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Nonexistence of Global Solutions to a Nonlinear
Fractional Reaction-Diffusion System

Belgacem Rebiai and Kamel Haouam

Abstract—In this paper we consider a Cauchy problem
presented as a parabolic fractional reaction diffusion system
with nonlinear terms of the form |u|Pi|v|?, ¢ = 1,2 where
pi,q2 > 0 and p2,q1 > 1 are constants. We prove a
nonexistence result which is more general than the interesting
result obtained by Kirane et al. [8] which concerns the case
p1 = g2 = 0. We also show that this result extends the works
of Yamauchi [15] and Zheng [16] done in the classical case.

Index Terms—Fractional derivatives, nonlinear reaction dif-
fusion system, test-function, critical exponent.

I. INTRODUCTION

HE fractional calculus is a field of mathematics which

is as old as the differential calculus, the concept is
born from a question asked by I’Hospital in 1695 to Leibniz
about the meaning of d"y/dx™ = D"y if n = 1/2 and
what happens for D" if n is not an integer number; Leibniz
replied “That is a paradox from which one day useful
consequences will be drawn”. In the last few years non
integer derivatives and integrals have been used in different
fields of science to describe many phenomena and they are
nowadays playing a great role in modelling engineering
problems including fluid flow, rheology, diffusive transport,
networks, probability and hereditary properties of various
materials. Fractional and boundary value problems for
nonlinear fractional differential equations have received
much attention and it becomes natural that many authors try
to solve the fractional derivatives, fractional integrals and
fractional differential equations, see , e.g., [1], [6], [8], [10],
[11], [12], [13], [14] and references therein.

The present paper is concerned with the following Cauchy
problem for the nonlinear reaction-diffusion system

Dg\lt + (- A)Bl/2u: [P o],
Do+ (—A)%220 = Jul?2 |v],

u(0, 2) = uo(x) > 0, %0, M

v(0,x) = vo(x) > 0,#£ 0,

where (t,2) € R* x RN ,p; >0, 2 >0,p2 > 1, 1 > 1,
0 < a; < 1,1 <p; <21 = 1,2 are constants. fo‘ft
denotes the derivatives of order «; in the sense of Caputo
(see, e.g., [13]) and (—A)Bi/2 is the fractional power of the
Laplacian (—A) defined by

(—2)72u(t, x) = FHEPF(u)(€) (@),

where F is the Fourier transform and F 1!

its inverse.
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In the case where o; = 1, 8; = 2, ¢ = 1,2, the problem
(1) was treated by many authors in several contexts, see for
example [2], [3], [4], [15], [16]. Escobedo and Herrero [2]
proved that if pag; > 1, p1 = g2 = 0 and (y + 1)/(p2q1 —
1) > N/2 with v = max(p2,¢1), then the only solution of
the problem (1) is the trivial one, i.e., v = v = 0. Later in
[3] Escobedo and Levine showed that if p; > 1 and ps +
g2 > p1 + g1 > 0, then the problem (1) behaves like the
Cauchy problem for the single equation u; — Au = uP1 T4,
with respect to Fujita-type blowup theorems, see [5]. In [15],
Yamauchi considired the problem

= Au = |27 |u[ o],

— Av = [z]7|ulP|v[®,
U(O,I) = uO(I) > 07 7{* 07
v(0,2) = vo(z) > 0,# 0,

where p;, ¢; > 0, 0; > max(—2,—N), ¢ = 1,2. He proved
a nonexistence results under some conditions concerning
relation between exponents p;, ¢;, o; and initial data.

In the case of real order 0 < o; < 1 and 1 < 3; < 2,
Kirane et al. [8] considered the following Cauchy problem

Dgllt + (- A)ﬁ1/2u = |v|®,
Do+ (- AW% = |ul, o
u(0,2) = uo(x) >

v(0,z) = vo(z) =
and they proved that if

@1 >1,p2> 1, qud) = qu + q1, p2py = P2 + P
and
@ 1 « 1
N<maX{P§+a1 (1_p2q1) q11+a2_(1_p2q1)}
> a1 ) )
B2p2q; + B1ph B1pha1 + B24}

then the problem (2) does not admit nontrivial global weak
nonnegative solutions.

The aim of this paper is to prove a nonexistence result
which is more general than the above interesting result cited
in [8] who concerns the case p; = ¢2 = 0.

II. PRELIMINARIES

In this section, we present some definitions and results
concerning fractional derivatives that will be used hereafter.
Definition 1: Let 0 < o < 1 and ¢ € L(0,T). The left-
sided and right-sided Riemann-Liouville derivatives of order
a for ¢ are defined, respectively, by:
1 d [ ¢(o)
(1—a)dt/0 (t—o)™

0|t¢( ) = do,
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and

1 d
Dijré(t) = Ta-adt

where I' denotes the gamma function.

Definition 2: Let 0 < a < 1 and ¢/ € L'(0,T). The
left-sided and respectively right-sided Caputo derivatives of
order o for ¢’ are defined as:

P
DGt = 7=y |, o= o
and ()
1 T (o
Diso) =~ |, o7

where I' denotes, as usual, the gamma function.
The relation between Caputo and Riemann-Liouville deriva-
tives is written as

DG 6(t) = Dgji[¢(t) — ¢(0)]-

Finally, taking into account the following integration by parts
formula:

T
/f Dg.9) >dt=/0 (D37 ) (Hgt)dt,

we adopt the following definition concerning the weak for-
mulation for the problem (1).

Definition 3: Let Qr = (0, T) x RN 0 < T < +o0.
We say that (u,v) € (L},.(Qr))?s a local weak solution to
problem (1) on Qr, if uPiv% € L}, (Qr),i = 1,2, and it is
such that

/uoDﬁ}galdtda:—&—/ |u|Pt |v]9 @y dtdx
T T

:/ uD;"‘Tgoldtdx—i—/ u(—A)BTlapldtdx, 3)
Qr Qr
and
/ vthngogdtdx—i—/ |u|P? |v|?2 padtdr +
Qr Qr
z/ vDﬁ;gagdtda:—&—/ ’U(—A)%QOthdx. 4)
Qr T

for all test functions ¢; € Ctlﬁf(QT) such that ¢;(T,z) =0,

i=1,2.

III. MAIN RESULTS
We now state our main result as follows.
Theorem 1: Let p; > 0,2 > 0,p2 > 1,1 > 1,

papy = P2 + ph, q1ql = @1 + ¢}. Let ug, v in L=(RY)
suth that ug,vg > 0 and ug,vg Z 0. If

1
(- 5g) Gt —(1—m1)}
B2q

o )
B1ph 51;0'2(11

Q2
D2 + a1 —

N < max{
52102111

then the problem (1) does not admit global weak solutions.

Proof: The proof is by contradiction. Suppose that (u, v)
is a global weak solution to problem (1). Since ug, vy > 0
and wug,vg Z 0, then u(t),v(t) > 0 for all ¢ € (0,7*) for

any arbitrary T > 0.
Let T and 6 be two real numbers such that

a1 Q9
0<T <T*and 0 = min
{51 52}

Let ® € C3(R;), 0 < ®(r) < 1forallr > 0, a smooth
nonnegative nonincreasing function such that

{1 it 0<r<i,
10 it r>2
(1—s)7

v ={ §

where 7 > max {a1q], aaph}.
We choose

o(r)

7

and
if
if

wi(t,x) = o (@)Y(t), i=1,2.

with
o) = BCE), (1) = w(

Applying Holder inequality to the right hand sides of the
weak formulations (3) and (4) on X, where

¥ =(0,T)x {x € RN : |z| <277},

) and [ > max {q},ph} -

we obtain

1
P2

/ Ul D] < ( / |u|p2|v|%2> A,

> >

and
a1
g P2
[ul-2)% 6 < ( / u|p2v%2) B
pX b
where
1
phaz _ﬁ Py
4= /‘Dt|T901|p2‘U| 2y " ;
and
1
5 o phaa P2\ 7}
b </ (=8) % g o]~ >
pX
Consequently
P2
[ e < ( / |u|m|v|%2) A G
b b
where
A=A+ B.
The same way give us the next estimate
a1
/\UI“IUI‘”WS (/ IUI’”IUI‘“%> Az, (6)
b b

where

4
!
9

_me 4
S5 1D pa| B ul =y

a0
+(fzu— AYZ ol ] 99)

k=]
Xy
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Using (5) and (6) one can write

1——1
P2aq
(/mmwa
>
1——1
P2491
</WWWW@)
¥

Therefﬁqre, as u > 0 and v > 0, then using Ju’s inequality
(—A)Z ¢! <11 (— ) "¢ (see [7)), and introducing the
change of variables t =T'1, © = Tﬁ ¢ in A;, we obtain

l_m 7(:7/1+p7f1’>
/lul’“lvlmm <OoT \"2 n)(9)
by

< A AP?, (7)

and

1
< A} Ay, ®)

and
1——1
pP2491 _( 71 _,'_77/2)
(/Iup2vq2<pz> <OT \"2mon/ o (10)
=
where
/ aq
M = aipy— N -1,
? ﬁl
Yo = asq — =

fa

Now, if we choose N < N* and pass to the limit in (9) and
(10), as T" goes to infinity, we get

[ Pl =0,
X

/‘ P2 o] = 0.
R+ xRN

Using the dominated convergence theorem and the continuity
in time and space of w and v, we infer that

/ 7 ol =0,
R+ xRN

/ P2 o] = 0.
R+ xRN

This implies that © = 0 or v = 0, which is a contradiction.

or

or

In the case N = N*, we modify the previous function ¢ by
introducing a new number R, 0 < R < T, such that

and we set
Yr=(0,T) x {z € RN : |z| < 2(T/R)"},
Ar=(0,T) x {z € RN : (T/R)® < |z| < 2(T/R)’}.

Since, from (9) and (10), we find that

1— 1
P2491
(o) ™ <
X
1——1
p241
(AHRNWWW%%> <
X

or

Then we have

lim Py T oy dtdx = 0, 11
. 1 . [u|P* o] T q an
or
lim P2y podtdx = 0. 12
. i . |u|P? |v|%2 podtdx (12)

Applying Holder inequality to the right hand sides of the
weak formulations (3) and (4) on i, we obtain

1

P2
/'Mmeu§</ MWWWwQ B
YR SR

1

/ m<Aﬁwu<</ wmw@w> o,
Sr SR

where

,_the P2 ”
B = / |Dt|T<P1|p2|U| P2y 2 )

2R
1
B1 s _rPha %\ 7
G1= / [(=A)=Z P2l 2y 7 )

AR

Consequently

and

and

1

)
fER |u|Pr |v| Ty < (fER |u|P2|vtI2@2> - B
1 (13)

P2
+<fAR IUnglvlq%) - C1,

The same way give us the next estimate

1

a1
sz |u|P? |v| 22 py < <fER |u|:01|v|41g01> - Bs
1 (14)

a1
4<Agwww%)-@,
, 1
q; -4 7
S WAL o
2 qll
@=</<Mzmwwuw )
AR

If we introduce the change of variables

where

and

-
e

t=Tr, = (T/R)7¢

in B; and C;, and using (13) and (14), we obtain via (11)
and (12), after passing the limit as 7" goes to infinity

Ty _(% wé/)
/R+ RN ‘u|p1|v|q19’91 S CR Y2 P2 ) (15)
X

or

’Yz

1——— /
P241 _ 71 +22 )
(/R . ul”lvl‘%) <CR ( “/, (16)
X R
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where o
/ 1 .
v, =—N,i=1,2.
B

Then, taking the limit when R goes to infinity, we obtain
u = 0 or v = 0, contradiction.

Remark 1: When p; = g2 = 0, we recover the case
studied by Kirane et al. [8], however we have to impose
the constraints ug > 0,% 0 and vy > 0, 0, while Kirane
et al. require only the conditions ug > 0 and vy > 0.

Remark 2: We can extend our result to the more general
system

Dgju+ (=A)7/2 (Jul™ ) = hlulP* o] + glul™ o],

Dgiv + (=2)%/2 (Jo[" 1) = klufP2[v|® + lu]"[v]2,

under some suitable conditions on h(t,x), g(t,z), k(t,x)
and [(t, ).

IV. CONCLUSION

We have established some new results for a class of
nonlinear fractional differential systems with nonlinear terms
of the form |ulPilv|%, i = 1,2 where p1,q2 > 0 and
p2,q1 > 1 are constants. We note that these results can also
be applied to study the problem (1) for a high order «; > 1.
Finally, we wish that the present manuscript will open wide
avenues for further research in the field of fractional calculus
and other domains.
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