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Numerical Solution for Solving a System of
Fractional Integro-differential Equations

M. Asgarit

Abstract—In this paper, a new numerical method for solving
a linear system of fractional integro-differential equations is
presented. The fractional derivative is considered in the Caputo
sense. The proposed technique is based on the new operational
matrices of triangular functions. The suggested method reduces
this type of system to the solution of system of linear algebraic
equations. To demonstrate the accuracy and applicability of the
presented method some test examples are provided. Numerical
results show that this approach is easy to implement and
accurate when applied to integro-differential equations. We
show that the solutions approach to classical solutions as the
order of the fractional derivatives approach 1.

Index Terms—Fractional calculus; Operational Matrix; Tri-
angular Functions; System of Integro-differential Equations.

I. INTRODUCTION

IFFERENTIAL and integro-differential equations of

fractional order arise in many physical and engineer-
ing problems such as fluid mechanics, viscoelasticity, dif-
fusion processes, biology and so on [1-14]. Thus, a es-
pecial attention has been devoted to the solution of frac-
tional ordinary differential equations, integral equations, and
fractional integro-differential equations of physical interest.
Some of these numerical methods are Adomians decompo-
sition method, variation iteration method, homotopy analysis
method, differential transform method, operational matrices
and nonstandard finite difference scheme [15-31]. In this pa-
per, we present numerical solution of an integro-differential
equations with fractional derivative of the type:

Dosya(t) = fi(t) + (s (s (1) + / Fig (1, 5)y(5)ds),
j=1

(1

1=1,..,n,

with supplementary conditions
y(0) = by, k=0,1,...[a] — 1.

The main purpose of this work is to extend the operational
matrices of TFs to solve the system of fractional integro
differential equations numerically. This paper is organized
as follows,

In Section 2, a brief review of TFs and fractional calculus
is presented. In Section 3, operational matrices of TFs for
fractional integration are derived. Section 4 is devoted to the
formulation of system of fractional integro-differential equa-
tions. In Section 5, some numerical examples are provided.
Finally, Section 6 gives a brief conclusion.
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II. BASIC DEFINITIONS

In the following we present some basic definitions and
properties of the fractional calculus [32,33] and TFs [34-37].

Definition II.1. Let f € L3, a € R,. The Riemman-
Liouville fractional integral of f of order « is defined as

1 /t .

—— | (t—s5)*""f(s)ds, a>0, t>0.
I'(a) Jo

Definition I1.2. The Caputo fractional derivative is given by

n—a £(n)
pesi ={ G 10

1°f(t) =

n—1l<a<mn,

G f(@t). a=n.
Some properties of the fractional operator are mentioned:
L(B+1) —a
ppegh = | TEr=at o B2 Tal,
0, B8 < [al.

DI f(t) = f(t),
DIDf(t) = f(t) = iy FOO0N) L, £>0, ,n—1<
a<n,
HITPf(t) = 115,
5)I"‘I/3f(t) =JPI,

The triangular functions are defined on the interval [0,1)
as follows,

1-&h  Gh<t<(i+1)h
(1) — R > )
T1,(t) { 0 elsewhere,
t—ih . .
(4 — W ih <t < (i+1)h,
T2:(1) 0 elsewhere,
where, : =0,....m —1, h = iy

m

m-set TF vectors are defined as,
T1(t) = [T1o(t), ... T1p_1(t)]7,
T2(t) = [T20(t), ...,T2m,1(t)]T7
and

T(t) = [TL(), T2(t))"

A square integrable function f(¢) may be expanded in terms
of m-set TF series as,

ft)~ F1TT1(t) + F27T2(t) = FTT(¢), ()

where, F'1; = f(ih) and F2; = f((i+1)h) fori =0,...,m—
1. The vectors F'1 and F2 are called the 1D-TF coefficient
vectors and 2m-vector F' is defined as:

F=[F1,F2)".

Let X be a 2m—vector and B be a 2m X 2m matrix, it can
be concluded that

THTT ()X = XT(t), (3)
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and

T7(t)BT(t) = BTT(t), )
in which X = diag(X) and B is a 2m vector with elements
equal to the diagonal entries of B. In addition, the integral
of f(t) can be approximated as follows

/ " (s)ds ~ / " FTT(s)ds ~ FTPT()
0 0

where P ,the operational matrix for integration, is obtained
as [28].

III. OPERATIONAL MATRIX OF FRACTIONAL
INTEGRATION

In this section, we expand integration operational matrix
of TFs to operational matrix of fractional integration.

1 1

— t —8)* L f(s)ds = —— {1
o | =9 [ ),

where 0 <t < T. Also t*~! x f(t) denotes the convolution
product of t*~! and f(t). From Eq. (2) we get,

1 1

L(a) I(a)

(0 Vs f(1)) ~ FT —— [t 1w T(1)).

We now compute ;5 {t*~" *T(t)} as,

i -0 (i) o= (ml)

First we obtain

1°T(t) =

1

F(a) {ta_ * Tll(t)},

in which ¢ = 0,...,m — 1. By using the Laplase transform,
we get

LUITL (D) = st JTLO),
where,
By = T,
S
and
L{T1;(t)} = L{u(t — ih) — L ihu(t —ih)
+wu(t i+ 1))
e—ihs  g—ihs  ,—(i+1)hs
:[S _hs2+ hs? I
then,
—ihs —ths —(i+1)hs
L{I°TL(1)} = esaﬂ - ;;a+2 eh;a+)2 o)

Inverse Laplace transform of Eq. (5), yields

I°T1,(t) = ((a+ 1)(t — ih)*u(t — ih)—

1
I'a+2)
(t = (i +1)h)**!

h

(t —ih)ot!

A u(t —ih) +

ut — (i + 1)h)).
(6)

Also, the fractional integration of T'2;(t) is

I°T2,(t) = ((t —ih)*Tu(t —ih)

I'a+2)
—(t— (@ + D)) u(t — (i + 1)h)

—(a+1)(t— (i +1Dh)u(t — (i +1)h)). (D)
Expansion of I*T'1,(t) with respect to TFs is
IaTli(t) ~ [Cio, ceey Clm_l]Tl(t) + [di0> ceey dim_l]TQ(t),

where ¢;; = I*T1,(jh) and d;; = I°T1;((j + 1)h),
7 =0,....,m—1, from Eq.(6), we get

J <,
h* . e .
Cij = m((aJr DG —9% =0 -
(j —i— 1)0(-1-1)7 1< jv

dij = Cij+1,

Cij = O,

i)a+1+

Finally, for i =0,...,m—1, j=0,...,m—1, we can write
I°T1(t) = P1,T1(t) + P2, T2(t), ®)

where P1, and P2, are m X m operational matrices of
fractional integration in TF domain. These matrices can be
computed as follow,

0 61 52 fﬂL—l

0 0 & Em—2
Pl, = 0 0 O Ens ,

00 0 ... 0

&1 & & Em

0 61 52 fm—l
P2, =10 0 & Em—2 |

000 0 .. &

Where, 67" = 1_‘(2712)((0[ + 1)7’a _ ,ra-‘,-l + (7" _ 1)a+1),
In the same way, the following approximation can be
achieved for 72 .

I°T2(t) ~ P3,T1(t) + P4, T2(t), ©9)
where,
0 Cl <2 Cm—l
0 0 @ Cm—2
P3, = 0 0 0 Cm—3 ,
0O 0 0 ... 0
G G2 G Em
0 Cl CQ Cm—l
Py, =0 0 G Cm—2 | |
0 0 0 ... (G
and (. = F(Ziiz)(raﬂ —(r=1" —(a+1)(r —1)).

By using Egs. (8-9) fractional integration of T'(t) can be
obtained as,

. I°T1(t)\ _ (PLaT1(t) + P2.T2(1)
°T() = (I“TQ(t)) = <P3aT1(t) +P4aT2(t))

= (7 rio) (200
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SO,

I°T(t) = PT(1), (10)

where P,, fractional integration operational matrix of T(t),

is
P11, P2,
P3, P4.)°
The fractional integration of f(¢) can be approximated as,

I°f(t) ~ FTP,T(t). (1)

IV. SOLVING LINEAR SYSTEM OF FRACTIONAL
INTEGRO-DIFFERENTIAL EQUATION
In this section, we use the obtained operational matrix of
fractional integration to solve Eq. (1). Applying the operator
1%, the inverse operator of D%‘, to both sides of Eq. (1)
yields

yi(t) = gi(t) + 1% (fit) + ) (ai; (¢
j=1

(12)

+/ kij(t,s)yj(s)ds)), 1=1,..,n,

where gi(t) = 3272y (07) %, a—1<p < a. We can
approximate the functions as follows

gi(t) = GIT(t) =TT ()G, (13)

fi(t) = FI'T(t) =TT (t)F;, (14)

aij(t) ~= AGT(t) = T (t) Aij, (15)

vi(t) 2 Y,T(t) =TT (1)Y;, (16)

kij(t,s) = T () Ki;T(s) (17)

where 2m-vectors G, Y;, Fi, A;; and 2m x 2m matrix
K;j, 4,5 = 1,2,..,n are TF coefficients. Integral term in
Eq. (12) can be approximated as
(I, /
0

t
[ hstesuoyts =
0

TT () Kij /Ot Y, T(s)ds = TT(t)K;Y; PT(t) ~ By T(%),

s)Y;ds =

SO
[%(By;  T(t)) ~ By Pa,T(t), (18)
and
I% (ag; (t)y; (1)) ~ I (TT () Ay Y[ T(t)) ~
1Ay T() ~ Ay PaT().  (19)

where Y; = diag(Y;) and Bj;, A;; are defined in (4). By
substituting Egs. (13-19) in Eq. (12), we get
YVIT(t) = GIT(t) + FF Po, T(t)+

n

S (A" P T() + By Pa,T(1)),

j=1

(20)
therefore, problem (20) reduces to the following problem:

K*P(QFl*Z(Pg:A”+P£BAU):G“ i:1,2,...,n
j=1
(2D
A linear system of algebraic equations is achieved in Eq.
(21). Components of unknown vectors Y; can be obtained
by solving this system, using an iterative method.

V. NUMERICAL EXAMPLES

In order to illustrate the applicability of the proposed
method, we apply the presented method for the following
examples.

Example 1. Consider the following linear system of
fractional integro-differential equations [38]

Day1()—1+t+t2—y1 — f y1 +yz s))ds,
Dys(t) = -1 —t+yi(t) fo y1(s) — y2(s))ds,
O<a<l,
(22)
with these supplementary conditions
y1(0) =1, y2(0) = —1.
The exact solution is yi(t) = t + €', yo(t) = t — €.

We implemented the suggested method with m = 16 and
m = 32. The obtained numerical results are shown in Table
I and Figs 1-4. In Table I, the absolute error between the
exact solution and the approximate solution, at m = 16 (in
columns 2,3) and m = 32 (in columns 4,5) respectively,
are given. Figs. 1 and 2 show the evolution results for the
system of fractional integro differential Egs. (22) at m = 32
when o« = 1. And Figs. 2 and 4 show the behavior of
obtained approximate solution for the proposed system (22)
at m = 32 with different values of a. From Table I and
Figs. 1-2 we can conclude that our approximate solutions
are in good agreement with the exact values and with
high accuracy in comparison with the approximate solution
obtained in [38].

Example 2. The following linear system of fractional
integro differential equation is considered

DOy (t) = 1+ 2 + sint — [ (y1(s) + 2 s))ds
D%yy(t) = —1 +t + sint + cost — fo ya2(s) (s))ds,
0<a<?,

(23)

with these supplementary conditions

y1(0) =1, yQ(O) =0, yi(()) =1, yé(o) =2.

The exact solution for v = 2 is y1 (t) = t+cos(t), ya(t) =
t + sin(t). The errors for o = 2 are obtained in Table II (
m = 16 in columns 2,3 and m = 32 in columns 4,5). Fig.5
and Fig.6 show numerical results for different values of «
with m = 32.

Example 3. Consider the following system of fractional
integro differential equations [39],

DOy (t) = 2+ € — 3¢ + €3 + [ (6ya(s) — 3y3(s))ds,
Dy (t) = et + 2%t — 3! + f 3y3 (s) — (s))ds7
Dy3(t) = —e! + 2! + 3e3t + fo (y1(s) — 2y2(s))ds,
0<a<l,
(24
subject to the initial conditions

y1(0) = y2(0) = y3(0) = 1,

The exact solution of this system, when o = 1, is

yi(t) =€, ya(t) =e*, ys(t) =€
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In Table III the absolute error between the exact solution
and the approximate solution, at m = 16 (in columns 2,3,4)
and m = 32 (in columns 5,6,7) are presented respectively.
Figs. 7-12 show the evolution results for the system of
integro-differential equation (24) with m = 32. It is easy
to conclude that the solution continuously depends on the
space-fractional derivative.

Example 4. We consider the following system of integro
differential equations of fractional order,

DOy, (t) = fu(t) + f;(smsyl(s) +ya(s))ds,
DOy, (t) = fa(t) + [o (1 = 3(ya(s) + y3(s))ds,
DO ys(t) = f3(t) — [3 (yi(s) + ya(s) + y3<s>>ds£25

The exact solution of this system is
yi(t) =t y(t) =12 ys(t) =t

and fi(t) = ﬁt%—l-tcost—smt—?, fa(t) =

3 9 2 3 4

G+ 16t f3(t) = gt + 5+ 5+
In Table IV the absolute error between the exact solution and
the approximate solution, at m = 16 (in columns 2,3,4) and
m = 32 (in columns 5,6,7) are presented respectively.

2 3
25t~

VI. CONCLUSION

In this paper, the application of TF operational matrix of
fractional order has been successfully employed to obtain
the approximate solutions for linear system of fractional
order integro-differential equations. The fractional deriva-
tive is considered in the Caputo sense. From the obtained
numerical results we can see that the obtained solution
using the suggested method are in good agreement with the
exact solution and with the presented method in [38]. It is
easy to conclude that the solution continuously depends on
the fractional derivative. The presented method provides a
technique that requires less computational work. Also the
last problems show efficiency and accuracy of the method.

ACKNOWLEDGEMENTS

The authors are extending their heartfelt thanks to the
reviewers for their valuable suggestions for the improvement
of the article.

REFERENCES

[1] J. H. He, Approximate analytical solution for seepage flow with
fractional derivatives in porous media, Computer Methods in Applied
Mechanics and Engineering, 167(1998), pp. 57-68 .

[2] 1. Podlubny, Fractional Differential Equations, Academic Press, New
York, NY, USA 1999.

[3] R. Hilfer, Applications of Fractional Calculus in Physics, World Scien-
tific, Singapore 2000.

[4] X. Gao and J. Yu, Synchronization of two coupled fractional-order
chaotic oscillators, Chaos, Solitons and Fractals, 26:1(2005), pp. 141-
145.

[5] J. G. Lu, Chaotic dynamics and synchronization of fractional-order
Arneodo’s systems, Chaos, Solitons and Fractals, 26:4(2005), pp. 1125-
1133.

[6] J. G. Lu and G. Chen, A note on the fractional-order Chen system,
Chaos, Solitons and Fractals, 27:3(2006), pp. 685-688.

[71 A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Appli-
cations of Fractional Differential Equations, Elsevier, San Diego, Calif,
USA 2006.

[8] D. Baleanu, O. G. Mustafa, and R. P. Agarwal, An existence result
for a superlinear fractional differential equation, Applied Mathematics
Letters, 23:9(2010), pp. 1129-1132 .

[9] D. Baleanu, O. G. Mustafa, and R. P. Agarwal, On the solution set for
a class of sequential fractional differential equations, Journal of Physics
A, 43:38(2010), Article ID 385209 .

[10] D. Baleanu, K. Diethelm, E. Scalas, and J. J. Trujillo, Fractional Calcu-
lus Models and Numerical Methods, Series on Complexity, Nonlinearity
and Chaos, World Scientific, Hackensack, NJ, USA 2012.

[11] S. Bhalekar, V. Daftardar-Gejji, D. Baleanu, and R. L. Magin, Tran-
sient chaos in fractional Bloch equations, Computers Mathematics with
Applications, 64(2012), pp. 3367-3376 .

[12] J. M. Blackledge, Application of the Fractional Diffusion Equation for
Predicting Market Behaviour, IAENG International Journal of Applied
Mathematics, 40:3(2010), pp. 130-158.

[13] A. Hakem, M. Berbiche, On the Blow-up Behavior of Solutions to
Semi-Linear Wave Models with Fractional Damping, IAENG Interna-
tional Journal of Applied Mathematics, 41:3(2011), pp. 206-212.

[14] AM. Bijura, Systems of Singularly Perturbed Fractional Integral
Equations II, JAENG International Journal of Applied Mathematics,
42:4(2012), pp. 198-203.

[15] M. Alipour, D. Baleanu, Approximate Analytical Solution for Non-
linear System of Fractional Differential Equations by BPs Operational
Matrices, Advances in Mathematical Physics, 2013(2013), Article ID
954015.

[16] S. Bhalekar, V. Daftardar-Gejji, Solving a System of Nonlinear Func-
tional Equations Using Revised New Iterative Method, World Academy
of Science, Engineering and Technology, 6(2012), pp. 08-21.

[17] M. Zurigat, S. Momani, A. Alawneh, Homotoy analysis method for
systems of fractional integro-differential equations. Neural, Parallel, and
Scientific Computations, 17(2009), pp. 169-186.

[18] J. Saberi Nadjafi, A. Gorbani, He’s homotopy perturbation method:
An effective tool for solving nonlinear integral and integro- differential
equations, Computers and Mathematics with Applications, 58(2009),
pp. 2379-2390.

[19] Z. Odibat, S. Momani, Application of Variational Iteration Method to
Nonlinear Differential Equations of Fractional Order, Int. J. Nonlin. Sci.
Numer. Simulat., 7:1 (2006), pp. 27-34.

[20] J. Biazar, H. Ghazvini, M. Eslami, He’s homotopy perturbation method
for systems of integro-differential equations, Chaos, Solitons and Frac-
tals, 39(2007), pp. 1253- 1258

[21] H. Jafari, V. D. Gejji, Solving a system of nonlinear fractional differen-
tial equations using Adomaain decomposition, Journal of Computational
and Applied Mathematics, 196:2(2006), pp. 644-651.

[22] A. Arikoglu, I. Ozkol, Solution of fractional integro-differential equa-
tions by using fractional differential transform method, Chaos solitons
and fractals, 40:2(2009), pp. 521-529.

[23] E. Rawashdeh, Numerical solution of fractional integro-differential
equations by collocation method, Applied Mathematics and Compu-
tation, 176(2006), pp. 1-6.

[24] L. Huang, X.F. Li, Y. Zhao, X.Y. Duan, Approximate solution of
fractional integro-differential equations by Taylor expansion method,
Computers and Mathematics with Applications, 62(2011), pp. 1127-
1134.

[25] H. Saeedi, M. Mohseni Moghadam, N. Mollahasani, G.N. Chuev, A
CAS wavelet method for solving nonlinear Fredholm integro differential
equations of fractional order, Commun. Nonlinear. Sci. Numer. Simulat.,
16(2011), pp. 1154-1163.

[26] K. Maleknejad, M. Shahrezaee, H. Khatami, Numerical solution of
integral equations system of the second kind by block pulse functions,
Applied Mathematics and Computation, 166(2005), pp. 15-24.

[27] L. Yuanlu, S. Ning, Numerical solution of fractional differential equa-
tions using the generalized block pulse operational matrix, Computers
and Mathematics with Applications, 62:3(2011), pp. 1046-1054.

[28] M. Lakestani, M. Dehghan, S. Irandoust-pakchin, The construction of
operational matrix of fractional derivatives using B-spline functions,
Commun Nonlinear Sci Numer Simulat, 17(2012), pp. 1149-1162.

[29] K. Maleknejad, M. Nosrati Sahlan, A. Ostadi, Numerical Solution
of Fractional Integro-Differential Equation by Using Cubic B-spline
wavelets, Lecture Notes in Engineering and Computer Science: Pro-
ceedings of the World Congress on Engineering 2013, WCE 2013, July
3-5, 2013, London, U.K, (2013), pp. 196-201.

[30] N. Shang, B. Zheng, Exact Solutions for Three Fractional Partial
Differential Equations by the (G’/G) Method, IAENG International
Journal of Applied Mathematics, 43:3(2013), pp. 114-119.

[31] A. Bouhassoun, Multistage Telescoping Decomposition Method for
Solving Fractional Differential Equations, IAENG International Journal
of Applied Mathematics, 43:1(2013), pp. 10-16.

[32] 1. Podlubny, Fractional Differential Equations, Academic Press, San
Diego, 1999.

[33] S. G. Samko, A. A. Kilbas, O. I. Marichev, Fractional Integrals
and Derivatives: Theory and Applications, Gordon and Breach Sci
Publishers, Yverdon, 1993.

(Advance online publication: 24 April 2015)



TAENG International Journal of Applied Mathematics, 45:2, IJAM 45 2 02

TABLE I: The absolute error between the exact solution and the approximate solution at m = 16 and m = 32.

TABLE II: The absolute err:

TABLE III: The absolute error between the exact solution and the approximate solution at m = 16 and m = 32.

t; Iylex - ylama| ‘era: - y2app| |y1eac - ylapp| ‘era: - y2flpp|
0 0 0 0 0

0.1 5.5 x 1074 5.5 x 104 9.6 x 10~° 9.6 x 10~°
0.2 4.7 x 1074 4.7 x 104 1.6 x 10~4 1.6 x 10~4
0.3 5.5 x 104 5.5 x 104 1.9 x 10~ 1.9 x 10~*
0.4 9.0 x 104 9.0 x 10—* 1.6 x 1074 1.6 x 10~4
0.5 2.7 x 1074 2.7 x 10~4 6.7 x 107° 6.7 x 1075
0.6 1.2x 1073 1.2 x 1073 2.3 x 1074 2.3 x10~4
0.7 1.0 x 1073 1.0 x 1073 3.5 x 1074 3.5 x 1074
0.8 1.3 x 1073 1.3 x 1073 4.0x10* 4.0 x 10~4
0.9 1.9 x 1073 1.9 x 1073 4.0 x 104 4.0 x 104

or between the

exact solution and the approximate solution at

t; [Y1ee — Yiapp| | |Y2e2 — Y2app| | [Yiex — Yiapp| | [Y2e2 — Y2appl
0 0 0 0 0

0.1 4.6 x 1074 4.5 x 107° 7.7 x 1077 8.3 x 10~
0.2 2.9 x 1074 8.9 x 1072 1.1 x 1074 2.6 x 1075
0.3 3.0 x 104 1.1 x 10~4 1.0 x 10~4 5.5 x 107°
0.4 4.0 x 1074 2.7 x 1074 6.6 x 10~° 1.1 x 1074
0.5 3.2 x 1077 2.6 x 104 8.0 x 10~ 2.6 x 10~4
0.6 3.4 x 104 9.3 x 10~4 5.3 x 1077 7.0 x 10~4
0.7 1.8 x 10~ 1.6 x 1073 7.7 x107° 1.4 x 1073
0.8 1.5 x 1073 2.9 x 1073 7.0 x 1077 2.7 x 1073
0.9 2.2 x 1073 5.2 x 1073 4.0 x 1072 5.0 x 1073

m = 16 and m = 32.

ti | |Ytex — Ytappl | |Y2ex — Y2appl | Y3ex — Ysapp| | |Y1es — Y1appl | [Y2ex — Y2app| | |Y3es — Y3appl
0 0 0 0 0 0 0

0.1 5.4 x 104 2.6 x 1073 6.6 x 103 9.3 x 107° 4.7 x 1074 1.2 x 1073
0.2 4.0 x 10~4 2.8 x 1073 7.6 x 1073 1.5 x 1074 9.3 x 10~4 2.5 x 1073
0.3 3.8 x 104 3.9 x 1073 1.0 x 1072 1.5 x 1074 1.3 x 1073 3.6 x 1073
0.4 5.0 x 10~4 7.3 x 1073 2.0 x 10~2 6.8 x 107° 1.4 x 1073 3.9 x 1073
0.5 4.6 x 104 49 x 1073 1.0 x 10—2 1.1 x 1074 1.2 x 1073 2.4 x 1073
0.6 5.8 x 1075 1.3 x 1072 3.8 x 1072 8.3 x 1077 2.9 x 1073 7.8 x 1073
0.7 9.2 x 10~4 1.7 x 1072 4.3 x 1072 1.5 x 1074 4.8 x 1073 1.3 x 1072
0.8 1.8 x 1073 2.3 x 1072 5.6 x 1072 3.7x 1074 6.5 x 1073 1.8 x 102
0.9 2.6 x 1073 3.5 x 1072 9.8 x 1072 7.6 x 104 8.0 x 10~4 1.9 x 1072

TABLE IV: The absolute error between the exact solution and the approximate solution at m = 16 and m = 32.

t; ‘ylez - ylapp‘ |y26z - y2a:0:0| ‘y3ez - y3aPP| |ylez - ylaiﬂpl ‘y2ez - y2aPP| |y3€z - ySIZPP‘
0 0 0 0 0 0 0

0.1 1.6 x 10—3 2.6 x 10~3 6.5 x 1074 4.3 x 1074 7.9 x 1074 1.8 x 10~
0.2 7.4 x 1074 1.8 x 103 8.9 x 10~ % 3.6 x 104 5.4 x 10~4 3.0x 104
0.3 8.1x 104 1.1 x 103 1.1 x 103 9.3 x 10~¢ 2.1 x 10~4 3.9 x10~¢
0.4 1.8 x 1073 1.2 x 1074 2.0 x 1073 2.4 x 1073 1.8 x 1073 4.2 x 1074
0.5 4.1 x 1073 3.1x10°3 8.7 x 10™% 5.5 x 1073 4.7 x 1073 3.7 x 1074
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