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Abstract—In this paper, we introduce a stationary M∞-fuzzy
metric on the set C B(X), where M∞-fuzzy metric can be
thought of as the degree of nearness between two fuzzy sets
with respect to any positive real number and C B(X) is the
class of fuzzy sets with nonempty bounded closed α-cut sets.
Under the ϕ-contraction conditions, we give some common fixed
point theorems for self-mappings in the space C B(X).

Index Terms—bounded closed α-cut sets, ϕ-contraction con-
ditions, fixed point theorems, M∞-fuzzy metric.

I. INTRODUCTION

AS a natural generalization of the concept of set, fuzzy
sets was introduced initially by Zadeh [34] in 1965.

Various concepts of the fuzzy metrics on ordinary set were
considered in [4], [9], [11], [15], [18]. It is well known that
the Hausdorff metric is very important concept not only in
general topology and analysis, but also many authors have
expansively developed it in the theory of fuzzy sets and
application (see [1], [13], [16], [17], [19], [33], [28]). In
[31], J. Rodrı́guez-López and S. Romaguera introduced and
discussed a suitable notion for the Hausdorff fuzzy metric
of a given fuzzy metric space (in the sense of George and
Veeramani) on the set of its nonempty compact subsets. It
is necessary to note that such fuzzy metric space has very
important application in studying fixed point theorems for
contraction-type mappings [2], [12], [21], [27]. In fuzzy
functional analysis, many researches have been done on
the fixed point theory in the space of compact fuzzy sets
equipped with the supremum metric [3], [5], [7], [8], [26],
[35].

We must point out that they have given most of their
attention to the class of fuzzy sets with nonempty compact
α-cut sets in the metric space X , but few of their attention to
the class of fuzzy sets with nonempty bounded closed α-cut
sets. However, it is known that all compact sets are bounded
closed sets in a general metric space and the converse
is not always true. In this paper, based on the Hausdorff
fuzzy metric HM , we introduce a suitable notion for the
stationary M∞-fuzzy metric on the fuzzy sets whose α-cut
are nonempty bounded closed for each α ∈ [0, 1]. Then,
under ϕ-contraction conditions, we give some common fixed
point theorems in the fuzzy metric space on fuzzy sets.
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II. PRELIMINARIES

A fuzzy set µ on X is a mapping from X into the unit
interval I = [0, 1]. An α-cut of µ is

[µ]
α
= {x ∈ X : µ (x) ≥ α} ,

where 0 < α ≤ 1, and we separately specify the support [µ]0

of µ to be the closure of the union of [µ]
α for 0 < α ≤ 1.

Denote by F (X), the family of all fuzzy subsets of X . Let
µ1, µ2 ∈ F (X), then µ1 is said to be included in µ2, denoted
by µ1 ⊆ µ2, if and only if µ1 (x) ≤ µ2 (x) for each x ∈ X .
Thus we have that µ1 ⊆ µ2 if and only if [µ1]

α ⊆ [µ2]
α for

all α ∈ I .
Definition 2.1: [14] A triangular norm (or t-norm for

short) is a binary operation ∗ on I , i.e. a function ∗ : I2 → I ,
such that for all a, b, c, d ∈ I the following four axioms are
satisfied:

(1) a ∗ 1 = a;
(2) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d;
(3) a ∗ b = b ∗ a;
(4) a ∗ (b ∗ c) = (a ∗ b) ∗ c;
A t-norm ∗ is said to be continuous if it is a continuous

function in [0, 1]2; a t-norm ∗ is said to be positive if a∗b > 0
whenever a, b ∈ (0, 1]. The following are examples of t-
norms: a ∗P b = a · b; a∧ b = min(a, b), where a · b denotes
the usual multiplication for all a, b ∈ I .

Definition 2.2: [10] A stationary fuzzy metric space is an
ordered triple (X,M, ∗) such that X is an arbitrary nonempty
set, ∗ is a continuous t-norm and M is a fuzzy set of X×X
satisfying the following conditions, for all x, y, z ∈ X:

(1) M(x, y) > 0;
(2) M(x, y) = 1 if and only if x = y;
(3) M(x, y) = M(y, x);
(4) M(x, y) ≥ M(x, z) ∗M(z, y).
If (X,M, ∗) is a stationary fuzzy metric space, it will be

said that (M, ∗) is a stationary fuzzy metric on X . Since
a stationary fuzzy metric is a special fuzzy metric [11], we
can prove that every stationary fuzzy metric (M, ∗) on X
generates a topology τM on X which has as a base the family
of sets of the form

{BM (x, ε) : x ∈ X, 0 < ε < 1},

where BM (x, ε) = {y ∈ X : M(x, y) > 1 − ε}
for all ε ∈ (0, 1). A sequence {xi}i∈N in a stationary
fuzzy metric space (X,M, ∗) is said to be Cauchy if
limi,j→∞ M(xi, xj) = 1; a sequence {xi}i∈N in X con-
verges to x if limi→∞ M(xi, x) = 1 (see [10]).

Definition 2.3: [24] Let (X,M, ∗) be a stationary fuzzy
metric space and A ⊆ X . For a point x ∈ X , if for all ε ∈
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(0, 1), BM (x, ε)
∩
(A−{x}) ̸= ∅, then x is an accumulation

point of A; the set of all accumulation points of A is called
the derived set of A, denote by d(A); the union of A and
d(A) is called the closure of A, denote by A. If d(A) ⊆ A,
then A is a closed set of X .

Definition 2.4: [24] Let (X,M, ∗) be a stationary fuzzy
metric space, ∗ is a positive continuous t-norm and A ⊂ X .
If there exists r ∈ (0, 1) such that for all x, y ∈ A we have
M (x, y) > 1 − r, then we say A is a bounded subset of
X; if X itself is a bounded set we will say (X,M, ∗) is a
bounded stationary fuzzy metric space.

Definition 2.5: [30] A stationary fuzzy pseudo-metric s-
pace is an ordered triple (X,M, ∗) such that X is an arbitrary
nonempty set, ∗ is a continuous t-norm and M is a fuzzy
set of X × X satisfying the following conditions, for all
x, y, z ∈ X:

(1) M(x, x) = 1 for all x ∈ X;
(2) M(x, y) = M(y, x);
(3) M(x, y) ≥ M(x, z) ∗M(z, y).
If (X,M, ∗) is a stationary fuzzy pseudo-metric space, it

will be said that (M, ∗) is a stationary fuzzy pseudo-metric
on X . Given a stationary fuzzy metric space (X,M, ∗), we
shall denote by CB(X), the set of nonempty bounded closed
subsets of (X,M, ∗).

Let B be a nonempty subset of a stationary fuzzy metric
space (X,M, ∗). For any x ∈ X , let

M(x,B) = sup
y∈B

M(x, y) = M(B, x).

For the empty index set ∅, we will make the convention
that for ax ∈ I ,

sup
x∈∅

ax = 0 and inf
x∈∅

ax = 1.

It follows that M(x, ∅) = M(∅, x) = 0 (see [29]). Let
P(X) be the powerset of X . Recall that the stationary fuzzy
pseudo-metric HM (see [25]) is defined as

HM (A,B) = inf
x∈A

sup
y∈B

M (x, y) ∧ inf
y∈B

sup
x∈A

M (y, x)

= ρ (A,B) ∧ ρ (B,A) ,

where A,B ∈ P(X) and

ρ (A,B) = inf
x∈A

sup
y∈B

M (x, y) = inf
x∈A

M (x,B) .

Denote by B(X), C (X) and C B(X), the totality of
fuzzy sets which satisfy that for each α ∈ I , the α-cut of µ is
nonempty bounded, nonempty closed and nonempty bounded
closed in X , respectively. Next, we give the definition of the
function M∞ on F (X)×F (X), which is induced by HM

on P(X)× P(X).
Definition 2.6: Let (X,M, ∗) be a stationary fuzzy metric

space. We define a function M∞ by

M∞ (µ1, µ2)

= inf
α∈I

HM ([µ1]
α
, [µ2]

α
)

= inf
α∈I

(ρ ([µ1]
α
, [µ2]

α
) ∧ ρ ([µ2]

α
, [µ1]

α
))

=

(
inf
α∈I

ρ ([µ1]
α
, [µ2]

α
)

)
∧
(
inf
α∈I

ρ ([µ2]
α
, [µ1]

α
)

)
= ρ∞ (µ1, µ2) ∧ ρ∞ (µ2, µ1)

where µ1, µ2 ∈ F (X) and

ρ∞ (µ1, µ2) = inf
α∈I

ρ ([µ1]
α
, [µ2]

α
) .

Definition 2.7: Let (X,M, ∗), (Y,M, ∗) be any stationary
fuzzy metric spaces. A mapping F is said to be a fuzzy map-
ping if and only if F is a mapping from F (X) into F (Y ),
i.e. F (µ) ∈ F (Y ) for each µ ∈ F (X). µ0 ∈ C B (X)
is said to be a fixed point of a fuzzy self-mapping F of
C B (X) if and only if µ0 ⊆ F (µ0).

III. MAIN RESULTS

Now we will establish our main theorems.
Lemma 3.1: [26] Let A be a set in X and let {Aα : α ∈ I}

be a family of subset of A such that
(i) A0 = A =

∪
α∈(0,1]

Aα;

(ii) α ≤ β implies Aβ ⊆ Aα;
(iii) α1 ≤ α2 ≤ · · · , lim

n→∞
αn = α implies Aα =

∞∩
k=1

Aαk
.

Then, there exists a function µ : X → I defined by

µ (x) =

{
sup {α ∈ I : x ∈ Aα} , x ∈ A
0 , x ∈ X −A

has the property that [µ]α = Aα for all α ∈ I . Conversely,
for any fuzzy set µ in X , the family {[µ]α : α ∈ I} of α-cut
set of µ satisfies the above conditions (i)-(iii).

Theorem 3.1: Let (X,M, ∗) be a stationary fuzzy metric
space. Then, for any µ1, µ2, µ3 ∈ F (X),

(1) ρ∞(µ1, µ2) = 1 if and only if [µ1]
α ⊆ [µ2]

α for all
α ∈ I;

(2) ρ∞(µ1, µ3) ≥ ρ∞(µ1, µ2) ∗ ρ∞(µ2, µ3);
(3) ρ∞(µ1, µ3) ≥ M∞(µ1, µ2) ∗ ρ∞(µ2, µ3);

(4) If [µ1]
α ⊆ [µ2]

α for all α ∈ I , then ρ∞ (µ1, µ3) ≥
M∞ (µ2, µ3);

(5) M∞(µ1, µ2) = 1 if and only if [µ1]
α
= [µ2]

α for all
α ∈ I.
Proof. For (1), since ρ∞(µ1, µ2) = 1 if and only if
ρ ([µ1]

α
, [µ2]

α
) = 1 for all α ∈ I . By (1) of Proposition 9 in

[25], for all α ∈ I , we have ρ ([µ1]
α
, [µ2]

α
) = 1 if and only

if [µ1]
α ⊆ [µ2]

α. Thus, we can obtain that ρ∞(µ1, µ2) = 1

if and only if [µ1]
α ⊆ [µ2]

α for all α ∈ I .
For (2), for any α ∈ I , by (4) of Proposition 9 in [25], we

have

ρ ([µ1]
α
, [µ3]

α
) ≥ ρ ([µ1]

α
, [µ2]

α
) ∗ ρ ([µ2]

α
, [µ3]

α
)

≥ inf
α∈I

ρ ([µ1]
α
, [µ2]

α
) ∗ inf

α∈I
ρ ([µ2]

α
, [µ3]

α
)

= ρ∞ (µ1, µ2) ∗ ρ∞ (µ2, µ3) .

By the arbitrariness of α, we have

ρ∞ (µ1, µ3) ≥ ρ∞ (µ1, µ2) ∗ ρ∞ (µ2, µ3).

For (3), since ρ∞ (µ1, µ2) ≥ M∞ (µ1, µ2), by (2) we have

ρ∞ (µ1, µ3) ≥ M∞ (µ1, µ2) ∗ ρ∞ (µ2, µ3).

For (4), since [µ1]
α ⊆ [µ2]

α for all α ∈ I , we get
ρ∞ (µ1, µ2) = 1. By (3), we have

ρ∞ (µ1, µ3) ≥ M∞ (µ2, µ3).

For (5), it follows from (1). 2
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Theorem 3.2: Let (X,M, ∗) be a stationary fuzzy metric
space, then (F (X),M∞, ∗) is a stationary fuzzy pseudo-
metric space.
Proof. Let µ1, µ2, µ3 ∈ F (X), by the definition of M∞ ,
(1) of Theorem 3.1 and the commutativity of ∧, it is clear
that M∞(µ, µ) = 1 and M∞(µ1, µ2) = M∞(µ2, µ1).

In addition, by (2) of Theorem 3.1, we obtain

ρ∞(µ1, µ3) ∧ ρ(µ3, µ1)

≥ (ρ∞(µ1, µ2) ∗ ρ∞(µ2, µ3))

∧(ρ∞(µ3, µ2) ∗ ρ∞(µ2, µ1))

≥ (ρ∞(µ1, µ2) ∧ ρ∞(µ2, µ1))

∗(ρ∞(µ2, µ3) ∧ ρ∞(µ3, µ2)).

Consequently, by the definition of M∞, we get

M∞(µ1, µ3) ≥ M∞(µ1, µ2) ∗M∞(µ2, µ3).

We conclude that (F (X),M∞, ∗) is a stationary fuzzy
pseudo-metric space. 2

Let {µn}∞n=1 be a sequence in F (X). It follows from the
definition of M∞ that µn converges with respect to M∞ if
and only if [µn]

α converges uniformly in α ∈ I with respect
to HM . In the following we always suppose the continuous
t-norm ∗ is positive.

Lemma 3.2: [24] Let (X,M, ∗) be a stationary fuzzy
metric space. If A,B ⊂ X are any two bounded subsets
of X , then A ∪B is a bounded subset of X .

Lemma 3.3: Let (X,M, ∗) be a stationary fuzzy metric
space. If µ1, µ2 ∈ B(X), then µ1 ∪ µ2 ∈ B(X).
Proof. Let µ1, µ2 ∈ B(X). By the definition of α-cut, we
have

[µ1 ∪ µ2]
α
= [µ1]

α ∪ [µ2]
α, for all α ∈ I .

Hence by Lemma 3.2, for all α ∈ I , we can get [µ1 ∪ µ2]
α

is a nonempty bounded subset of X , i.e. µ1 ∪ µ2 ∈ B(X).
2

Theorem 3.3: Let (X,M, ∗) be a stationary fuzzy metric
space. Then (C B(X),M∞, ∗) is a stationary fuzzy metric
space.
Proof. Let µ1, µ2, µ3 ∈ C B(X). By Lemma 3.3, we have
µ1 ∪ µ2 ∈ B(X), which means there exists r ∈ (0, 1) such
that M(x, y) > 1 − r, for all x, y ∈ [µ1 ∪ µ2]

0
= [µ1]

0 ∪
[µ2]

0. Hence, for any α ∈ [0, 1] and x ∈ [µ1]
α, we can get

that

M(x, [µ2]
α) = sup

y∈[µ2]α
M(x, y) > 1− r > 0.

Thus we obtain

ρ∞(µ1, µ2) = inf
α∈[0,1]

ρ([µ1]
α, [µ2]

α) =

inf
α∈[0,1]

inf
x∈[µ1]α

M(x, [µ2]
α) ≥ (1− r) > 0.

Similarly, we can get

ρ∞(µ2, µ1) = inf
α∈[0,1]

ρ([µ2]
α, [µ1]

α) ≥ (1− r) > 0.

Consequently, we have M∞(µ1, µ2) = ρ∞(µ1, µ2) ∧
ρ∞(µ2, µ1) ≥ (1− r) > 0.

By the definition of M∞, (5) of Theorem 3.1 and the
commutativity of ∧, it is clear that M∞(µ1, µ2) = 1 if
and only if µ1 = µ2 and M∞(µ1, µ2) = M∞(µ2, µ1). In

addition, by (2) of Theorem 3.1, we obtain

ρ∞(µ1, µ3) ∧ ρ∞(µ3, µ1)

≥ (ρ∞(µ1, µ2) ∗ ρ∞(µ2, µ3)) ∧ (ρ∞(µ3, µ2) ∗ ρ∞(µ2, µ1))

≥ (ρ∞(µ1, µ2) ∧ ρ∞(µ2, µ1)) ∗ (ρ∞(µ2, µ3) ∧ ρ∞(µ3, µ2)).

Consequently, by the definition of M∞, we get

M∞(µ1, µ3) ≥ M∞(µ1, µ2) ∗M∞(µ2, µ3).

We conclude that (C B(X),M∞, ∗) is a stationary fuzzy
metric space.2

Example 3.1: Let (X,M, ∗) be a stationary fuzzy metric
space. Denote by a·b the usual multiplication for all a, b ∈ I ,
and define MH

∞ on F (X)× F (X) by

MH
∞(µ1, µ2) = inf

α∈I

1

1 +HM ([µ1]α, [µ2]α)
for all µ1, µ2 ∈ F (X). Then we can easily get that (MH

∞, ·)
is a stationary fuzzy metric on F (X).

Lemma 3.4: [25] Let (X,M, ∗) be a stationary fuzzy
metric space. Then (CB(X),HM , ∗) is complete if and only
if (X,M, ∗) is complete.

Theorem 3.4: Let (X,M, ∗) be a stationary fuzzy metric
space. Then (C B(X),M∞, ∗) is complete if and only if
(X,M, ∗) is complete.
Proof. Let {µn}∞n=1 is a Cauchy sequence in
(C B(X),M∞, ∗). For any α ∈ I , {[µn]

α}∞n=1 is a
Cauchy sequence in (CB(X),HM , ∗). From Lemma 3.4, it
following that there exists a Aα such that

[µn]
α HM−−→ Aα ∈ CB (X).

Let ε ∈ (0, 1). Then, since {µn}∞n=1 is a Cauchy se-
quence, there exists a n(ε) such that n,m ≥ n(ε) implies
M∞(µn, µm) > 1−ε. Let n(≥ n(ε)) be fixed. Then for any
α ∈ I , we have

HM ([µn]
α
, Aα) = lim

m→∞
HM ([µn]

α
, [µm]

α
)

≥ lim
m→∞

inf
α∈I

HM ([µn]
α
, [µm]

α
)

= lim
m→∞

M∞ (µn, µm) ≥ 1− ε,

which implies [µn]
α HM−−→ Aα uniformly in α ∈ I .

Consider the family {Aα : α ∈ I}. By (3) of Proposition
9 in [25], we have

HM

( ∪
α∈(0,1]

[µn]
α
,
∪

α∈(0,1]

Aα

)
=

HM

( ∪
α∈(0,1]

[µn]
α
,
∪

α∈(0,1]

Aα

)
.

Thus, we can obtain that

HM

A0,
∪

α∈(0,1]

Aα


≥ HM

(
A0, [µn]

0
)
∗HM

[µn]
0
,
∪

α∈(0,1]

[µn]
α

 ∗

inf
α∈(0,1]

HM ([µn]
α
, Aα)

where HM

(
[µn]

0
,
∪

α∈(0,1]

[µn]
α

)
= 1 since

[µn]
0
=

∪
α∈(0,1]

[µn]
α. Consequently,
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HM

(
A0,

∪
α∈(0,1]

Aα

)
= 1.

By (7) of Proposition 9 in [25], we have A0 =
∪

α∈(0,1]

Aα.

Taking α1 ≤ α2, by (4) of Proposition 9 in [25], we have

ρ (Aα2 , Aα1) ≥
ρ (Aα2 , [µn]

α2) ∗ ρ ([µn]
α2 , [µn]

α1) ∗ ρ ([µn]
α1 , Aα1).

By (1) of Proposition 1 in [24], we have ρ ([µn]
α2 , [µn]

α1) =
1. Thus

ρ (Aα2 , Aα1) ≥ ρ (Aα2 , [µn]
α2) ∗ ρ ([µn]

α1 , Aα1) → 1 as
n → ∞.

Hence ρ (Aα2 , Aα1) = 1, and we have Aα2 ⊆ Aα1 .
Now take α0 ∈ I, αk ↑, and lim

k→∞
αk = α0. Let

ε ∈ (0, 1). There exists a n(ε) such that n ≥ n(ε),
implies HM ([µn]

α
, Aα) > 1 − ε for all α ∈ I . Since

[µn(ε)]
αk

HM−−→ [µn(ε)]
α0 , there exists a k(n(ε)) such that

k ≥ k(n(ε)), implies HM ([µn(ε)]
α0 , [µn(ε)]

αk) > 1 − ε.
Consequently, we have

Aα0 = lim
k→∞

Aαk
=

∞∩
k=1

( ∞∪
i=k

Aαi

)
=

∞∩
k=1

Aαk
.

Thus by Lemma 3.1, there exists a µ ∈ C B(X) with
[µ]

α
= Aα for every α ∈ I . It follows that [µn]

α HM−−→ [µ]
α

uniformly in α ∈ I , thus µn
M∞−−−→ µ in C B(X). This

completes the proof. 2
Lemma 3.5: [25] Let (X,M, ∗) be a stationary fuzzy

metric space and A,B ∈ CB (X). Then
(1) for arbitrarily ε ∈ (0, 1) and any x ∈ A, there exists

y ∈ B such that M (x, y) ≥ HM (A,B)− ε;
(2) for any x ∈ A and any β ∈ [0, 1), there exists y ∈ B

such that M (x, y) ≥ βHM (A,B).
Theorem 3.5: Let (X,M, ∗) is a stationary fuzzy metric

space and µ1, µ2 ∈ C B(X), then
(1) for arbitrarily ε ∈ (0, 1) and any µ3 ∈ C B(X)

satisfying µ3 ⊆ µ1, there exists a µ4 ∈ C B(X) such that
µ4 ⊆ µ2 and M∞(µ3, µ4) ≥ M∞(µ1, µ2)− ε;

(2) for any any µ3 ∈ C B(X) satisfying µ3 ⊆ µ1 and any
β ∈ [0, 1), there exists a µ4 ∈ C B(X) such that µ4 ⊆ µ2

and M∞(µ3, µ4) ≥ βM∞(µ1, µ2).
Proof. we only prove (1) since it is equivalent to (2).

Since µ1, µ2 and µ3 are in C B(X), we have ϕ ̸= [µ3]
α ⊆

[µ1]
α and [µ2]

α ̸= ϕ for all α ∈ I . Let

Cα = {y : there exists an x ∈ [µ3]
α such that M(x, y) ≥

M∞(µ1, µ2)− ε},

and let

Dα = {z : ρ∞(z, [µ3]
α) ≥ M∞(µ1, µ2)− ε}.

By the proof of Lemma 17 in [25], we can get that Cα ⊆ Dα.
Let [µ4]

α = Dα ∩ [µ2]
α. For any x ∈ [µ3]

α ⊆ [µ1]
α, by

Lemma 3.5, there exists a y ∈ [µ2]
α such that

M (x, y) ≥ HM ([µ1]
α
, [µ2]

α
)− ε ≥ M∞ (µ1, µ2)− ε.

Thus [µ4]
α ∈ B(X), moreover [µ4]

α2 ⊆ [µ4]
α1 if 0 ≤ α1 ≤

α2 ≤ 1.
From the proof of Lemma 17 in [25], we have

HM ([µ3]
α
, [µ4]

α
) ≥ M∞ (µ1, µ2)− ε.

Now take α0 > 0, αk ↑, and lim
k→∞

αk = α0. From

the continuity of M and
∞∩
k=1

[µ3]
αk = [µ3]

α0 , we have
∞∩
k=1

Dαk
= Dα0 . Then we have

∞∩
k=1

[µ4]
αk =

∞∩
k=1

(Dαk
∩ [µ2]

αk) =

( ∞∩
k=1

Dαk

)
∩( ∞∩

k=1

[µ2]
αk

)
= Dα0 ∩ [µ2]

α0 = [µ4]
α0 .

By Lemma 3.1, we can get that µ ∈ C B(X) such that
µ4 ⊆ µ2 and

M∞(µ3, µ4) ≥ M∞(µ1, µ2)− ε.

This completes the proof. 2
Lemma 3.6: [27] Let ϕ : [0, 1] → [0, 1] be a nondecreas-

ing function satisfying the following condition:
(i) ϕ is continuous from the left;
(ii) ϕn(h) → 1 (n → ∞) for all h ∈ (0, 1],

where ϕn denote the nthiterative function of ϕ.Then
(1) for each h ∈ (0, 1), such that ϕ(h) > h;
(2) ϕ(1) = 1.
Theorem 3.6: Let (X,M, ∗) be a complete stationary

fuzzy metric space and let {Fn}∞n=1 be a sequence of
fuzzy self-mappings of C B (X). If there exists a constant
q ∈ (1,+∞), such that for each µ1, µ2 ∈ C B (X), and for
arbitrary positive integers i and j, i ̸= j,

M∞ (Fi (µ1) , Fj (µ2)) ≥ qϕ (M∞ (µ1, µ2)) (3.1)

where ϕ satisfy the conditions of Lemma 3.6. Then there
exists an µ∗ ∈ C B(X) such that µ∗ ⊆ Fi (µ

∗), for all
i ∈ N+.
Proof. Let µ0, µ1 ∈ C B(X) and µ1 ⊆ F1 (µ0), and β =
1

q
∈ (0, 1). By Theorem 3.5, there exists µ2 ∈ C B(X),

such that µ2 ⊆ F2 (µ1) and

M∞ (µ1, µ2) ≥ βM∞ (F1 (µ0) , F2 (µ1)) .

Again by Theorem 3.5, we can find µ3 ∈ C B(X) such that
µ3 ⊆ F3 (µ2) and

M∞ (µ2, µ3) ≥ βM∞ (F2 (µ1) , F3 (µ2)) .

By induction, we produce a sequence {µn}∞n=1 of points of
C B(X) such that{

µn+1 ⊆ Fn+1 (µn) n = 0, 1, 2, · · ·
M∞ (µn+1, µn) ≥ βM∞ (Fn+1 (µn) , Fn (µn−1)) .

(3.2)

Now we prove that {µn}∞n=1 is a Cauchy sequence in
C B(X). In fact, for arbitrary positive integer n, by the
inequality (3.1) and formula (3.2), we have

M∞ (µn+1, µn) ≥ βM∞ (Fn+1 (µn) , Fn (µn−1))

≥ βqϕ (M∞ (µn, µn−1))

= ϕ (M∞ (µn, µn−1)) . (3.3)

Thus, from the above inequality (3.3), we easily obtain the
following relations:

M∞ (An+1, An) ≥ ϕ (M∞ (µn, µn−1))

≥ ϕ2 (M∞ (µn, µn−1))

≥ · · · ≥ ϕn (M∞ (µ1, µ0)) .
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Furthermore, for arbitrary positive integers n and p, we get
that

M∞ (µn+p, µn)

≥
(
ϕn+p−1 ∗ ϕn+p−2 ∗ · · · ∗ ϕn

)
(M∞ (µ1, µ0)) .

Since for arbitrary h ∈ (0, 1), ϕn(h) → 1 (n → ∞), and by
continuity of ∗, we have

M∞ (µn+p, µn) → 1 (n → ∞),

i.e. {µn}∞n=1 is a Cauchy sequence in C B(X). By Theorem
3.3, C B(X) is complete since X is complete. Consequently,
there exists µ∗ ∈ C B(X) such that µn → µ∗ (n → ∞), i.e.
lim

n→∞
M∞ (µn, µ

∗) = 1.
Next, we show that µ∗ ⊆ Fi (µ

∗), i.e. ρ∞ (µ∗, Fi (µ
∗)) =

1, for all i ∈ N+. In fact, for arbitrary positive integers i and
j, i ̸= j, by (3) of Theorem 3.1, we have

ρ∞ (µ∗, Fi (µ
∗))

≥ M∞ (µ∗, µj) ∗ ρ∞ (µj , Fi (µ
∗))

≥ M∞ (µ∗, µj) ∗M∞ (Fj (µj−1) , Fi (µ
∗)) .

Moreover, we have

M∞ (Fj (µj−1) , Fi (µ
∗)) ≥ qϕ (M∞ (µj−1, µ

∗)) >
ϕ (M∞ (µj−1, µ

∗)),

Consequently, we get

ρ∞ (µ∗, Fi (µ
∗)) > M∞ (µ∗, µj) ∗ ϕ (M∞ (µj−1, µ

∗)).

Since ϕ is continuous from the left and ∗ is a continuous
positive t-norm. Hence, we can obtain

ρ∞ (µ∗, Fi (µ
∗)) ≥ lim

j→∞
M∞ (µ∗, µj) ∗

ϕ

(
lim
j→∞

M∞ (µj−1, µ
∗)

)
= 1 ∗ ϕ (1) = 1,

i.e. ρ∞ (µ∗, Fi (µ
∗)) = 1. By (1) of Theorem 3.1, we obtain

µ∗ ⊆ Fi (µ
∗), for all i ∈ N+. 2

Corollary 3.1: Let (X,M, ∗) be a complete stationary
fuzzy metric space and let F be a fuzzy self-mappings of
C B (X). If there exists a constant q ∈ (1,+∞), such that
for each µ1, µ2 ∈ C B (X),

M∞ (F (µ1) , F (µ2)) ≥ qϕ (M∞ (µ1, µ2))
where ϕ satisfy the conditions of Lemma 3.6. Then there
exists an µ∗ ∈ C B(X) such that µ∗ ⊆ F (µ∗).
Proof. In fact, we can define a sequence of fuzzy self-
mappings of C B(X) as Fi = F , for i = 1, 2, · · · . Thus,
this result is a special case of Theorem 3.6. 2

Theorem 3.7: Let (X,M, ∗) be a complete stationary
fuzzy metric space and let {Fn}∞n=1 be a sequence of
fuzzy self-mappings of C B (X). If there exists a constant
q ∈ (1,+∞), such that for each µ1, µ2 ∈ C B (X), and for
arbitrary positive integers i and j, i ̸= j,

M∞ (Fi (µ1) , Fj (µ2))

≥ qϕ (min {ρ∞ (µ1, Fi (µ1)) , ρ∞ (µ2, Fj (µ2))}) (3.4)

where ϕ satisfy the conditions of Lemma 3.6. Then there
exists an µ∗ ∈ C B(X) such that µ∗ ⊆ Fi (µ

∗), for all
i ∈ N+.
Proof. Let µ0, µ1 ∈ C B(X) and µ1 ⊆ F1 (µ0), and β =
1

q
∈ (0, 1). By Theorem 3.5, there exists µ2 ∈ C B(X),

such that µ2 ⊆ F2 (µ1) and

M∞ (µ1, µ2) ≥ βM∞ (F1 (µ0) , F2 (µ1)) .

Again by Theorem 3.5, we can find µ3 ∈ C B(X) such that
µ3 ⊆ F3 (µ2) and

M∞ (µ2, µ3) ≥ βM∞ (F2 (µ1) , F3 (µ2)) .

By induction, we produce a sequence {µn}∞n=1 of points of
C B(X) such that{

µn+1 ⊆ Fn+1 (µn) n = 0, 1, 2, · · ·
M∞ (µn+1, µn) ≥ βM∞ (Fn+1 (µn) , Fn (µn−1)) .

(3.5)

Now we prove that {µn}∞n=1 is a Cauchy sequence in
C B(X). In fact, for arbitrary positive integer n, by the
inequality (3.4) and formula (3.5), we have

M∞ (µn, µn+1)

≥ βM∞ (Fn (µn−1) , Fn+1 (µn))

≥ βqϕ(min{ρ∞(µn−1, Fn(µn−1)), ρ∞(µn, Fn+1(µn))})
= ϕ(min{ρ∞(µn−1, Fn(µn−1)), ρ∞(µn, Fn+1(µn))})
≥ ϕ (min {M∞ (µn−1, µn) ,M∞ (µn, µn+1)})

where µn ⊆ Fn (µn−1), which implies that
ρ∞ (µn, Fn (µn−1)) = 1.

If M∞ (µn−1, µn) ∧ M∞ (µn, µn+1) = M∞ (µn, µn+1),
then

M∞ (µn, µn+1) ≥ ϕ (M∞ (µn, µn+1)) . (3.6)

From µn+1 ⊆ Fn+1 (µn), it follows that M∞ (µn, µn+1) ∈
(0, 1]. Hence, there are two cases:

Case 1: If M∞ (µn, µn+1) = 1.
By (2) of Lemma 3.6, we can get

M∞ (µn, µn+1) = M∞ (µn−1, µn) = 1,

i.e. M∞ (µn, µn+1) ≥ ϕ (M∞ (µn−1, µn)).
Case 2: If M∞ (µn, µn+1) ∈ (0, 1).
By (1) of Lemma 3.6, we can get

M∞ (µn, µn+1) < ϕ (M∞ (µn, µn+1)) . (3.7)

Obviously, (3.6)and (3.7) are contradictory. Hence, we have

M∞ (µn−1, µn) ∧M∞ (µn, µn+1) = M∞ (µn−1, µn),

i.e. M∞ (µn, µn+1) ≥ ϕ (M∞ (µn−1, µn)).
Consequently, we easily obtain the following inequalities

M∞ (µn+1, µn) ≥ ϕ (M∞ (µn, µn−1)) ≥
ϕ2 (M∞ (µn−1, µn−2)) ≥ · · · ≥ ϕn (M∞ (µ1, µ0)).

Thus, for arbitrary positive integer p, we have

M∞ (µn+p, µn)

≥
(
ϕn+p−1 ∗ ϕn+p−2 ∗ · · · ∗ ϕn

)
(M∞ (µ1, µ0)) .

Since ϕn(h) → 1 (n → ∞), for all h ∈ (0, 1], we get

lim
n→∞

M∞ (µn+p, µn) ≥
lim

n→∞

(
ϕn+p−1 ∗ ϕn+p−2 ∗ · · · ∗ ϕn

)
(M∞ (µ1, µ0)) = 1,

which implies that lim
n→∞

M∞ (µn+p, µn) = 1. Hence,
{µn}∞n=1 is a Cauchy sequence. In addition, since (X,M, ∗)
is a complete stationary fuzzy metric space, by Theorem
3.3, we get (C B(X),M∞, ∗) is complete. Thus there exists
an µ∗ ∈ C B (X) such that µn → µ∗ as n → ∞, i.e.
lim
n→∞

M∞ (µn, µ
∗) = 1.
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Next, we show that µ∗ ⊆ Fi (µ
∗), i.e. ρ∞ (µ∗, Fi (µ

∗)) =
1, for all i ∈ N+. In fact, for arbitrary positive integers i and
j, i ̸= j, by (3) of Theorem 3.1 we have

ρ∞ (µ∗, Fi (µ
∗))

≥ M∞ (µ∗, µj) ∗ ρ∞ (µj , Fi (µ
∗))

= M∞ (µ∗, µj) ∗ ρ∞ (Fj (µj−1) , Fi (µ
∗))

≥ M∞ (µ∗, µj) ∗M∞ (Fj (µj−1) , Fi (µ
∗)) .

Moreover, we have

M∞ (Fj (µj−1) , Fi (µ
∗))

≥ qϕ(min{ρ∞(µj−1, Fj(µj−1)), ρ∞(µ∗, Fi(µ
∗))})

> ϕ(min{M∞(µj−1, µj), ρ∞(µ∗, Fi(µ
∗))}).

Since ϕ is continuous from the left and ∗ is a continuous
positive t-norm. Hence, we can obtain

lim
j→∞

M∞ (Fj (µj−1) , Fi (µ
∗))

≥ lim
j→∞

ϕ(min{M∞(µj−1, µj), ρ∞(µ∗, Fi(µ
∗))})

= ϕ(min{1, ρ∞(µ∗, Fi(µ
∗))})

= ϕ(ρ∞(µ∗, Fi(µ
∗))).

Consequently, we conclude that

ρ∞ (µ∗, Fi (µ
∗))

≥ lim
j→∞

M∞ (µ∗, µj) ∗ lim
j→∞

M∞ (Fj (µj−1) , Fi (µ
∗))

≥ 1 ∗ ϕ (ρ∞ (µ∗, Fi (µ
∗)))

= ϕ (ρ∞ (µ∗, Fi (µ
∗))) ,

i.e. ρ∞ (µ∗, Fi (µ
∗)) = 1. By (1) of Theorem 3.1, we obtain

µ∗ ⊆ Fi (µ
∗), for all i ∈ N+. 2

Corollary 3.2: Let (X,M, ∗) be a complete stationary
fuzzy metric space and let F be a fuzzy self-mappings of
C B (X). If there exists a constant q ∈ (1,+∞), such that
for each µ1, µ2 ∈ C B (X),

M∞ (F (µ1) , F (µ2)) ≥
qϕ (min {ρ∞ (µ1, F (µ1)) , ρ∞ (µ2, F (µ2))})

where ϕ satisfy the conditions of Lemma 3.6. Then there
exists an µ∗ ∈ C B(X) such that µ∗ ⊆ F (µ∗).
Proof. In fact, we can define a sequence of fuzzy self-
mappings of C B(X) as Fi = F , for i = 1, 2, · · · . Thus,
this result is a special case of Theorem 3.7. 2

IV. CONCLUSIONS

In this paper, we have been established the completeness
of C B (X) with respect to the completeness of the stationary
fuzzy metric space X . We also present some common fixed
point theorems for the self-mapping of stationary fuzzy
metric space C B(X) under some ϕ-contraction conditions.

Several possible applications of our results may be sug-
gested. We briefly mention some of them. Fuzzy fixed point
theory can be used in existence and continuity theorems
for dynamical systems with some vague parameters [6],
[20], [23], [32]. More specifically in the field of qualitative
behavior, these may be used demonstrating the existence of
solutions of the fuzzy differential equation [12] and fuzzy
integral equation, etc. In addition, this work offers a new tool
for the description and analysis of fuzzy metric space. So we
hope our results would provide a mathematical background
to ongoing work in the problems of those related fields.
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