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Complete Stationary Fuzzy Metric Space of The
Bounded Closed Fuzzy Sets and Common Fixed
Point Theorems

Dong Qiu, Hua Li, and Chongxia Lu,

Abstract—In this paper, we introduce a stationary M .-fuzzy
metric on the set ¥%(X), where M. -fuzzy metric can be
thought of as the degree of nearness between two fuzzy sets
with respect to any positive real number and €%(X) is the
class of fuzzy sets with nonempty bounded closed a-cut sets.
Under the ¢-contraction conditions, we give some common fixed
point theorems for self-mappings in the space €%(X).

Index Terms—bounded closed a-cut sets, ¢-contraction con-
ditions, fixed point theorems, M. -fuzzy metric.

I. INTRODUCTION

S a natural generalization of the concept of set, fuzzy

sets was introduced initially by Zadeh [34] in 1965.
Various concepts of the fuzzy metrics on ordinary set were
considered in [4], [9], [11], [15], [18]. It is well known that
the Hausdorff metric is very important concept not only in
general topology and analysis, but also many authors have
expansively developed it in the theory of fuzzy sets and
application (see [1], [13], [16], [17], [19], [33], [28]). In
[31], J. Rodriguez-Lépez and S. Romaguera introduced and
discussed a suitable notion for the Hausdorff fuzzy metric
of a given fuzzy metric space (in the sense of George and
Veeramani) on the set of its nonempty compact subsets. It
is necessary to note that such fuzzy metric space has very
important application in studying fixed point theorems for
contraction-type mappings [2], [12], [21], [27]. In fuzzy
functional analysis, many researches have been done on
the fixed point theory in the space of compact fuzzy sets
equipped with the supremum metric [3], [5], [7], [8], [26],
[35].

We must point out that they have given most of their
attention to the class of fuzzy sets with nonempty compact
a-cut sets in the metric space X, but few of their attention to
the class of fuzzy sets with nonempty bounded closed a-cut
sets. However, it is known that all compact sets are bounded
closed sets in a general metric space and the converse
is not always true. In this paper, based on the Hausdorff
fuzzy metric Hj;, we introduce a suitable notion for the
stationary M ,-fuzzy metric on the fuzzy sets whose a-cut
are nonempty bounded closed for each a € [0,1]. Then,
under ¢-contraction conditions, we give some common fixed
point theorems in the fuzzy metric space on fuzzy sets.
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II. PRELIMINARIES

A fuzzy set ;1 on X is a mapping from X into the unit
interval I = [0, 1]. An a-cut of y is

" ={zr € X :p(z) > a},

where 0 < a < 1, and we separately specify the support [1]°
of 4 to be the closure of the union of [u]” for 0 < o < 1.
Denote by .%(X), the family of all fuzzy subsets of X. Let
11, o € F(X), then iy is said to be included in p2, denoted
by u1 C pe, if and only if p () < pe (x) for each z € X.
Thus we have that p1 C pug if and only if [p1]” C [u2]® for
all o € 1.

Definition 2.1: [14] A triangular norm (or t-norm for
short) is a binary operation * on I, i.e. a function * : 12 — I,
such that for all a,b,c,d € I the following four axioms are
satisfied:

(D) axl=a;

(2) a*xb < cx*d whenever a < cand b < d;

B)axb=>bx*a;

@ ax(bxc)=(axb)*c

A t-norm x is said to be continuous if it is a continuous
function in [0, 1]2; a t-norm * is said to be positive if axb > 0
whenever a,b € (0,1]. The following are examples of t-
norms: axp b= a-b; a Ab = min(a,b), where a-b denotes
the usual multiplication for all a,b € I.

Definition 2.2: [10] A stationary fuzzy metric space is an
ordered triple (X, M, x) such that X is an arbitrary nonempty
set, * is a continuous t-norm and M is a fuzzy set of X x X
satisfying the following conditions, for all z,y, 2z € X:

(1) M(z,y) > 0;

(2) M(z,y) =1if and only if z = y;

3) M(CE? y) = M(y7 LU);

4) M(z,y) > M(z,2z)* M(z,y).

If (X, M, ) is a stationary fuzzy metric space, it will be
said that (M, ) is a stationary fuzzy metric on X. Since
a stationary fuzzy metric is a special fuzzy metric [11], we
can prove that every stationary fuzzy metric (M, *) on X
generates a topology 7y, on X which has as a base the family
of sets of the form

{Bu(z,e):x e X,0<e <1},

where Bp(z,e) = {y € X M(z,y) > 1 — ¢}
for all ¢ € (0,1). A sequence {z;};cn in a stationary
fuzzy metric space (X, M, *) is said to be Cauchy if
lim; ;oo M(x;,2z;) = 1; a sequence {z;};,ey in X con-
verges to x if lim; ,oo M (z;,z) =1 (see [10]).

Definition 2.3: [24] Let (X, M, «) be a stationary fuzzy
metric space and A C X. For a point z € X, if for all ¢ €
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(0,1), By (z,e) (A—{x}) # 0, then z is an accumulation
point of A; the set of all accumulation points of A is called
the derived set of A, denote by d(A); the union of A and
d(A) is called the closure of A, denote by A. If d(A) C A,
then A is a closed set of X.

Definition 2.4: [24] Let (X, M, x) be a stationary fuzzy
metric space, * is a positive continuous t-norm and A C X.
If there exists r € (0, 1) such that for all z,y € A we have
M (xz,y) > 1 —r, then we say A is a bounded subset of
X; if X itself is a bounded set we will say (X, M, x) is a
bounded stationary fuzzy metric space.

Definition 2.5: [30] A stationary fuzzy pseudo-metric s-
pace is an ordered triple (X, M, %) such that X is an arbitrary
nonempty set, * is a continuous t-norm and M is a fuzzy
set of X x X satisfying the following conditions, for all
z,y,z € X:

(1) M(z,z)=1forall z € X;

2 M(CE, y) = M(y7 LU);

() M(z,y) = M(z,z) * M(z,y).

If (X, M, x) is a stationary fuzzy pseudo-metric space, it
will be said that (M, ) is a stationary fuzzy pseudo-metric
on X. Given a stationary fuzzy metric space (X, M, *), we
shall denote by CB(X), the set of nonempty bounded closed
subsets of (X, M, x).

Let B be a nonempty subset of a stationary fuzzy metric
space (X, M, ). For any z € X, let

M(z,B) = sup M(x,y) = M(B,x).
yeB

For the empty index set (), we will make the convention
that for a, € I,

supa, = 0 and inf a, = 1.
zed zel

It follows that M (z,0) = M(0,z) = 0 (see [29]). Let
Z(X) be the powerset of X . Recall that the stationary fuzzy
pseudo-metric Hy; (see [25]) is defined as

Hy (A, B) = inf sup M (z,y) A inf sup M (y,x)
€A yeB yeB yeA

=p(A,B)Ap(B,4),
where A, B € &(X) and

p(4,B) = inf sup M (z,y) = inf M (z,B).

Denote by #A(X), €(X) and €%(X), the totality of
fuzzy sets which satisfy that for each a € I, the a-cut of p is
nonempty bounded, nonempty closed and nonempty bounded
closed in X, respectively. Next, we give the definition of the
function M, on % (X) x .#(X), which is induced by H),
on Z(X) x 2(X).

Definition 2.6: Let (X, M, %) be a stationary fuzzy metric
space. We define a function M., by

My (pe1, p2)
= (ilrégHM([Nl]av[ﬂz]a)
= inf (p(u]® [p2]™) A p (2] [] ™))
= (it p G Gt ) A (ind (Gl o1 )

= Poo (115 12) N poo (pr2 111)

where p1, s € % (X) and
poo (1, p2) = b p (1] [pa]”) -

Definition 2.7: Let (X, M, ), (Y, M, ) be any stationary
fuzzy metric spaces. A mapping F' is said to be a fuzzy map-
ping if and only if F' is a mapping from % (X) into Z#(Y),
ie. F(u) € F(Y) for each p € F(X). po € €% (X)
is said to be a fixed point of a fuzzy self-mapping F' of
E A (X) if and only if pg C F (uo)-

III. MAIN RESULTS

Now we will establish our main theorems.

Lemma 3.1: [26] Let Abe asetin X andlet {4, : « € I}
be a family of subset of A such that

@ Ay=A=" U Au

a€(0,1]
(ii) a < B implies Ag C Ay;
(i) o < ay < ---, lim o, = « implies A, =

o n—00
N Aa,-

Zﬁl}m, there exists a function p : X — I defined by
sup{a€l:zcA,},z€A
”(”3):{0 reX—A

has the property that [u]® = A, for all o € I. Conversely,
for any fuzzy set p in X, the family {[u]® : @ € I} of a-cut
set of p satisfies the above conditions (i)-(iii).

Theorem 3.1: Let (X, M, ) be a stationary fuzzy metric
space. Then, for any g1, o, us € F(X),

(1) poo(p1, o) = 1 if and only if [p1]” C [u2]® for all
a € I

(@) poo(pin, 113) = poo (i, ph2) * Poo(fh2, 143);

() poolpas z) > Moo (1, p2) * poo (b2, 13);

@) If [u1]® C [pe]® for all a € I, then poo (p1, p3) >
MOO (:LL27 ,LL3); . .

(5) Moo (11, p2) = 1 if and only if [1]” = [uz]® for all
acl.
Proof. For (1), since poo(p1,12) = 1 if and only if
p([p]%, [u2]™) = 1 for all « € I. By (1) of Proposition 9 in
[25], for all « € I, we have p ([u1]%, [p2]”) = 1 if and only
if [1]® C [u2]”. Thus, we can obtain that peo(p1, p2) = 1
if and only if [p1]" C [p2]® for all a € I.

For (2), for any a € I, by (4) of Proposition 9 in [25], we
have

p (] [12]®) * p (2], [13]%)
inf p([]% [p2]”) = inf p (2] [ua]")

Poo (K1, p2) * poo (p2, 113) -

P ([Mﬂa7 [Ms]a)

(AVARIYS

By the arbitrariness of «, we have
Poc (115 13) 2 Poo (H1, H2) * oo (H2, 1i3)-
For (3), since poo (11, f12) > Moo (11, pt2), by (2) we have
Poo (11, f13) = Moo (pi1, p12) * poc (K2, 13)-

For (4), since [u1]® C [po]® for all a € I, we get
Poo (pt1, p2) = 1. By (3), we have

Poo (i1, pi3) = Moo (12, 113).
For (5), it follows from (1). O
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Theorem 3.2: Let (X, M, *) be a stationary fuzzy metric
space, then (F(X), M, *) is a stationary fuzzy pseudo-
metric space.

Proof. Let pu1, po, u3 € % (X), by the definition of M, ,
(1) of Theorem 3.1 and the commutativity of A, it is clear
that Moo (p, ) = 1 and Moo (g1, p2) = Moo (2, p11)-

In addition, by (2) of Theorem 3.1, we obtain

Poo(pi1, 3) A p(ps, p1)

> (poo(p, f2) * poo(pi2, 13))
N(poo (135 112) * Poo (i, 1))
> (poo(ﬂl,MQ) /\poo(ﬂﬂvul))

#(poo (2, 113) N Poo (13, 12))-
Consequently, by the definition of M., we get

Moo (p15 13) = Moo (pi1, p2) ¥ Moo (pi2, pi3).

We conclude that (F(X), Mso,*) is a stationary fuzzy
pseudo-metric space. O

Let {pn},-, be a sequence in . (X). It follows from the
definition of M, that i, converges with respect to M, if
and only if [u,]* converges uniformly in o € I with respect
to Hps. In the following we always suppose the continuous
t-norm * is positive.

Lemma 3.2: [24] Let (X, M,«) be a stationary fuzzy
metric space. If A, B C X are any two bounded subsets
of X, then AU B is a bounded subset of X.

Lemma 3.3: Let (X, M,x*) be a stationary fuzzy metric
space. If p1, uo € B(X), then g U pug € B(X).

Proof. Let pi1, 2 € B(X). By the definition of a-cut, we
have

(11 U o] ® = [p1]® U [pe]®, for all a € 1.

Hence by Lemma 3.2, for all « € I, we can get [y U Ug]a
is a nonempty bounded subset of X, i.e. u3 U g € B(X).
O

Theorem 3.3: Let (X, M, ) be a stationary fuzzy metric
space. Then (€ %B(X), M, *) is a stationary fuzzy metric
space.
Proof. Let 11, o, us € €%(X). By Lemma 3.3, we have
w1 U pg € B(X), which means there exists r € (0,1) such
that M(z,y) > 1 —r, for all z,y € [ Ups]’ = [11]° U
[112]°. Hence, for any o € [0,1] and € [111]*, we can get
that

M(x,[pe]®) = sup M(z,y)>1-—r>0.
Y€ [pa]™
Thus we obtain
Poc (b, p2) = inf p([ua]®, [u2]®) =

ael0,1]
inf inf M(z,[u2]*) > (1—7r)>0.

a€l0,1] € p]®

Similarly, we can get

inf - p([po]®; [1n]*) = (1 =7) > 0.

Poo (2, p11) = ainf

Consequently, we have Moo (1, t2) = poo(ft1, h2) A
Poc(piz 1) = (1 —1) > 0.

By the definition of M, (5) of Theorem 3.1 and the
commutativity of A, it is clear that Mo, (u1,u2) = 1 if

and only if py = po and Moo (1, pr2) = Moo (2, p11). In

addition, by (2) of Theorem 3.1, we obtain

Poc (b1, 3) N poc (13, p1)

(Poo(H15 2) * poo(H2s 13)) A (Poo (113, 112) * poo(pi2, p1))
(oo (11, 2) N poo (b2, 111)) * (Poc (K2, 13) A Pos (i3, p12))-
Consequently, by the definition of M., we get

ARV}

Moo (1, 3) > Moo (1, p2) * Moo (pt2, pi3)-

We conclude that (¢ %(X), Mw,*) is a stationary fuzzy
metric space.O]

Example 3.1: Let (X, M, *) be a stationary fuzzy metric
space. Denote by a-b the usual multiplication for all a, b € I,
and define M on Z(X) x Z(X) by

H _
Moclinot2) = 38 T e, [pal®)
for all 11, iz € .Z(X). Then we can easily get that (M)
is a stationary fuzzy metric on .7 (X).

Lemma 3.4: [25] Let (X,M,x) be a stationary fuzzy
metric space. Then (CB(X), Hys, *) is complete if and only
if (X, M, «) is complete.

Theorem 3.4: Let (X, M, *) be a stationary fuzzy metric

space. Then (€A(X), M, *) is complete if and only if
(X, M, x) is complete.
Proof. Let {u,}>°, is a Cauchy sequence in
(€B(X), Moo, *). For any o € I, {[un]*}52, is a
Cauchy sequence in (CB(X), Hys, *). From Lemma 3.4, it
following that there exists a A, such that

(] 25 A, € CB(X).

Let ¢ € (0,1). Then, since {u,},., is a Cauchy se-
quence, there exists a n(¢) such that n,m > n(e) implies
Moo (fin,s pr) > 1 —e. Let n(> n(e)) be fixed. Then for any
a € I, we have

Hyy ([.Un]avAa) = mlgnoo Hy ([,Un]a, [,Um]a)
> lim inf Hay ([1a)®, [4m]®)

m—oo o€l

= lim M (,U/nalu/m) >1—¢,
m—o00

which implies [n]® 224 A, uniformly in o € I.
Consider the family {A, : a € I}. By (3) of Proposition

9 in [25], we have
Hyy < U U Aa) =
a€g(0,1]

[Nn]aa

a€e(0,1]
Hu| U [m)® U Aa>~
«e(0,1] ae(0,1]

Thus, we can obtain that

Hyy | Ao, U Aq

a€e(0,1]
> Hpy (A07[,un]0)*HM [,Un]ov U [,U'n]a *
a€e(0,1]
i f H n (X7A(X

oonf o (], Aa)

where  Hyr | (], U [pn]”® = 1 since
ae(0,1]

1n]° = U [1n]”. Consequently,

a€e(0,1]
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Hy (Ao, U Aa) =1

ae(0,1]

By (7) of Proposition 9 in [25], we have Ag = |J Aa.
a€e(0,1]
Taking a; < ag, by (4) of Proposition 9 in [25], we have
N P (Aa§7 A, )az N
P (Aags [1n] ™) # p ([n] ™2, [1n]™) * o ([1n] ™ Aay)-
By (1) of Proposition 1 in [24], we have p ([11,]"?, [pn]™) =
1. Thus

p(AOQvAOél) Z ,D(AOQ, [H’n]a2) * p([ﬂn]a17Aa1) —1as
n — 00.

Hence p (An,, Aa,) = 1, and we have A,, C A,,.

Now take a9 € I, T, and klim ap = Let

— 00
e € (0,1). There exists a n(e) such that n > n(e),
implies Hps ([pun]®, Aa) > 1 — € for all @ € 1. Since
[pen (€)] > Mo, [4n(€)]¥0, there exists a k(n(e)) such that
k> k(n()), implies Har([pn ()]1°0, [1a(£)]%) > 1 — <.
Consequently, we have
An, :kli)n;oAak =N < kAai) = Aa,-

k=1 \i= k=1

Qp.

Thus by Lemma 3.1, there exists a u € €HB(X) with

}a H g

W] = A, for every a € I. It follows that [p,]" — [u]®

uniformly in « € I, thus pu, Mo, w in €%(X). This
completes the proof. O

Lemma 3.5: [25] Let (X, M, «) be a stationary fuzzy
metric space and A, B € CB(X). Then

(1) for arbitrarily € € (0,1) and any = € A, there exists
y € B such that M (z,y) > Hy (A, B) — ¢

(2) for any « € A and any S € [0, 1), there exists y € B
such that M (z,y) > SHu (A, B).

Theorem 3.5: Let (X, M, «) is a stationary fuzzy metric
space and fiq, o € €% (X), then

(1) for arbitrarily ¢ € (0,1) and any us € €LA(X)
satisfying ps C pq, there exists a puy € €%(X) such that
pa C po and Moo (pz, fa) > Moo (pi1, pi2) — €

(2) for any any u3 € €%A(X) satisfying 3 C py and any
B € [0,1), there exists a ug € €%(X) such that gy C po
and Moo (3, p1a) > BMoo (i1, f2)-
Proof. we only prove (1) since it is equivalent to (2).

Since p1, p2 and pg are in € %(X), we have ¢ # [u3]® C
[1]® and [po]® # ¢ for all o € I. Let

Co = {y : there exists an = € [u3]* such that M (x,y) >
MOO(va /L2) - 5}’
and let

Dy = {2 poo(2, [13]*) = Moo (pi1, p12) — €}.
By the proof of Lemma 17 in [25], we can get that C, C D,.
Let [pna]® = Do N [p2]®. For any z € [p3]* C [1]®, by
Lemma 3.5, there exists a y € [u2]® such that
M (z,y) = Hur ([n]®, [12]™) — & = Moo (1, p2) — &

Thus [p4]* € B(X), moreover [p4]*? C [pug]* if 0 <y <
(65) S 1.
From the proof of Lemma 17 in [25], we have

Hr ([pa]” [1a]™) = Moo (p1, p2) — €.

Now take a9 > 0, T, and lim ap = ag. From
o k—o0
the continuity of M and () [u3]™ = [us]™, we have

k=1
oo
() Do, = Da,- Then we have
k=1

D3

il = 3 P el = ( A Do) 1

1 k=1
( N [m]ak) = Day N [p2]™ = [pa]™.
k=1
By Lemma 3.1, we can get that p € €%(X) such that
pa C p2 and

Moo (s, pa) > Moo (1, p2) — €.

This completes the proof. O

Lemma 3.6: [27] Let ¢ : [0,1] — [0, 1] be a nondecreas-
ing function satisfying the following condition:

(i) ¢ is continuous from the left;

(i) ¢"(h) =1 (n— o) for all h € (0,1],
where ¢™ denote the nthiterative function of ¢.Then

(1) for each h € (0,1), such that ¢(h) > h;

@ ¢(1)=1.

Theorem 3.6: Let (X, M,«) be a complete stationary
fuzzy metric space and let {F,} -, be a sequence of
fuzzy self-mappings of €% (X). If there exists a constant
q € (1,400), such that for each p1, s € €4 (X), and for
arbitrary positive integers ¢ and j, i # j,

Moo (F (p1) , Fj (p2)) > qb (Moo (11, p12))

where ¢ satisfy the conditions of Lemma 3.6. Then there
exists an p* € €%(X) such that p* C F; (u*), for all
ieNT.

liroof. Let o, 1 € €A(X) and p1 C Fi (uo), and 8 =
= € (0,1). By Theorem 3.5, there exists pus € €AB(X),

q
such that us C Fy (1) and

Moo (p1, p2) 2 BMoo (Fi (o) , F2 (41)) -

Again by Theorem 3.5, we can find pz € €%(X) such that
ps € F3 (p2) and

Moo (N27N3) > BMOO (F2 (/Ll) 7F3 (IU’Q)) .

By induction, we produce a sequence { un};’ozl of points of
€ A(X) such that

(3.1)

{ Hn+1 g Fn+1 (iu’n) n= 07 ]-a 27 T (32)

Moo (png1s in) > BMoo (Frg1 (1n) s Fr (fin—1)) -

Now we prove that {u,} —, is a Cauchy sequence in
EA(X). In fact, for arbitrary positive integer n, by the
inequality (3.1) and formula (3.2), we have
Moo (g1, n) > Moo (Frg1 (pn) , Frn (ftn—1))
> Bqd (Moo (fny pin—1))
= ¢ (Moo (/Jna Un—l)) .

Thus, from the above inequality (3.3), we easily obtain the
following relations:

Moo (An+17 An)

(3.3)

QS(MOO (:U'nv/ufn—l))
¢2 (Moc (,U'na,un—l))
o 2> " (Moo (1, o)) -

AVARAVARLY
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Furthermore, for arbitrary positive integers n and p, we get
that

Mo (Nn+p7ﬂn)
> (M " sk 97) (Moo (b1, 0)) -

Since for arbitrary h € (0,1), ¢"(h) = 1 (n — o0), and by
continuity of %, we have

Mo (Nn+;m,un) =1 (n— o00),

ie. {un},— is a Cauchy sequence in ¢ %(X). By Theorem
3.3, €#(X) is complete since X is complete. Consequently,
there exists p* € €%(X) such that p,, — p* (n — 00), i.e.
i Moo (pn, ) = 1.

" h?oext, we show that u* C F; (u*), i.e. poo (1, F; (1*)) =
1, for all : € NT. In fact, for arbitrary positive integers i and

4, i # 7, by (3) of Theorem 3.1, we have

poo (W, F (7))

Moo (17, 1) * poo (kg F5 (7))

Moo (1%, 1) * Moo (Fj (1), Fi (1)) -
Moreover, we have

Moo (Fj (prj—1), Fi (1%)) > qp (Moo (ptj—1, 11*)) >
Moo (pj—1, 7)),

>
2

Consequently, we get

Poo (1, Fi (1)) > Moo (1, p15) * ¢ (Moo (-1, 1*))-

Since ¢ is continuous from the left and * is a continuous
positive t-norm. Hence, we can obtain

Poo (W, Fy (1)) = Jim Moo (1”5 pg) *
o (i Mo (100 ) = 1560 =1
Jj—o0

ie. poo (1*, F; (1*)) = 1. By (1) of Theorem 3.1, we obtain
p* C F; (pu*), for all 4 € NT. O

Corollary 3.1: Let (X, M,*) be a complete stationary
fuzzy metric space and let F' be a fuzzy self-mappings of
€% (X). If there exists a constant ¢ € (1, +00), such that
for each pq, s € €% (X),

Moo (F (p1) , F (p2)) = ¢ (Moo (p1, p12))

where ¢ satisfy the conditions of Lemma 3.6. Then there
exists an p* € €%(X) such that p* C F (p*).
Proof. In fact, we can define a sequence of fuzzy self-
mappings of €#B(X) as F; = F, for i = 1,2,---. Thus,
this result is a special case of Theorem 3.6. O

Theorem 3.7: Let (X, M,*) be a complete stationary
fuzzy metric space and let {F,} ~, be a sequence of
fuzzy self-mappings of €% (X). If there exists a constant
q € (1,400), such that for each u1,us € €% (X), and for
arbitrary positive integers 4 and j, ¢ # j,

Moo (F; (1), Fy (p2))
> q¢ (min{poo (1, F (1)) 5 poo (112, Fj (p2))})

where ¢ satisfy the conditions of Lemma 3.6. Then there
exists an p* € €%(X) such that p* C F; (p*), for all
ieNT.

lIroof. Let po,p1 € €A(X) and py C Fy (po), and 8 =
— € (0,1). By Theorem 3.5, there exists pus € €A(X),

such that s C Fo (1) and

(3.4)

Moo (p1, p2) = BMoo (Fi (po)  F2 (1)) -
Again by Theorem 3.5, we can find p3 € €%(X) such that
ps C F3 (u2) and

Moo (p2, 13) = BMoo (F2 (1) , Fs (12)) -

By induction, we produce a sequence { un}zo:l of points of

¢ A(X) such that

{ Mn+1 an—i—l (,U/n) n:O71a27"' (35)
Moo (,Un-‘rla ,un) 2 /BMOO (Fn+1 (,Un) ) Fn (,un—l)) .

Now we prove that {x,},., is a Cauchy sequence in

EA(X). In fact, for arbitrary positive integer n, by the
inequality (3.4) and formula (3.5), we have

Mo (#nvﬂn+1)

> BMoo (Fn (Hn—1) s Fny1 (pn))

> Bad(min{peo (ttn—1, Fn(pn-1));s poo(fins Frt1(pn))})
= ¢(min{poc(tn—1, Fn(pn—1)); Poo(tins Fry1(pn))})

> ¢ (min {Meo (pn—1, tn) » Moo (fins ni1)})

where i, C F, (ttn—1), which that
Poo (/J,»,“Fn (,Un—l)) =1
If Moo (,U/nflaﬂn) A Moo (/’anunJrl)

then

Moo (Mnaﬂn+1) > ¢ (MOO (,Lthun-i-l)) .

From pi, 11 C Fyi1 (pn), it follows that Moo (fin, fini1) €
(0, 1]. Hence, there are two cases:

Case 1: If Moo (fin, int1) = 1.

By (2) of Lemma 3.6, we can get

implies
= My (Mnaﬂn+1),

(3.6)

Moo (,uny,un—i-l) = My (,Ufn—ly,un) =1,

ie. Moo (pimy pint1) 2 & (Moo (fin—1, fin))-
Case 2: If Moo (fin, tin+1) € (0,1).
By (1) of Lemma 3.6, we can get

Mo (,unnunJrl) <o (MOO (MnaMnJrl)) .

Obviously, (3.6)and (3.7) are contradictory. Hence, we have

(3.7)

Moo (Mn—h/”'n) A Moo (,Una,un-‘rl) - Moo (N'n—la Un)’

ie. Moo (an/”/n-i—l) > ¢ (MOO (,U/n—lvun))
Consequently, we easily obtain the following inequalities

My (Mn-‘rlaﬂn) > (Moo (Nmun—l)) >
3 (Moo (Hn—1s pin—2)) > -+ > ¢" (Moo (1, o))

Thus, for arbitrary positive integer p, we have

Moo (Hntps Hin)
> ("MPTERg"IPTw w97 (Moo (111, 10)) -
Since ¢™(h) — 1 (n — o0), for all h € (0, 1], we get

lim M (,U/nera,un) >
n—00
Hm (" P~ s g TP2 sk ) (Mo (111, p10)) = 1,

n—oo
which implies that nli_)rrgo Moo (fn+p, bn) = 1. Hence,
{pn},2, is a Cauchy sequence. In addition, since (X, M, x)
is a complete stationary fuzzy metric space, by Theorem
3.3, we get (A (X), M, %) is complete. Thus there exists
an pu* € €% (X) such that p, — p* as n — oo, ie.
nlgn;o Moo (pin, p*) = 1.
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Next, we show that u* C F; (u*), i.e. poo (u*, F; (u*)) =
1, for all : € NT. In fact, for arbitrary positive integers i and
4, 1 # 7, by (3) of Theorem 3.1 we have

Poo (15 Fy (7))

> Moo (1", 15) * poo (1, Fi (117))

= Moo (W, 15) * poo (Fj (1j—1) , Fi (17))

> Moo (W, py) * Moo (Fj (pj-1), Fy (17)) -

Moreover, we have

Moo (Fj (pj—1)  Fi (17))
> qp(min{po (ttj—1, Fj(1j-1)), poc(1*, Fi(p
> p(min{ Moo (451, f15)5 Poo (1™, Fi(17)) })-

Since ¢ is continuous from the left and * is a continuous
positive t-norm. Hence, we can obtain

jlingo Moo (Fj (j—1), Fi (1))

jlggo S(min{ Moo (1151, f15), poo (1", Fy (1*

= G(min{l, poo (", Fi(1"))})
(oo (1*, Fi(117)))-

Consequently, we conclude that

Poo (11, F (11*))

)

Y

N}

> lim My (p*, pg) * lim Moo (Fj (p—1), Fi (1))
> 1x¢(poo (1", Fi (7))

= ¢ (poo (1", F; (17))),

i.e. poo (*, F; (1*)) = 1. By (1) of Theorem 3.1, we obtain
w* C F; (p*), for all i € N*. O
Corollary 3.2: Let (X, M,*) be a complete stationary
fuzzy metric space and let F' be a fuzzy self-mappings of
€% (X). If there exists a constant ¢ € (1,+00), such that
for each puy, pu € €% (X),
Moo (F (p1) , F (p2)) =

q¢ (min{pec (p1, F' (11)) s poo (p2, F (112))})
where ¢ satisfy the conditions of Lemma 3.6. Then there

exists an p* € €%(X) such that u* C F (u*).
Proof. In fact, we can define a sequence of fuzzy self-
mappings of €#(X) as F; = F, for i = 1,2,---. Thus,
this result is a special case of Theorem 3.7. O

IV. CONCLUSIONS

In this paper, we have been established the completeness
of €% (X) with respect to the completeness of the stationary
fuzzy metric space X. We also present some common fixed
point theorems for the self-mapping of stationary fuzzy
metric space ¥ 2(X) under some ¢-contraction conditions.

Several possible applications of our results may be sug-
gested. We briefly mention some of them. Fuzzy fixed point
theory can be used in existence and continuity theorems
for dynamical systems with some vague parameters [6],
[20], [23], [32]. More specifically in the field of qualitative
behavior, these may be used demonstrating the existence of
solutions of the fuzzy differential equation [12] and fuzzy
integral equation, etc. In addition, this work offers a new tool
for the description and analysis of fuzzy metric space. So we
hope our results would provide a mathematical background
to ongoing work in the problems of those related fields.
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