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Dynamics of a Harvesting Schoener’s Competition

Model with Time-varying Delays and Impulsive
Effects

Yonghong Yang and Tianwei Zhang

Abstract—In this paper, we consider a kind of delayed
Schoener’s competition model with harvesting terms and im-
pulsive effects. By means of Mawhin’s continuation theorem
of coincidence degree theory, some sufficient conditions are
obtained for the existence of at least four positive almost
periodic solutions for the above model. Further, by using the
comparison theorem and constructing a suitable Lyapunov
functional, the global asymptotic stability of the model is also
investigated. To the best of the author’s knowledge, so far,
the results of this paper are completely new. An example
and numerical simulations are employed to illustrate the main
results in this paper.

Index Terms—Multiplicity; Positive almost periodic solution;
Coincidence degree; Schoener; Harvesting.

I. INTRODUCTION

N recent years, the Schoener’s competition system has

been studied by many scholars. Topics such as exis-
tence, uniqueness and global attractivity of positive periodic
solutions of the system were extensively investigated and
many excellent results have been derived (see [1-9] and the
references cited therein). In [6], Liu, Xu and Wang proposed
and studied the global stability of the following Schoener’s
competition model with pure-delays:

alg(t

= yl |:y1(t T10) +mi (D) all(t)yl (t - 7-11)

_alg(t yg(t — 7'12) - C1(t):| (1 1)

az0 (t

y2 |:yz(f T20)+ma(t)

—aga(t)y2(t — ma2) — 02@)]

—az1(t)y1(t — 121)

where y; (), y2(t) are population densities of species 1, yo
at time ¢, respectively.

In real world, the ecological systems are usually per-
turbed by human exploitation activities such as planting and
harvesting and so on. In order to obtain a more accurate
description for such phenomenon, the impulsive differential
equations play an important role. In [9], Zhang et al. studied
the following almost periodic Schoener’s competition model
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with pure-delays and impulsive effects:

Bl = n [<§£m<> -

—a12(t)y2(t — 112) — Cl(t)} ;

a1 (t)yi(t —111)

az0 (t)

Uo(t) = ya(t) mez(t) — a1 (t)y1(t — 721)

—aga(t)y2(t — ma2) — c2(t) |,

y1(te) = (1 + pue)yr(te),
yo(te) = (14 por)ya(tr), ke Zt:={0,1,...}.

In [9], sufficient conditions which guarantee the permanence
of the model and the existence of a unique uniformly asymp-
totically stable positive almost periodic solution are obtained.
Topics such as existence, uniqueness and global attractivity
of positive periodic solutions or almost periodic solutions of
the system with impulses were extensively investigated, and
many excellent results have been derived (see [9-12] and the
references cited therein).

In many earlier studies, it has been shown that harvesting
has a strong impact on dynamic evolution of a population,
e.g., see [13-16]. So the study of the population dynamics
with harvesting is becoming a very important subject in
mathematical bio-economics. On the other hand, time delays
represent an additional level of complexity that can be
incorporated in a more detailed analysis of a particular
system. Specially, in the real world, the delays in differential
equations of biological phenomena are usually time-varying.
Thus, it is worthwhile continuing to consider the following
impulsive Schoener’s competition model with harvesting
terms and time-varying delays:

[ alo (t)

n) =l | ee@rmm

- 3 a0t = 75(0) — 1(0)| (o),
2(t) = ya(t) #&W (1.2)
- Z ag;j (t)y; (t — 72;(t)) — c2(t) | — ha(t),

yilty) = (1 +p1k)y1(tk)
Y2(tr) = (L + par)y2(t),

where hy and hs represent harvesting terms, p;r > —1, ¢ =
1,2, k€ Z™ .

keZ",

For the last few years, by utilizing Mawhin’s continuation
theorem of coincidence degree theory, many scholars are
concerning with the existence of multiple positive periodic
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solutions for some non-linear ecosystems with harvesting
terms, e.g., see [17-23]. However, in real world phenomenon,
if the various constituent components of the temporally
nonuniform environment is with incommensurable (nonin-
tegral multiples, see Example 1.1) periods, then one has
to consider the environment to be almost periodic since
there is no a priori reason to expect the existence of
periodic solutions. Hence, if we consider the effects of
the environmental factors, almost periodicity is sometimes
more realistic and more general than periodicity. Unlike the
periodic oscillation, owing to the complexity of the almost
periodic oscillation, it is hard to study the existence of
positive almost periodic solutions of non-linear ecosystems
by using Mawhin’s continuation theorem. Therefore, to the
best of the author’s knowledge, so far, there is no paper
concerning with the multiplicity of positive almost periodic
solutions of system (1.2) by using Mawhin’s continuation
theorem. Stimulated by the above reason, the main purpose
of this paper is to establish sufficient conditions for the
existence of multiple positive almost periodic solutions to
system (1.2) by applying Mawhin’s continuation theorem of
coincidence degree theory.

Example 1. Let us consider the following simple single
population model with harvesting term:

2 + |sin(v/2t)]

N () :N(t){ N(t) +1

—(3+ |sin(\/§t)|)N(t)] —0.01.  (1.3)

In Eq.(1.3), 2 + |sin(v/2t)] is @—periodic function and
3 + |sin(v/3t)] is @-periodic function, which imply that
Eq. (1.3) is with incommensurable periods. Then there is no
a priori reason to expect the existence of positive periodic
solutions of Eq.(1.3). Thus, it is significant to study the
existence of positive almost periodic solutions of Eq. (1.3).

Let R, Z and NT denote the sets of real numbers, integers
and positive integers, respectively, C'(X,Y) and C*(X,Y)
be the space of continuous functions and continuously
differential functions which map X into Y, respectively.
Especially, C(X) := C(X,X), C}(X) := (X, X). Related
to a continuous bounded function f, we use the following
notations:

f==1nf f(s), fT=supf(s).
seR sER
Throughout this paper, we always make the following
assumption for system (1.2):

(Hp) All the coefficients in system (1.2) are nonnegative
almost periodic functions with a;; > 0, m; > 0 and
h; >0,i=1,2.

(HQ) Pz(f,) = H0<tk<t(1 +pik)7i = 1,2,k € Z is almost
periodic function.

The organization of this Letter is as follows. In Section
2, we change system (1.2) into the corresponding non-
impulsive system. In Section 3, some preparations are made.
In Section 4, by using Mawhin’s continuation theorem of
coincidence degree theory, we establish sufficient conditions
for the existence of at least four positive almost periodic solu-
tions to system (1.2). An illustrative example and numerical

simulations are given in Section 5.

II. RELATION OF THE IMPULSIVE SYSTEM AND THE
CORRESPONDING NON-IMPULSIVE SYSTEM

Consider the following system

_ aio(t)
21(t) = a1(t) Pl(t)asl(tf'rolo(t))+m1(t)
, L )
=2 Azt — 1i5(t) —ea(t) | — ma(t),
=t o : @2.1)
a t
@a(t) = 22(t) P2(t)zz(tjr(;0(t))+m2(t)
, b )
= > Agj(t)zj(t — 12;(t)) — ca(t)| — ha(t),
j=1 l

where A;;(t) = Pi(t)aij(t) = [Tos, <: (1 + pir)aij(t), i =
1,2, j=1,2.

Lemma 1. For systems (1.2) and (2.1), one has the follow-
ing results:

(1) if (w1(t), 22(t)T is a solution of system (2.1), then

(i) = (2 Tt

is a solution of system (1.2);
) if (yi(t),y2(t))T is a solution of system (1.2), then

( 1(t) > _ ( H0<tk<t(1 + k) "y (t) >
z2(t) H0<tk<t(1 +p2k)_1y2(t)

is a solution of system (2.1).

Proof: (1) Suppose that (x1(t), z2(¢))T is a solution of
system (2.1). Let y;(t) = [[ooy, < (1 + pin)zi(t), i = 1,2,
then for any ¢ # ty, by substituting 2;(t) = [[o.,, o,(1 +
pir) " tyi(t), i = 1,2 into system (2.1), we can easily verify
that the first two equations of system (1.2) hold.

For t = t;,, we have

yilty) = lim. (1 + pir)zi (1)
=t o<ty <t
= [ Q+pu)aits)
0<t; <t
= U+pu) [] Q+pi)ailte)

0<t;<tp
= (1+pir)yi(te), i =1,2.

So the last two equations of system (1.2) also hold. Thus
(y1(t),y2(t))T is a solution of system (1.2). This proves the
conclusion of (1).

(2) We first show that z;(t), i = 1,2 is continuous. Since
x;(t) is continuous on each interval (¢, tx11], it is sufficient
to check the continuity of x;(¢) at the impulse points ¢,
i = 1,2. Since z;(t) = [Tgy, <o (1 + pir) "Lwi(t). i = 1,2,
we have

zit)) = [ +pw) wi)
0<t; <ty
= H (1 +pir) " twi(te) = zi(te), i=1,2,
0<t; <tg
zi(ty) = H (1+pie) " wilty,)

0<t;<tp
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= [ Q+pu)  wilts) = 2i(ts), i=1,2.

0<t;<tp

Thus z;(t), i = 1,2 is continuous on [0, +00). It is easy to
check that (z(t),z2(t))7 satisfies (2.1). Therefore, it is a
solution of system (2.1). This completes the proof of Lemma
2. |

III. SOME LEMMAS

Definition 1. ([24]) z € C(R,R") is called almost periodic,
if for any € > 0, it is possible to find a real number ! = i(¢) >
0, for any interval with length I(¢), there exists a number 7 =
7(€) in this interval such that ||x(t+7) —z(t)]| <€, Vt € R,
where ||-|| is arbitrary norm of R™. 7 is called to the e-almost
period of z, T'(z,€) denotes the set of e-almost periods for
2 and I(e) is called to the length of the inclusion interval
for T'(x,€). The collection of those functions is denoted by
AP(R,R"). Let AP(R) := AP(R,R).

Lemma 2. ([25]) Assume that x € AP(R) N CY(R) with
z € C(R), for Ve > 0, we have the following conclusions:

(1)  there is a point & € [0,+00) such that (&) €
[* — e,2*] and (&) = 0;

(2)  there is a point n. € [0,400) such that x(n.) €
[, s + €] and ©(ne) = 0.

The method to be used in this paper involves the appli-
cations of the continuation theorem of coincidence degree.
This requires us to introduce a few concepts and results from
Gaines and Mawhin [26].

Let X and Y be real Banach spaces, L : DomL C X — Y
be a linear mapping and N : X — Y be a continuous map-
ping. The mapping L is called a Fredholm mapping of index
zero if ImL is closed in Y and dimKerL = codimImZL <
+o00. If L is a Fredholm mapping of index zero and there
exist continuous projectors P : X — X and @) : Y — Y such
that ImP = KerL, Ker@Q = ImL = Im(/ — Q). It follows
that L‘DomLﬁKerP : (I — P)X — ImL is invertible and its
inverse is denoted by K p. If €2 is an open bounded subset of
X, the mapping N will be called L-compact on Q if QN (£2)
is bounded and Kp(I — Q)N : Q — X is compact. Since
Im@ is isomorphic to KerL, there exists an isomorphism
J :ImQ@ — KerL.

Lemma 3. ([26]) Let Q C X be an open bounded set, L be

a Fredholm mapping of index zero and N be L-compact on

Q. If all the following conditions hold:

(a) Lz # ANz, Vo € 90N DomL, A € (0,1);

(b) QNz #0, Vz € 00 NKerL;

(¢) deg{JQN,QnNKerL,0} # 0, where J : Im@) — KerL
is an isomorphism.

Then Lx = Nz has a solution on Q N DomL.

Under the invariant transformation (z1,z2)7 = (e, e¥)T
system (2.1) reduces to
u(t) = Pl(t)euuglf?gt()t)wm @ — Au(t)e ult= ()
— v(t—T12(t)) _ ha(t)
. AlQ(t)aig(t) alt) - e:féilm(t)) 3.1)
U(t) = Po(t)e? =720 (1) -y (t) 7A21(t)6

_Azg(t)ev(tf‘rm(t)) _ Cg(t) _ Z%((tt))

For f € AP(R), we denote by

i) = i % [ 100

T—oo T

A(f)y=qweR: hm —/ f(s _‘wsds;«éO}

mod(f) = {anwj in; €Z,meN,w; € A(f)}
j=1
the mean value, the set of Fourier exponents and the module
of f, respectively.

Set X =Y =V; V,, where

V) = {z = (u,v)T € AP(R,R?):
mod(u) € mod(Ly,),
mod(v) C mod(L,),Vw € A(u) UA(v), |o| > 190}7
VQ = {Z = (U,U)T = (kﬁl,kg)T,k‘l,kQ S R},
where
alo(t)
Ly = Ly(t, @) = — Aq1(t)e
(t:¢) Py (H)err —m0®) + 1y (£) n(t)e
. ha(t
—App(t)e2T20) () — 68911((0)),
L, = Ly(t,p) = az0(t) — Az (t)e?r =1 (0)
’ o Py(t)ee2(=m20(0) + my(t)
—T22 h2(t
—Aga ()20 —ey(t) — esoz(o))’
P = (‘Pb‘pQ)T € C([-, 0]7R2)’ T =

maXi:LQ;j:O)],Q{T{;}, 6y is a given positive constant.

Define the norm

ol = max { suplus)lsup o(3) .

seR

Similar to the proof as that in articles [25,27], it follows
that

Lemma 4. X and Y are Banach spaces endowed with || - ||x.

Lemma 5. Let L : X — Y, Lz = L(u,v)T = (i,v)7,
L is a Fredholm mapping of index zero.

then

Lemma 6. Define N : X =Y, P:X—>Xand Q:Y =Y

by
@ t u T
pl(t)euui?gz))ml(t) — A11(t)e (t—=711(t))
v —Anp (et — e (t) - 43
N v = azo(t) A t w(t—721(t))
ey — A21(t)e
_A22(t)€v(t—7'22(t)) —eo(t) — l;i((f))
w Y _( mu) ) _ U B
(2)-(zi))-on () exx

Then N is L-compact on ({2 is an open and bounded subset

of X).
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IV. MAIN RESULTS

Let
+ + + +
a a a a
p=In—— 4 0t p—n 204 0%
my Ay my my Agy My
o=
_ 10 + v +
A = Plret +mi Abe” — e
N + +
)\2=P+ey+m+ Adet —c7.

Now we give a assumption as follows:

(H3) N\ >2y/ALhH, i=1,2.

And define
A £ \/)\f Aj;hj
I = i=1,2.
i 2A+ 9 9

Theorem 1. Assume that (Hy)-(H3) hold, then system (1.2)
admits at least four positive almost periodic solutions.

Proof: It is easy to see that if system (3.1) has one
almost periodic solution (u,v)”, then (z1,x9)T=(e%,e?)T
is a positive almost periodic solution of system (2.1). First
of all, we show that system (2.1) has four positive almost
periodic solutions.

In order to use Lemma 3, we set the Banach spaces X and
Y as those in Lemma 4 and L, N, P,(Q the same as those
defined in Lemmas 5 and 6, respectively. It remains to search
for an appropriate open and bounded subset 2 C X.

Corresponding to the operator equation Lz = Az, A €
(0,1), we have

o 10()
u(t) = )‘{Pl(t)eu<ta*30<f”+ml<t)

—A12(t)e”(t*712(t)) () - Zigf))],

— Ay (t)eu(t—"'u(t))

4.1)
_ A21 (t)eu(thzl(t))

a0 (t)

o(t) = A |:P2(t)e“(”"2°(t’>)+m2(t)
—Aga(£)e” 7 T22(0) —ey(t) — 2253]

v)T € DomL C X is a solution of
system (4.1) for some A € (0,1), where DomL = {z =
(u,v)T € X :u,v € CH(R),u vGC( )}

By Lemma 2, for Ve € (0,1), there are four points £ =
&(e), ¢ =C(e), n =n(e) and s = ¢(€) € [0, +00) such that

Suppose that z = (u,

u(€) =0, u(§) € [u" —eu’;

0(¢) =0, v({) € v* —ev"], 4.2)
w(n) =0, wu(n) € [, us + €;

’U(() =0, wv(s)e€ [’U*, Vs + e]a 4.3)

where u* = sup,cpu(s) and v* = sup,cpv(s), ux =
infser u(s) and v, = infser v(s).
Further, in view of (H3), we may assume that the above

€ is small enough so that

ajy >2m;\[Ajhee, A > 2\ Afhfes, i=1,2.

From system (4.1), it follows from (4.2)-(4.3) that

0= P1(t)e“r(ffri((fg)brml(g) — Apq (eulEm®)

— Ay (&)erEm2(€) ¢y () — ZIEQ, )
0= Pz(t)ev«figéfg))er@) — Agy (¢)emc—m=1(Q))
*AQQ(C)GU(CiTﬂ(C)) — 02(§) _ Zii((g))’
0= Pl(t)e“(naiggr(])’))+m1(7l) — All(n):u((n)*‘f'u(ﬁ))

,A12( ) (n—m12(n)) _ 01(77) ei(ﬂ)7 (4 5)
O = Pz(t)ev(ggigéiz))+m2(g) A21( ) § Tzl(()) .
— Ago()e? (S22 — ¢y(q) — Z3<(<>)~
In view of (4.5), we have from (4.3) that
— hy S h
AL e + eu*1+E < Ay (n)ert—malm) 4 %
< aio(n)
= Py(n)ern=miom) 4 my (n)
at
210
= nr
That is,
+
Aiezu* — nge“* +hie ©<O0. (4.6)
my
Letting ¢ — 0 in (4.6) leads to
Apee 0 e <
11 — 1 =
my
which implies that
np~ <u. <Inp™, 4.7)
where
a1+0 afrg 2 o,
pt = m {F} — 44y
244 '
Similarly,
Ing~ <wv. <Ino", (4.8)
where

a4 \/[“32} S aAgh;
+ my My
245, '

By (4.4), we have
A1_167L(f—7'11(§)) < All(f)e“(f—ﬁl(i))

a10(€) < o
=~ Pl(g)eu(ﬁfﬁﬂ(f)) —+ ml(é') — ml_a

which implies that

+
u(€ = 711(6)) < In —0— 4.9)
my Ajy
Since
5 f a10(s)
u(s) ds :/ [ 10
/f—mw e 6 LPL)eC 00 g (5)

_All(s)eu(sfm(S))
_Alz(s)ev(S—le(S))

(Revised online publication: 1 November 2018)



TAENG International Journal of Applied Mathematics, 45:4, IJAM 45 4 03

< /g a10(s)
a E—111(§) Pl(S)eu(s_Tlﬂ(S)) + m1(8)

a
< 10 7_+

ds

(4.10)

From (4.9)-(4.10), it follows that

3
W) = we @)+ [ at)as

+ +
A19

my Aj
which yields from (4.2) that

a
10 + .
T T =,
my

< In

ut <pte
Letting ¢ — 0 in the above inequality leads to

u* < p. 4.11)

Similarly,

+ +
a a
20 20
— =t 7722 =
my Ay, My

v* <ln

4.12)

In view of (4.4), we obtain

ag a10(§)
Pl"'e# + mi’_ - P (5)@”(5—710(5)) +m (6)
= A11(f)€u(£_711(£)) +A12(€)€U(§_7—12(5))
hi(§)
+c1 (5) + eu(g)
h-‘r
< Afe + Ahe +of + eu*l_e,
that is,
u aq u* €
Afe* — [PfLe”l—(ﬁ)—ml — Afye” —cf]e + hie
>0, 4.13)

which implies that

uw* >Inlf(e) or u* <lInly(e), (4.14)
where
N A /A2 —4Af hTec
Iy (e) = 2Air1 :
Letting € — 0 in (4.14) leads to
u* > lnll+ or u* <Inlj. (4.15)
Similarly,
v* > lnl; or v*<Inl;. (4.16)

Obviously, In p*, In o*, Inl*, Ink*, p and v are inde-

i .
pendent of \. Let si:%(z:lﬂ) and
Inp™ —1<u, <u* <lnl] +¢
_ T P x> 1 1,
Ql—{(u,v) Inp” —1<wv, <v*<lnly +eg }’
€(lnp” —1,lnpt +1),
Qo = (u, )T | w* € (Inlf —ep,u+1), )
Inp™ —1<v, <v* <Inl; + e

Inp™ —1<u, <u* <Inly +e¢q,
Q3 =1 (u,v)"| vy € (Ino™ —1,Inp* + 1), ,
v* € (Inlf —eq,v+1)
us € (Inp~ —1,Inp*t 4+ 1),
* + _
Q= (w0 u* € (Inly —e,p+1),

v € (Inp™ — 1,Inp" + 1),
v* € (Inlf —eq,v+1)

Then Qq, Qs, Q3 and €2, are bounded open subsets of X,
QNQ; =0,4+#j,i,j =1,2,3,4. Therefore, 1, Qq, Q3
and €4 satisfy condition (a) of Lemma 3.

Now we show that condition (b) of Lemma 3 holds, i.e.,
we prove that QN z # 0 for all z = (u,v)” € 9Q;NKerL =
0Q; NR?, i = 1,2,3,4. If it is not true, then there exists
at least one constant vector zg = (ug,vo)’ € 9Q; (i =
1,2,3,4) such that

{0:m[aeﬁsiml1

0=m

_ h
—Ap e o

_ A21€ 0

A126 0 — Cl

g

SIS

A226 0 — ¢y —

[ Pgeg()??FWLQ :I vo

Similar to the above argument, it follows that

Inp™ <wug <Inly, Inp~™ <wvo <Inly

or

Inlf <wuy<Ilnp™, Inp™ <wvg <Inly
or

Inp™ <wup <Inly, Inly <wvy<Ilnp"
or

Inly <wup <lnpt, Inly <wvy<Ilnp'.

Then zop € Q1 NR2 or 25 € Q2 NR? or zp € N3 NR? or
29 € Q4 NR?2, This contradicts the fact that zy € 9€; (i =
1,2,3,4). This proves that condition (b) of Lemma 3 holds.

Finally, we will show that condition (c¢) of Lemma 3 is
satisfied. Let us consider the homotopy

H(1,2) =1QNz + (1 —1)®z, (1,2) €[0,1] x R?,
where
aig C Aew M
dr—a V)= Bermi Ane h“
v Gz —A22€ by

P;re"quJr

From the above discussion it is easy to verify that H (¢, z) #
0 on 9Q; NKerL, V. € [0,1], i = 1,2, 3,4. Further, &z =0
has four distinct solutions:

(3, v7)" T (us3)”

(i, v3)' = (Inu®, Inv )T, (uf,vi)’ = (nu®,Inv™)T,

= (Inu",lnwv = (nu",lnv")T

)

where
aio aio A. . |
4 Plertmf j:\/ P*P“+ + —4Au
ut = ,
asq a20
L Pievimy i\/ P+ — 4Aghy
v =

It is easy to verify that
Inp” <lnu” <lnlf <Inlf <lnu® <y,

Inpo” <Inv™ <Inl;y < 1nl2+ <Invt <.
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Therefore
(uj, v})" € @,

(u;,v;)T € (13,

(u3,v3)" € Do,
(u3,vi)" € Qu.
A direct computation yields

deg (<I>, Q; NKerL, 0)

|- Anen + 0

= s1gn e _ " 7
& 0 —A226vi + e}%
0 _ . h _ . h

- e < —Aue® + 6“15) < Azpe™ + 6”23 ﬂ
. [ C_LlO = *

=gign| | —————— — 241"
g(ﬁW+mT 11)

a20 T v
X | —————— — 2A92e" ||,
(7~ 2|
where ¢ = 1,2, 3,4. Thus
deg (@, NKerL,0)

. aio -
=sign|| ————— — 24;u
gKﬁw+mT 11)

a20 -
X| =——————F — 24550
<Ew+@ “ ﬂ

deg (<I>, Qs N KerlL, O)
. a10 - _
Slgn{(Pﬂ'e“erf 11U )

a20 -
x| ——=—— — 2A4590T
<EW+@ “ ”

= -1,

deg (<I>, Qs N KerlL, 0)
. a0 T

= - 92A44ut
Slgn[(Pf‘e# +mf e >

a20 - _
X | —/—————— — 24550
<P;e“+m$ - ﬂ
= —17

deg (<I>, QuNKerL, 0)

. a0 T
=sign|| ——— — 2413u"

& [(Pf‘e/‘—i—mf 1 )

a0 T

X | —————— — 2A4550v"

(e tg ~ 2"
= 1.

By the invariance property of homotopy, we have
deg (JQN, Q; NKerL, O) = deg (QN, Q;, NKerL, 0)
= deg (®, 2 NKerL,0)
#0, 1=1,234,

where deg(-, -, -) is the Brouwer degree and .J is the identity
mapping since Im(@) = KerL. Obviously, all the conditions of

Lemma 3 are satisfied. Therefore, system (3.1) has at least
four almost periodic solutions, that is, system (2.1) has at
least four positive almost periodic solutions.

Next, we prove that system (1.2) has at least four positive
almost periodic solutions. From Lemma 1, we know that

(yl(t)vyZ(t))T = (H0<tk.<t(1 + pir)w1(t), H0<tk<t(1 +

pgk)xg(t))T is a solution of system (1.2). Since condition
(Hs2) holds, similar to the proofs of Lemma 31 and Theorem
79 in [10], we can prove that (yi(t),y2(¢))? is almost
periodic. This completes the proof. ]

Corollary 1. Assume that (Hy)-(Hs) hold. Suppose further
that a;j, Tij, M4, ¢; and hy of system (1.2) are continuous
nonnegative periodic functions with periods oj, B, 04, 0;
and x;, respectively, i = 1,2, j = 0,1,2, then system (1.2)
has at least four positive almost periodic solutions.

In Corollary 1, letay; = By =03 =0; = xs =w, 4 = 1,2,
7 =0,1,2, then we obtain that

Corollary 2. Assume that (Hy)-(Hs) hold. Suppose further
that a;;, Ti5, Mg, c; and h; of system (1.2) are continuous
nonnegative w-periodic functions, i = 1,2, j = 0,1,2, then
system (1.2) has at least four positive w-periodic solutions.

Remark 1. By Corollary 1, it is easy to obtain the existence
of at least four positive almost periodic solutions of Eq. (1.3)
in Example 1, although the positive periodic solution of
Eq. (1.3) is nonexistent.

V. PERMANENCE

In this section, we establish a permanence result for system
(1.2).

Lemma 7. (See, [19, Lemma 2.2]). Assume that for y(t) > 0,
t >0, it holds that

30 < 9(0) (o = bute = () ).

with initial conditions, y(s) = ¢(s) > 0 for s € [—7,0],
where a, b are positive constants. Then there exists a positive
constant y* such that

(IT+

ae

i <y* =
Jm supy(t) <y 7

Let

+ aio(t) ) ,
p; = sup —¢(t) ), i=1,2.
teRT (m,; (t)
Lemma 8. Assume that (Hy)-(Hs) hold. Suppose further
that
(H3) pf>0i=12
Then any positive solution (x1(t),z2(t))T of system (2.1)
satisfies
. _ pieplpi T

lim sup z;(t) < a] = +——-+4=
t—o00 Aii

i=1,2.

Proof: Let (z1(t),72(t))T be any solution of system
(2.1). From system (2.1), we have that

i (t) <z (8) | pf — Az (t— (1)) ),

dg(t) < mo(t) | py — Agpwa(t — Ta(t))
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Obviously, p > r; >0,7=1,2. By Lemma 7, we obtain

+ +
lim supz;(t) < % =a;, 1=12.
t—+oo Aii
This completes the proof. ]
Let
ao(t)
)= —— 0 F A (t) —
7’1( ) ITPl(t) +m1(t) ) 12( ) Cl( )’
ago(t N
ra(t) 2000 e 40 (1) — ealt)

" 23Pa(1) + ma(t)

Lemma 9. Assume thar (Hp)-(
that

(Hy) vy >2|Af|x;, A <0,i=1,2;
(Hs) 7 € CH(R) and sup,cg{{1(s),T5(s)} <1, i =

1,2

H3) hold. Suppose further

Then any positive solution (x1(t),z2(t))T
satisfies

of system (2.1)

p; exp{p; 7,

lim inf z;(t) > x4 = - )
Aji

1=1,2.

t—o0

Proof: Let (z1(t),72(t))T be any solution of system

(2.1). By Theorem 2 and (H,), there exist a small enough

positive constant € and a larger enough positive constant 7' =
T'(e) > 0 such that

xi(t) <azi4+e fort>T, i=1,2,

- a1o(t)
i (€) = teRf+ ((xl +€) Py (t) + ma(¢)
—(x5 4+ €)A12(t) — 1 (t) > >2|A (7 + ),
- ago(t)
70 = 8 (Grrane

—(a] +€) A (t) — @(t)) > 2| AL (x5 + €).

For ¢t > T + 7, in view of system (2.1), we have that

1(t) = w1 (t) | 17 (€) — Afjaa(t — ma(t) ) — A,

o(t) > wa(t) | 73 (€) — Agpwa(t — m2(t)) ) — I3
Consider the auxiliary system

ar(t) = ur ()| 11 (€) = Afjua(t — ma(8) ) — R,

Uz(t) = ua(t) 1y (€) — Adyua(t — 22(t)) ) — h?(s'l)

Obviously, by Theorem 2, we have

wi(t)<zi+e fort>T, i=1,2,

We claim that system (5.1) has a unique globally asymptot-
ically stable positive equilibrium point (21, (€), To.(€))”

i ( s)+\/ s) 4A1+1h+ ry (+y/ry 2 (e)—4A5,hT In fact
245, : ’
suppose that u = (ur,uz)” and u = (u},u3)? are any two

positive solutions of system (5.1). Define
Vi(t) = |ui(t) — ui(t)]

[ Mo

t—7i(t) 1- Ti/i((p(t»

Vvt € R, ¢ = 1,2. Calculating the upper right derivative of
Vi(t) along the solution of system (5.1), we have

DYVi(t) = [ (e) — 21Af| (=} + e)]Jui () — wi(1)[(5.2)

1 = 1,2. Therefore, V; is non-increasing. Integrating (5.2)

from O to ¢ leads to
t
2t + o) / s (s) — u? (s)] ds
0

|ui (s) — wi(s)| ds,

V(0) + [r; () — 2| A% I(
< V(t) < +o0, Vt>0,
that is,

+oo
/ lui(s) —uf(s)|ds < 400,
0

which implies that

lim Ju;(s) —ui(s)|=0, i=1,2.

s——+o00o

Thus, system (5.1) is globally asymptotically stable and
the positive equilibrium point (1. (¢), 22. (€))7 is globally
asymptotically stable.

By the comparison theorem, x;(t) > w;(t), where u;(t) is
the solution of system (5.1) with u;(0) = z;(07), i = 1,2.
And system (5.1) has a unique globally asymptotically stable
positive almost periodic solution (21, (¢), x2.(€))T. Then for
any constant €; > 0, there exists 77 > 0 such that z;(t) >
ui(t) > x.(€) — ey for t > Ty, i = 1,2. Letting €,¢; — 0
leads to

lim sup x;(t) > x4, ©=1,2.

t—o0
This completes the proof.
By Lemmas 8-9, we have

Theorem 2. Assume that (H1)-(Hs) hold, then system (1.2)
is permanent.

VI. GLOBAL ASYMPTOTIC STABILITY

Theorem 3. Suppose that

(Hg) 711 = T2 = hy = ha = 0, T10, 20, T12, 721 € C'(R)

and sup cgr{710(5), 720(5), T12(5), 721(5)} < L.
(H7) there exist two positive constants Ay and Ao such that

_ aj P AT
01 =MA;; — M 10 — — A2 >0,
ml (1 — 7'10 ) 1-— T21
ago Py A
Oz = Ao — Ao 2 A== >0
22 m2 (1 — 7'20+) 1-— 7'12Jr
Then system (1.2) is globally asymptotically stable.
Proof: Assume that (1, 25)” and (Z1,72)7 are any two

solutions of system (2.1).
Let (ul,UQ)T

= (Inzy,Inze)T and (uy,19)T
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(InZy,InZ2)7, then system (2.1) is transformed into

N aro(t) azo Py -
(1) = Pl(tQ)m(t:rio(t))erl(t) DT Va(t) < )‘2%@2(’5) — Z2(t)]
— 720

= 2 A0zt —m;(t) — ea(d), agy Py
| PN, —0 =2 (t = 7ao (1) — ot = 7ao (1),
u2(t) = Pg(t2)ac2(t*7'20(t))+m2(t) i

= > Az () (t — m25(t)) — c2(t), " At 7
. j=1 o 6.1) DTV5(t) < Allﬁ‘IQ(t) — Za(t)
ui(t) = T s

P, (1%2)271 (t—T10(t))+ma(t)

- ; Avj()z(t — 115(t) — ea(t),

—MAG |2 (t — Ta(t) — Za(t — T12(t))],

= o aso(t)
w0 = AR DUVA(t) < Mo B _puy(t) — 1 (1)
— . +
— Z Agj (t)f] (t — TQj(t)) — Cg(t), 1 — T21
=1 —M A [z (t = T21(t)) — T4 (t — 721 ()]

where A;;(t) = P;(t)aij(t) = [locs,<¢ (1 + pic)ai;(t), i = Together with (6.2), it follows that
1,2, 5 = 1,2. Define

+
n _ aloP;
V() = Volt) + Vi(t) + Va(t) + Va(t) + Va(t), I?Wﬂé—%ﬂu—kmla,mﬂ
where AT,
—/\21_?+}|x1(t) — Z1(t)]
Vo(t) = Arlun () — Ga (8)] + Aolua(t) — u2(t), 2 .
— ago P
D VY P p— L S—
22 (L=7507)
t GBI joy(s) —1(o) Al
V(t):)\/ ——————|z1(s) — Z1(s)| ds, _ 12 —z
! ' t—710(t) M 2(1 — 710+) ! ! Al 1— 7_12 |Jf2( ) .’L'g(t)|
. < =Tl () = 21 ()] = Dafwa(t) — 22(2)].
ago Py - . . . . :
Va(t) = Ao 1—_|$2( 5) — Za(s)|ds, Therefore, V is non-increasing. Integrating of the last in-
t=m20(t) M2 ( m0") equality from 0 to ¢ leads to
t A+ t _
Va(t) = Al/ 12 Jay(s) — Ta(s)| ds, V(t) + F1/ |z1(s) — Z1(s)| ds
t—ria(t) L — T12 0

T, /0 (2 (s) — Fa(s)] ds

t A+ B
Va(t) = )\2/ %\xl( s) — T1(s)| ds. < V(0) < 400, Vt >0,
t—721() T21

that is,
By calculating the upper right derivative of V; along oo =
system (6.1), it follows that 0 [91(s) = B (s)|ds < +oo,
DYVi(t +00 ~
O [ et) s as < +oc,
= Ausgnug () — a (8)][u3 (£) — @y (¢)] 0
+Aasgn[us(t) — ag(t)][us(t) — 5 (¢)] which imply that
< —MAn(f)]z(t) — T1(1)] i Jyi(s) =)l = lim_lya(s) — ga(s)] = 0.
—A2Aga(t)|w2(t) — Z2(2)]

This completes the proof. [ |
alOP 1+ P P

+A1 o= |z1(t = T10(t)) — Z1(t = T10(2))]
1
6120]35L . A
+Ao——~ — |z2(t — 720(t)) — Z2(t — T20(t))|
2

FA A2 (t — Ti2(t) — Z2(t — Ti2(1)))
—‘r/\QA;'_l‘JJl(t — Tgl(t)) — .fl(t — Tgl(t))l. (6.2)

Further, by calculating the upper right derivative of V;, Vs
and V3 along system (6.1), it follows that

ah P

T M

a P+

—A1 7172 e (t = Ti0(t)) — 21 (t — T10(2))];

D+V1 (t) <\

> 1
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VII. AN EXAMPLE AND NUMERICAL SIMULATIONS

Example 2. Consider the following delayed Schoener’s
competition model with harvesting terms:

N ey
U1 (t) =" (t) (yl(t—sinz(\/ﬁt))"‘l

—[3 + sin®(v/30)]y1 (1)
—0.1ya(t —1) — 0.2

() = (0 SR - 02 (1 - cos?(1)

—[3 + cos?(v2t)]ya(t) — 0.1) —0.01

yi(t5) = (L+pr)yr(te),
yo(t) = (L +pr)ya(te), {tr} C {2k: k€ Z},
where [, ., (1+px) € [1,1.1] is almost periodic, t € R*.

Then system (7.1) is permanent and has at least four positive
almost periodic solutions.

—0.01,
(7.1)

Proof: Corresponding to system (1.2), we have a;; =
2, a;B =3, a; = 3, a;.'; =4, m; =1, a;2 = 0.1, as; = 0.2,
c1 = 0.2, co = 0.1, hy = hy = 0.01, ¢ = 1,2. Obviously,
(H1) in Theorem 3.1 holds. By a easy calculation, we obtain
that

u=v=0, A = A =0.68.

So (H3) in Theorem 1 holds. Clearly, (Hy)-(Hs) in Theorem
2 also hold. Therefore, all the conditions of Theorems 1-2 are
satisfied. By Theorems 1-2, system (7.1) is permanent and
admits at least four positive almost periodic solutions (see
Figures 1-2). This completes the proof. ]
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Fig. 1 Four positive almost periodic oscillations of state
variable x; of system (5.1)
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Fig. 2 Four positive almost periodic oscillations of state
variable x5 of system (5.1)

VIII. CONCLUSION

In this paper we have obtained the existence of at least four
positive almost periodic solution for a harvesting Schoener’s
competition model with time-varying delays and impulsive
effects. The approach is based on the continuation theorem
of coincidence degree theory. Lemma 1 in Section 2 and
Lemma 2 in Section 3 are critical to study the existence of
positive almost periodic solution of the biological model. It
is important to notice that the approach used in this paper
can be extended to other types of biological models [28-
29]. Future work will include models based on impulsive
differential equations and biological dynamic systems on
time scales.
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