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Abstract

A linear k-forest is a graph whose components are paths
of length at most k. The linear k-arboricity of a graph G,
denoted by lay(G), is the least number of linear k-forests
needed to decompose G. In this paper, it is obtained that
lay(Kpn) = [5n/8] for n = 0( mod 5).
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1 Introduction

In this paper, all graphs considered are finite, undirected,
and simple (i. e., loopless and without multiple edges).
We refer to [20] for terminology in graph theory. In re-
cent years, many parameters and classes of graphs were
studied. For example, in [11], different properties of the
intrinsic order graph were obtained, namely those deal-
ing with its edges, chains, shadows, neighbors and de-
grees of its vertices, and some relevant subgraphs, as
well as the natural isomorphisms between them. In [18§],
the n-dimensional cube-connected complete graph was
studied. In [24, 25|, the hamiltonicity, path t-coloring,
and the shortest paths of Sierpinski-like graphs were re-
searched. In [26], the vertex arboricity of integer distance
graph G(D,, ) was obtained.

A decomposition of a graph is a list of subgraphs such
that each edge appears in exactly one subgraph in the
list. If a graph G has a decomposition G1,Gs, -, Gy,
then we say that G1,Gs, -+, G4 decompose G, or G can
be decomposed into G1,Go,--- ,G4. A linear k—forest
is a forest whose components are paths of length at most
k. The linear k—arboricity of a graph G, denoted by
lak(Q), is the least number of linear k—forests needed to
decompose G. Let z be a real number, denoted by |z]
the maximum integer no more than x, and denoted by
[2] the minimum integer no less than 2. For any integers
a < b, let [a, b] denote the set of integers {a,a+1,--- ,b}
for simplicity. For any positive integer A, let Py be a
path on A vertices which has length A — 1.

The notion of linear k—arboricity was first introduced by
Habib and Peroche [13], which is a natural generalization
of edge coloring. Clearly, a linear 1-forest is induced by
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a matching, and la;(G) is the edge chromatic number,
or chromatic index, x'(G) of a graph G. Moreover, the
linear k—arboricity lax(G) is also a refinement of the or-
dinary linear arboricity la(G)(or lasx (G)) [14] of a graph
G, which is the case when every component of each for-
est is a path with no length constraint. In 1982, Habib
and Peroche [12] proposed the following conjecture for
an upper bound on lay(G).

Conjecture 1.1. If G is a graph with mazimum degree
A(G) and k > 2, then

(ST i AG) = V(G) | -1,

lak(G) <
[AGIVIAIEL) i AG) <| V(G) | —1.

k- |V (G
2| B

For k =| V(G) | —1, it is the Akiyama’s conjecture [1].

Conjecture 1.2. [1] la(G) < [%]

So far, quite a few results on the verification of Con-
jecture 1.1 have obtained in the literature, especially for
graphs with particular structures, such as trees [5, 6, 13],
cubic graphs [4, 16, 19], regular graphs [2, 3|, planar
graphs [17], balanced complete bipartite graphs [8, 9, 10],
balanced complete multipartite graphs [22] and complete
graphs [5, 7, 8, 9, 21]. It is obtained that the linear 2-
arboricity, the linear 3-arboricity and the low bound of
linear k-arboricity of balanced complete bipartite graph
in [8, 9, 10], respectively. In [23], Xue and Zuo ob-
tained the linear (n — 1)-arboricity of complete multi-
partite graph K, (,,). In [15], the linear 6-arboricity of
the graph K,,, was obtained. All the results are co-
herent with the corresponding cases of Conjecture 1.1.
But for the general graph, this conjecture has not been
proved yet.

As for a lower bound on lag(G), it is obvious that the
following result holds.

Lemma 1.3. For any graph G with mazimum degree
A(G), then

tax(G) 2 mas {29, HLEV%'J”'
k+1

2 Main results

Note that in the following the index of each vertex is
modulo n. Our main result is the following theorem.
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Let K, ., = G(A, B) be a balanced complete bipartite
graph with partite sets A and B, where A = {ag, a1, -,
an—1} and B = {bg,b1, - ,bp_1}. It is defined that
the bipartite dif ference of an edge a,b, in [9] as the
value (¢ — p)( mod n). The edge set of K, , can be
partitioned into n pairwise disjoint perfect matchings
My, My, --- , M,,_1, where M; is exactly the set of edges
of bipartite difference j in K, , for j € [0,n — 1].

Theorem 2.1. lay(K,, ) = [5n/8] for n =0( mod 5).

Proof. Clearly, by Lemma 1.3,
lay(Ky,,) > [n*/[4-2n/5]] = [5n/8],
so we need only to prove the upper bound.

It is easy to see that the following Claim 1 holds.

Claim 1. For each t € [0, [n/8]—1], the edges of Mg;1 24U
Mgt 42g+1 other than that in ¢; , can form one linear 4-
forest, where

Ct,q = {02426453—1)b242645(i—1)+8t+2q>

A4y 2t45(i—1)Datatts(i—1)+8t+2¢+1]7 € [1,n/5]}
for ¢ € {0,2}, and

Ct,qg = {a3+2t+5(i71)b3+2t+5(i71)+8t+2q7

A542¢45(i—1)D542045(i—1)+8t4+2¢+1]7 € [1,1/5]}
for ¢ € {1, 3}.

For example, if n = 40, the edges of My U M; other than
that in

0,0 = {a2+5(i—1)b2+5(i—1)a
gy 5(i-1)batsi-1)+1li € [1,8]}

can form one linear 4-forest (please see Fig. 1). Similarly,
the edges of Ms U M3 other than that in

Co,1 = {a3+5(i—1)b3+5(i—1)+2,
a545(i—1)b5453—1)+3l7 € [1,8]}

can form one linear 4-forest. The edges of M4U M;5 other
than edges in

Co,2 = {a2+5(i71)b2+5(i71)+47
A445(i—1)baysi—1)+5]7 € [1,8]}

can form one linear 4-forest. The edges of MgU M7 other
than edges in

0,3 = {a345(i—1)b345(i—1)+65
a545(i—1)bs5453—-1)+7]1 € [1,8]}
can form another linear 4-forest, and so on.

Claim 2. la4(K, ) < 5n/8 for n = 0( mod 8) and
n = 0( mod 5).

By Claim 1, we have obtained n/2 linear 4-forests in
total. Thus we have to estimate the number of linear
4-forests induced by the union of ¢; 4.

It is easy to verify that all edges of ngoct’q can form
n/5 pairwise disjoint paths Ps

{b5+2t+5(i71)+8t+3a5+2t+5(i71) b5+2t+5(i7 1)+8t+7
A542¢45(i—1)+70242645(i—1)+8t+4+10[7 € [1,1/5]}

and n/5 pairwise disjoint 4-cycles

{@3190456—1)D34-2645(i—1)+8t+204+2¢ +5(i—1)
batoit5(i—1)+8t+503+2t+5(i—1)1 € [1,n/5]},

for each t € [0,n/8 — 1]. Moreover, for each t € [0,n/8 —
1], we obtain one linear 4-forest by deleting edges in

{aatoeysii—1)bayarisi—1)+se1li € [1,n/5]}
of 4-cycles of UZ:OCW, adding edges of
{aubytsy+olu =2t +5i+ 1,4 € [1,n/5]}
to the remained edges of ngoctl,q, and adding edges of
{aubyts(si—5)+1|u=2(50 —5) +5i — 1,4 € [1,n/5]}

to the remained edges of U2=06(5l_1)7q, where t; € [5(1 —
1),5(1—1) + 3] and [ € [1,n/40].

Hence, las(Kpn) < n/2 4+ n/8 = 5n/8 in the case of
n =0( mod 40).

For example, if n = 40, for ¢ = 0, the edges of ngocoﬂ
can form 8 pairwise disjoint paths Ps

{bsit3asibsitrasiyrbsivi1li € [1, 8]}
and 8 pairwise disjoint 4-cycles
{asi—2bsiasi—1bsiaas5,—2|i € [1,8]}.

(Please see Figure 2. Note that the paths Ps of ngoco,q
have not been displayed in the figure.) Moreover, for
t = 0, we obtain one linear 4-forest by deleting edges in

{asysi-1)baysi—1)41li € [1,8]}
of 4-cycles of ngocoﬂ and adding edges of
{aaqo5i-1)batorsi-1)+8+1li € [1,8]}

to the remained edges of ngoco,q. Similarly, for ¢t = 1,
we obtain one linear 4-forest by deleting edges in

{a4+2+5(i71)b4+2+5(i71)+8+1‘i € [1,8]}
of 4-cycles of U2:OC1,q and adding edges of
{ast2.245(i-1)bato.2453-1)+8.2417 € [1,8]}

to the remained edges of ngocl,q. For t = 2, we obtain
one linear 4-forest by deleting edges in

{a4+2<2+5(i—1)b4+2<2+5(i—1)+8-2+1|i € [1,8]}

of 4-cycles of ngoczq and adding edges of

{agq2.3450—1)bat2.345(i—1)+8.341]% € [1,8]}
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Figure 1. My U M; with cp o broken Figure 2. broken edges: the edges
and others normal deleted from 4-cycles of U3_co,q

heavy edges: the edges adding to
the remained edges of U3_yco 4
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to the remained edges of U3_ycz,4. For ¢t = 3, we obtain
one linear 4-forest by deleting edges in

{asy2.3450-1)bat2.345(i—1)+8.341]% € [1,8]}

of 4-cycles of ngoc&q and adding edges of

{asayo.a456-1)bat2.445(i—1)+8.441]7 € [1,8]}

to the remained edges of ngoc&q. For t = 4, we obtain
one linear 4-forest by deleting edges in

{agqo.a456-1)bat2.445(i—1)+8.441]7 € [1,8]}

of 4-cycles of U2:004,q and adding edges of
{asys56-1)bays—1)+1l € [1,8]}

to the remained edges of Ul_ca 4.

Hence las(K40,40) < 25.

Claim 3. lay(K, ) < [6n/8] for n = 2( mod 8) and
n = 0( mod 5).

The edges of M,,_o U M,,_1 other than that in

{aats5i-1)b2453i—-1), @1453-1)bs—1)|i € [1,n/5]}

can form one linear 4-forest. Now we have obtained
[n/8] - 44+ 1 = n/2 linear 4-forests in total by Claim
1. Next we will estimate the number of linear 4-forests
induced by the edges that are not used in K, ;.

It is not difficult to verify that all edges of U3_yc;,q can
form n/5 pairwise disjoint paths Ps

{bs 2t 45(i—1) 484305126 45(i—1)b5 1264 5(i—1) 48147
A542¢45(i—1)4+70242045(i—1)+8t+4+10[t € [1,1/5]}
and n/5 pairwise disjoint 4-cycles
{a3+2t+5(i—1)b3+2t+5(1’—1)+8t+2a4+2t+5(i—1)
b4+2t+5(i71)+8t+5a3+2t+5(i71)|7/ € [1,n/5]},
for each ¢ € [0,|n/8] — 1]. Moreover, for each t €
[0,|n/8] — 2], we obtain one linear 4-forest by deleting
edges in
{aag2t45(-1)barorssii—1)+st41l7 € [1,n/5]}
of 4-cycles of ngoct,q, adding edges of
{aubu+8tz+9|u = 2tl + 5t + 17i € [1,71/5]}
to the remained edges of U3_;cy, 4 and adding edges of
{aubuts(si—5)+1|u = 2(5l —5) +5i — 1,7 € [1,n/5]}

to the remained edges of U§:06(5l_1)7q7 where t; € [5(1 —
1),5(I—1)+3]and l € [1,[|n/8]/5]]. Fort = |n/8] —1,
we obtain one linear 4-forest by deleting edges in

{ares—1)biysi—1)+8(in/s)—1)+107 € [1,n/5]}

of 4-cycles of U2 _q¢(|nss|—1),q for 1 = 4+2(|n/8] —1). It
is easy to verify that the remained edges, i.e., all edges
of

{al+5(i—1)bl+5(i—1)+8([n/8j —1)415 a4+5(i—1)b2+5(i—1)7
a1453i—1)bs(i—1)li € [1,n/5]}

with [ =4+ 2(|n/8] — 1) can form one linear 4-forest.

Hence, las(Kpp) <n/24+(n/8] —1)+14+1=n/2+
[n/8] = [5n/8].

For example, if n = 10, then the edges of My U M; other
than that in

co,0 = {aiby, azqibayia|l = 5 — 3,0 € [1,2]}

can form one linear 4-forest. The edges of MyU M3 other
than that in

co,1 = {aibiyo, azyibot 3|l = 5i — 2,4 € [1,2]}

can form one linear 4-forest. The edges of M4U M5 other
than that in

co,2 = {abiya, azyibayiys|l = 5i — 3,4 € [1,2]}

can form one linear 4-forest. The edges of MgU M7 other
than that in

co,3 = {aibiye, asqibayi7|l = 5i — 2,4 € [1,2]}

can form one linear 4-forest. Clearly, the edges of
ngoco’q produce two disjoint paths Ps

{birsaibiiray7bii11|l = 5i,4 € [1,2]}
and two disjoint 4-cycles
{atbtpoa111b1ersaet = 51 — 2,1 € [1,2]}.
We obtain one linear 4-forest by deleting edges
{asys56i—1)baysi—1)+1li € [1,2]}

of 4-cycles of ngoco,q. Moreover, the edges of Mg U Mg
other than that in

{a4+5(i—1)b2+5(i—1)7 a1+5(i—1)b5(i—1) li € [17 2}}

can form one linear 4-forest. It is not difficult to verify
that the remained edges, i.e., all edges of

{aaibativr, aaiboyr, arpby|l = 5(i — 1),4 € [1,2]}
can form one linear 4-forest. Hence, la4(K10,10) < 7.

Claim 4. lay(K, ) < [6n/8] for n = 4( mod 8) and
n = 0( mod 5).

The edges of M,,_4 U M,,_3 other than that in

{a6456-1)b2453i—1)s a345(—1)bsi—1)|i € [1,n/5]}

can form one linear 4-forest, and the edges of M,,_o U
M,,_1 other than that in

{aaysii—1)bats56—-1)s G145—1)bsi—1)|i € [1,n/5]}

can form another one. Now we have obtained [n/8] -
4+ 2 = n/2 linear 4-forests in total by Claim 1. In the
following we will estimate the number of linear 4-forests
induced by the edges that are not used in K, ,,.

(Advance online publication: 17 February 2015)



TAENG International Journal of Applied Mathematics, 45:1, IJAM 45 1 03

It is not difficult to verify that all edges of UJ_qcs q can
form n/5 pairwise disjoint paths Ps

{biysai—sibiyrai—gi47bip1|l = 10t 4 54,0 € [1,n/5]}
and n/5 pairwise disjoint 4-cycles
{arbiystq2a111biyseyear|l = 2t + 53 — 2,40 € [1,n/5]}

for each ¢ € [0,|n/8] — 1]. Moreover, for each t €
[0,|n/8] — 3], we obtain one linear 4-forest by deleting
edges in

{agyoeysii—1)batotsi—1)+st+1li € [1,1n/5]}
of 4-cycles of U‘;:Oct,q, adding edges of
{auby st 4+1)+1|u = 2t + 5i + 1,4 € [1,n/5]}
to the remained edges of U3_cy, 4 and adding edges of
{aubyts(si-5)+1|u = 2(50 —5) +5i — 1,7 € [1,n/5]}

to the remained edges of U2:00(5l,1)7q, where t; € [5(1 —
1),5(I—1)+3]and l € [1,[|n/8]/5]]. Fort = |n/8] —2,
we obtain one linear 4-forest by deleting edges in

{aubyts|n/sj—15lu =2|n/8] +5(i — 1), € [1,n/5]}
of 4-cycles of ngoc( In/8|—2),q and adding edges of
{a1456-1)bs—1)li € [1,n/5]}

of M,,_; that have not been used. For t = |[n/8] — 1, we
also obtain one linear 4-forest by deleting edges in

{aubu+8Ln/8j76|u = 2|_'fl/8J +oi—4,i€ [177’L/5]}
of 4-cycles of ngoc( In/8]—1),¢ and adding edges of
{asys(i-1)bsi-n)li € [1,1/5]}

of M,,_3 that have not been used. It is obvious that the
remained edges, i.e., all edges of

{aubu+8( [n/8]—2)+1> a4+5(i—1)b2+5(i—1)7
a6+5(i71)b2+5(i71)a au—lbu+s([n/8J 72)+1|
u=2[n/8] +5(i—1),ie[l,n/5]}

can form one linear 4-forest.

Hence, las(Kpyn) < n/24+ ([n/8] —2)+1+14+1 =
n/2+ [n/8] = [5n/8].

Claim 5. lay(K, ) < [6n/8] for n = 6( mod 8) and
n = 0( mod 5).

The edges of M, _¢ U M,,_5 other than that in
{as+s(-1)b245(i-1), 545(i-1)bs(i-1)|i € [1,n/5]}

can form one linear 4-forest, the edges of M,,_4 U M,,_3
other than that in

{a7+5(i71)b4+5(i71)a a5+5(i71)b1+5(i71) |Z € [17 ”/5]}

can form one linear 4-forest, and the edges of M,,_o U
M,,_1 other than edges in

{asysii—1)ba4s6i—1); G1456-1)bs—1)|i € [1,n/5]}

can form another one. Now we have obtained |[n/8] -4+
3 = n/2 linear 4-forests in total by Claim 1. Thus we
have to estimate the number of linear 4-forests induced
by the edges that are not used in K, ,,.

It is not difficult to see that all edges of U}_gc;q can
form n/5 pairwise disjoint paths Ps

u = 2t + 5t
{bu+8t+3aubu+8t+7au+7bu+8t+11| ic [1,n/5] }

and n/5 pairwise disjoint 4-cycles

u=2t+5—2
{aubutst+20ut1butst+6aul i€ [l,n/5] J

for each t € [0,|[n/8] — 1]. Moreover, for each t €
[0, |n/8] — 4], we obtain one linear 4-forest by deleting
edges in

{aaqorrsii—1)bag2e450i—1)+se+1]i € [1,1m/5]}
of 4-cycles of UZ:OCt,qa adding edges of
{aubyts+1)+1lu =2t +5i + 1,3 € [1,n/5]}
to the remained edges of Ul_cy, 4 and adding edges of
{aubyyg(51-5)+1|u = 100 + 5i — 11,7 € [1,n/5]}

to the remained edges of Uj_qc(s1—1),q, Where t; € [5(1 —
1),5(I—1)+3]and l € [1,]|[n/8]/5]]. Fort = |n/8] —1,
we obtain one linear 4-forest by deleting edges in

{aubu_;,_gtn/gj_'y‘u = 2LTL/8J + 51 — 3,Z S [1,n/5]}

of 4-cycles of ngoc(tn/gJ,l)’q and adding edges of
{a5+5(i71)b5(i71)|i € [1,%/5]} of M, _5 that have not
been used. For each t € {|n/8] — 2,|n/8] — 3}, we
obtain one linear 4-forest by deleting edges in

{aubu+8t+1‘u =2t + 51 — 17i € [1,77,/5]}
of 4-cycles of ngoct’q and adding edges of
{aubu+8(t+1)+1\u =2t + 51 + 171 S [1, n/5]}

that have been deleted from U_jc(s41y,4. It is easy to
verify that the remained edges, i.e., all edges of

{aubu+8([n/8J —3)+1> a7+5(i71)b4+5(i71)7
as+5(i71)b2+5(171), a5+5(i71)b1+5(i71)7
a145(i-1)05(i—1), Qat5(i—1)D245(i-1)|
u=2[n/8] +5i—7,i€[l,n/5]},

can form one linear 4-forest.

Hence, las(K, ) <n/24+(n/8] —3)+1+1+1+1=
n/2+ [n/8] = [5n/8].

Claim 6. lay(Ky ) < [6n/8] for n = 1( mod 8) and
n=0( mod 5).

Now we have obtained |n/8]-4 = |n/2] linear 4-forests in
total by Claim 1. Note that the edges of M, _; also have
not been used. Thus we have to estimate the number of
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linear 4-forests induced by the edges that are not used
in Ky, .

It is obvious that all edges of U_¢; 4 can form n/5 pair-
wise disjoint paths Ps

u =10t + 5i
{bu+3au—8tbu+7a’u_8t+7bu+11‘ 1€ [1, TL/5] }

and n/5 pairwise disjoint 4-cycles

w=2t+5i 2
{aubutst+20ut1butsi+oaul i €[1,n/5] I

for each ¢ € [0,|n/8] — 1]. Moreover, for each t €
[0, [n/8] — 4], we obtain one linear 4-forest by deleting
edges in

{asyoesi—1)batot+5(i—1)+st+1]i € [1,1n/5]}
of 4-cycles of ngoct,q, adding edges of
{aubyts+1)+1lu =2t +5i + 1,3 € [1,n/5]}
to the remained edges of ngocthq, and adding edges of
{aubutssi-s)+1|u = 2(50 = 5) +5i — 1,i € [1,n/5]}

to the remained edges of UZ:OC(Sl—l),qv where t; € [5(1 —
1),5(—1)+3]and ! € [1,|[n/8]/5]]. Fort = |n/8] —1,
we obtain one linear 4-forest by deleting edges in

{aubu+8Ln/8J_7|u = QL’R/SJ + 51 — 3,Z S [177?//5]}
of 4-cycles of U3_o¢(|n/s)—1),q- For each t € {[n/8] —
2,|n/8] — 3}, we obtain one linear 4-forest by deleting
edges in
{aaq2t45(i-1)barorssi-1)+si41li € [1,n/5]}
of 4-cycles of ngoct,q and adding edges of
{aubu+8(t+1)+1|u =2t 4 51+ 1,Z S [1, n/5]}

that have been deleted from U_jc(s41),4- It is easy to
verify that the remained edges, i.e., all edges of

u=2[n/8] +5i—

7
{aubyts|n/s)—23] i€ [1,n/5] FUM,_q,

can form another one.

Hence, las(K, n) < [n/2]+([n/8] —3)+1+1+1+1=
[n/2] + [n/8] = [5n/8].

Claim 7. lay(Ky, ) < [6n/8] for n = 3( mod 8) and
n = 0( mod 5).

The edges of M,,_3U M, _o other than that in

{as456-1)b2453i—1)s G2453-1)bsi—1)|i € [1,n/5]}

can form one linear 4-forest. Now we have obtained
[n/8] -4+ 1= |n/2| linear 4-forests in total by Claim
1. Note that the edges of M, _; also have not been used.
Next we will estimate the number of linear 4-forests in-
duced by the edges that are not used in K, ,,.

It is not difficult to verify that all edges of UJ_gc;,q can
form n/5 pairwise disjoint paths P

u=2t+5i
Busserstubuseertusrbusen| | Sy )

and n/5 pairwise disjoint 4-cycles

u=2t+5 —2
{aubutst+20ut1butsi+oaul i€ [1,n/5] J

for each ¢ € [0,|n/8] — 1]. Moreover, for each t €
[0, [n/8] — 5], we obtain one linear 4-forest by deleting
edges in

{aubutst+1|u =2t +5i —1,i € [1,n/5]}
of 4-cycles of ngoct’q, adding edges of
{aubyts+1)+1lu =2t +5i + 1,4 € [1,n/5]}
to the remained edges of ngoctz,q and adding edges of
{aubutsGi-s)+1lu = 2(50 = 5) +5i — 1,i € [1,n/5]}

to the remained edges of ngoc(m_l))q, where t; € [5(1 —
1),5(I—1)+3]and l € [1,[|n/8]|/5]]. Fort = |n/8] —1,
we obtain one linear 4-forest by deleting edges in

{auqu_;'_SLn/SJ _7"LL = 2Ln/8j + 5t — 3,’L S [1,”/5]}

of 4-cycles of Ul_oc(|n/sj-1),q and adding edges of
{a2+5(i_1)b5(i_1)|i = 172, s 771/5} of Mn_g that have
not been used. For each t € [[n/8] —2,|n/8] — 4], we
obtain one linear 4-forest by deleting edges in

{agqorrs5i—1)batott5(i—1)+8t+1]7 € [1,1n/5]}
of 4-cycles of ngoct’q and adding edges of
{a,ubu+8(t+1)+1\u =2t + b5i + 171 S [1, n/5]}

that have been deleted from ngoc(t+1)7q. It is easy to
verify that the remained edges, i.e., all edges of

{aubuys|n/s)—31, asibsi—3|
w=2{n/8| +5i—9,ie1,n5} © M-t

can form another linear 4-forest.

Hence, las(Kp ) < [n/2] +([n/8] —4)+1+3+1 =
[n/2] + [n/8] = [5n/8].

Claim 8. lay(K, ) < [5n/8] for n = 5( mod 8) and
n =0( mod 5).

The edges of M,,_5 U M,,_4 other than that in
{aubu+n—5a au+2bu+n—2|u =5i—3,1 € [la n/5}}

can form one linear 4-forest, the edges of M,,_3U M, _»
other than that in

{aubu+n737 au+2bu+n‘u =5i—2,i € [17 n/5]}

can form one and the edges of M, _; can form another
one. Now we have obtained |n/8] -4 + 3 = [n/2] linear
4-forests in total by Claim 1. Thus we have to estimate

(Advance online publication: 17 February 2015)



TAENG International Journal of Applied Mathematics, 45:1, IJAM 45 1 03

the number of linear 4-forests induced by the edges that
are not used in K, ,,.

It is not difficult to verify that all edges of UJ_qc; 4 can
form n/5 pairwise disjoint paths Ps

w = 10t + 5i
{bu+3au78tbu+7au*8t+7bu+11‘ 1€ [17 n/5] }

and n/5 pairwise disjoint 4-cycles

u=2t+5 —2
{aubutst+20ut1butst+6aul i€ [l,n/5] J

for each t € [0,|n/8] — 1]. Moreover, for each ¢t €
[0,|n/8] — 1], we obtain one linear 4-forest by deleting
edges in

{asyorysii—1)batorrsi—1)+se+1li € [1,n/5]}
of 4-cycles of ngoct,q, adding edges of
{aubu+8tl+9|u = 2tl + 51 + 1,’L S [1,71/5]}
to the remained edges of ngocthq, and adding edges of
{aubuysi—s)+1lu=2(51 = 5) +5i — 1,i € [L,n/5]}

to the remained edges of U2:00(5l,1)7q, where t; € [5(1 —
1),5(I — 1)+ 3] and [ € [1, [n/8] /5] (note that |n/8| =
0( mod 5) in this case). It is easy to verify that the
remained edges, i.e., all edges of

{aubu+n757 au+2bu+n72a au+1 bu+n727 au+3bu+n+1 |
w=>5i—3,i€[1,n/5)},

can form another linear 4-forest.
Hence, laq(Knn) < [n/2] 4+ [n/8] +1 = [5n/8].

Claim 9. lay(K, ) < [6n/8] for n = 7( mod 8) and
n = 0( mod 5).

The edges of M,,_7 U M,,_g other than that in

{ag45(i—1)b245(i-1), @645(i—1)bs(i—1)li € [1,1/5]}

can form one linear 4-forest, the edges of M,,_5 U M,,_4
other than that in

{asit3bsi—2, as(it1)bsit1]i € [1,n/5]}

can form one, and the edges of M, _3U M, _o other than
that in

{a3+5(i71)b5(i71)a a5+5(i71)b3+5(i71) |Z € [17 ”/5]}

can form another one. Note that the edges of M,
have not been used. Now we have obtained |[n/8] -4 +
3 = |[n/2] linear 4-forests in total by Claim 1. In the
following we will estimate the number of linear 4-forests
induced by the edges that are not used in K, ;.

It is not difficult to obtain that all edges of U}_y¢y 4 can
form n/5 pairwise disjoint paths Ps

u=2t+ 51
{butst+30ubutst+70u+7bur8t411] ie1,n/5 }

and n/5 pairwise disjoint 4-cycles

w=2t+5i—2
{aubutst+2aut1butsi+eaul i€ [1,n/5] J

for each t € [0,(n/8] — 1]. Moreover, for each t €
[0, [n/8] — 2], we obtain one linear 4-forest by deleting
edges in

{agyorysii—1)batorrs(—1)+se+1l7 € [1,1/5]}
of 4-cycles of ngocm, adding edges of
{aubyis+1)+1lu =2t +5i + 1,4 € [1,1/5]}
to the remained edges of ngoctzm and adding edges of
{aubuyssi—s)+1lu =2(51 = 5) + 50 — 1,i € [1,n/5]}

to the remained edges of ngoc(m_l))q, where t; € [5(1 —
1),5(I—1)+3]and !l € [1,[|n/8]|/5]]. Fort = |n/8] —1,
we obtain one linear 4-forest by deleting edges in

{aubyisin/s|—7lu=2|n/8] +5i —3,i € [1,n/5]}

of 4-cycles of U?I:OC(Ln/SJ—l),qv and adding edges of

{agy53i-1)bsi—1)li € [1,n/5]}

of M,,_g that have not been used. It is obvious that all
edges of

u=2|n/8] +5i—3
{aubuygnss)—7l i€ [1,n/5] YUM,_q
can form one linear 4-forest, and the remained edges, i.e.,
all edges of

{asitabsi—3, asit3bsi—2, as@iv1)bsit1,
asi—2bs(i—1), asibsi—2li € [1,n/5]},

can form another one.

Hence, las(K, ) < [n/2] + (n/8] —1)+1+1+1=
[n/2] + [n/8] = [5n/8].

Combining Claims 2 — 9, the theorem is proved com-
pletely. O
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