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Existence of Stepanov-like Square-mean Pseudo
Almost Automorphic Solutions to Nonautonomous
Stochastic Functional Evolution Equations

Zuomao Yan

Abstract—We introduce the concept of bi-square-mean al-
most automorphic functions and Stepanov-like square-mean
pseudo almost automorphic functions for stochastic processes.
Using the results, we also study the existence and uniqueness
theorems for Stepanov-like square-mean pseudo almost auto-
morphic mild solutions to a class of nonautonomous stochastic
functional evolution equations in a real separable Hilbert space.
Finally, an application involving a stochastic parabolic system
is considered.

Index Terms—square-mean pseudo almost automorphic,
stepanov-like pseudo almost automorphic, nonautonomous sto-
chastic evolution equations, exponential dichotomy.

1. INTRODUCTION

HE concept of pseudo almost automorphic functions
is a natural generalization of almost automorphic func-
tions, and the concept of almost automorphic functions was
first created by Bochner in [1]. Since then, those functions
have been widely studied and developed. For more on those
functions we refer the reader to [2], [3], [4]. The existence
of pseudo-almost automorphic solutions is among the most
attractive topics in qualitative theory of differential equations
because of their significance and applications in physics,
mechanics and mathematical biology. In recent years, much
attention has been paid to the existence of pseudo almost
automorphic solutions on different kinds of differential equa-
tions in Banach spaces; see [5], [6], [7], [8], [9] and the
references therein. On the other hand, N’Guérékata and
Pankov [10] introduced the concept of Stepanov-like almost
automorphy functions, which is another generalization of
almost automorphic functions. Such a notion was, subse-
quently, utilized to study the existence of weak Stepanov-
like almost automorphic solutions to some parabolic evo-
lution equations. Very recently, Diagana in [11] introduced
the notion of Stepanov-like pseudo almost automorphy as
a natural generalization of the concept of pseudo almost
automorphy as well as the one of Stepanov-like almost
automorphy. He also studied the existence and uniqueness
of Stepanov-like pseudo almost automorphic solutions to
semilinear differential equations in a Banach space. Further,
we refer the reader to [12], [13], [14], [15], [16], [17]
and references therein for more contributions concerning the
Stepanov-like almost automorphy function theory.
In many cases, deterministic models often fluctuate due to
noise, which is random or at least appears to be so. Therefore,
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we must move from deterministic problems to stochastic
ones. Recently, the existence results for square-mean almost
automorphy solutions to some stochastic differential equa-
tions in Hilbert spaces have been studied in many publica-
tions. For example, Fu et al. [18] introduced a new concept
of a square-mean almost automorphic stochastic process. The
paper deal with the existence and uniqueness of square-mean
almost automorphic mild solutions for stochastic differential
equations in Hilbert spaces, which further generalized the
almost automorphic theory from the deterministic version to
the stochastic one. The papers [19], [20], [21] investigated
the same issue for some stochastic differential equations. The
authors in [22] also studied the existence and uniqueness
of a Stepanov-like almost automorphic mild solution to a
class of nonlinear stochastic differential equations in a real
separable Hilbert space. Chen and Lin [23] introduced the
concept of square-mean pseudo almost automorphy for a
stochastic process and obtained the existence, uniqueness and
global stability of square-mean pseudo almost automorphic
solutions for a class of stochastic evolution equations. For
the case of fractional stochastic differential equations; see
[24]. Yan et al. [25] introduced the concept of Stepanov-like
square-mean pseudo almost automorphic functions, and dis-
cussed the existence and uniqueness of Stepanov-like square-
mean pseudo almost automorphic mild solutions to a neutral
stochastic functional differential equation. They results are
more general and complicated than the almost periodic mild
solutions or pseudo almost periodic mild solutions to some
stochastic differential equations. One can refer to Bezandry
and Diagana [26], [27], [28], in which the authors made
extensive use of the almost periodicity to study the existence
and uniqueness of almost periodic mild solutions to the class
of semilinear stochastic differential equations. We would like
to point out that other interesting results on almost periodicity
and square-mean almost periodic mild solution to stochastic
evolution equations have been obtained in [29], [30], [31],
[32], [33], [34], [35].

In this paper, we investigate the existence and uniqueness
of Stepanov-like square-mean pseudo almost automorphic to
the following nonautonomous stochastic functional evolution
equations:

dz(t) = A(t)x(t)dt + h(t, z(t —r))dt
+f(t,x(t —r))dW(t), teR, (1)

where A(t) : D((A(t)) € L*(P,H) — L*(P,H) is a
family of densely defined closed linear operators satisfying
the so-called “Acquistapace-Terrani ~ conditions, W (¢) is
a two-sided standard one-dimensional Brownian motion de-
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fined on the filtered probability space (2, F, P, F;), where
Fi=oc{W(u) — W(v);u,v <t}. r >0 is a fixed constant
and h, f are appropriate functions to be specified later.

We introduce the notion of bi-square-mean almost auto-
morphic and Stepanov-like square-mean pseudo almost auto-
morphic for stochastic processes, which, in turn generalizes
all the above-mentioned concepts, in particular, the notion of
square-mean pseudo almost automorphy and Stepanov-like
square-mean almost automorphic. Using the new concepts,
the theory of evolution family and exponential dichotomy, we
study the existence and uniqueness of Stepanov-like square-
mean pseudo almost automorphic mild solutions to the partial
stochastic evolution equations of the form Eq. (1). To the best
of our knowledge, there is no work reported on the interesting
problem, which in fact is the main motivation of the present
paper.

The paper is organized as follows. In Section 2, we recall
briefly some basic notations and definitions, lemmas related
with evolution system and Stepanov-like square-mean pseudo
almost automorphic functions. Section 3 is devoted to the
existence and uniqueness of the Stepanov-like square-mean
pseudo almost automorphic solutions for the problem (1).
Finally in Section 4, for illustration, we propose to study
the existence and uniqueness of Stepanov-like square-mean
pseudo almost automorphic solutions for the model arising
in physical systems.

II. PRELIMINARIES

In this section, we introduce some basic definitions, nota-
tions and lemmas which are used throughout this paper.

Throughout the paper, we assume that (H,|| - ||) is as-
sumed to be a real and separable Hilbert space. Let (€2, F, P)
be a complete probability space. The notation L*(P, H)
stands for the space of all H-valued random variables x
such that E || = ||*>= [, || « [|* dP < oo, which is a
Banach space with the norm || z [lo= ([, || = |2 dpP)z.
It is routine to check that L?(P,H) is a Hilbert space
equipped with the norm || - ||. We let L(K, H) be the space
of all linear bounded operators from K into H, equipped
with the usual operator norm || - |p(x, p); in particular,
this is simply denoted by L(H) when K = H. W(?)
is a two-sided standard one-dimensional Brownian motion
defined on the filtered probability space (2, F, P, F;), where
Fi=c{W(u) — W);u,v <t}

A. Square-mean pseudo almost automorphy

Let C(R,L?(P, H)), BC(R, L*(P, H)) stand for the col-
lection of all continuous functions from R into L?(P, H),
the Banach space of all bounded continuous functions from
R into L?(P, H), equipped with the sup norm | - [|c0,
respectively. Similarly, C(R x L?(P,H),L*(P,H)) and
BC(R x L*(P,H),L*(P,H)) stand, respectively, for the
class of all jointly continuous functions from R x L?(P, H)
into L?(P,H) and the collection of all jointly bounded
continuous functions from R x L?(P, H) into L*(P, H).
Definition 1 ([23]). A stochastic process z(t) : R —
L?(P, H) is said to be stochastically bounded if there exists
M>OsuchthatE||x()H<MforallteR

Definition 2 ([23]). A stochastic process = : R — L?(P, H)
is said to be stochastically continuous if

lim B | (1) — (s) |*=

Denote by BC(R,L?(P,H)) the collection of all the
stochastically bounded and continuous processes. Then sev-
eral properties of the space BC(R, L%(P, H)) are listed as
follows.

Remark 1 ([23]). BC(R,L?(P, H)) is a linear space.
Remark 2 ([23]). BC(R, L?(P, H)) is a Banach space with
the norm

1
|2 [|oor= Sgp(E () 1)z,

for B || 2(t) |°= (J,, Il z(¢) ||I* dP)*.

Definition 3 [18]). A stochastlcally continuous stochastic
process = : R — L?(P, H) is said to be square-mean almost
automorphic if for every sequence of real numbers (s, )nen

there is a subsequence (s, )ncn and a stochastic process y :
R — L?(P, H) such that

lim E || z(t+s,) — y(t) [|°=

lim E | y(t — s,) — (t) =
holds for each ¢t € R. This limit means that
sm) — x(t) ||*=

for each ¢ € R. Denote the set of all such stochastically

continuous processes by AA(L?(P, H)).

Remark 3 ([18]). If z(t) € AA(R, L*(P, H)), then z(t) is

bounded, that is,|| = ||coc< o0.

Refer to Lemma 2.3 of [18] for the detailed proof of

Remark 3.

Lemma 1 ([2]). Let f,g: R — L?(P, H)) are square-mean

almost automorphic and A is any scalar. Then the following

holds true:

(1) f+ g M. fo () = f(E+7), f(2) =
mean almost automorphic.

(2) The range Ry of f is precompact, so f is bounded.

(3) If {f.} is a sequence of almost automorphic functions
and f, — f uniformly on R, then f is almost automor-
phic.

lim lim F || z(t+ s, —

m—00 N—00

f(—t) are square-

Definition 4 A continuous function f(t,s) : R x R —
L?(P,H) is called bi-square-mean almost automorphic if
for every sequence of real numbers {s/,},ecn there exists
a subsequence {s,}nen and a stochastic process f(t,s) :
R x R — L*(P, H) such that

m E || f(t+ sn,s+s0) — f(t,5) |*=
n—-—+o0o
is well defined in ¢,s € R, and
Lm B f(t —sp,s—s,) — f(t,s) |*=
n—-+o0o

for each t,s € R. Denote the set of all such stochastically
continuous processes by bAA(R x R, L*(P, H)).

In other words, a function f(t,s): R x R — L*(P,H) is
said to be bi-square-mean almost automorphic if for any se-
quence of real numbers {s], },,cn there exists a subsequence
{8n}nen such that

lim  lim E | f(t+5p—5m,5+50—5m)—f(t,5) ||*=

m—-+o00 n—oo
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for each ¢, s € R.
We set

PAPy(L*(P,H)) = { f € BC(R,L*(P,H)) :

lim 1/T E|lz(#) |? dt =0
T1—>OO 2T —-T - ’

Definition 5 ([23]). A stochastically continuous process
f(t) : R — L?*(P,H) is said to be square-mean pseudo
almost automorphic if it can be decomposed as f = g + ¢,
where g € AAL?(P,H) and ¢ € PAPy(L?(P, H)). Denote
the set of all such stochastically continuous processes by
PAA(L*(P, H)).
Remark 4 ([23]). PAA(L?(P, H)) is a linear closed sub-
space of BC(R,L?(P, H)).
Remark 5 ([23]). PAA(L?*(P, H)) is a Banach space with
the norm || - || -
Definition 6 ([18]). A function f : R x L*(P,H) —
L?(P,H), (t,z) — f(t,x), which is jointly continuous,
is said to be square-mean almost automorphic in ¢t € R
for each x € L2(P, H) if for every sequence of real
numbers {s], },cn there exists a subsequence {s, }nen and
a stochastic process f : R x L>(P,H) — L?(P,H) such
that

lim E || f(t+ sn,7) = f(t2) [[>=0,

n— oo
lim || f(t - Sn,I) - f(tvx) ||2: 0

for each t € R and each = € L?(P, H). Denote the set
of all such stochastically continuous processes by AA(R X
L2(P, H)).

Lemma 2 ([18]). Let f : R x L?*(P,H) — L*(P,H),
(t,2) — f(t,z) be square-mean almost automorphic in
t € R for each z € L?(P, H), and assume that f satisfies a
Lipschitz condition in the following sense:

E| f(t.¢) — f(t,¢) IP’S ME || ¢ — ¢ ||?

for all ¢,vp € L?(P,H) and for each t € R, where
M > 0 is independent of ¢. Then for any square-mean almost
automorphic process z : R — L*(P, H), the stochastic
process F' : R — L*(P,H) given by F(-) = f(-,z(+)) is
square-mean almost automorphic.

Denote

AAg(R x L*(P,H))
= {f € BC(R x L*(P,H),L*(P,H)) :

T
lim / E | f(t,x) ||2dt=0}.
T—o0 _T

Definition 7 ([23]). A function f(t,x) : R x L*(P,H) —
L?(P, H), which is jointly continuous, is said to be square-
mean pseudo almost automorphic in ¢ for any = € L?(P, H)
if it can be decomposed as f = g + ¢, where g €
AA(R x L*(P,H)) and ¢ € AAo(R x L?(P, H)). Denote
the set of all such stochastically continuous processes by
PAA(L?*(R x L?(P, H)).

B. Stepanov-like square-mean almost automorphy
Definition 8 ([32]). The Bochner transform x°(t,s),t €
R,s € [0,1], of a stochastic process z : R — L*(P, H)
is defined by

20(t, s) := x(t + s).

Remark 6 ([32]). A stochastic process ¥ (t,s),t € R,s €
[0, 1], is the Bochner transform of a certain stochastic process
f?

Wty s) = 2"(t, s),

if and only if

Y +T7,8—7)=1(s,t)
forallt € R,s€[0,1] and 7 € [s — 1, s].
Definition 9 ([10]). The Bochner transform F°(t,s,u),t €
R,s € [0,1],u € L*(P,H), of a function F : R x
L2(P,H) — L2(P, H) is defined by

FO(t,s,u) .= F(t + s,u)

for each u € L*(P, H).

Definition 10 ([32]). The space BS?(L*(P,H)) of all
Stepanov bounded stochastic processes consists of all mea-
surable stochastic processes x : R — L?(P, H) such that

a® = L°°(R; L?(0,1; L*(P, H))).

This is a Banach space with the norm

t+1 3
I« lls2=ll " | (riz2)=sup (/ E | () |? dT) :
teR \ Ji

Definition 11 ([19]). A stochastic process x € BS?
(L?(P, H)) is called Stepanov-like square-mean almost au-
tomorphic (or S2-almost automorphic) if

x® € AA(R; L*(0,1; L*(P, H))).
In other words, a stochastic process

zeL? (R, L*(P H))

loc

is said to be Stepanov-like almost automorphic if its Bochner
transform

a2’ R — L*(0,1; L*(P, H))

is square-mean almost automorphic in the sense that for
every sequence of real numbers {s/,},.cn, there exist a
subsequence {s, }nen, and a stochastic process
2 2
y € Liyy (R, L°(P, H))

log

such that

t+1
E || a(s + ) — y(s) |* ds — 0,
t

t+1
/ E || y(s — sn) — (s) |2 ds — 0
t

as n — oo pointwise on R. Denote the set of all such
stochastically continuous processes by AS?(L2(P, H)).
Remark 7 ([19]). It is clear that, if z : R — L?(P, H)
is a square-mean almost automorphic stochastic process,
then x is S?-almost automorphic, that is, AA(L?(P, H)) C
AS?(L*(P, H)).
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C. Stepanov-like square-mean pseudo almost automorphy

Definition 12. A stochastic process f € BS?(R,
L?(P,H)) is said to be Stepanov-like square-mean
pseudo almost automorphic (or S2-pseudo almost au-
tomorphic) if it can be decomposed as f = h +
@, where h® € AA(L?(0,1;L%(P,H))) and ¢® €
PAPy(L?(0,1; L?>(P, H))). Denote the set of all such sto-
chastically continuous processes by PAA?(L?(P, H)).
In other words, a stochastic process
fekr?

loc

(R,L*(P, H))

is said to be Stepanov-like square-mean pseudo almost
automorphic if its Bochner transform

f*: R — L*(0,1;L%(P, H))

is square-mean pseudo almost automorphic in the sense that
there exist two functions h,¢ : R — L?*(P,H) such that
f=h+ ¢, where h® € AA(L*(0,1; L?(P, H))) and ¢° €
PAPy(L?(0,1; L*(P, H))).

Obviously, the following inclusions hold:

AP(L*(P,H)) C AA(L*(P,H)) C PAA(L*(P,H))
C PAA*(LA(P, H)),

where AP(L?(P,H)) stands for the collection of all
L?(P, H)-valued almost periodic functions.

Definition 13. A stochastic process f € BS?*(R x
L?(P,H), L*(P,H)) is said to be Stepanov-like square-
mean pseudo almost automorphic (or S%-pseudo almost
automorphic) if it can be decomposed as f = h + , where
R € AA(R x L*(0,1; L*(P,H))) and ¢* € PAPy(R x
L?(0,1; L?(P, H))) Denote the set of all such stochastically
continuous processes by PAA%(R x L*(P, H)).

Lemma 3. Assume f € PAA%(Rx L*(P, H)). Suppose that
f(t,u) is Lipschitz in u € L?(P, H) uniformly in ¢ € R, in
the sense that there exists L > 0 such that

It u) = fto) [S Lffu—wv]

for all t € R,u,v € L?>(P,H). If ¢(-) € PAA%*(L*(P, H))
then f(-,¢(:)) € PAA%(L*(P,H)).

Lemma 3 can be proved by using Definition 11, Definition
12 and Lemmas 2. One may refer to Theorem 3.5 in [11]
for more details about the proof of Lemma 3.

D. Evolution family and exponential dichotomy

We also need the following concepts concerning evolution
family and exponential dichotomy. For more details, we refer
the reader to [36].

Definition 14. A set U(t,s) : t > s,t,s € R of bounded

linear operators on L?(P, H) is called an evolution family if

(a) U(s,s) = LLU(t,s) = U(t,7)U(r,s) fort > 7 > s
and t, 7,5 € R;

®) {(r,0) € R? : 7 > 0} > (t,5) — U(t,s) is strongly
continuous.

Definition 15. An evolution family U is called hyperbolic (or

has exponential dichotomy) if there are projections P(t),t €

R, uniformly bounded and strongly continuous in ¢, and

constants M, > 0 such that

(a) U(t,s)P(s) = P(t)U(t,s) for all t > s;

(b) the restriction
Uq(t,s): Q(s)L*(P,H) — Q(t)L*(P, H)

is invertible for all ¢ > s (and we set Ug(s,t) =
Uq(t, 3)71)3
© || Ut 5)P(s) < Me=*t=*) and || Ug(s,)Q(t) [|I<
Me=91=%) for all t > s.
Here and below @@ :=1 — P.
Remark 8. Exponential dichotomy is a classical concept in
the study of the long-term behavior of evolution equations,
see [37], [38], [39]. If P(t) =1 fort € R, then (U(t,s))¢>s
is exponentially stable, see [36], [37], [38], [39], for example.
Definition 16. If U is a hyperbolic evolution family, then

F(t,S) = { 7UQ(t7S)Q(S)a

is called Green’s function corresponding to U and P(-).

t>s,t,s€R,
t<s,t,seR

III. EXISTENCE RESULTS

In this section, we prove that there is a unique mild
solution for the problem (1). For that, we make the following
hypotheses:

(H1) There exist constants \g > 0,0 € (5, 7), Ko, K1 >0,
and aq,as € (0,1] with ay + ap > 1 such that

SgU{0} C p(A(t)=Ao), [I R(A, A(t)—=o) [I<

1+ |A

and

I (A(D) = 2RO, A() = 20)[ RO, A(0)
—R(Xo, A(s))] [|< Kot — s[*[A|7*2

fort,s € R,A€Xg:={Ae C\{0}:|arg)| <6}.
The evolution family U (¢, s) generated by A(t) has an
exponential dichotomy with constants M, > 0, di-
chotomy projections P(t),t € R, and Green’s function
I.

['(t,s)r € bAA(R x R, L*(P, H)) uniformly for all =
in any bounded subset of L?(P, H).

The functions h, f are Lipschitz with to the second
argument uniformly in the first argument in the sense
that: there exist Ly, Ly > 0 such that

(H2)

(H3)

(H4)

E || h(t,z) = h(t,y) |P< LnE |z —y |,
and

E| f(t,z) = fty) IPS LyE |z —y |?

for all t € R and each x,y € L*(P, H).
The functions h, f € PAA*(R x L*(P,H)) N C(R x
L?(P,H),L?(P, H)).
Remark 9. Assumption (H1) is usually
“Acquistapace-Terreni” conditions, which was
introduced in [40] and widely wused to investigate
nonautonomous evolution equations in [5], [36], [37].
If (H1) holds, t hen there exists a unique evolution family
{U(t,s),t > s> —oc} on L*(P, H).

In this section, we investigate the existence of a Stepanov-
like square-mean pseudo almost automorphic mild solution
for the problem (1). To do this, we first consider the existence

(H5)

called
firstly
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of square-mean Stepanov-like pseudo almost automorphic
mild solutions to the linear stochastic differential equation
dx(t) = A(t)x(t)dt + h(t)dt + f(t)dW (), te€ R, (2)
where A(t) : D((A(t)) € L*(P,H) — L?(P, H) is a family
of densely defined closed linear operators satisfying the so-
called “Acquistapace-Terrani” conditions. W (t) is a two-
sided standard one-dimensional Brownian motion defined
on the filtered probability space (Q2, F, P, F;), where F;, =
o{W(u) — W(v);u,v < t}. h,f € PAA2(L?>(P,H)) N
C(R,L*(P,H)).
Definition 17. An F;-progressively measurable stochastic
process = : R — L?(P, H) is called a mild solution of the
system (3.1) if x(¢) satisfies

xz(t) =U(t, s)x(s) +/ U(t,7)h(T)dT

t
+/ U(t,7)f(r)dW (1) 3)
forall £ > s and all s € R.

Now we are ready to state the first main result.
Theorem 1. Suppose that (H1), (H2) and (H3) hold. If
h, f € PAA*(L?(P,H))NC(R, L*(P, H)), then there exists
a unique solution x € PAA(L?(P, H)) of equation (2) such

that

+o00
+/t Ug(t, 7)Q(T)f(T)dW(r), t€ R. (4)

U(t,7)P(T)h(r)dr

Proof. Firstly, we show that Eq. (2) admits a unique bounded
solution given by Eq. (4), which is similar to the proofs
of Theorem 4.28 in [39]. See also [5]. From exponential
dichotomy of U(t, s);>s, we deduce

2(t) = /_ U(t, 7)P(r)h(r)dr
“+o0
- [ UattrIQrn(rdr
+/_ U(t,7)P(7)f(T)dW(T)
+oo

- Uq(t, 7)Q(T) f(7)dW (7)

t

®)

is well defined for each t € R.
To prove that x satisfies equation (2) for all ¢ > s, all
s € R, we let

Multiply both sides of (6) by U(t, s) for all ¢ > s, then
Ul(t, s)x(s)

Hence x is a mild solution to Eq. (2).

To prove the uniqueness, let y € PAA(L?(P, H)) satisfy
equation (4). Then, exponential dichotomy of U(t,s):>s
imply that
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Now, we will prove that x € PAA(L?*(P, H)). Since
h,f € PAA*(L*(P,H))NC(R,L*(P, H),

write
h=hi+he, f=fi1+ fo,
where
hi, fi € AA(L?(0,1; L*(P, H)))
NC(R,L*(0,1; L*(P, H)))
and

hy, f3 € PAPy(L?(0,1; L*(P, H)))
NC(R,L*(0,1; L*(P, H))),

then z(t) can be decomposed as

() = /_ U(t, ) P(r)ha (7)dr
+[ U(t,7)P(r)ha(7)dT

+
+\H
8

S

(t, )Q(T)hi(T)dr

(t, 7)Q(7)ha(T)dT

_|_
+\“
3

S

+/tUmﬂPmﬁﬁMWﬁ)
+/tU@ﬂHﬂhmﬂWﬂ
N / Ut D)Q) ()W (7)
+/ Uq(t,7).Q(r) fo(r)AW (7).

+oo
Set
Hi(t) = 3 U(t,7)P(T)hi(7)dT
+ [ vattr@ (i,
Hy(t) = 3 U(t,7)P(T)ha(7)dT
+ [ vattr@ha(r)a
and

m@:/ U(t,7)P(r) f1 (r)dW ()

— 00

+/ Uq(t,7)Q(7) f1 (7)dW (1),

+oo

Falt) = [ UDPEIRr)IW ()

— 00

+ / Uo (£, 7)Q(r) fo(r)dW (7).
+o00

Next we show that Hy, Fy € AA(L*(P,H)) and Ha, Fy €

PAPy(L*(P, H)).

To prove that H; € AA(L?(P, H)), we consider
Hy x(t)

t—k+1
- /t U(t,7)P(r)hi (r)dr

—k

k-1
+/ Ug(t, 7)Q(7)h1(7)dr

t+k

-/ U Ut = )P = P (t = T)dr
k—1

k-1
+/ Ug(t,t +7)Q(t + T)ha(t + 7)dr
k

foreacht € Rand k= 1,2,3,.... Then, using exponential
dichotomy of U(¢, s);>s and Holder’s inequality, it follows
that

E || Hyk(t) |7
t—k 1 2
<2EH/ ’ VP(F)ha (7)dr
' t-‘rk 1 2
+2F H Ug(t,)Q(T)h1(T)dT

szE(;[tk+lcwnrﬂ%r>nnhmr>df)2

—k

va( [ gt e i mie) e

t+k

t—k+1 2
< 2M2E< / e =) || hy(7) || d7>
t—k

t+k—1 2
+2M2E< / ||y (1) | dr)

t+k

t—k+1
< 2M2 (/ e—2(5(t—7’)d7_>
t—k
t—k+1
« (/ B ha(r) |? d7>
t—k
t+k—1
+2M2( / e25(t—7)d7)
t+k
t+k—1
X (/ E || hy(r) ||? d7>
t+k
k
< 2M2</ ez‘sTdT) | 2y )%
—1
—k+1
+2M2</ eZJTdT) I s ||§2
—k

2M?
L GERIY

. 2 p—
Since 22-(e2 — 1) || hy [|% i, e < oo, we
deduce from the well-known Weierstrass test that the series
> peq Hi(t) is uniformly convergent on R. Furthermore,

mwz/ivwﬂmﬂmmm
T)dT = ZHl,k(t)
k=1

Let us take a sequence (s )ne ~ and show that there exists
a subsequence (S, )nen Of (8!, )nen such that

lim lim F || Hy gt + S5 — Sm) — Hi x(2) H2: 0

m—0o0 N—00

+ [ vottmamn

“+oo
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for each t € R. Let ¢ > O,N. > 0. By h} €
AA(L?(0,1; L3(P,H))) and (H3), there exists a subse-
quence (Sp)nen of (s),)nen such that, for each t € R,

t+1
/ E || hi(s+ $p — Sm) — h1(s) H2 ds<e, (1)
t

U+ $n — Syt + Sn — Sm — T)
XP(t+ sy, — S — T)
—U(t,t —1)P(t—71) ||?°< e, (®)

| UQ(t + 8p — Smyt+ Sn — S +T)
Qt+ 5y, —s5m +7)
~Ug(t,t+1)Q(t+7) |P<e ©)
for all n,m > N.. On the other hand, using the inequality

(7)-(9), exponential dichotomy of U(t,s):>s and Holder’s
inequality, we obtain that

E || Hyp(t+ 80— sm) — Hig(t) |?
k
SQEH/ [U(t—FSn—Sm,t‘f’Sn_Sm_T)
k—1
XP(t+ 8, — 8$m —T)hi(t+ $p — S — T)

=U(t,t —7)P(t — 1)hi(t — 7)]dT i

k—1
+2EH/ [Uo(t+ $n — Smst+ S — S +7)
k

XQ(t+ sp — 8m + T)hi(t + 85 — S +7)
2

—Ug(t,t +7)Q(t + T)hi(t + 7)]dr

k
< 4M2E</ e 0T || hi(t + $p — Sm — T)
k—1
2
—hi(t—1) | dr)

k

—|—4E(/ U+ sp — Smyt+ Sp — S — T)
k-1

XP(t+ 8, — 8$m —T)

2
Ut =P —7) | Bt —7) | dT)

k
+4M2E</
k—1

—hi(t+7) | dT)

6767— H hl(t + 8p — Sm + 7)

k

+4E</ | Ug(t+ s — Sm,t + 8p — S, +7)
k—1

XQ(t + Sy, — S +7)

—Ugt,t+7)Qt+7) ||| ba(t+7) | dr)

k k
< 4M2</ 8_257(17') (
k-1 k-1

—7) = (t—7) |2 dr)

E || hi(t+ $n — Sm

k
+4(/ | Ut + Sp — Smyt+ Sp — S — T)
k-1

XP(t+ 8p — Sm —T)

=U(t,t—T1)P(t—1) ||2 dT)

x(/:lE | hult —7) ||2d7>

k k
+4M2(/ eZ‘STdT) ( E || hi(t+ $n — Sm
k-1 k-1

+7) —hi(t+7) |2 dT)

k
+4(/ | Ug(t+ sn — Sm,t + 8p, — S+ T)
k-1
XQ(t+ Sp — Sm +7)
~Ug(t,t +7)Q(t+ 1) || dT)

k
><( E | hi(t+7) ||2dT>
k—1

2M2 t—k+1
Te_%k(e25 - 1)</t . E || hi(s+ $n — Sm)

IN

(o) I ds)

k

+4</ Ut + sp — Smyt+ S — S — 7)
k—1

XP(t+ s, — S$m —T)

Ut t =Pt —7) | df) ™

oM? t+k
—I—Te 25k(625—1)</ E || hi(s+ $p — Sm)
trk—1

(o) I ds)

(]

XQ(t + s —

|| UQ(t+Sn_5mat+8n_5m+7—)
Sm +T)
_Uo(t,t+T)Q(t+ 1) | dr) TN

M2
< 4|:6626k(626 -D+2 M ||252}-:

Thus, we immediately obtain that

lim lim E || Hy g (t + 85 — 8m) — Hyx(t) [|?=0

m—0o0 N—00

for each ¢ &€ R. Therefore, we get that H;; €
AA(L?*(P,H)). Applying Lemma 1, we deduce that the
uniform limit

Hy(t) = iHLk(t) € AA(L*(P, H)).
k=1

Next, we will prove that Hy € PAPy(L*(P, H)). It is
obvious that H, € BC(R, L?(P, H), the left task is to show
that

T
lim —/ E || Hy(t) ||* dt = 0.
T
For this, we consider
Hj (1)

t—k+1
= /tik U(t,7)P(7)ho(7)dT
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t+k—1
+ / Ug(t,7)Q(r)ha(r)dr

t+k

— /k Ult,t — T)P(t — T)ha(t — T)dr
quil
+/ Ug(t,t+ 17)Q(t + T)ho(t + 7)dT
k

foreacht € Rand k =1,2,3,.... Then, using exponential
dichotomy of U(t, s):>s and Holder’s inequality, it follows
that

E || Hop(t) |2
t k+1 2
<9 H U(t,7)P(r)ha(7)dr
t+k 1 2
+2E H Uq(t, 7)Q(7)ha(T)dT

t k+1 2
< 2M2E( / e 00T || hy(7) | dT>
t—k

t+k—1 2
+2M2E(/ eOt=7) I ha(7) || dT)
t+k

t—k+1
< 2M2(/ e‘25(t—7)d7)
- t—k
t—k+1
“ (/ E | ho(r) |2 dT)
t—k
t+k—1
+2M2< / e26(t_7)d7>
t+k
t+k—1
y </ E | ho(r) |I? dT)
t+k
k t—k+1
< 2M2( / e%fd7> ( [ EImRo dr)
k—1 t—k
—k+1
—|—2M2</ 6267—d7>
—k
t+k—1
y (/ E | ha(r) |I? dT)
t+k

M2 t—k+1
< 76_25'“(62‘S -1 [(/ E || ha(r) ||2 dT>
t

—k

+</t:k_1 E | ha(r) |I? dT)].

Since h € PAPy(L?(0,1; L?(P, H))), the above inequality
leads to Hy € PAPy(L?(P, H)). The above inequality leads
also to

2M?
E | Han(t) [P< =52 = 1) || o |3

By using 2M (€2 —1)> 02 |l ha |2 e72F < oo, we

deduce from the well-known Weierstrass test that the series
> e, Ho (t) is uniformly convergent on R. Furthermore,

/UtT

Jr[roo Ug(t, 7)Q(T)

ho(T)dT

dT—ZHQk

Applying Hs € PAPy(L*(P, H)) and the inequality
I )
— E || Ho(t dt
ey

I S
< = FE|| Hy(t) — Hy i (t
*T/_T H 2(t) =Y Hap(t)
k=1
n e~ [T
n 2
2> [ Bl |
k=1
we deduce that the uniform limit Hy(t) = > "2 Hox(t) €
PAP(L2(P, H)).
To prove that F; € AA(L*(P, H)), we consider

Fik(t)
t k1
= /t U(t,7)P(7) fi(r)dW (r)

—k

2
dt

t+k—1
+ / Uq(t, 7)Q(r) f1(r)dW (7)

t+k

k
- /}H Ult,t —7)P(t—7)f1(t — 7)dW(7)

k—1
+ / Ug(t,t +1)Q(t +7) fu(t + 7)dW (1)
k

for each t € R and k = 1,2,3,.... Then, by using an
estimate on the Ito integral established in [41], it follows
that

E | Fii@) |?

t— k+1
[
t

1‘+k 1
Uq(t,

2

)P(7) fr(T)dW (T)

2
+2EH

k
< o2M? /t
t—k

t+k—1
+2M2/ e?®
t+k

T)Q(7) f1(T)dW (7)

e PEIE | fu(r) |1 dr

DR fu(r) | dr
k

< 2M2/k 1 e TR Il f1(t—7) H2 dr

k1
+2M2/ TR || fu(t+7) || dr
—k

k
<oM? sup 2T / B filt—7) |2 dr
r€lk—1,k] k-1
—k+1
LoM? sup BT / E| fit+7) | dr
r€l—k,—k+1] —k

< 2MPe TV fy |20 #2022 || f |,
< 4M2€726ke26 H fl ”%2 )
Since 4M?2e? || fi [|22 Yope, € 2°F < 00, we deduce from

the well-known Weierstrass test that the series Y - ; Hy 5 (t)
is uniformly convergent on R. Furthermore,

™) fi(r)dr

dT—ZFlk
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Let us take a sequence (s}, )ne ~ and show that there exists
a subsequence (Sp)nen Of (S),)nen such that
lim lim E || Fig(t+ s, — sm) — FLe(t) [*=0
m—00 N— 00

for each t € R. Let ¢ > O,N. > 0. By f} €
AA(L?(0,1; L3(P, H))) and (H3), there exists a subse-
quence (Sp)nen Of (S, )nen such that, for each t € R,

t+1
/ E| fi(s+8n—sm) — fi(s) |*ds <e  (10)
t

for all n,m > N.. On the other hand, using the inequality
(8)-(10), exponential dichotomy of U(t,s);>s and the Ito
integral, we obtain that

E || Fl,k(t"'Sn - Sm) _FLk(t) H2
k

§2EH/ [U(t+ Sp — Sm,t+ Sn — Sm — T)
k—1

T)fi(t + sn —

=U(t,t —7)P(t —7)f1(t — 7)]dW ()

XP(t+ sy, — $m — Sm —T)

2

k-1
+2EH / [Ug(t+ $p — Syt + Sn — Sm + 7)
k

XQ<t+Sn _Sm+T)f1(t+sn _3m+7—)
2

—Ug(t,t+7)Qt+7)fi(t+ 7)]dW(r)

k
< 4M2/ e TE || fu(t+ sn — sm —T)
k—1
—fit —7)||? dr
k
+4/ || U(t + Sn — Smat + Sn — Sm — T)
k—1

XP(t+ 8, — 8$m —T)
~U(t,t=7)P(t—7) |> E | fu(t =) ||* dr

2
+4M2/ e OTFE Il fi(t+ 8 — S +17)
k-1

—fit+71)|? dr

2
+4F | Ug(t+ S — Sm,t + Sp — S+ 7)
k-1
XQ(t+ 8p — Sm +7)
Ut t+7)QUt+7) > E | Alt+7) | dr
k
<AM? sup e 27 E| filt+ spn— sm—1)
relk—1,k] k-1
—filt—7)|]? dr
t—k+1
+4g2/ E| fi(r) |2 dr
t—k
k
+4M2 sup 6_267 E || fl (t + Sn — Sm
r€lk—1,k] k-1

+7) = fult +7) |* dr

t+k—1
+4e2/ E| fi(7) ||? dr

t+k
t—k+1
< 40220k 25 / E | f1(s + $n — 5m)
t—k
—f1(s) |12 ds +4¢2 || f1 ||

t+k
#0224 [ B st s, - )
t+k—1

—fi(s) |? ds +4e* || fr |5
< 8(MZe 2k || f1 |22 €)e.
Thus, we immediately obtain that
lim lim F || Fyp(t+ s, —sm) — Fir(t) |>=0

for each ¢t € R. Therefore, we get that Fy; €
AA(L?*(P,H)). Applying Lemma 1, we deduce that the
uniform limit

€ AA(L*(P, H)).

ZFlk

Next, we will prove that Fy € PAP,(L?*(P, H)). It is
obvious that F» € BC (R, L*(P, H), the left task is to show
that

N 2
lim — E || Fx(t) |7 dt = 0.
- -7
For this, we consider
Fo (1)

t—k+1
- [ venr@ner
+/t+k1 UQ(t7

t+k

T)Q(7) f2(T)dT
_ /k Ut t — )Pt — ) folt — 7)dr
k—1

k—1
+/ Ug(t,t+7)Q(t + 7) fa(t + 7)dT
k

for each t € R and k£ = 1,2,3,.... Then, by using the
exponential dichotomy of U(t, s):>s and the Ito integral, it
follows that

E || Po(t) |I?

t— k—‘rl
t—

t-‘rk) 1
UQ(t,

2

)P(7) f2(7)dr

2
+2EH

, tk+1
<o [
t—k

t+k—1
+2M? / e
t+k

T)Q(T) fa(7)dT

D | fofr) |2 dr

DB for) | dr
k

< 2M2/ TR || folt— 1) |2 dr
k—1

k41
+2M2/ 2TE | folt+7) |2 dr
—k

2
<2M? sup e 20T E| fa(t—1) ||2 dr
re€[k—1,k] k—1
—k+1
+oM? sup e%T/ B falt+7) |2 dr
TE[—k,—k+1] —k

< 2MPe™ TV fy |20 42022 || fy |3,
< AMPeR |y |2,
Since f& € PAPy(L?(0,1; L%(P, H))), the above inequality

leads to Fy € PAP,(L?(P, H)). The above inequality leads
also to

E || Fau(t) [IP< 4M%e 2% || f [|2 -
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By using 4M2e® 30 || fo |22 e7?F < oo, we

deduce from the well-known Weierstrass test that the series
> pey Fo i (t) is uniformly convergent on R. Furthermore,

Faft) = [ "o,

St
+ ), VetnQE)

T)P(7) f2(T)dr

Ydr =" Fyi(t)
k=1
Applying F» , € PAPy(L*(P, H)) and the inequality
1 /T
e IR
<1/, F|mo- Ym0

+ﬁz/ E || Fap(t) | dt
r=/)-r 7 7

dt

we deduce that the uniform limit Fy(t) = >0, Foi(t) €
PAP,(L?(P, H)), which ends the proof.

Next, we establish the existence and uniqueness theorem
of pseudo almost automorphic mild solutions to evolution
equation (1).

Definition 18. An F;-progressively measurable stochastic
process = : R — L?(P, H) is called a mild solution of the
system (1) if z(t) satisfies

z(t) =U(t, s)x(s) + / U(t,7)h(r,z(r —r))dr
+ / Ut 1) (r, 2(r — 1)) dW (7)

forall t > s and all s € R.
Lemma 4. If () € PAA(L?*(P,H)), then z(- — r) €
PAA(L*(P,H)), where r > 0 is a fixed constant.

The proof is similar to the proof of Lemma 3.2 in [5], and
we omit the details here.
Theorem 2. Assume that (H1)-(HS) hold. If

AM?
—5Lr <1,

8M?

52 Ln +

(1D
then Eq. (1) admits a unique pseudo almost automorphic
mild solution on R.

Proof. Using similar arguments as in the proof of Theorem
1, it is easy to see that each mild solution x to Eq. (1) is
given by

Now consider the nonlinear operator on BC(R, L?(P, H))
defined by

(va)(t) = [ ;

+oo
) / Uq(t,5)Q()h(s a(s — 1))ds

U(t,s)P(s)h(s,z(s —r))ds

+[ U(t,s)P(s)f(s,z(s —r))dW(s)

“+oo
f/t Ug(t,s)Q(s)f(s,x(s —r))dW(s), t € R.

Let z(-) € PAA(L*(P,H)) C PAA%(L*(P,H)). From
Lemma 4 it is clear that z(- — s) € PAA(L*(P,H)) C
PAA?(L?(P,H)). Using (H4), (H5) and composition the-
orem on Stepanov-like pseudo almost automorphic func-
tions, we deduce that h(-,z(- — ), f(,z(- — s)) €
PAA?(L*(P,H)). It is easy to check that A(-,z(- —
s), f(,z(- — s)) € C(R,L*(P,H)). Applying Theorem
Ufor h() = h(oa(— ), /() = flra(- —5) €
PAA?(L?(P,H)), it follows that the operator ¥ maps
PAA(L2(P, H)) into PAA(L2(P, H)).

Let x,y € PAA(L?(P, H)), then (H2), (H4) and (H5)
yield that
E | (Wa)(t) — (Py)(t) IP

s)h(s,x(s— 1))

<4EH/

—h(s,y(s — 7“))}ds

+oo
+4FE H /t Ug(t,s)Q(s)[h(s,z(s — 1))
2
—h(s,y(s —7))]ds

t
+4EH/ U(t,s)P
— 00

—[f(s,y(s —7))]dW (s)

s)[f(s,2(s = 1))

2

wae [ T ot Q) (s, (s — )

—f(s,y(s —7))]dW(s)

By using the Cauchy-Schwarz inequality, we first evaluate
the first second term of the right-hand side

t
[
+<>o
wae| [ v

—h(s,y(s — T))]ds

t
§4M2E</

2
h(s,y(s— ) | ds)

2

s)[h(s,z(s— 1)) — h(s,y(s —r))]ds

Q(s)[h(s,z(s—1))

e || (s, a(s — 1)

“+o00
+4M2E</t =) || h(s,z(s — 1))
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—Mayw—r»nda

t t
4M2</ e&(ts)ds>(/ o= 3(t=5)
—00 0

B | h(s,a(s =) = s pls = 1) [P ds)

—+oo t
+4M2(/ eé(ts)ds>(/ (B(t—s)
t 0

xEnhwww—r»—hww@—r»Wdﬁ

t t
S 4M2Lh</ e—5(t—s)d8> (/ e—é(t—s)

xEnx@—r»—mS—m|2%)

+oo —+oo
+4M2Lh(/ eé(t_s)ds> (/ )
t t

xE || z(s—7r)—y(s—7r)|? ds)

IN

t 2
§4M2Lh( / eWS)ds) sugEH z(s) —y(s) ||?

se

+00 2
+4M3?L, ( / e5<t—s)ds>
t

xsup B || z(s) —y(s) ||”
SER

8M?
SaTLh Hx_yllgo

As to the last second term, by the Ito integral, we get

4E H /_; U(t,)P(s)[f(s,2(s — 7))
~fGsupts - raw )|

+uﬂWZﬂmMﬂmﬂQ@Mﬂ&x@—rﬂ

—f(s,y(s —7))]|dW(s)
t
<ar [ e BIE | foas )
—f(s,y(s — 7)) |I* ds
“+o0
+4M? / 2R | fs,2(s — 7))
—f(s,y(s =) |I* ds
4M2Lf/ e—25(t—s)
XE || z(s—1)—y(s—7) ||2 ds
+oo
+4AM> Ly / e20(t=2)

<E | a(s —r) —y(s —r) |* ds

IN

IN

t
ML, / e dssup B | as) ) |
—00 sE

+oo
ML, / 259 dssup B || 2(s) — (s) |12
t SER
4M?
< ey

Thus, by combining the above inequality together, we obtain
that, for each t € R,

E || (Ta)(t) — (Py)(t) ||
M2 4M>
< |\ bt —5Ly lz—yl% .
Hence
| Oz — Uy o< VLo | 2 =¥ [loo:

where Lo = 8%2 Ly + %Lf < 1, then the operator
U becomes a strict contraction. By the Banach contraction
principle, we draw a conclusion that there exists a unique
fixed point z(-) for ¥ in PAA(L?(P, H)). It is clear that
the fixed point is the mild solution to (1), which ends the
proof.

IV. APPLICATION

Let ' ¢ RV(N > 1) be an open bounded subset with
C? regular boundary OI' and let H = L?(T") be equipped
with its natural topology || - || 2(r) . We study the existence
of Stepanov-like pseudo almost automorphic solutions to the
following nonautonomous stochastic functional differential
equations:

dz(t,x) = a(t,x)Az(t,z)dt + pq (¢, 2(t — r,x))dt
+,U,2(t,2(t - T,Z’))dW(t), (ta ZC) € R x F,(lZ)
z(t,x) =0, (t,x) € R x oI, (13)

where A = SV 92/022 is the Laplace operator on T
W (t) is a two-sided standard one-dimensional Brownian mo-
tion defined on the filtered probability space (2, F, P, F}).
In this system, pq, o are Stepanov-like pseudo almost au-
tomorphic continuous functions.

Let A(t) be the linear operator given by

Alt)u = a(t,z)Au

for all
u € D(A(t)) = Hy(T') N H*(T),

where a : R x I' — R, in addition of being pseudo almost
automorphic satisfies the following assumptions:

(1) inftER,:L’EF a(ta LL') = 507 and
(i1) there exists Ly > 0 and 0 < pg < 1 such that

la(t, 2) — a(s,@)| < Lofs — ¢}

for all ¢£,s € R uniformly in x € I'.

Clearly, A(t) is sectorial and invertible. Moreover it can be
shown that the analytic semigroup (e’SA(t))SZO associated
with —A(t) is exponentially stable and hence hyperbolic. It
is clear that the operators A(t) defined above are invertible
and satisfy Acquistapace-Terreni conditions.

Let h,f € PAA% (R x L?*(P,H)) N C(R x L*(P,H),
L?(P, H)) be defined for x € T" and t € R by

h(t, u)(x) = pa (8, ut — r)(x)),
ftu) (@) = pa(t, u(t —r)(x)).

Then, the above equation can be written in the abstract form
as the system (1). Assume that there exist constants Lq, Lo
such that

E | pa(t,u) = pa(t,0) T2 0y < La [l w = v [|Z2 ),
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E || pa(t,u) — pa(t,v) ||2L2(r)§ Ly [fu—w H%%r)

for all t € R and each u,v € L*(P, L*(T)).

Consequently all assumptions (H1)-(H5) are satisfied, then
by Theorem 2, we deduce the following result.
Proposition 1. Under the above assumption, if
4M?[2
— =L+ Lo| < 1.

5 { s =+ 2}

Then, Eq. (12)-(13) has a unique pseudo almost automorphic
solution on R.
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