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SzegedRelated Indices of Unilateral Polyomino
Chain and Unilateral Hexagonal Chain

Wei Gao, Li Shi

Abstract—In theoretical chemistry, the Szeged index and vertexwu. The number of edges @ whose distance to the
Szeged related indices were introduced to measure the stability yvertexw is smaller than the distance to the verteis denoted
of alkanes and the strain energy of cycloalkanes. In this paper, ;
we determine the edge-vertex Szeged index and vertex-edgebsﬁ]m“(ed).' fnalogtoutshly,mv(te) I.s the nl?mttlﬁr oftﬁdgde_st«ﬂ
Szeged index of unilateral polyomino chain and unilateral whose distance 1o the ver e’f's Smfa er than the distance
hexagonal chain. Furthermore, the total Szeged indices, third t0 the vertexu. The Szeged index is closely related to the

atom bond connectivity indices, Pl polynomials, vertex Pl Wiener index and defined as
polynomials, Szeged polynomials and edge Szeged polynomials
of these chemical structures are presented. Sz(G) = Z ny(e)ny, (e).

e=uv

Index Terms—molecular graph, edge-vertex Szeged index, . ) ) ] )
vertex-edge Szeged index, total Szeged index, third atomSome conclusions for Szeged index applied in chemical

bond connectivity index, unilateral polyomino chain, unilateral  engineering can refer to Yousefi-Azari et al. [12]. The edge
hexagonal chain. Szeged index o7 is defined as

I. INTRODUCTION Sz(G) = Y mu(e)my(e).

e=uv

i and Zhou [14] determined thevertex unicyclic graphs

h the largest, the second largest, the smallest and the sec-
d smallest edge Szeged indices. Mahmiani and Iranmanesh
! X J15] computed the edge-Szeged index of HAC5C7 nanotube.
defined and employed to model both the melting poi hiniforooshan [16] presented the molecular graphs with

and boiling point of the molecules. Molecular graph is fhaximum edge Szeged index. Khalifeh et. al. [17] studied the

topological representation of a molecule such that each veriée e Szeged index of Hamming molecular graphs @pd
represents an atom of molecule, and covalent bounds betw &lotubes. Zhan and Qiao [18] determined the edge Szeged
atoms are represented by edges between the correspon 48x of bridge molecular graph. Gutman and. Ashrafi [19]

vertices. established the basic properties of edge Szeged index. Wang

Specifically, topological index can be regarded as a SCAI&H Liu 1201 proposed a method of calculating the edge-
function f : G — RT, with this property thatf(G;) = Szeged iLde]xpof Fr)1exagonal chain. g g

J(G2) if two molecular graphs, and G, are isomorphic. ~ rpo gefinition of edge-vertex Szeged index and vertex-
There are several vertex distance-based and degree—basegda—e Szeged index are stated as follows:

dices which are introduced to analyze the chemical properties
of molecule graph, such as: Wiener index, Pl index, Szeged Sze(G) = 1 Z ()10 (€) + o (€)na (),

One of the most important applications of chemical grap@
theory is to measure chemical, physical and pharmaceuti
properties of molecules which is called alkanes. Seveg?
indices relied on the graphical structure of the alkanes

index and atom-bond connectivity index. Several papers 2
contributed to determine the indices of special molecular 1
graphs and to be applied in engineering (See Yan et al. [1] Sz,(G) = 3 Z (my(€)ny(e) + my(e)ny(e)).
and [2], Gao et al. [3] and [4], Gao and Shi [5], Xi and Gao e=uv

[6], Gao and Wang [7], Reineix et al. [8], Liu and Zhangresults on edge-vertex Szeged index and vertex-edge Szeged
[9], and Okamoto and Itofor [10] for more details). index of bridge chemical structure can refer to Alaeiyan and
All (molecular) graphs considered in this paper are finitAsadpour [21].
loopless, and have no multiple edges. Cebe a (molecular)  The number of edges and vertices@fwhose distance to
graph with vertex set¥’(G) and edge seE(G). All graph the vertexu is smaller than the distance to the vertexs
notations and terminologies used but undefined in this papRinoted by, (¢). Analogouslyt, (e) is the number of edges
can be found in [11]. and vertices of3 whose distance to the vertexis smaller
Let e = uv be an edge of the molecular gragh The than the distance to the vertex The total Szeged index of
number of vertices ofy whose distance to the vertexis (7 is defined as
smaller than the distance to the verteis denoted by, (e).
Analogously,n,,(e) is the number of vertices off whose Szr(G) = Z tu(e)to(e).
distance to the vertex is smaller than the distance to the esuv
) ) o Manuel et. al., [22] determined the total Szeged index of
wohfvaL;Sscgﬂ:a:)%Crteé\éeﬁ] ’;'):‘r’te[)"ybarszé z(gﬁéi{j‘é'fgfgj)?”“ary 10, 2015. T@‘Z-Nano.tubesC4—Nanotori and Dendrimer Nanostars.
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The Plindex of molecular grapld: is denoted by Second, the edge-vertex Szeged index, vertex-edge Szeged
index, total Szeged index, third atom bond connectivity in-
PI(G) = Z (1 (€) +ma(e)). dex, P1 polynomial, vertex Pl polynomial, Szeged polynomial
ey and edge Szeged polynomial of unilateral hexagonal chain
The vertex PI index of molecular gragh is defined as is calculated.
PL(G) = ) (ny(e) + nu(e)). Il. SZEGED RELATED INDICES OF UNILATERAL
e=uv PoLYOMINO CHAIN

Khalifeh et. al., [23] presented the vertex PI indices of From the view of graph theory, polyomino is a finite 2-
cartesian product molecular graphs. Ashrafi et. al., [2dbnnected planar graph and each interior face is surrounded
studied the vertex Pl index of an infinite famlly of fU”ereneSoy a square with |ength 4. P0|y0min0 chain is one class of
Khalifeh et. al., [25] raised a matrix method for computingyolyomino such that the connection of centres for adjacent
vertex Pl index of molecular graphs. squares constitute a pathcs - - - ¢,,, wheree; is the centre

As the extension of Pl index and vertex Pl index, thef i-th square. Polyomino chaili? is called a linear chain if
PI polynomial and vertex Pl polynomial are introduced byhe subgraph induced by all 3-degree vertices is a graph with

Ashrafi et. al., [26] stated as n — 2 squares. Furthermore, polyomino chdiff is called
PI(G,z) = Z LMo (e)+mu(e)) a Zig-zag chain if the subgraph induced by all vertices with
’ degree> 2 is path withn — 1 edges. In what follows, we

e=uv

use L* and Z* to denote linear polyomino chain and Zig-
zag polyomino chain, respectively. The structureldf and
Z2% can refer to Figure 1.

and
PI,(G,z) = Z g(ne(e)tnule))

Loghman and Badakhshiana [27] determined the Pl poly-
nomial of TUC,Cs(S) nanotubes and nanotorus. Alamian
et. al., [28] presented the PI polynomial of V-phenylenic
nanotubes and nanotori. Loghman and Badakhshiana [29]

raised the PI polynomial of zig-zag polyhex nanotubes. I I I I : I I I I
Similarly, like Szeged index and edge Szeged index, the
Szeged polynomial and edge Szeged polynomial are defined Linear polyominochain
as
Se?;(G,I) = Z x(mu(e)mu(e)) I
and
See(G,x) =Y alm(@m(@)

e=uv I

respectively. More results on Szeged polynomial and edge Zig-zag polyominochain
Szeged polynomial can refer to [30], [31] and [32].
Although there have been several advances in Pl index,
vertex Pl index, Szeged index, edge Szeged index and atontse the similar technology raised in Gutman and Klavzar
bond connectivity index of molecular graphs, the study ¢13], we define elementary cut as follows. Choose an edge
edge-vertex Szeged index, vertex-edge Szeged index, tetaif the polyomino system and draw a straight line through
Szeged index, third atom bond connectivity index, Pl polythe center of, orthogonal ore. This line will intersect the
nomial, vertex PI polynomial, Szeged polynomial and edgeerimeter in two end pointd> and P,. The straight line
Szeged polynomial of special chemical structures has besmsgmentC whose end points arB; and P; is the elementary
largely limited. In addition, as widespread and critical chengut, intersecting the edge A fragmentS in polyomino chain
ical structures, polyomino system, and hexagonal system &gust maximal linear chain which includes the squares in
widely used in medical science and pharmaceutical field. Atart and end vertices. Lé{S) be the length of fragment
an example, polyomino chain is one of the basic chemicahich denotes the number of squares it is contained HEt
structures, and exists widely in benzene and alkali moleculae a polyomino chain with squares and consist of fragment
structures. For these reasons, we have attracted tremendsmegienceSy, S, -+, Sp(m > 1). Denotel(S;) = I;(i =
academic and industrial interests to research the edge-vertex - ,m). It is not difficult to verify thatl; + 15+ - - +1,,, =
Szeged index, vertex-edge Szeged index, total Szeged index; m — 1 and |[V(H2)| = 2n + 2, |E(H2)| = 3n + 1.
third atom bond connectivity index, Pl polynomial, vertex PFor the k-th fragment of polyomino chain, the cut of this
polynomial, Szeged polynomial and edge Szeged polynomfedgment is the cut which intersects witjH-1 parallel edges
of these molecular structure from a mathematical point of squares in this fragment. A fragment called horizontal
view. fragment if its cut parallels to the horizontal direction, and
The contributions of our paper are two-fold. First, wealled vertical fragment if its cut parallels to the vertical
compute the edge-vertex Szeged index, vertex-edge Szedidction. Unilateral polyomino chain is a special kind of
index, total Szeged index, third atom bond connectivity irpolyomino chain such that for each vertical fragment, two
dex, Pl polynomial, vertex Pl polynomial, Szeged polynomiddorizontal fragments (if exists) adjacent it appear in the left
and edge Szeged polynomial of unilateral polyomino chaiand right sides, respectively.

Fig.1. The structure of L} and Z}

(Advance online publication: 24 April 2015)
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Fig.2. I-type cut and ll-type cut of unilateral polyomino
chain

Our main result in this section stated as follows presents

the edge-vertex Szeged index, vertex-edge Szeged index
total Szeged index of unilateral polyomino chain.
Theorem 1:Let H? be a unilateral polyomino chain
consisted ofm fragmentS;, Sz, -+, S,,(m > 1), and
0Si) = Li(i=1,--,
Then, we have

SzeU(H‘l)
11—1

> l(12j -4 Zl — (125 —4)
j=1
+(125 — )(llfj) (205 — 8)]

+ (12, — 125 +8) Y 1 — (120 — 12j

+8)m + (12, — 125 + 8)j + (8L, — 85 + 4))]
m—11;—1 k—1 m

+ () Li—2k+2+2)3 ) &
k=2 j=2 i=1 i=k+1

—3(m — k) +3(lx — 5) + 1) +

3212—%

m

35+ 1)2 Y Li—2(m—k) +2(k — j) +2)]
i=k+1
Lo k—1 m
+§Z(lk+1)[(2zli_2k+lk+3>(3'z l;
k=1 i=1 i=k+1
—3(m — k) +lx) + 321—3k+lk
2 Z li —2(m — k) + 1) +1)].
i=k+1
Szue(Hi)
-1 m m
= YoleY h-2mt20h -5+ 9B L
j=1 =2 =2
—3m+3l — ) +4) + 652 — 47]

—1 m—1

Zl —2m+2j+2)(3) I —3m
i=1 i=1

Z

(Advance online publication:

m) be the length of each fragment.

+3j—|—1)+(l —2j+2)(31 —3j+ )}
m—11p—1
+> 31 221 — 2k +2j +2) 321 — 3k
k=2 j=2 i=1
35+ 1)+ (3 > li—3(m—k)+3(Ix — j)
i=k+1
2 > Li—2(m—k)+2(k — j) +2)]
i=k+1
1 m k—1 k—1
+§Z(zk+1)[(221i—2k+lk+3)(3Zli
k=1 i=1 i=1
3k + 1, +3)+(3 Z li — 3(m — k)
i=k+1
H)(2 D i 2(m— k) + 1 +1)].
i=k+1
and
Szr(H,)
ll 1
= 2) [(5j-2) 521 —5m +5(l — j) + 8)]
j=1 1=2

m m—1
42 [(5 ) 1 — 5m + 55 + 3)(5lm — 55 + 3)]
i =1

m

>

i=k+1

m—11—1 k—1
42335 1~ 5k +55+3)(5
k=2 j=2 i=1
—5(m — k) +5(lx — j5) + 3)]

m k—1 m
+3 U+ DG L —5k+ 2 +6)(5 Y L
k=
—5(m — k) + 2l + 1)]

i=1 i=k+1
Proof. The cuts inH;} are divided into two types: I-type and
lI-type (see Figure 2). An edge is called I-type (or, ll-type)
if it intersects with I-type (or, ll-type) cut. Now, we consider
the following two cases.

Case 1.If edgec is I-type in j-th square ofc-th fragment
(i.e., e is edge which is passed by dotted line in Figure 2).
We observe that therk + 1 such edges irk-th fragment.

Subcase 1.1. Ik = 1. Then, we have

H

nl(e) = ll + 17
ng(e) = ZZli —2m 4+l + 3,
i=2
ml(e) = 117
and m
ma(e) =3 1 —3m+1 +3.
i=2
Subcase 1.2. Ik = m. Then, we obtain
m—1
ny(e) =2 Z li —2m+ 1, + 3,
i=1
n2(e) =l + 1,
m—1

)=3> li—3m+1lm+3,

i=1

ml(e
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and Hence, by combining the above cases and the definition
of the edge-vertex Szeged index, vertex-edge Szeged index
and total Szeged index, we obtain

Subcasel.3. If 2 < k <m — 1. Then, we get

Sze,U(Hﬁ)
k—1
ni(e) =2 L — 2k + U +3 12l1_12 331 3m 431 4
1 - [ ) _ ] . — 9
- 3 ;[ﬂ;z m+3(l — )+ 4)
na(e) =2 3 I —2(m—k)+ I +1, +(3j —2)2) L —2m+2(L — j) + 4)]
i=k+1 1=2
k—1

mie) =3 1 — 3k + 1 +3,

Im m—1
+2Z 2> Li—2m+2j+2)(3l, — 35+ 1)
=1

i=1 m—1
and +(3> L —3m+ 35 + 1)(2ly — 2j + 2)]
m i=1
mg(e) =2 Z ll — 3(m — ki) + lk~ m—11;—1 m
i=ht1 +2ZZ[221L—21¢+2J+2 (B> L
Case 2.If edgee is ll-type in j-th square of-th fragment h=2 =2 =l . =kl
(i.e., e is edge which is passed by real line in Figure 2). _3(7: : k) +3(lk = J) + 1)
Subcase 2.1. It = 1. Then, we yield — Ui
y +3Y L -3k+3i+D)E Y U
nl(e) = 2]7 1=1 i=k+1
. —2(m —k)+2(lx — ) + 2)]
n2(6)22zli_2m+2(l1_j)+47 - l Qkill- 2k + 1, + 3)(3 3 l;
i—2 +Zk+ Zl_ + Ui+ 3)( Zz
k=1 =1 i=k+1
mi(e) = 35 — 2, 3( — k) +U)

and . Zl73k+lk+3 > li—2(m—k)
ma(e) =3 1; —3m+3(; —j) + 4. =t =kl
ZZ:; +1 + 1)]}
Subcase 2.2. It = m. Then, we infer 4
Szye(H,)
2m_ll 9 + 25 + 2 1,
ni(e) = i —2m + 27 + 2, - _ _ _
1(¢) ; i J 212531 - 2) Zz 2m +2(1, — j)

Jj=1 =2
= 2y — 2j + 2, m |
na(e) J+ )33 1 = 3m+3(ly — j) +4)]
m—1 =2
ml(e) =3 l; —3m + 37 +1, Im m—1 m—1
; 23> L-mi2i+ 23 1
j= i=1 i=1

and
ma(e) = 3l — 37 + 1.

Subcase 2.3. 12 < k£ <m — 1. Then, we deduce

—3m+3j+1) (21 — 25 +2)(3, —3j+1)]
m—llkfl

+23 3 [« Zz — 2k +2j+2) 321

k=2 j=2 i=1

k—1
ni(e) =2 1 —2k+2j+2, —3k+3j+1)+(3 Z li —3(m — k) +3(l, — j)
=1 i=k+1
na(e) =2 3 1 —2(m — k) + 20k — j) + 2, +1)(2§k: li = 2(m — k) +2(l — 5) + 2)]
i=k+1 =kt
m k—1 k—1
k-1 Y e+ D)@Y -2k + 1 +3)(3) L
ml(e):3Zli—3k+3j+1, k=1 i=1 i=1
1=1
—3k 41, +3) + I —3(m — k) +
and ’ 221
male) =3 > 1 —3(m—k)+3(lx — j) + L. 2 Y Li—2m—k)+1+ 1)}
i=k+1 i=k+1

(Advance online publication: 24 April 2015)



TAENG International Journal of Applied Mathematics, 45:2, [JAM 45 2 08

Szr(H,)
11—1 m
= 2> [(2+3j-2)x (2> L —2m+2(l; — j)
j=1 i=2

+443> L —3m+3(l — j) +4)]

=2
I m—1 m—1
42312 Li—2m+2j+2+3 ) 1i—3m
j=2 =1 i=1
+35 4+ 1) x (2z,n 2j + 2+ 3Ly, — 3j+ 1)]
m—11—1
+23 37 221, f2k+2j+2+3zl
k=2 j=2 =1
—3k+3j+1)

x(3 ) Li—3(m—k)+3(lx —j) +1
i=k+1

+2 i L — 2(m — k) + 20y, — j) +2)]

i=k+1
m k—1
+ e+ D@D -2k +1+3
=1
k—1

+3> 1 — 3k + 1 +3)

i=1

3 i Zi—3(m—k)—|—lk+2 i l;

i=k+1 i=k+1
—2(m — k) + 1 +1)].

The desired conclusion is yielded by arranging above

formulas. O
Corollary 2: Let L% be the linear chain witm squares.
Then, we have

Szew(LE) = 3n® +4n? — Tn + 4,
Szpe(LE) = 5n® — 2n% + 3n — 2,
37 61
Szp(LE) = 3N n® 4 13n? — Zn+13.

Proof. Using the definition of linear chain, we hawe = 1,
lih=n,1lp =--- =1, = 0. In terms of Theorem 1, we
immediately get the result. O

Corollary 3: Let Z2 be the Zig-zag chain with squares.
Then, we get

(S;) =4LGE=1,---,
Then, we have

m) be the length of each fragment.

ABC3(Hy)
ll 1

2 Z
+2 Z{(3Z I —3m)/((3

+1) (3, — 35 + 1>>}%

m—11—1
+2)° {3Zl73m
=1

k=2 j=2

)BD 1= 3(m —k+j) +1)}2
i=k

3271 ¢
(37 —2)3> ", 1 —Sm 3j+4)

m—1

> li—3m+3j

=1

/(B 1 — 3k +3j

D e+ D{BY L4205 +3 > Li—3m
k=1 =1 i=k+1
k—1
J(BY 1 =3k +3+1:)(3 Z li = 3(m — k)
=1 i=k+1
+1i))}2.

Corollary 5: Let L% be the linear chain witm squares.

Then, we have

3n—3

ABCs(L})
3l (3j—2)Bn—3j+1)

:22

3n—3
2
+Z 3 —2)(3n—3j+1)
Jr(n—l—l)\/2n—2

n

Corollary 6: Let Z* be the Zig-zag chain with squares.

Then, we have

3m

ABCs(Zy) 3m+1

= 2

m

+3Z

Furthermore, we get the following conclusions on Pl and

3m—1
3(m—k)+2)

3k — 1)(

Szeged polynomials.

21 41
Szen(Z )*3m + 5 =Zm? +?m+8
45 35
Szpe(Z2) = 6m> 4+ — 5 24 S m 8,
25 75
SzT(Z4) 5 =Zmd ?mQ + 85m + 36.

Proof. By virtue of the definition of Zig-zag chain, we have
m=n—1,andl; =y =--- =1,, = 2. In view of Theorem
1, the result is immediately obtained. O

By what we obtained in the proving procedures, we infer
the following conclusions on the third atom bond connectiv-
ity index.

Theorem 4:Let H} be a unilateral polyomino chain
consisted ofm fragmentS;, Sz, -+, Spm(m > 1), and

consisted ofm fragmentS;, Sy, ---
1(S;) =LGE=1,---,
Then, we have

Theorem 7:Let H? be a unilateral polyomino chain
, Sm(m > 1), and
m) be the length of each fragment.

PI(H?Y)
= 20y 41y — (3Zl¢73m+2

m—11—1 -

+2>° Z Zl —3m+2)
k=2 j= =
m k—1

+Z(lk+ 321 +20+3 Z I; — 3m + 3).
k=1 =1 i=k+1

(Advance online publication: 24 April 2015)
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Corollary 8: Let L} be the linear chain witlm squares.
Then, we have

PI(L}) = 14n® — 14n + 4.

Corollary 9: Let Z* be the Zig-zag chain with squares.
Then, we have

PI(Z3}) = 9m? + 15m + 8.

Theorem 10:Let H: be a unilateral polyomino chain
consisted ofm fragmentS;, Sz, -+, S,,(m > 1), and
0(S;) = lLi(i =1,---,
Then, we have

PL,(HY) = 2(l4 +1n—2)(2n+2)
m—11—1 m
+ 2 2n+2)+ ) (I +1)(2n+2).
k=2 j=2 k=1

Corollary 11: Let L% be the linear chain witn squares.
Then, we have

PI,(LY) = 10n* 4 4n — 6.

Corollary 12: Let Z* be the Zig-zag chain with squares.
Then, we have

PI,(Z%) = 6m? + 20m + 16.

Theorem 13:Let H?! be a unilateral polyomino chain
consisted ofm fragmentSl, Sy, -+, Spm(m > 1), and
1(Si) = Li(i = 1,--,
Then, we have

PI(H,,x)

2L + 1, —
m—1 lkfl

49 Z Z 23T Li—3me2

k2j2

+Z (I + 1)z 3V L2030 g Li—3m 3.
k=1

2)3 T iy im3m+2

Corollary 14: Let L} be the linear chain witl squares.
Then, we have

PI(L}, ) — D" 4 (n 4 1)2?

Corollary 15: Let Z? be the Zig-zag chain with squares.
Then, we have

=4(n

PI(Z} x) = 42®™ %2 4 3ma3™ Tt

Theorem 16:Let H? be a unilateral polyomino chain
consisted ofm fragmentS;, Sz, -+, S,,(m > 1), and
USi) = Li(i=1,--,
Then, we have

21y + by, — 2)22H?

m—11—1 m
x(2n+2 +Z lk + 1 (2n+2)'
k=1

PI,(H! z)

n?

+

2>

k=2 j=2

Corollary 17:
Then, we have

Let L! be the linear chain witm squares.

PI,(L%,

z) = (5n — 3)x?" 2.

(Advance online publication:

consisted ofm fragmentS;, Ss, ---
W(s;) =LtEi=1,---,
Then, we have

m) be the length of each fragment.

m) be the length of each fragment.

m) be the length of each fragment.

Corollary 18: Let Z! be the Zig-zag chain with squares.

Then, we have

PI,(Z! x) = (3m + 4)2*™ 4,

Theorem 19:Let H! be a unilateral polyomino chain

, Sm(m > 1), and
m) be the length of each fragment.

SeU(Hn, x)
li—1
23 T lm2me2i

Jj=1

Im
+9 Z 22TV Li—2m+2) (2lm —25+2)
j=2
m—1 lk—l
B apaites
k=2 j=2
22 li72(m*k+j)+2}

1;—2k+2j+2

m
- Z(Zk + 1){$22§;11 I+l —2k+3
k=1
'$2Z£k+l 17_2(m_k)+lk+1}‘

Corollary 20: Let L% be the linear chain wit squares.
Then, we have

n—1
Ses(Iia) = 23 fHETE -2+
j=1
=+ 2 Zx@Ele 1;)(2n—25+2) + (’I’L + 1)1,271—&-2.
j=2

Corollary 21: Let Z? be the Zig-zag chain with squares.

Then, we have

1t

9p2(2m+2) | 9,.6(2m+2)

+ Z 3x(2k+1)(2'm—2k—1) )
k=1

Se,(Z2,

x)

Theorem 22:Let H! be a unilateral polyomino chain
consisted ofm fragmentS;, So, -+, S,(m > 1), and
1(S;) = li(i = 1,--- ,m) be the length of each fragment.
Then, we have

See(Hﬁ)
-1
9 Z L(BI—2B T, Li—3m=3j+4)

j=1
Im
+2) 2@ S li=3meA3+1) (3L —35+1))

=2
m—1 lk—l

49 Z Z 23T li—3k+3)+1

k=2 j=2
BT li—B(m k) +1

m
+ Z(lk + 1)5532?:_11 l; —3k+3+1s

k=1
3 g bi—3(m—k)+lk
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Corollary 23: Let L* be the linear chain wit squares. I'(S;) = [;(i = 1,-- -,
Then, we have

Then, we have

n—1
Se (Lt z) = 2 Z £ (37—2)(3n—3;+1)
Jj=1
+2 Z 2BI=DER=34D) (4 1)27, =
j=2

Corollary 24: Let Z? be the Zig-zag chain with squares.
Then, we have

+ Z 358k =1)(3m—3k—4)
k=1

Seo(Z2, x) = 4™ T

IIl. SZEGEDRELATED INDICES OFUNILATERAL
HEXAGONAL CHAIN

Hexagonal chain is one class of hexagonal system which
is made up of hexagonal. In hexagonal chain, each two
hexagonals has one common edge or no common vertex. Two
hexagonals are adjacented if they have common edge. No
three or more hexagonals share one vertex. Each hexagonal
has two adjacent hexagonals except hexagonals in terminus,
and each hexagonal chain has two hexagonals in terminus.

It is easy to verify that the hexagonal chain with
hexagonals hagn + 2 vertices andn + 1 edges. LetLS
andZ$ be the linear hexagonal chain and Zig-zag hexagonal
chain, respectively. The chemical structurel§fand Z8 can
refer to Figure 3 for more details.

Again, we use the similar trick which was presented in
Gutman and Klavzar [13], and we define elementary cut as
follows. Choose an edgeof the hexagonal system and draw
a straight line through the center ef orthogonal ore. This
line will intersect the perimeter in two end poinf3 and
P,. The straight line segmer® whose end points aré,
and P, is the elementary cut, intersecting the edgeA
fragmentS in hexagonal chain is just maximal linear chain
which include the hexagonals in start and end vertices. Let
I'(S) be the length of fragment which denotes the number
of hexagonals it is contained. L&f¢ be a hexagonal chain
with n hexagonals and consist of fragment sequesiceSs,

-+, Sp(m > 1). Denotel’(S;) = I;(i = 1,--- ,m). Then,
we verify thatl; +1,+---+1,, = n+m— 1 since each two
adjacent fragment have one common hexagonal. Fok-the
fragment of hexagonal chain, the cut of this fragment is the
cut which intersects Witfl\}C + 1 parallel edges of hexagonals
in this fragment. A fragment called horizontal fragment if
its cut parallels to the horizontal direction, otherwise called
inclined fragment. Unilateral hexagonal chain is a special =
class of hexagonal chain such that the cut for each inclined
fragment at the same angle with a horizontal direction.
As an example, Figure 4 shows a structure of unilateral
hexagonal chain. Clearly, linear hexagonal chaif) is a
unilateral hexagonal chain with one fragment, and Zig-zag
is a unilateral hexagonal chain with— 1 fragments.

We now show the edge-vertex Szeged index, vertex-edge
Szeged index and total Szeged index of unilateral hexagonal
chain.

Theorem 25:Let HS be a unilateral hexagonal chain
consisted ofm fragmentS;, Sa, -+, Sym(m > 1), and

m) be the length of each fragment.

Szey(HS)
-1

2 (- 06 S fmmek)+2)

i=k-+1
Zl —m+1)

Zz —k41)+20,)(4

=1
+41, —4j+3)}

m—1
+> {4 Zl—k+1—1 Zl—m+k
k=1 i=

i=k+1
k—1 m
+20) + (60 L —k+ 1) +2) (40>
1=1 i=k+1
—m+k)+3)}
1lk—1
+2ZZ{ Zz;—kﬂ Y445 —1) x
k=2 j=2 i=1

Z I, —m+k)+20,) +
i=k+1

Zz;—k+1

S L—m+k)+ 4l — 45+ 3)}
i=k+1

I
+2) {4
Jj=2

+21,.) (4(

m—1 m

O lhi—m+1)+4i - 1G> L

i=k+1
k—1
—m+k)+20)+ (60O L —k+1)
=1
+20,) (4L, — 45 + 3)}
1 m—1 k—1
5 2 e+ DI L — k1) + 2,
k=2 i=1
m k—1
503 Li—mA+k)=55+2)+ (501
i=k i=1
—k+1)+5j—3)(4 Z I, —m+k) + 20,
i=k+1
+1))}.
Szve(HS)

-1
23" (45 - )05

m

+AO L —m+ 1)+ 4l — 45+ 3)(5

1=2

—m+k)+2z;€)}

m—1
+Z{ Zl —k41)—1)( Zz;—kﬂ
Z l -m

i=k+1

k—1
Ol —k+1)+21)
=1

Z I

i=k+1

+21,) + Zl—m—i—k +3)(

i=k+1
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oo e

Linear hexagonal chain

Zig-zag hexagonal chain

Fig.3. The structure of L8 and Z8

Fig. 4. I-type cut and Il-type cut of unilateral hexagonal chain

+k) +20,)}

!
m—110,—1

k—1
23 3 A L —k+1) +4j - 1)(5

k—1
O li—k
k=2 j=2 i=1 i=1
1) +20) + (A0 D L —m+ k) + 4L, — 45
1=k+1

503 L —m+k)+20)}
i=k+1

L, m—1 k—1

2> (A —m+ 1)+ 45 - D)6
j=2 i=1 i=1

—k+ 1)+ 20) + (4L, — 45 +3)(5( Y 1,
i=k+1

—m+ k) +20,)}

m—1
1 /
+5 > I+ D{4
k=2
k—1 m

+0)GO L—k+1)+5j-3)+(A4( >
i=1 i=k+1

—m+ k) + 2, + DGO L —m+k) —5j +2)}.
i=k

k-1

Ol —k+1)+2
i=1

SZT(HS)

l/1 1 k—1 m
AYGO L —k+1) 20+ 45 — 1) x 42;
Jj=1 i=1

+5 > =45 +7—9m + 5k + 21
i=k+1
m—1

+QZ le—9k+8+6lk Zl
k=1 i=1

i=k+1
—9m + 9k + 3+ 21,

’
m—110,—1 k—1

43301 - k4 1) £ 45— 14 20)

k=2 j=2 i=1

(> Li—m+k)+6l, — 45 +3)
i=k+1

[ m—1 k—1
+AY (AN L +5Y L —4dm+ 45— 5k +38
j=2 =1 i=1
m—1
+20,) (90, —4j +3+5 > I, —5m+ 5k + 2I,)

i=k+1
m—1 k—1

(I +1)(9 > 1 — 9k + 21, + 7 + 55)
k=2 i=1

9 > Iy —9m+ 9k + 6l + 3 — 55).
i=k+1
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Proof. The cuts inH¢ are divided into two types: I-type and Subcase 2.3. 12 < k < m — 1. Then, we deduce
lI-type (see Figure 4). An edge is called I-type if it intersects
with I-type cut. Also, an edge is called II-type if it intersects
with ll-type cut. In what follows, we consider two situations

according to the type of edge.

Case 1.If edgee is I-type in j-th square of-th fragment and
(i.e., e is edge which is passed by dotted line in Figure 4).

Then, the value ofn, (e) andms(e) is calculated as follows:

k—1

mi(e) =50 I, —k+1)+5j -3,
=1

ma(e) = S(Zl; —m-+k)—5j+2.
i=k

Subcase 1.1. Ik = 1. Then, we have
ni(e) = 21/1 +1
and .
=4 (i —m+1)+2 +1.
=2

Subcase 1.2. It = m. Then, we obtain

3

ni(e) =4y (I, —m+1)+20 +1

i

Il
-

and
na(e) =21, +1
Subcase 1.3. I2 < kK <m — 1. Then, we get

k—1
=4 (li—k+1)+2,+1

=1

and

m

na(e) =4 Y (I, —m—+k)+ 2l + 1.

i=k+1

Case 2.If edgee is ll-type in j-th square ofk-th fragment

() =4 (l,—k+1)+4j—1

e)=4 > L+4(l —j)+3.

i=k+1

In part|cular ifj = I, in Subcase 2.3, we have; (¢) =

421 1(

Hence, by combining the above cases and the definition of
edge-vertex Szeged index, vertex-edge Szeged index

the the

—k+1)—1andny(e) =4 " k+1( —m+k)+3.

and total Szeged index, we get

(i.e.,e is edge which is passed by real line in Figure 4). Then,

we deduce

k—1
mi(e) =50 I —k+1)+2i,

=1

ma(e) =5( Y 1 —m—+k)+2l,.
i=k+1

Subcase 2.1. Ik = 1. Then, we yield
ni(e) =45 —1
and .
na(e) =4y Il +4l —4j + 3.
=2
Subcase 2.2. Ik = m. Then, we infer
m—1
e) =4 (—k+1)+4j—1
=1
and
no(e) =4, — 45 + 3.

= 7{42{ 45 —1)(

Szey(Hy)
-1 m

7{42{4%1 5( ) L —m+k)+20,]

i=k+1

k 1 m

+60 L —k+ 1) +2,)[40 L -m+1)
=1 1=2

4l — 4j+3}}

m—1

+2Z{ Zz —k4+1)—1][

k) +21,] + Zz;—kz+ D)+ 204 > L

Zl—m

i=k-+1

i=k+1
—m + k) + 3]}
m— ;*1 k—1
Z DO L —k+1)+45 —1] x
k=2 j=2 =1
m k—1
BOY . L—m+k)+2]+ 6O L —k+1)
i=k+1 =1
2L )[AC Y 1 —m k) + 4, — 45 + 3]}
i=k+1
l:n, m—1 m
HAY {4 L—m+ 1) +45 -1 >
j=2 i=1 i=k+1
—m + k) + 21, Zl;—k+ 1) + 21,)(4L,,,
—4j+3)}
k—1

{401 —k+1) + 21, + 1] x

=1
k—1
O Li—k+1)
=1

(i L —m—+k)+20 + 1]}

+Z (I, + 1){

5(Zlg—m+k)—5j+2)+(5
i=k

+55 —3)[4
i=k+1
SZvE(HS)
-1 k—1

)6 L —k+1)+21,)

i=1
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m m m

HAO L —m A1) Al — 45+ 3]5( > —4j+3+5( ) L —m+k)+20)}
1=2 i=k+1 i=k+1
’ m-l k ’ l:” m—1 k—1
—me k) + 2} +2 ) (B L —k+ 1) 43 (A - ma 1)+ 4 - 145030
k=1 =1 j=2 i=1 i=1
k—1 m m
GO L —k+1) +20) + 4 Y —k 1)+ 20) x (4, — 45 +3+5( ) I
=1 i=k+1 i=k+1
—m+k)+3)5( Y I —m+k)+20,]} —m+k)+2l)}
m— k—1
i=k+1 ’ ’ ’
malo1 ke - + D L+ DO L —k+ 1)+ 20, +1
N ’ . ’ k=2 i=1
+4Z Z{[4(Zli_k+1)+4j_l](5( l; k-1 m
k=2 j=2 =1 - i=1 +5(Z l; —k+1) +55 —3) x (4 Z L —m
—k+ 1)+ 20) + 4D L —mt k) + 4l — 4 = . =kt
N i=k+1 k) + 20, + 1450 1 —m+k) —5j+2)}.
(Y l—m+k)+24]} =k
e The desired conclusion is yielded by arranging above
, pt formulas. O
+4Z{ Z limm+1)+4j *1](5<Zli As we presented in Corollary 2 and Corollary 3, we
=t m =t can calculate the the edge-vertex Szeged index, vertex-edge
’ ’ : ! Szeged index and total Szeged index of linear clgjrwith
—k+1)+2l,)+ (41, —4j +3)[5 l; ) )
) o) + (Ul = 45 13)] (i:Ek;rl n hexagonals and Zig-zag chaitf with n hexagonals by
/ virtue of the same tricks. These computations are left to the
m JE k) + 20 ]} . readers.
— — ’ According to what we obtained in the proving procedures,
I, + 1){[4 I, —k+1)+20,+1 . .
* ;( et DA (; ! 42+ 1 x we deduce the following results on third atom bond connec-
o1 - - tivity index.
(5(3 1 —k+1)+55 — 3) + [4( Z I —m+k) Theorem 26:Let H? be a unilateral hexagonal chain
i=1 =kt 1 consisted ofm fragmentS;, Sz, -+, Spn(m > 1), and
, m_ I'(S;) = I;(i = 1,--- ,m) be the length of each fragment.
+2, + (B0 L —m+k) — 55 +2)}}. Then, we have
i=k
ABC3(HY)
Sz (HE) _ 4\/ 5 1 — 5m+ 4
-1 b1 4B —m+1) =3)
AN {45 —1+50 1 —k+1)+20) m-1l  om ko
; ; 42> {6BY L —-5m+2)/(60) L —k+1)
m m k=1 i=1 i=1
ANl —m A1) + 4l — 45+ 3+ 5( I, LI .
; ! i:zk; =3)(5( Y. L —m+k)+2)}
—m+k)+2z']} l k:l
E_1 m g k—1 ,
+2Z{ Zlfk+1)—1+5( [ +4Y > A Zl*5m+2 /(60O 1 —k+1)
i1 i1 k=1 j=2 i=1 i=1
—k+1)+20) x Z [ —m+k)+3 +5j = 3)(5()_ i —m+k) —5j+2))}2
i=k+1 i=k
m m k—1 m
+5( Y 1 —m+k)+ 2]} A U ADIGY L+5 > L+4Al, —bm
i=k+1 k=1 i=1 i=k+1
’ k—1 m
m—110,—1 k—1 ’ ’ ’
" k’z{ le Fr1) 4 d4j— 145051 +3)/(6O =k + 1) +20)(( Y i —m+k)
k=2 j=2 i=1 i—1 / 12:1 i=k+1
+20,))}.
—k+1) +20,) x Zl—m+k)+4lk

=kt Corollary 27: Let LS be the linear chain witl hexago-
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nals. Thenwe have

ABC5(LS) ,/ 5"*1
5n—

n—

+4

,_.

on — 3
= (55 —3)(5n — 55 + 2)
+(n+ 1)v2n —2
—

Corollary 28: Let Z8 be the Zig-zag chain with hexag-
onals. Then, we have

om +4
4(5m +2)

+2 Z
+3Z

At last, we present the following conclusions.

ABC5(Z5)

om + 2
(5k 4+ 2)(bm — 5k + 2)

5m+ 1
(5k —1)(5m — 5k +4)

Corollary 34: Let Z8 be the Zig-zag chain with hexag-
onals. Then, we have

PI,(Z%) = 20n* — 10n — 10.

Theorem 35:Let HS be a unilateral hexagonal chain
consisted ofm fragmentS;, Sa, -+, Spn(m > 1), and
I'(S;) = I;(i = 1,--- ,m) be the length of each fragment.
Then, we have

PI(HS, 2)
m—1
= 41»(5 zl1lz*"m+6 +2 Z x(S i 7,7")m+4)
m =1

143 Y HOTE s
k=1 j=2
m - ,

_|_Z l + 1 (B5Y i ll+521 k+1l +4lk75m+5).
k=1

Theorem 29:Let HS be a unilateral hexagonal chain Corollary 36: Let LS be the linear chain wit hexago-

consisted ofm fragmentSl, Sy, -
U'(S;) = lz(z =1,-
Then, we have

PI(H})

= 4(552; 5m +6) + mZ5§:l;—5m+4)
i k=1 =1

, Sm(m > 1), and

-1

SZZ — 5m 4 4)

m L
+4Z

k=1 j=2

+ (z;+1)(521;+5 Z I, 4+ 4, — 5m +5).

i=1 i=k+1

Ms

b
Il
—

Corollary 30: Let LS be the linear chain witn hexago-
nals. Then, we have

PI(L%) = 24n® — 12n — 4.

Corollary 31: Let Z8 be the Zig-zag chain with hexag-
onals. Then, we have

PI(Z8) = 25m? 4 27m + 26.

Theorem 32:Let H® be a unilateral hexagonal chain

consisted ofm fragmentS;, So, ---
'S;) =LGE=1,---,
Then, we have

PI,(Hy) =

, Sm(m > 1), and

(41} + 4., + 2m — 10)(4n + 2)

m—110,—1

+4> Y (4n+2)

k=2 j=2
m—1

+ 3 (I + D(dn + 2).
k=2

Corollary 33: Let LS be the linear chain witn hexago-
nals. Then, we have

PI,(L8) = 32n* — 16n — 16.

m) be the length of each fragment.

nals. Then, we have

m) be the length of each fragment.

PI(LS, x) = 4(n — 1)z°" ! 4 (n 4 1)z*™.
Corollary 37: Let Z8 be the Zig-zag chain with hexag-
onals. Then, we have
PI(Z;,

x) = 4256 £ 2(m — 1)a%™ T 4 Zma®m T3,

Theorem 38:Let HS be a unilateral hexagonal chain
consisted ofm fragmentS;, Sa, -+, Spm(m > 1), and
I'(S;) = l;(i = 1,--- ,m) be the length of each fragment.
Then, we have

(41, + 4L,

!
m—11;,—1

14 Z Z $4n+2

k=2 j=2

PI,(HS, + 2m — 10)z*" 2

x) =

,_.

m—

+ (lk: + 1)1‘47L+2.
k=

]

Corollary 39: Let LS be the linear chain witn hexago-
nals. Then, we have
PI,(L%, x) =8(n — 1)z*"+2.
Corollary 40: Let Z8 be the Zig-zag chain with hexag-
onals. Then, we have
PI,(Z5 x) = 5(n — 1)2%" "2
Theorem 41:Let HS be a unilateral hexagonal chain

consisted ofm fragmentS;, Sz, -+, S,,(m > 1), and
I'(S;) = I;(i = 1,--- ,m) be the length of each fragment.
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Then, wehave

SeU(H,GL,a:)

-1
4Zx(4j DA
j=1

l —m-+1

— i=1' )—45+3]

+9 Z x4(21 1 L_k‘H) A L pqr Li—m+k)+3]

m— llk

+4> Z{ﬁ@? S k1) 445 -1

k=2 j=2
. 4(Z£1kl§—m+k)—4j+3}
7

lm
44 Z LA l—m+1)+45— 1) (4l,, —4j+3)
122

- Z [+ 1) {24 k2041
k=2
A b —mAk)+2l, +1}

Corollary 42: Let LS be the linear chain witn hexago-
nals. Then, we have

n—1
Se,(L,,z) = 4Zm(4j—1)(4n—4y‘+3)
j=1
+4 ) (49 Dln—1+3),
j=2

Corollary 43: Let Z8
onals. Then, we have

be the Zig-zag chain with hexag-

m—1
x) — 81’3(4”_1) + 2 Z x(4k+3)(4m—4k+3)
k=1

m—1
+3 Z x(4k+1)(4m—4k+5).
k=2

Sev(ZS7

Theorem 44:Let HS be a unilateral hexagonal chain
consisted ofm fragmentSl, Say o0y Sp(m > 1), and
I'(S;) = I;(i = 1,--- ,m) be the length of each fragment.
Then, we have

Seo(HS, x)
4 A0, [—m+1)=3)

42 z 26
k=1

!
m =1

SN

k=1 j=2
r. lifm+k)f5j+2}

m

k
l_k+1 i=k+1 1

1=1"1

)—=3)(6(2 —m+k)+2))

k—1
Lll7

—k+1)+55-3

5

+§:(l}g + 1) {2"E

5(21 k1 i —m+k) ""2119}

Bl k1) 420,

Corollary 45: Let LS be the linear chain witn hexago-

(Advance online public

nals. Then, we have

n—1
See( 6, ) — 41,4(57173)+4Zx(5j73)(5n75j+2)
j=2

+(n+ 1)z

Corollary 46: Let Z8 be the Zig-zag chain with hexag-
onals. Then, we have

m—1
See( o, ) — 4I4(5m+2) +2 Z x((5k+2)(5m75k+2))

k=1
m

n Z 3 (5k—1)(5m—5k+4)
k=1
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