j = 3, 4(mod6)
=2 if j = 0,1(mod6), 1 < j < k.
Case 3: n = 2(mod6).
Subcase I: k = 0(mod6).
fu;) =0; if i = 1,4(mod6

)
=1; if i = 0,5(mod6)

=92 if i =2,3(mod6), 1 <i<n+1
f(v;) = 0; if i = 2,5(mod6)
= 1; if i = 3,4(mod6)

=2;if i =0,1(mod6), 1 <i<n+1

Subcase II: k = 1(mod6)
f(v;) =0; if i = 1,4(mod6)
= 1; if i = 2, 3(mod6)
=2;if i =0,5(mod6), 1 <i<n+1.
The remaining vertices are labeled same as in Subcase I.
Subcase III: k& = 2, 3(mod6).
f(u;) = 0; if i = 1,4(modb6)

-
=
=X
-
Il

i

Do ot

=1, if j =0, 5(mod6)
=2;if j =2,3(mod6), 1 <j <k
Subcase IV: k = 4(mod6).

floa) =1, f(vg) =0, flwg) =2.
The remaining vertices are labeled same as defined in Sub-
case L.
Subcase V: k = 5(mod6).
flve) =1, f(vg) =0.
The remaining vertices are labeled same as defined in Sub-
case L.
Case 4: n = 3(mod6).
Subcase I: k& = 0(mod6).
f(u;) =0; if i = 1,4(modb6)

=1;if i = 0,5(mod6)

=2;if i =2,3(mod6), 1 <i<n+1
f(v;) = 0; if i = 2,5(mod6)

= 1; if ¢ = 3,4(mod6)

=2;ifi=0,1(mod6), 1 <i<n+1
f(w;) =05 if j = 1,4(mod6)
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=2;if i =0,5(mod6), 1 <i<n+1. =2;if i =0,5(mod6), 1 <i<n+1.
The remaining vertices are labeled same as in Subcase 1. flw;) =05 if j = 1,4(mod6)

Subcase III: k& = 2(mod6).
f(u;) = 0; if i = 1,4(mod6)
=1;if ¢ = 0,5(mod6)

= 2;if i = 2,3(mod6), 1

=1; if j =0,5(mod6)
= 2;if j = 2,3(mod6), 1 < j < k.
Subcase III: k& = 2(mod6).
<i<n+l f(wy) = 0.

f(vpy1) = 2. f(w;) =05 if j = 1,4(mod6)
f(v;) =0; if i = 1,4(mod6) = 1; if j =0, 5(mod6)
=1;if i = 2,3(mod6) =2;if j =2,3(modb), 1 <j<k-—1
=2;if i = 0,5(mod6), 1 <1i < n. The remaining vertices are labeled same as in Subcase I.
f(wg) =0. Subcase IV: k& = 3(mod6).
flw;) =05 if j = 1,4(mod6) f(u;) =0; if i = 1,4(modb6)
= 1; if j = 2,3(mod6) = 1; if i = 2, 3(mod6)
=2;if 5 =0,5(mod6), 1 <j <k-—1 =2;if i =0,5(mod6), 1 <i<n+1
Subcase IV: k = 3(mod6) fv;) =0; if i =0, 3(mod6)
f(u;) = 0; if i = 1,4(mod6) =1; if ¢ = 4, 5(mod6)
=1;if ¢ = 0,5(mod6) =2;if i =1,2(mod6), 1 <i<n+1
=2;if i = 2,3(mod6), 1 <i<n+1. f(w;) =05 if j = 1,4(mod6)
fon—1) =2, f(vp—3) =0. = 1; if j = 0, 5(mod6)
f(v;) = 0; if i = 2,5(mod6) =2;if j =2,3(mod6), 1 <j <k
=1; if i = 3,4(mod6) Subcase V: k = 4(mod6).
=2;if i =0,1(mod6), 1 <i<n+1, f()—0ﬁ2_25mwm
i1#n—3,1i#n—1. 1; if i = 3,4(mod6)
flwg) =2. :2;if250,1(m0d6),1§i§n+1
flw ) = O if 7 = 1,4(mod6) f(v;) =0; if i = 1,4(mod6)
; if § = 2,3(mod6) =1; if ¢ = 0,5(mod6)
72 if 7 =0,5(mod6), 1 <j<k-—1 =2; if252,3(m0d6),1§i§n+1
Subcase V: k = 4(mod6). flws) =1, f(wg) =
flwg) = 2. flw;) =0;if j =0,3 (mod6)
f(w;) =05 if j = 1,4(mod6) = 1; if j = 4, 5(mod6)
= 1; if j = 2,3(modb) =2;if j =1,2(mod6), 1 <j<k—1,j#3.
=2 if j = 0,5(mod6), 1 < j < k — 1. Subcase VI: k = 5(mod6).
The remaining vertices are labeled same as in Subcase L. flw;) =05 if j = 2, 5(mod6)

Subcase VI: k& = 5(mod6).

= 1; if j = 3,4(modb)

flu;) =0; if i = 1, 4(mod6) =2;if 7 =0,1(mod6), 1 <j < k.
= 1; if i = 2,3(mod6) The remaining vertices are labeled same as defined in Sub-
=2;if i =0,5(mod6), 1 <i<n+1. case L.

f(v;) =0; if i = 0,3(mod6) Case 6: n = 5(mod6).
=1;if i = 4,5(mod6) Subcase I: k& = 0(mod6).
=2;if i =1,2(mod6), 1 <i<n+1. f(u;) = 0; if i = 2,5(mod6)

fwg) =2. =1; if i = 3,4(mod6)

f(w;) =05 if j = 1,4(mod6) =2;if i =0,1(mod6), 1 <i<n+1.
= 1; if j = 0, 5(modb) f(vg) = 0.
=2;if j =2,3(mod6), 1 <j <k-—1 f(v;) =0; if i = 1,4(mod6)

Case 5: n = 4(mod6). =1;if ¢ = 0,5(mod6)

Subcase I: k = 0(mod6). =2,3(mod6), 1 <i<n+1,i#6

f(uz) = O; if i = 0,3(mod6

=

; if i = 4, 5(mod6) = 1; if j = 3,4(modb)
—2 ifi=1,2(mod6), 1 <i<n+1 =2;if j=0,1(mod6), 1 <j <k
flw) =0;if i =1,4(mod6) Subcase II: k& = 1(mod6).
1; if i = 0, 5(mod6) flup—1) =2, f(wy) =0.
=2;if i =2,3(mod6), 1 <i<n+1. The remaining vertices are labeled same as in Subcase 1.
f(w;) =05 if j = 0,3(mod6) Subcase III: k& = 2(mod6).
= 1; if j = 4, 5(mod6) f(u;) =0; if i = 1, 4(mod6)
=2;if j = 1,2(mod6), 1 < j < k 1; if i = 0,5(mod6)
Subcase II: k& = 1(mod6) =2;if i =2,3(mod6), 1 <i<n+1
f(u;) =0; if i = 1, 4(modb6) f(v;) =0; if i = 1,4(mod6)
=1;if ¢ = 0,5(mod6) =1;if ¢ = 0,5(mod6)
=2;if i =2,3(mod6), 1 <i<n+1. =2;if i =2,3(mod6), 1 <i<n+1
f(v;) =0; if i = 1,4(mod6) fwg) =0.
=1;if i = 2,3(mod6) f(w;) =05 if j = 1,4(mod6)
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= 1; if j = 0, 5(mod6)
=2;if j =2,3(mod6), 1 <j<k-—1
Subcase IV: k& = 3(mod6)
f(u;) =0; if i = 1,4(mod6)
= 1; if i = 0, 5(mod6)
=2;if i =2,3(mod6), 1 <i<n+1
fv;) =0; if i =0, 3(mod6)
=1;if ¢ = 4,5(mod6)
=2;if i =1,2(mod6), 1 <i<n+1
f(w;) =05 if j = 1,4(mod6)
=15 if j =0, 5(mod6)
=2;if j =2,3(mod6), 1 < j <k
Subcase V: k = 4(mod6).
f(ui) = 0 if i = 0, 3(mod6)
= 1; if 1 = 4,5(mod6)
= 92;if i =1,2(mod6), 1 <i<n+1
f(v;) =0; if i = 1,4(mod6)
=1;if ¢ = 0,5(mod6)
=2;if i =2,3(mod6), 1 <i<n+1
f(wk) =0.
f(w;) =05 if j = 0,3(mod6)
=1; if j = 4, 5(mod6)
=2;if j =1,2(mod6), 1 <j<k-—1
Subcase VI: k& = 5(mod6).
flu;) =0; if i =0, 3(mod6)
= 1; if i = 4,5(mod6)
=2;ifi =1,2(mod6), 1 <i<n+1
f(vn—Q) =0, f(vn—zl) = 2.
f(v;) =0; if i = 1,4(mod6)

4(
=1; if i = 2, 3(mod6)
=2;if i =0,5(mod6), 1 <i<n+1l,i#n—2,
i#n—4.
f(w;) =05 if j = 2,5(mod6)
= 1; if j = 3,4(modb)
=2;if j =0,1(mod6), 1 < j < k.

The graph G under consideration satisfies the conditions
lvp(i) —vp(G)] < 1and |ep(i) —ef(j)] <1, 0 <i,j <2
in each case. Hence the graph G under consideration is
3-equitable graph.

Theorem 2 The graph obtained by joining two copies of
wheel graph by a path of arbitrary length is 3-equitable.
Proof: Let G be the graph obtained by joining two copies
of wheel graph W, by path P} of length £k — 1. Let us
denote the successive vertices of first copy of wheel graph by
ug, U1, - - -, Un (Where ug is apex vertex) and the successive
vertices of second copy of wheel graph by vy, vi,...,v,
(where vy is apex vertex). Let wy, wo, . .., w; be the vertices
of path P, with wy = uq and wg = v;.
We define labeling function f : V/(G) — {0, 1,2} as follows.
Case 1: n = 0(mod6).
f(uo) =0, fvo) = 2.

Subcase I: k = 0(mod6).
f(u;) = 0; if i = 2,5(mod6)

= 1; if i = 3,4(mod6)

=2;if i =0,1(mod6), 1 <i<n
f(v;) =0; if i = 1,4(mod6)

= 1; if i = 0,5(mod6)

=2;if i =2,3(mod6), 1 <i<n
f(wj) =0;if j = 0,3(mod6)

= 1; if j = 4,5(mod6)

=2;if j =1,2(mod6), 1 < j < k.
Subcase II: k& = 1, 2(mod6).
f(v;) =0; if i = 0,3(mod6)
=1; if ¢ = 4,5(mod6)
=2;if i =1,2(mod6), 1 <i <n.
The remaining vertices are labeled same as in Subcase I.
Subcase III: k& = 3(mod6).
flu;) =0; if ¢ =0, 3(mod6)

=1;if i = 1,2(mod6)

=2;if i =4,5(mod6), 1 <i<n
f(v;) = 0; if i = 2,5(mod6)

=1, if i = 3,4(mod6)

=2;if i =0,1(mod6), 1 <i<n
f(wk—l) = 1.
f(w;) =05 if j = 2,5(mod6)

=15 if j =0, 1(mod6)

= 2,if j = 3,4(mod6), 1 <j <k, j £k — 1.

Subcase IV: k = 4(mod6).

flu;) =0; if i =0, 3(mod6)

= 1; if i = 4,5(mod6)

=2;if i =1,2(mod6), 1 <i<n
flv;) =0; if i =0, 3(mod6)

=1;if i = 1, 2(mod6)

=2;if i =4,5(mod6), 1 <i<n
f(w;) =05 if j =1,4(mod6)

=1; if j =0, 5(mod6)

= 2;if j = 2,3(mod6), 1 < j < k.

Subcase V: k = 5(mod6).
f(v;) = 0; if i = 2,5(mod6)
= 1; if i« = 0, 1(mod6)
=2;if i = 3,4(mod6), 1 <i < n.
The remaining vertices are labeled same as in Subcase I.
Case 2: n = 1(mod6).
Subcase I: k& = 0(mod6).

fuo) = 2.
f(u;) =0; if i = 1, 4(modb6)

=1; if 1 = 2, 3(modb)

=2;if i =0,5(mod6), 1 <i<n
f(vo) =0, f(v1) =2, f(vn—2) =0.
f(v;) = 0; if i = 2,5(mod6)

= 1; if i = 0, 1(mod6)

= 3,4(mod6), 2 <i<n,i#*n—2.

=2;if 5 =0,5(mod6), 1 < j <k.
Subcase II: k& = 1(mod6).
f(uo) =0, f(up—1) = 1.
flu;) =0; if ¢ =0, 3(mod6)
= 1; if i = 4,5(mod6)
(

=2;ifi=1,2(mod6), 1l <i<n,i#n—1
f(vo) =2.
fv) =0;if i =1,4(mod6)
= 1; if i = 0, 5(mod6)
=2;if i =2,3(mod6), 1 <i<n
f(wg) = 0.
f(w;) =05 if j = 2,5(mod6)
=1; if j = 3,4(mod6)
=2 if j=0,1(mod6), 1 < j <k — 1.

Subcase III: k& = 2(mod6).
The vertices are labeled same as in Subcase II except for

f(wg) =0.
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Subcase IV: k = 3(mod6).
flwe—1) =1.
The remaining vertices are labeled same as in Subcase II
except for f(u,—1) = 1.
Subcase V: k& = 4(mod6).
f(on) = 1.
The remaining vertices are labeled same as in Subcase II
except for f(u,—1) = 1.
Subcase VI: k = 5(mod6).
The vertices are labeled same as in Subcase II except for
flwr) =0 and f(u,_1) = L.
Case 3: n = 2(mod6).
flug) =0, f(vo) = 2.
Subcase I: k = 0(mod6).
f(u;) =0; if i = 1, 4(modb6)
=1;if i = 0,5(mod6)
=2;if i =2,3(mod6), 1 <i<n

flop) =1

flv;) =0;if i =0, 3(mod6)
= 1; if i = 4,5(mod6)
=2;ifi=1,2(mod6), 1 <i<n-—1

f(w;) =05 if j = 1,4(mod6)
= 1; if j = 2, 3(mod6),
=2;if j =0,5(mod6) 1 < j <k
Subcase II: k& = 1(mod6).
flun) =1, fwg) =2.
f(v;) = 0; if i = 2,5(mod6)
= 1; if i = 3, 4(mod6)
=2;if i =0,1(mod6), 1 <i<n.
The remaining vertices are labeled same as in Subcase I.
Subcase III: k& = 2(mod6).
flwr—4) =1.
The remaining vertices are labeled same as in Subcase II.
Subcase IV: k = 3(mod6).
fwg—5) = 1.
f(v;) = 0; if i = 2,5(mod6)
= 1;if i =0, 1(mod6)
=2;if i = 3,4(mod6), 1 <i < n.
The remaining vertices are labeled same as in Subcase I.
Subcase V: k = 4(mod6).
flwg) = 1.
The remaining vertices are labeled same as in Subcase IV
except for f(wyp_5) = 1.
Subcase VI: k = 5(mod6).
f(u;) = 0; if 4 = 2,5(mod6)

1 if i = 0, 1(mod6)
=2;if i = 3,4(mod6), 1 <i<n
f(v;) =0; if i = 1,4(mod6)
; if 1 = 0, 5(mod6)
=2;if i =2,3(mod6), 1 <i<n
flws) =1, f(wg) =0.
f(w;) =05 if j = 0,3(mod6)
= 1; if j = 1,2(modb)
=2 if j = 4,5(mod6), 1 < j 1,7 #3.
Case 4: n = 3(mod6).
Subcase I: k = 0(mod6)
fun) =2, f(ug) = 0.
flu ) = 0 if i = 2,5(mod6)
1; if ¢ = 3, 4(modb)
= 2; ifi=0,1(mod6), 1 <i<n-—1
f(vo) = 2.

f(v;) =0; if i = 1,4(mod6)

= 1; if i = 2,3(mod6)
=2;if i = 0,5(mod6), 1 <1i < n.
f(w;) =05 if j = 0,3(mod6)
= 1; if j = 4, 5(mod6)
=2;if j =1,2(mod6), 1 < j<k.
Subcase II: k& = 1(mod6).

f(uo) =0.
f(u;) =0; if i = 1,4(modb6)

=1;if ¢ = 0,5(mod6)

=2;if i =2,3(mod6), 1 <i<n
f(vo) = 0.

f(v;) =0; if i = 1,4(mod6)
= 1; if i = 2, 3(mod6)
=2;if i =0,5(mod6), 1 <1i < n.
flw;) =05 if j = 1,4(mod6)
=1; if j = 2, 3(mod6)
=2;if j =0,5(mod6), 1 < j < k.
Subcase III: k = 2(mod6).

f(ug) = 0.
flu;) =0; if i =0, 3(mod6)
=1;if ¢ = 4,5(mod6)
=2;if 1 =1,2(mod6), 1 <i<n
fvo) = 2.
f(v;) =0; if i = 1,4(mod6)
=1; if i = 2, 3(mod6)
=2;if i =0,5(mod6), 1 < j <n.
flwr—3) =1.
f(w;) =05 if j = 2,5(mod6)
= 1; if j = 3,4(modb)
=2;if j =0,1(mod6), 1 <j <k, j#k—3.
Subcase IV: k& = 3(mod6).
flwp—q) =1.

The remaining vertices are labeled same as in Subcase III
except for f(wg—3) = 1.

Subcase V: k = 4(mod6).
fluo) =2, f(vo) =0 and f(wy) = 2.
The remaining vertices are labeled same as in Subcase II
except for f(up) =0 and f(vg) = 2.

Subcase VI: k = 5(mod6).
The vertices are labeled same as defined in Subcase V except
for f(wg) = 2.
Case 5: n = 4(mod6).
f(uo) =0, fvo) = 2.

Subcase I: k = 0(mod6).
f(u;) =0; if ¢ = 1,4(modb6)

=1;if ¢ = 0,5(mod6)

= 2; if ¢ = 2,3(mod6) i<n
flon) =1.
flv )—0 if i =1,4(mod6)
1; if 1 = 2, 3(modb)
:2;1fi:0,5(m0d6),1§z§n—1
f(wg) = 0.

f(w;) =05 if j = 1,4(mod6)
= 1; if j = 2,3(mod6)
=2;if j =0,5(mod6), 1 < j
Subcase II: k = 1(mod6).
The vertices are labeled same as in Subcase I except for
f(wy) = 0.
Subcase III: k& = 2(mod6).
f(v;) = 0; if i = 2,5(mod6)
=1; if i = 3,4(mod6)

<k-1.
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=2;if i =0,1(mod6), 1 <i < n.

flwg) =2, f(wg—1) = 1.
The remaining vertices are labeled same as in Subcase I
except for f(wy) = 0.

Subcase IV: k = 3, 4(mod6).
The vertices are labeled same as in Subcase III except for
flwg—1) = 1.

Subcase V: k = 5(mod6).
The vertices are labeled same as in Subcase IV except for
flwg) = 2.

Case 6: n = 5(mod6).

Subcase I: k& = 0(mod6).

f(uo) =0.
f(u;) =0; if i = 1, 4(mod6)

=1;if ¢ = 0,5(mod6)

=2;if i = 2,3(mod6), 1 <i<n.
f(vo) = 2.
f(v;) = 0; if i = 2,5(mod6)

=1; if ¢ = 3,4(mod6)

=2;if i =0,1(mod6), 1 <i<n
Flwps) = 1.

flw;) =05 if j = 1,4(mod6)
=1; if j = 2, 3(mod6)
=2;if j =0,5(mod6), 1 <j <k
Subcase II: k& = 1(mod6).
flwp—3) =1, f(wg) =2.
The remaining vertices are labeled same as in Subcase I
except for f(wg—2) = 1.
Subcase III: k& = 2(mod6).
Fluo) =2, F(vg) = 0, F(wg) =2, flwps) = 1.
The remaining vertices are labeled same as in Subcase I
except for f(wp_2) = 1.
Subcase IV: k = 3(mod6).
f(uo) = 0.
flu;))=0;ifi=0,3
=1; if ¢ = 4,5(mod6)
1,2

flw;) = O if j =1,4(mod6)
= 1; if j = 0, 5(modb)

= 2;if j = 2,3(mod6), 1 <
Subcase V: k = 4(mod6).

f(uo) = 0.
flu;) =0; if i =0, 3(mod6)

= 1; if i = 4,5(mod6)

=2;if i =1,2(mod6), 1 <i<n
f(vo) =2.
f(v;) = 0; if i = 2,5(mod6)

=1 if i = 0, 1(mod6)

=2;if i = 3,4(mod6), 1 <i < n.
f(wy) = 0.
f(w;) =05 if j = 2,5(mod6)

4(modo)
=2;if j = 0,1(mod6), 1 < j < k — 1.
Subcase VI: k = 5( )

fuo) = 2.
f(u;) = 0; if i = 2,5(mod6)

=1;if i = 0,1(mod6)
=2;if i =3,4(mod6), 1 <i<n
f(vo) =
f(v;) =0; if i = 1,4(mod6)
=1; if i = 2, 3(mod6)
=2;if i =0,5(mod6), 1 <i<n
flwg) =0, f(wg—2) = 1.
f(w;) =05 if j = 0,3(mod6)

=1ifj=1,2(m
=2;if j=4,5(mod6), 1 <j<k—-1,j#k—2.
The graph G under consideration satisfies the conditions
lvp(i) —vp(J)l < 1and |ef(i) —ep(j)] < 1,0 <4,j <2
in each case. Hence the graph G under consideration is
3-equitable graph.

Theorem 3 The graph obtained by joining two copies of
helm graph H,, by a path of arbitrary length is 3-equitable.
Proof: Let G be the graph obtained by joining two copies
of helm graph H,, by a path Py of length £ — 1. Let ug
be the apex vertex, ui,us,...,u, be the rim vertices and
ul,ub, ..., ul, be the pendant vertices of first copy of helm
H,,. Similarly let vy be the apex vertex, vy,va,...,v, be
the rim vertices and v/, v4, ..., v/, be the pendant vertices of
second copy of helm H,,. Let w1, ws, ..., w; be the vertices
of path P, with wy = u; and wi, = v1. We define labeling
function f : V(G) — {0, 1,2} as follows.
Case 1: n = 0(mod6).

f(uo) =0, f(vo) = 2.

Subcase I: k& = 0(mod6).
f(u;) = 0; if i = 2,5(modb)

= 1; if i = 3,4(mod6)

=2;if i =0,1(mod6), 1 <i<n
f(uh) = 0; if i =0, 3(modb6)

= 1; if i = 4,5(mod6)

=2;if i =1,2(mod6), 1 <i<n
f(v;) =0; if i = 1,4(mod6)

=1;if ¢ = 0,5(mod6)

=2;if i =2,3(mod6), 1 <i<n
f(v)) =0; if i = 0,3(mod6)

= 1; if i = 4, 5(mod6)

=2;if i =1,2(mod6), 1 <i<n
f(w;) =05 if j = 0,3(mod6)

=1; if j = 4, 5(mod6)

=2;if j =1,2(mod6), 1 < j < k.

Subcase II: k& = 1, 2(mod6).
flv;) =0; if i =0, 3(mod6)
= 1; if i = 4, 5(mod6
=2;if i =1,2(mod6), 1 <i<n
f()) =0; if i = 2,5(mod6
=1;if i = 3,4(
=2;if i =0,1(mod6), 1 <1i <n.
The remaining vertices are labeled same as in Subcase I.
Subcase III: k& = 3(mod6).

flu, ) = O if i = 0,3(mod6)

)
):
)
)

; if i =1, 2(mod6)
—2, ifi=4,5(mod6), 1 <i<mn
fuh) = 0; if i = 2,5(mod6)
= 1;if i = 0, 1(mod6)
=2;if i = 3,4(mod6), 1 <i<n
f(v;) = 0; if i = 2, 5(mod6)
; if ¢ = 3,4(mod6)
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=2;if i =0,1(mod6), 1 <i<n
f(v}) =0; if i = 0,3(mod6)

= 1; if i = 4,5(mod6)

=2;if i =1,2(mod6), 1 <i<n
flwg—1) = 1.
f(w;) =05 if j = 2,5(mod6)

=1;if j =0, 1(modb6)

=2;if j =3,4(mod6), 1 <j<k,j#k—1

Subcase IV: k = 4(mod6)

flu;) =0; if ¢ =0, 3(mod6)

= 1; if i = 4, 5(mod6)

=2;if i =1,2(mod6), 1 <i<n
f(uh) = 0; if i = 2,5(mod6)

=1; if i = 3,4(mod6)

=2;if i =0,1(mod6), 1 <i<n
flv;) =0; if i =0, 3(mod6)

=1;if i = 1, 2(mod6)

=2;if i =4,5(mod6), 1 <i<n
Fi) = 0; if i = 2,5(mod6)

= 1;if i =0, 1(mod6)

=2;if i =3,4(mod6), 1 <i<n
flw;) =05 if j = 1,4(mod6)

= 1; if j =0, 5(mod6)

=2;if j =2,3(mod6), 1 < j <k

Subcase V: k& = 5(mod6).

f(v;) =0; if i = 2,5(mod6)

=1;if i =0, 1(mod6)

=2;if i = 3,4(mod6), 1 <i<n
f(vl) =0; if i = 0,3(mod6)

=1;if i = 1,2(mod6)

=2;if i =4,5(mod6), 1 <i < n.

The remaining vertices are labeled same as in Subcase I.

Case 2: n = 1(mod6).
Subcase I: k& = 0(mod6).

fug) = 2.
f(u;) =0; if i = 1,4(mod6)

=1; if i = 2,3(mod6)

=2;if i =0,5(mod6), 1 <i<n
f(u}) =0; if i = 0,3(mod6)

= 1; if 1 = 4,5(mod6)

=2;if i =1,2(mod6), 1 <i<n
f(vo) =0, f(v1) =2, f(vp—2) =1
f(v;) = 0; if i = 2,5(mod6)

=1;if i =0, 1(mod6)

=2;if i =3,4(mod6),2 <i<n,i#*n—2
f(v}) =0; if i = 0,3(mod6)

=1;if i = 1,2(mod6)

=2;if i =4,5(mod6), 1 <i<n
flw;) =05 if j = 1,4(mod6)

=1; if j = 2, 3(mod6)

=2;if j =0,5(mod6), 1 < j <k

Subcase II: k& = 1(mod6).

f(u;) =0; if i = 0,3(mod6)
= 1; if i = 4, 5(mod6)
=2;ifi=1,2(mod6), 1 <i<n,i#n—1
F() =0
fuh) =0; if i =1,4(mod6)
= 1; if i = 0, 5(mod6)
=2;if i =2,3(mod6), 1 <i<n-1
f(vo) = 2.

f(v;) =0; if i = 1,4(mod6)

=1;if i = 0,5(mod6)
=2;if i =2,3(mod6), 1 <i<n
Juh) =2, f(vl,) = 0.
f(vl) =0; if i = 0,3(mod6)
=1;if i = 1,2(mod6)
=2;if i =4,5(mod6), 1 <i<n-—1,i#2
f(we) =0
f(w;) =05 if j = 2,5(mod6)

=1;if 5 )
=2;if j =0,1(mod6), 1 <j <k—1.
Subcase III: k& = 2(mod6).
The vertices are labeled same as in Subcase
Fh) =2, flwy) = 0.
Subcase IV: k = 3(mod6).

f(uo) =0.
flu;) =0; if ¢ =0, 3(mod6)
= 1; if i = 4,5(mod6)
=2;if i =1,2(mod6), 1 <i<n
fuh) = 0; if i = 2,5(mod6)
= 1; if i = 3,4(mod6)
=2;if i =0,1(mod6), 1 <i<n
fwo) = 2.
f(v;) =0; if i = 1,4(mod6)
=1;if ¢ = 0,5(mod6)
=2;if i =2,3(mod6), 1 <i<n
f(v)) = 0; if i = 2,5(mod6)
= 1;if i = 0, 1(mod6)
=2;if i = 3,4(mod6), 1 <i<n

=2;if 5
Subcase V: k = 4(mod6).
flon) =1, f(v§) =0.

The remaining vertices are labeled same as in Subcase IV

except for f(wg—1) = 1.
Subcase VI: k = 5(mod6).

f(uo) =0.
flu;) =0; if ¢ =0, 3(mod6)

= 1; if i = 4,5(mod6)

=2;if i =1,2(mod6), 1 <i <n.
Fu) =0, f(uly_) =2
fuh) = 0; if i = 2,5(mod6)

=1; if ¢ = 3,4(mod6)

=2;if i =0,1(mod6), 1 <i<n-—1,
fvo) =2
flw) =0;if i =1,4(mod6)

= 1; if i = 0, 5(mod6)

=2;if i =2,3(mod6), 1 <i<n
FW) =0, Fopy) = 1.
fi) =05 if i = 0, 3(mod6)

=1;if i = 1,2(mod6)

=2;if i =4,5(mod6), 1 <i<n-—2.
flw;) =05 if j = 2,5(mod6)

= 1; if j = 3,4(modb)

=2;if 5 =0,1(mod6), 1 < j <k.

Case 3: n = 2(mod6).
f(ug) =0, f(vo) = 2.
Subcase I: k = 0(mod6).

f(u;) =0; if i = 1,4(modb)

=1;if ¢ = 0,5(mod6)
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=2;if i = 2,3(mod6), 1 <i < n. Subcase VI: k = 5(mod6).
f(u}) = 0; if i = 2,5(mod6) flu;) =0; if i = 2,5(mod6)
=1;if i =0, 1(mod6) =1;if i =0, 1(mod6)
=2;if i = 3,4(mod6), 1 <i < n. =2;if i = 3,4(mod6), 1 <i<n
flo,) =1. fuh) =0; if i =1,4(mod6)
f(vi) = 05 if i = 0,3(mod6) = 1; if i = 0, 5(mod6)
= 1;if i = 4, 5(mod6) =2;if i = 2,3(mod6), 1 <i<n
=2;if i =1,2(mod6), 1 <i<n—1. f(vs) = 0; if i = 1,4(mod6)
flug) =0, f(vy) =1 = 1; if i = 0, 5(mod6)
f(vp) =05 if i = 1,4(mod6) =2;if i = 2,3(mod6), 1 <i<n
= 1, if i = 2,3(m0d6) .f( l ) =1.
=2;if i = 0,5(mod6), 1 <i<n,i#3,i#4 f(%i&ﬁizzamww
fWﬂ:?gJELﬁmﬁg = 1; if i = 0, 1(mod6)
= Ly = 24 9imo =2;if i = 3,4(mod6), 1 <i<n—1
=2; lfj O,5(m0d6), 1<ji<k Flws) = 1, f(wy) = 0.

7 (un =1;if j =1, 2(mod6)
fwn;?gzzéézﬁg = 2,if j =4,5(mod6), 1 < j <k —1, j #3.
— 2 if i =2,3(mod6), 1 <i<n— L. Case 4: n = 3(modG).
Ful) =2, f(u,_,) = 1. Subcase I: k& = 0(mod6).
F(ul) = 0; if i = 2, 5(mod6) f(un) =2, f(uo) = 0.
= 1; if i = 3,4(mod6) flui) = 05 if i = 2,5(modo6)
= 2;if i = 0,1(mod6), 1 1#£3,1%#n—2 = 1; if i = 3,4(mod6)
f(v;) = 05 if i = 2, 5(mod6) s = g; 1? 1= (0), ;Emozllgg, 1<i<n—-1
1; if i = 3,4(mod6) u;) = U e = U, 0(mo
=2;if i =0,1(mod6), 1 <i<n = 1; if i = 4,5(mod6)
fvy) = 1. =2;if i =1,2(mod6), 1 <i<n
Fi) =05 if i = 1,4(mod6) f(vo) =
= 1; if i = 2, 3(mod6) f(v;) =0; if i = 1,4(mod6)
=2;if i =0,5(mod6), 1 <i<n,i#*4 =1;if ¢ = 2, 3(mod6)
flwg) =2. =2;if i =0,5(mod6), 1 <i<n
f(w;) =05 if j = 1,4(mod6) f(v}) =0; if i = 0,3(mod6)
=1; if j = 2,3(mod6) =1;if i = 1,2(mod6)
=2;if j =0,5(mod6), 1 <j <k—1 =2;if i = 4,5(mod6), 1 <i<n
Subcase III: k& = 2(mod6). f(w;) = 05 if j = 0,3(modb)
flwg—q) = 1. = 1; if j = 4,5(mod6)
The remaining vertices are labeled same as in Subcase II. =2;if j =1,2(mod6), 1 < j < k
Subcase IV: & = 3(mod6). Subcase II: k£ = 1(mod6).
fluy) =0; if i = 1, 4(mod6) F(ug) = 0.
if 1 = 0, 5(mod6) Flug) = 0: i § = 1, 4(mod6)
= 2;if i = 2,3(mod6), 1 <i < n. lzﬁﬁi;damwm
fwgz&ﬁlzlimﬁg 2. if i = 2,3(mod6), 1 < i <n.
=1; if i =4,5(mo
=2;if i =1,2(mod6), 1 <i<n ;E@_gﬁz_oa 0d6)
f(v;) = 0; if i = 2, 5(mod6) B ﬁz:4amm®
=1;if i =0, 1(mod6) _2‘ 'f':12( d6),1<i<n—1
2;if 1 = 3,4(mod6), 1 <i<mn f(vo):,lzz ,2(mod6), 1 <i < .
/ P = 4.
fwn) — O; 11222 = 2:3((:2322)) fvi) =05 i.f z'. = 1, 4(modb6)
=2;if i = 4,5(mod6), 1 <i<mn =1 ?f L= , 3(mod6)
Flwp_s) =1 / = 2; .1f i =0,5(mod6), 1 <i<n
f(w;) =05 if j = 1,4(mod6) flvi) =0; l_f t= ,3(mod6)
= 1; if j = 2,3(mod6) = 1;if i = 1,2(mod6)
=2;if j = 0,5(mod6), 1 < j j#k—5 =2;if i = 4,5(mod6), 1 <i<n
Subcase V: k = 4(mod6) f(w;) = 05 if j = 1,4(modb)
f(vl) - O’ f( n—l) L = 1; lf] = ’3(m0d6)
f(}) =05 if i = 2,5(mod6) =2;if j = 0,5(mod6), 1 < j < k.
=1; if i = 3,4(mod6) Subcase III: k = 2(mod6)
=2;if i =0,1(mod6), 2 <i<n,i#n-—1 flug) = 2.
The remaining vertices are labeled same as in Subcase IV f(u;) = 0; if ¢ = 0, 3(mod6)
except for f(wy_5) = 1. =1, if i = 4,5(mod6)
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=2;if i =1,2(mod6), 1 <i < n. Subcase III: k& = 2(mod6).
f(u}) = 0; if i = 2,5(mod6) flu;) =0; if i = 1, 4(mod6)
=1; if i = 3,4(mod6) =1;if ¢ = 0,5(mod6)
=2;if i =0,1(mod6), 1 <i < n. =2;if i = 2,3(mod6), 1 <1i < n.
F(w0) =0 Fh) = 1.
f(v;) =0; if i = 1,4(mod6) f(u}) =0;if i = 0,3(mod6)
=1;if i = 2,3(mod6) =1;if i = 1, 2(mod6)
=2;if i =0,5(mod6), 1 <i < n. =2;if i = 4,5(mod6), 2 < i <n
f(vi) = 05if i = 2,5(modo6) f(v;) = 0; if i = 2,5(mod6)
=1; if i = 3,4(mod6) =1;if ¢ = 3,4(mod6)
=2;if i = 0,1(mod6), 1 <i <n. =2;if i = 0,1(mod6), 1 <i<n
flwi—s) = 1. f(v1) = 0.
flw;) =0 if j = 2,5(mod6) f(v)) =05 if i = 0, 3(mod6)
= L if j = 3,4(mod6) = 1; if i = 4, 5(mod6)
=2;if j=0,1(mod6), 1 < j <k, j#k—3 =2;if i = 1,2(mod6), 2 < i < n.
Subcase IV: k = 3(mod6). flwy) =2, flwp—1) = 1.
fluo) =0, f(vo) =2, f(ws) =1, f(wy) =0. flw;) = 0;if j = 1,4(mod6)
The remaining vertices are labeled same as in Subcase III = 1; if j = 2,3(mod6)
except for f(wy—3) = 1. =2 if j = 0,5(mod6), 1 < j < k—2.
Subcase V: k = 4(mod6). Subcase IV: & = 3(mod6).
f(UO) =2, f(?)()) =0, f(wk) =2. f(u') =0;ifi=0 3(m0 )
flv;) =0; i.f i. = 2, 5(mod6) U 1;if i = 4,5(m0d6)
;;g;;&ﬂzﬁg ciem = 92if i = 1,2(mod6), 1 < i < n.

Fol) =1 The remaining vertices are labeled same as in Subcase III
5y t f 1) =0, —1) =1
) = 0; if i = 1, 4(mod6) except for f(vy) =0, f(wy-1)

o Subcase V: k = 4(mod6).
= 1; if i = 2, 3(mod6) Fol) =1
PSS . . 1) =1

N 2.’ l,f L= O,'5(m0d6), lsi<n,is 5 The remaining vertices are labeled same as in Subcase IV.
The remaining vertices are labeled same as in Subcase II

Subcase VI: k = 5(mod6).
— 1y —
except for f(uo) __0’ flup) =2. The vertices are labeled same as in subcase V except for
Subcase VI: k = 5(mod6)

. . flwy) = 2.
The vertices are labeled same as in Subcase V except for Case 6: 1 = 5(mod).

flwg) = 2. o
Case 5: n = 4(mods). f(Su)b?sOe I: k = 0(mod6).
f(uo) =0, f(vo) = 2. o) =
Subcase I: k& = 0(mod6). flui) = 0:if 0 = 1, 4(modS)
() = 0: i i = 1, 4(modo) =1;if i =0,5(mod6)
1; if i = 0, 5(mod6) =2;if i =2,3(mod6), 1 <i<n
— 91 if i = 2, 3(mod6), 1 < i < n. Flu) = 0; if i = 0, 3(1modb)
F(ul) = 0; if i = 0, 3(mod6) = Ly if i = 4, 5(mod6)
= 1; if i = 4, 5(mod6) =2;if i =1,2(mod6), 1 <i<n
=2 if i = 1,2(mod6), 1 <i < n. fvo) = 2.
Flun) = 1. flv )701fzf2 5(mod6)
flv) =0;if i = 1,4(mod6) 15 if i = 3, 4(mod6)
= 1; if i = 2, 3(mod6) =2;if i =0,1(mod6), 1 <i < n.
= 2;if i = 0,5(mod6), 1 <i <n—1. f(vy) =0.
f(}) =o0. Fi) =05 if i = 1,4(mod6)
F(vh) =05 if i = 0, 3(mod6) = 1y if i = 2, 3(mod6)
= 1; if i = 1, 2(mod6) =2;if i = 0,5(mod6), 1 < i <mn,i# 2.
= 2; if i = 4,5(mod6), 2 < i < n. flwp—o) =1
fwy) = 0. f(w;) =05 if j =1,4(mod6)
f(w;) =0;if j = 1,4(mod6) = 1;if j = 2, 3(modb)
= 1; if j = 2, 3(mod6) =2;if j =0,5(mod6), 1 <j<k,j#k—2.
=2;if j =0,5(mod6), 1 <j < k-1 Subcase II: k£ = 1(mod6).

Subcase II: k£ = 1(mod6). f(uo) =2, f(vo) =0, f(wg—3) =1, f(wy) =2.
fluy) =1. The remaining vertices are labeled same as in Subcase I
f(uh) = 0; if i = 2,5(mod6) except for f(v}) =0 and f(wg_2) = 1.

=1;if ¢ =0, 1(mod6) Subcase III: k& = 2(mod6).
= 2;if i = 3,4(mod6), 2 <1i < n. flug) = 2.
The remaining vertices are labeled same as in Subcase I  f(u;) = 0; if ¢ = 1,4(mod6)
except for f(v]) =0, f(wg) =0. =1;if ¢ = 0,5(mod6)
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=2;if i =2,3(mod6), 1 <i<n =2;if i = 2,3(mod6), 1 <i < n.
f(uh) = 0; if i = 2,5(mod6) flvg) =0.

=1;if i =0, 1(mod6) f(v;) =0; if i = 1,4(mod6)

=2;if i = 3,4(mod6), 1 <i<n =1;if ¢ = 2, 3(mod6)
flug) =0 =2;if i =0,5(mod6), 1 <i<n
f(v;) = 0; if i = 2,5(mod6) f(v}) =0; if i = 0,3(mod6)

=1; if i = 3,4(mod6) =1; if i = 1,2(mod6)

=2;if i =0,1(mod6), 1 <i <n = 2;if i =4,5(mod6), 1 <i<n
f(uh) = 0; if i = 0, 3(mod6) flwg—2) = 1.

= 1; if i = 4,5(mod6) f(w;) =05 if j =0, 3(mod6)

=2;if i =1,2(mod6), 1 <i<n = 1;if j = 1,2(mod6)
f(w4)—1 = 2 if j = 4,5(mod6), 1 < j < k, j # k — 2.

=1 lfj =2 3(m0d6

=2;if j =0,5(mod6), 1 < j <k, j#4.
Subcase IV: k = 3(mod6).

f(uo) = 0.
flu;))=0;ifi=0,3
=1; 1fz:4,5

flv )—Olfzf()?)( 0d6)
1; if i = 4, 5(mod6)
d6),1<i<n— 1.

=2;if i = 1,2(mo

f(w;) =05 if j = 1,4(mod6

=

The graph G under consideration satisfies the condition
s () = vp()] < 1 and Jes(i) — ep(j)] < 1,0 <i,j < 2
in each case. Hence the graph G under consideration is
3-equitable graph.

Theorem 4 The graph obtained by joining two copies
of gear graph G, by a path of arbitrary length is 3-
equitable.

Proof: Let G be the graph obtained by joining two copies
of gear graph G, by path Py of length &k — 1. Let us
denote the successive vertices of first copy of gear graph by
UQ, U1, - - - , U2y, Where ug is apex vertex, uy, us, . .., Usn—1
are rim vertices of wheel and wuo,uy4,...,us, are the
vertices inserted between two consecutive rim vertices
corresponding to ui,us,...,Us,—1 respectively. Similarly
let v, v1,..., Ve, be the successive vertices of second copy
of gear graph, where vy is apex vertex, vi,vs,...,U2,—1
are rim vertices of wheel and vo, vy, . .., V9, are the vertices
inserted between two consecutive rim vertices corresponding
to vy, vs, ..., V2e,—1 respectively. Let wy,ws, ..., wy be the
vertices of path P, with wi = u; and wy = v1.

We define labeling function f : V(G) — {0,1,2} as
follows.

=2ifj = 2 3(mod6), 1 < j <k — 1. Case 1: n = 0, 3(1mod6).
Subcase V: k = 4(mod6) F(ug) =0, f(&o) —9
f(uo) =0.. . Subcase I: k = 0(mod6).
f(ui) = 0;if i = 0, 3(mod6) fu;) = 05 if i = 2,5(mod6)
= 1; if i = 4,5(mod6) = 1;if i = 3, 4(mod6)
=2;if i =1,2(mod6), 1 <i<n =2;if i = 0,1(mod6), 1 <i <2
f(uf) = 05 if i = 2,5(mod6) Fvi) = 0;if i = 1,4(mod6)
= L;if i = 3,4(mod6) 2 if i = 0, 5(mod6)
=2;if i =0,1(mod6), 1 <i<n = 2;if i = 2,3(mod6), 1 < i < 2n.
f(vo) =2 fwy) = 05 if j = 0,3(mod6)
f(vi) = 05 if @ = 2,5(mod6) =1; if j = 4, 5(mod6)
= 1;if i = 0,1(mod6) =2;if j =1,2(mod6), 1 < j < k.
=2;if i = 3,4(mod6), 1 <i<n Subcase II: k = 1,2(mod6).
f(vp) = 05 if i = 0, 3(mod6) f(v;) =0; if i = 0,3(mod6)
=1;if i = 1,2(mod6) = 1; if i = 4,5(mod6)
=2;if i =4,5(modb), 1 <i<n =2;if i = 1,2(mod6), 1 < i < 2n.

=1; if j = 3,4(mod6)
=2;if 5 =0,1(mod6), 1 <j <k
Subcase VI: k& = 5(mod6).
f(uo) = 2.
f(u;) = 0; if i = 2,5(mod6

=1;ifi=0,1

f(u}) =0; if i = 1,4(mod6

The remaining vertices are labeled same as in Subcase I.

Subcase III: k& = 3(mod6).
f(u;) =0; if i = 0, 3(modb)

=1;if ¢ = 1,2(mod6)

=2; if i =4,5(mod6), 1 <i < 2n.
flv) =0; if i = 2,5(mod6)

= 1; if i = 3,4(mod6)

=2;if i =0,1(mod6), 1 <i<2n
f(’wkfl) =1.

f(w;) =05 if j = 2,5(mod6)
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= 1; if j =0, 1(mod6)
=2;if j =3,4(mod6), 1 <j<k,j#k—1
Subcase IV: k = 4(mod6)
flu;) =0; if i =0, 3(mod6)
=1; if ¢ = 4,5(mod6)
=2;ifi =1,2(mod6), 1 <i<2n
flv;) =0; if i =0, 3(mod6)
=1;if i = 1,2(mod6)
=2;if i =4,5(mod6), 1 <i<2n
f(w;) =05 if j = 2,5(mod6)
=1; if j = 3,4(modb)
=2;if 5 =0,1(mod6), 1 <j<k.
Subcase V: k = 5(mod6)

f(v;) = 0; if i = 2,5(mod6)

=1;if i =0, 1(mod6)

= 2; if i = 3,4(mod6), 1 < i < 2n.
The remaining vertices are labeled same as in Subcase I.
Case 2: n = 1,4(modb).

Subcase I: k = 0(mod6).

f(uog) =0.
f(u;) =0; if i = 1, 4(mod6)

=1;if ¢ = 0,5(mod6)

i (

f(vo) =2, f(vzn) =1,
f(v;) =0; if i = 0,3(mod6)
= 1; if i = 4, 5(mod6)
=2;if i =1,2(mod6), 1 <i<2n—1

F(ug) = 0.
f(u;) = 0; if i = 2,5(mod6)
= 1; if i = 3,4(mod6)
=2;if i =0,1(mod6), 1 <i<2n
flvo) =2, f(v2) = 1.
f(v;) = 0; if i = 2, 5(mod6)
=1; if i = 3,4(mod6)
=2;if i = 0,1(mod6), 1 <1 < 2n, n # 2
f(w;) =05 if j = 2,5(mod6)
= 1; if j = 3,4(modb)
=2;if j=0,1(mod6), 1 <j <k
Subcase III: k = 2(modb)

f(uo) = O, f(’u,gn) =1.
f(u;) =0; if i = 1, 4(mod6)
=1;if ¢ = 0,5(mod6)
=2;if i = 2,3(mod6), 1 <i<2n—1.

f(vo) =2
f(v;) = 0; if i = 2, 5(mod6)
=1; if ¢ = 3,4(mod6)
=2;if i =0,1(mod6), 1 < i< 2n
flwg) =1
flw;) =05 if j = 1,4(mod6)
=1; if j = 2,3(mod6)
=2;if 5 =0,5(mod6), 1 <j <k
Subcase IV: k = 3(mod6).
f(UO) = 2,f(1)0) = 0, (’Ugn = 1.

flv;) =0; if i = 2, 5(mod6
=1;if i =0, 1(mod6
=2;if i = 3,4(mod6), 1 <i < 2n—1.

~ —

The remaining vertices are labeled same as in Subcase I.

Subcase V: k = 4(mod6).
f(uo) = 0.
f(u;) = 0; if i = 2,5(mod6)
= 1; if i = 3, 4(mod6)
— 2 ifi=0,1(m od6) <i<on.
f(vo) =2, f(vzn—1) =
) =0;if i = 174(m0d6)
=1;if i = 2,3(mod6)
=2;if i =0,5(mod6), 1 < i< 2n, i #2n— 1.

f(wg) =0.
flw;) =05 if j = 0,3(mod6)
= 1; if j = 4, 5(mod6)
=2; 1fj—1,2(m0d6), 1<j<k-1
Subcase VI: k = 5(mod6).
flu;) =0; if i = 2, 5(mod6)
= 1;if i =0, 1(mod6)
=2;if i = 3,4(mod6), 1 <i < 2n.
f(vo) = 0.
f(vi) = 0; if i = 1,4(mod6)
; if 1 = 0, 5(mod6)
= 2 if i = 2,3(mod6), 1 <i < 2n.
flws) =1, f(wi) =0.
f(w;) =05 if j = 0,3(mod6)

=1;if j =1,2(mod6)
=2;if j =4,5(mod6), 1 <j<k—1,j#3.
Case 3: n = 2,5(modb).
f(uo) = O, f(’U()) =2.
Subcase I: k = 0(mod6).

f(u;) = 0; if i = 1,4(mod6)

=1;if ¢ = 0,5(mod6)

=2;if i =2,3(mod6), 1 <i<2n
f(’()gn) =1.

f(v;) =0; if i = 1,4(mod6)

= 2; if i = 0,5(mod6) <2n-1
f(wg) =0
flw;) =05 if j = 1,4(mod6)
=1; if j = 2,3(mod6)
=2;if j =0,5(mod6), 1 <j<k-—1
Subcase II: k£ = 1(mod6).
f(u;) = 0; if i = 2,5(mod6)
= 1; if i = 3,4(mod6)
=2;if i =0,1(mod6), 1 <i<2n
flvan—3) =1.
f(v;) =0; if i = 1,4(mod6)
=1; if i = 0,5(mod6)
=2;if i = 2,3(mod6), 1 <1i < 2n,i# 2n— 3.
f(wg) = 0.
f(w;) =05 if j = 2,5(mod6)

=1; if j = 3,4(mod6)
=2;if j=0,1(mod6), 1 <j < k-1
Subcase III: k& = 2(mod6).
All the vertices are labeled same as in Subcase II except for

Subcase IV: k = 3(mod6)

f(u;) =0; if i = 1, 4(modb6)

=1, if 1 = 2, 3(mod6)
=2;if i =0,5(mod6), 1 <i<2n

f(v;) = 0; if i = 2, 5(mod6)

=1; if ¢ = 3,4(mod6)
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=2;if i =0,1(mod6), 1 <i < 2n.
flwe—1) =1.
f(w;) =05 if j = 1,4(mod6)
= 1; if j =0, 5(mod6)
=2;if j=2,3(mod6), 1 <j<k,j#k—1
Subcase V: k = 4(mod6).
f(van) = 1.
f(v;) =0; if i = 1,4(mod6)
= 1; if i = 2, 3(mod6)
=2;if i =0,5(mod6), 1 <i<2n—1.
The remaining vertices are labeled same as in Subcase IV.
Subcase VI: k& = 5(mod6).
flw;) =05 if i = 1, 4(mod6)
= 1; if i = 2, 3(mod6)
=2;if i = 0,5(mod6), 1 < j < k.
The remaining vertices are labeled same as in Subcase IV.
The graph G under consideration satisfies the conditions
g (i) — vy ()] < 1 and Jeg(i) — ()] < 1.0 <5 <2
in each case. Hence the graph G under consideration is
3-equitable graph.

Theorem 5 The graph obtained by joining two copies of
cycle with one pendant edge by a path of arbitrary length is
3-equitable.
Proof: Let G be the graph obtained by joining two copies of
cycle with one pendant edge by path P of length £ — 1. Let
us denote the successive vertices of first copy of cycle by
U, Usg, . .., Uy, € = uguy be the pendant edge and ug be the
pendant vertex. Similarly let vy, vo, ..., v, be the successive
vertices of second copy of cycle, €/ = vgv; be the pendant
edge and vy be the pendant vertex. Let wq, wa, . . ., wy be the
successive vertices of path P, with w; = w; and wg = v.
We define labeling function f : V/(G) — {0, 1, 2} as follows.
Case 1: n = 0(mod6).
Subcase I: k = 0(mod6).

fuo) =2.
f(u;) =0; if i = 1,4(modb6)

=1; if ¢ = 0,5(mod6)

=2;if i = 2,3(mod6), 1 <i<n.
f(vo) =0.
f(v;) = 0; if i = 2,5(mod6)

= 1; if i = 3,4(mod6)

=2;if i =0,1( )

=2;if j =0,5(mod6), 1 < j <k.
Subcase II: k& = 1, 4(mod6).
f(v;) =0; if i = 1,4(mod6)
=1; if 1 = 2, 3(mod6)
=2;if i =0,5(mod6), 1 <i <n.
The remaining vertices are labeled same as in Subcase I.
Subcase III: k& = 2(mod6).
flvo) = 1.
f(v;) =0; if i = 0,3(mod6)
=1;if i = 1,2(mod6)
=2;if i =4,5(mod6), 1 <i<n.
The remaining vertices are labeled same as in Subcase I.
Subcase IV: k = 3(mod6).
f(vo) = 2.

The remaining vertices are labeled same as in Subcase III.

Subcase V: k = 5(mod6).
f(vo) = 2.
The remaining vertices are labeled same as in Subcase .
Case 2: n = 1(mod6).

Subcase I: k = 0(mod6).

fluo) = 2.
f(u;) = 0; if i = 1, 4(modb6)
=1;if ¢ = 0,5(mod6)
=2;if i = 2,3(mod6), 1 <i < n.
f(vo) =0.
fv;) =0; if i =0, 3(mod6)
= 1; if i = 4,5(mod6)
=2;if i =1,2(mod6), 1 <i < n.
flw;) =05 if j = 1,4(mod6)
= 1; if j = 2,3(mod6)
=2;if 5 =0,5(mod6), 1 < j<k.

;9
Subcase II: k& = 1(mod6).
fluo) =1, fvo) = 2.
f(v;) =0; if i = 1,4(mod6)
=1; if i = 2, 3(mod6)
=2;if i =0,5(mod6), 1 <i < n.
The remaining vertices are labeled same as in Subcase I.
Subcase III: k& = 2(mod6).
f(vo) =2.
f(v;) = 0; if i = 2,5(mod6)
=1;if i = 0,1(mod6)
=2;if i = 3,4(mod6), 1 <1i < n.
The remaining vertices are labeled same as in Subcase I.
Subcase IV: k = 3(mod6).

f(vo) = 0.
f(v;) = 0; if i = 2,5(mod6)

= 1; if i = 3,4(mod6)

=2;if i =0,1(mod6), 1 <i < n.
flwg—1)=1.

f(w;) =05 if j =1,4(mod6)
=1; if j =0, 5(mod6)
=2;if j =2,3(mod6), 1 <j <k, j#k—1
The remaining vertices are labeled same as in Subcase I.
Subcase V: k = 4(mod6).
fluo) =1, f(vo) = 1.
f(v;) =0; if i = 1,4(mod6)
=1;if i = 2,3(mod6)
=2;if i =0,5(mod6), 1 <i <n.
The remaining vertices are labeled same as in Subcase IV.
Subcase VI: k = 5(mod6).
f(vo) =2.
f(v;) = 0; if i = 2,5(mod6)
=1;if i =0, 1(mod6)
=2;if i = 3,4(mod6), 1 <i < n.
The remaining vertices are labeled same as in Subcase V.
Case 3: n = 2(mod6).
Subcase I: k& = 0(mod6).

flug) = 1.
f(u;) =0; if i = 1, 4(mod6)

=1;if ¢ = 0,5(mod6)

=2;if i = 2,3(mod6), 1 <i<n.
f(vo) = 0.
flv;) =0; if i =0, 3(mod6)

= 1; if i = 4,5(mod6)

=2;if i = 1,2(mod6), 1 <i<n.
f(w;) =05 if j =1,4(mod6)
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=1; if j = 2, 3(mod6)
=2;if j =0,5(mod6), 1 < j <k.
Subcase II: k& = 1(mod6).

f(uo) = f(vo) = 0.

F(or) = Fluwy) = 2

f(v;) =0; if i = 1,4(mod6)
= 1; if i = 2, 3(mod6)
=2;if i =0,5(mod6), 1 <i<n.

The remaining vertices are labeled same as in Subcase I.

Subcase III: k& = 2(mod6).

fvo) = 2.

flv;) =0; if i =0, 3(mod6)
=1;if i = 1, 2(mod6)
=2;if i =4,5(mod6), 1 <i<n.

The remaining vertices are labeled same as in Subcase I.

Subcase IV: k = 3(mod6).

fuo) = 2.

f(u;) = 0; if i = 2,5(modb6)
= 1; if i = 3, 4(mod6)
=2;if i =0,1(mod6), 1 <i <n.

f(vo) = 1.

f(v;) =0; if i = 1,4(mod6)
=1; if i = 2, 3(mod6)
= 2; if i = 0, 5(mod6),

f(w;) =05 if j = 0,3(mod6)
=1; if j = 4, 5(mod6)
=2;if j =1,2(mod6), 1 < j < k.

Subcase V: k = 4(mod6).

fluo) =1, f(vo) = 2.

f(v;) =0; if i = 0,3(mod6)
=1;if i = 1,2(mod6)
= 2;if i = 4,5(mod6), 1 <1i < n.

1<i<n.

The remaining vertices are labeled same as in Subcase IV.

Subcase VI: k = 5(mod6).
f(’()o) =1.
f(v;) = 0; if i = 2, 5(mod6)
= 1;if i = 0, 1(mod6)
=2;if i = 3,4(mod6), 1 <1i < n.

The remaining vertices are labeled same as in Subcase IV.

Case 4: n = 3(mod6).
Subcase I: k& = 0(mod6).
f(ug) = 0.
f(u;) =0; if i = 1,4(mod6)
=1; if i = 0,5(mod6)
=2;if i = 2,3(mod6), 1 <i<n.
f(vo) = 1.
f(v;) = 0; if i = 2,5(mod6)
= 1; if i = 3,4(mod6)
=2;if i =0,1(mod6), 1 <i<n
f(w;) =05 if j = 1,4(mod6)
= 1; if j = 2, 3(mod6)
= 2; if j = 0,5(mod6), 1 <
Subcase II: k& = 1(mod6).
f(v;) =0; if i = 1,4(mod6)
= 1; if i = 2, 3(mod6)
=2;if i =0,5(mod6), 1 <i < n.
The remaining vertices are labeled same as in Subcase I.
Subcase III: & = 2, 3(mod6).
f(v;) = 0; if i = 2,5(mod6)
=1;if i =0, 1(mod6)

= 2; if i = 3,4(mod6), 1 < j < n.
The remaining vertices are labeled same as in Subcase I.
Subcase IV: k = 4(mod6).
f(vo) = 2.
The remaining vertices are labeled same as in Subcase II.
Subcase V: k = 5(mod6).
f(vo) =2.
The remaining vertices are labeled same as in Subcase I.
Case 5: n = 4(mod6).
Subcase I: k& = 0(mod6).

flug) = 1.
f(u;) =0; if i = 1, 4(mod6)
= 1; if i = 0, 5(mod6)
=2;if i = 2,3(mod6), 1 <i < n.
f(vo) = 0.
f(v;) = 0; if i = 2,5(mod6)
= 1; if i = 3,4(mod6)
=2;if i =0,1(mod6), 1 <i<n

flw;) =05 if j = 1,4(mod6)
= 1; if j = 2,3(modb)
=2;if 5 =0,5(mod6), 1 <j <k
Subcase II: k£ = 1(mod6).
f(vo) =2.
f(v;) =0; if i = 1,4(mod6)
= 1; if i = 2, 3(mod6)
=2;if i = 0,5(mod6), 1 <1i < n.
The remaining vertices are labeled same as in Subcase I.
Subcase III: k& = 2(mod6).
flvo) = 1.
f(v;) = 0; if i = 2,5(mod6)
= 1;if i =0, 1(mod6)
=2;if i = 3,4(mod6), 1 <i < n.
The remaining vertices are labeled same as in Subcase I.
Subcase IV: k = 3(mod6).
fluo) =2, f(vo) = 0.
f(v;) =0; if i = 0,3(mod6)
=1, if i = 1,2(mod6)
=2;if i = 4,5(mod6), 1 <i < n.
The remaining vertices are labeled same as in Subcase I.
Subcase V: k = 4(mod6).
f(ug) = 2.
The remaining vertices are labeled same as in Subcase II.
Subcase VI: k = 5(mod6).
f(vo) =2.
The remaining vertices are labeled same as in Subcase I.
Case 6: n = 5(mod6).
Subcase I: k = 0(mod6).

f(uo) = 0.
flu;) =0; if i = 1, 4(mod6)
= 1; if i = 0, 5(mod6)
=2;if i = 2,3(mod6), 1 <i < n.
fvo) = 2.
f(v;) = 0; if i = 2,5(mod6)
= 1; if i = 3,4(mod6)
= 92,if i = 0,1(mod6), 1 <i <n

f(w;) =05 if j = 1,4(mod6)
=1; if j = 2, 3(mod6)

=2 if j = 0,5(mod6), 1 < j < k.
Subcase II: k& = 1(mod6).
f(u;) = 0; if i = 0, 3(modb)
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= 1; if i = 4,5(mod6)
=2;if i =1,2(mod6), 1 <i < n.

fvo) = 2.
f(v;) =0; if i = 2,5(mod6)

= 1; if i = 3,4(mod6)

=2;if i =0,1(mod6), 1 <i<n
f(w;) =05 if j = 2,5(mod6)

= 1; if j = 3,4(mod6)

=2if j = 0,1(mod6), 1 < j < k

Subcase III: k& = 2(mod6).

fluo) =1, f(vo) = 0.
f(v;) =0; if i = 1,4(mod6)
= 1; if i = 0, 5(mod6)
=2;if i = 2,3(mod6), 1 <i < n.
The remaining vertices are labeled same as in Subcase II.
subcase IV: k = 3, 4(mod6).
f(vo) = 1.
f(v;) = 0; if i = 2, 5(mod6)
= 1; if i = 0, 1(mod6)
=2;if i = 3,4(mod6), 1 <i < n.
The remaining vertices are labeled same as in Subcase II.
Subcase V: k = 5(mod6).

fuo) = 1.
f(u;) = 0; if i = 0, 3(modb)

=1;if i = 1,2(mod6)

=2;if i =4,5(mod6), 1 <i<n.
f(vo) = 0.
f(v;) = 0; if i = 2,5(mod6)

=1; if i = 3,4(mod6)

=2;if i =0,1(mod6), 1 <i < n.
flwg) = 2.

f(w;) =05 if j = 2,5(mod6)

=1;if j =0, 1(mod6)

=2;if j =3,4(modb), 1 < j < k-1
The graph G under consideration satisfies the conditions
lup(i) —vp(f)| < 1and |ef(i) —ep(f)| <1,0<4,5<2
in each case. Hence the graph G under consideration is 3-
equitable graph.

III. ILLUSTRATIONS

Ilustration 1 As an illustration of Theorem 1, 3-equitable
labeling of the graph G obtained by joining two copies of
fan graph F7 by path Py is shown in Fig. I. It is the case
related to n = 1(mod6) and k = 3(mod6).

22011022

1 1

Fig. 1. :3-equitable labeling of the graph GG obtained by joining two copies
of F7 by Po.

Hlustration 2 As an illustration of labeling pattern defined
in Theorem 2, 3-equitable labeling of the graph G obtained
by joining two copies of wheel graph Wg by path Fy is
shown in Fig. 2. It is the case related to n = 2(mod6) and
k = 0(mod6).

Ilustration 3 As an illustration of labeling pattern defined in

Fig. 2. :3-equitable labeling of the graph GG obtained by joining two copies
of Ws by P(,‘.

Theorem 3, 3-equitable labeling of the graph G obtained by
joining two copies of helm graph Hg by path Py is shown
in Fig. 3. It is the case related to n = 0(mod6) and k =
0(mod6).

Fig. 3. :3-equitable labeling of the graph GG obtained by joining two copies
of Hg by Pe.

Illustration 4 As an illustration of labeling pattern defined
in Theorem 4, 3-equitable labeling of the graph G obtained
by joining two copies of gear graph G by path Py is shown
in Fig. 4. It is the case related to n = 0(mod6) and k =
0(mod6).

Fig. 4. :3-equitable labeling of the graph GG obtained by joining two copies
of G6 by P6.

Illustration 5 As an illustration of labeling pattern defined in
Theorem 5, 3-equitable labeling of the graph G obtained by
joining two copies of cycle Cg with one pendant edge by path
Ps is shown in Fig. 5. It is the case related to n = 0(mod6)
and k = 0(mod6).

Fig. 5. :3-equitable labeling of the graph G obtained by joining two copies
of cycle C¢ with one pendant edge by Pgs.

IV. CONCLUSION

The research work presented here provide five new results
in the theory of 3-equitable labeling of graphs. The entire
work is focused on joining two copies of some graph by
a path of arbitrary length. In this work two copies of fans,
wheels helms, gears and cycle with one pendant edge are
considered.
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