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Abstract—The paper mainly studies the exponential stability 

analysis problem for a class of grey neutral stochastic systems 
with distributed delays. As we know, till now, the stability 
problem of grey neutral stochastic systems has not been 
intensively studied except some papers, which motives our 
research. In this paper, by using an appropriately constructed 
Lyapunov-Krasovskii functional and some stochastic analysis 
approaches, especially, by utilizing decomposition technique of 
continuous matrix-covered sets, sufficient stability criteria are 
proposed which ensure the mean-square exponential stability 
and almost surely exponentially robustly stable for the systems. 
Moreover, an example is provided to illustrate the effectiveness 
and correctness of the obtained results. 
 

Index Terms—Grey Neutral Stochastic Systems, Distributed 
Delays, Lyapunov-Krasovskii Functional, Decomposition 
Technique,  Exponential Stability 
 

I. INTRODUCTION 
tochastic systems have come to play an important role 

in many branches of science or engineering applications, 
and time delays are frequently encountered in many 
real-word control systems, which is the main causes of 
instability, oscillation, and poor performance of the systems. 
Therefore, during the past decades, stochastic systems with 
time delays have been extensively investigated, many 
important results have been reported in the literature, see 
[1-8], and the references therein. On the other hand, in 
practice, many dynamical systems can be effectively 
established or described by neutral functional differential 
equations, such as the distributed networks, population 
ecology, chemical reactors, water pipes and so on [9]. When 
the number of summands in a system equation is increased 
and the differences between neighboring argument values are 
decreased, another type of time-delays, namely, distributed 
delays will appear, which can be found in the modeling of 
feeding systems and combustion chambers in a liquid 
monopropellant rocket motor with pressure feeding [10,11]. 
Hence, the study of neutral stochastic systems with 
distributed delays has come to become a subject of intensive 
research activity in recent years, much effort has been 
devoted to the study of this kind of systems [9-20]. For 
example, in [12], authors investigate the problem of stability 
analysis of neutral type neural networks with both discrete  
and unbounded distributed delays. In terms of linear matrix 
inequalities, delay-dependent conditions are obtained, which  
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guarantee the networks to have a unique equilibrium point. 

It is worth noting that, when the mathematical model of 
stochastic systems is built, the parameters are difficult to 
obtain. In addition, as pointed out in [21], if  the parameters 
of the systems are evaluated by grey numbers, the systems 
should be established indeterminately and become grey 
systems. Therefore, the study of grey systems has received 
much attention from many scholars, some significant and 
innovative results have appeared in the literature [21-24]. For 
instance, in [22], two easily verified delay-dependent criteria 
of mean-square exponential robust stability were obtained. 
However, to the best of our knowledge, till now, the problem 
of exponential stability for grey neutral stochastic systems 
with distributed delays has not been full investigated, which 
is still open and remains challenging. this situation motives 
our present study. 

In this paper, we investigate the exponential stability 
problem for a class of grey neutral stochastic systems with 
distributed delays. First, a new type of Lyapunov-Krasovskii 
functional is constructed. Then, by using the decomposition 
technique of the continuous matrix-covered sets of grey 
matrix (see [21-24]), we study the systems model directly 
with some well-known differential formulas, and sufficient 
criteria are obtained, which ensure the systems in the mean 
square exponential stability and almost surely exponentially 
robustly stable. Finally, an example is given to demonstrate 
the applicability of the proposed stability criteria. 
Notations:  The notations are quite standard. Throughout this 
paper, nR  and nnR   denote the n-dimensional Euclidean 
space and the set of all n ×n real matrices. The superscript 

""T  represents matrix transposition, and the notation 
YX   (respectively YX   ) where X  and Y are 

symmetric matrices, means that YX   is positive 
semi-definite (respectively positive definite). The symbol   

denotes the Euclidean norm for vector or the spectral norm of 
matrices. Moreover, Let   PFF tt ,,, 0  be a complete 

probability space with a filtration   0ttF satisfying the usual 

conditions. Let 0 and  nRC ];0,[  denote the family 

of all continuous nR -valued functions on ]0,[  . Let 

)];0,([2
0

n
F RL  be the family of all 0F -measurable 

bounded  nRC ];0,[  -valued random Variables 

 0:)(   . 
 

Exponential Stability Analysis for Neutral 
Stochastic Systems with Distributed Delays 

Jian   Wang  

S 

IAENG International Journal of Applied Mathematics, 45:4, IJAM_45_4_15

(Advance online publication: 14 November 2015)

 
______________________________________________________________________________________ 



 

 

II. PRELIMINARIES AND PROBLEM FORMULATION  
Consider a class of grey neutral stochastic systems with 

distributed delays: 
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(2.1) 
Where ),(A ),(B ),(C ),(D ),(E ),(F

)(G are grey n ×n -matrices, and let 

)()( a
ijA  , )()( b

ijB  , )()( c
ijC  , 

)()( d
ijD  , )()( e

ijE  , )()( f
ijF  , 

)()( g
ijG  . 

Here, a
ij , b

ij , c
ij , d

ij , e
ij , f

ij and g
ij  are said to be 

grey elements of  
),(A ),(B ),(C ),(D ),(E )(F and )(G . 

Now, we define 

},...2,1,,:)()ˆ({],[ njiaaaaAUL ijijijijaa 

},...2,1,,:)()ˆ({],[ njibbbbBUL ijijijijbb   

},...2,1,,:)()ˆ({],[ njiccccCUL ijijijijcc   

},...2,1,,:)()ˆ({],[ njiddddDUL ijijijijdd 

},...2,1,,:)()ˆ({],[ njieeeeEUL ijijijijee   

},...2,1,,:)()ˆ({],[ njiffffFUL ijijijijff 

},...2,1,,:)()ˆ({],[ njiggggGUL ijijijijgg 
Which are said to be the continuous matrix-covered sets of 

),(A ),(B ),(C ),(D ),(E ),(F and )(G . 
Here, 

),ˆ(A ),ˆ(B ),ˆ(C ),ˆ(D ),ˆ(E )ˆ(F and )ˆ(G  
are whitened (deterministic) matrices of 

),(A ),(B ),(C ),(D ),(E )(F and )(G . 
Moreover, 

],[ ijij aa , ],[ ijij bb , ],[ ijij cc , ],[ ijij dd , ],[ ijij ee , 

],[ ijij ff and ],[ ijij gg   

are said to be the number-covered sets of 
a
ij , b

ij , c
ij , d

ij , e
ij , f

ij and g
ij . 

Definition 2.1.  System(2.1)is said to be exponentially stable 
in mean square, if for all )];0,([2

0

n
F RL   and whitened 

matrices 

],[)ˆ( aa ULA  , ],[)ˆ( bb ULB  , ],[)ˆ( cc ULC  , 

],[)ˆ( dd ULD  , ],[)ˆ( ee ULE  , ],[)ˆ( ff ULF  , 

],[)ˆ( gg ULG  ,  

there exist scalars 0r and 0C , such that  

0,)(sup);( 2

0

2




 tECetxE rt 


. 

Definition 2.2. System(2.1)is almost surely exponentially 
robustly stable, if for all )];0,([2

0

n
F RL   and whitened 

matrices 

],[)ˆ( aa ULA  , ],[)ˆ( bb ULB  , ],[)ˆ( cc ULC  , 

],[)ˆ( dd ULD  , ],[)ˆ( ee ULE  , ],[)ˆ( ff ULF  , 

],[)ˆ( gg ULG  ,  

the following inequality holds: 

    ..,
2
ˆ

);(ln1suplim sartx
tt




                         

First, let us introduce the following lemmas, in particular, 
lemma 2.1, which will be important for the proof of our main 
results.  
Lemma 2.1. [21] If nm

a
ijA  )()( is a grey m×n -matrix, 

],[ ijij aa is a number-covered sets of grey element a
ij , then 

for whitened matrix ],[)ˆ( aa ULA  , it follows that 

i) ALA a )ˆ(      

ii) aa LUA 0      

iii) aaa LULA )ˆ(  

Where nmija aL  )( , nmija aU  )( , nmijijrA  )ˆ( ,  

0 ijijij aa , ijr̂  is a whitened number of ij , and ij  is 

said to be a unit grey number. 
Lemma 2.2. [25] Let nRyx , , nnRP  is a symmetric 

positive definite matrix, nnRNM , , constants 0 ,  
then one has the following inequality:  

PNyNyPMxMxPNyMx TTTTTT 12    
Lemma 2.3. [26] (Schur complement). Given constant 

matrices 









2212

1211

SS
SS

S T , where TSS 1111  , TSS 2222  , 

the following conditions are equivalent: 
i) 0S  

ii) 022 S , 012
1

221211   TSSSS  
 

III. MAIN RESULTS AND PROOFS  
In this section, we will discuss the stability problem of 

systems (2.1). In the following theorem, two sufficient 
criteria will be given, which guarantees the mean-square 
exponential stability and almost surely exponentially stable 
for the systems. 
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Theorem 3.1.  Let 1 ggg LULk , system (2.1) 

is exponentially stable in mean square, if there exist 
symmetric matrices 0,0,0  RQP , and constants 

01  , 02  , 03  , such that  
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Here, r satisfies the following inequalities: 
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Proof   By applying Lemma 2.3, it follows that  
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is equivalent to 
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Now, we use the similar methods in[23] to proof the Theorem. 
First, we choose a Lyapunov-Krasovskii functional candidate 
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By using Lemma 2.1 and Lemma 2.2, we can get 
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Similar to (3.4), we have 
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Moreover, by Lemma 2.1 and Lemma 2.2, we have 
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Where 
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Combining with (3.7)-(3.10) and computing them, we see 

)]()()()([

]

)[(

)()(

)()(
)()ˆ()ˆ()(2

max

























txtxtxtx

LULU

LLU

LLUP

txPLLtx

txPLLtx
txPAGtx

TT

aagg

gaa

agg

g
T
a

T

a
T
g

T

TT

                            (3.11) 

 
Using the similar method as in (3.11), the following 
inequalities hold: 

)()(]

)[(

)()(

)()(
)()ˆ()ˆ()(2

max





















txtxLULU

LLULLUP

txPLLtx

txPLLtx
txPBGtx

T
bbgg

gbbbgg

g
T
b

T

b
T
g

T

TT

   (3.12) 

 

cgg

g
T
c

T

c
T
g

T

TT

LLUP

txPLLtz

tzPLLtx
tzPCGtx









)[(

)()(

)()(
)()ˆ()ˆ()(2

max







 

)]()()()([

]

 



txtxtztz

LULULLU
TT

ccgggcc
       (3.13) 

 

)]()()()([

]

)[(
2
1

)(
2
1)(

)(
2
1)(

)()ˆ()ˆ()(

max























txtxtxtx

LULULLU

LLUP

txPLLtx

txPLLtx

txPEDtx

TT

eedddee

edd

d
T
e

T

e
T
d

T

TT

       (3.14) 

 

)]()()()([

]

)[(
2
1

)(
2
1)()(

2
1)(

)()ˆ()ˆ()(

max

tztztxtx

LULULLU

LLUP

txPLLtztzPLLtx

tzPFDtx

TT

ffdddff

fdd

d
T
f

T
f

T
d

T

TT











       (3.15) 

 

)]()()()([

]

)[(
2
1

)(
2
1)()(

2
1)(

)()ˆ()ˆ()(

max



















txtxtxtx

LULULLU

LLUP

txPLLtxtxPLLtx

txPDEtx

TT

ddeeedd

dee

e
T
d

T
d

T
e

T

TT

   

(3.16) 

IAENG International Journal of Applied Mathematics, 45:4, IJAM_45_4_15

(Advance online publication: 14 November 2015)

 
______________________________________________________________________________________ 



 

 

)]()()()([

]

)[(
2
1

)(
2
1)(

)(
2
1)(

)()ˆ()ˆ()(

max























txtxtztz

LULULLU

LLUP

txPLLtz

tzPLLtx

tzPFEtx

TT

ffeeeff

fee

e
T
f

T

f
T
e

T

TT

  (3.17) 

 

)]()()()([

]

)[(
2
1

)(
2
1)(

)(
2
1)(

)()ˆ()ˆ()(

max

txtxtztz

LULULLU

LLUP

tzPLLtx

txPLLtz

txPDFtz

TT

ddfffdd

dff

f
T
d

T

d
T
f

T

TT















 (3.18) 

 

)]()()()([

]

)[(
2
1

)(
2
1)(

)(
2
1)(

)()ˆ()ˆ()(

max























txtxtztz

LULULLU

LLUP

tzPLLtx

txPLLtz

txPEFtz

TT

eefffee

eff

f
T
e

T

e
T
f

T

TT

       (3.19) 

 
Furthermore,  
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Then, substituting of (3.4) - (3.22) into (3.3), and noting the 
definition of , it is clear that 
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It follows from (3.1) and (3.23) that, the following inequality 
holds: 
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On the other hand, from the definitions of  
)),((1 ttxV , )),((2 ttxV , )),((3 ttxV , )),((4 ttxV ,  

we can obtain 
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By (3.25) - (3.28) and the definition of )),(( ttxV , we have 
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Using the integration-by-parts formula and (3.24), (3.29), we 
can get 
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(3.31) 
Integrating both sides of (3.31) from 0 to t> 0 and then taking 
the mathematical expectation, and considering (3.30), we 
have 
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In addition, the following inequalities hold: 
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Then, substituting of (3.33)-(3.35) into (3.32) yield, and 
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Hence, we see 
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Furthermore, noting that the following inequality holds: 
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Then, for Tt 0 , from (3.36) and (3.38), we also have 
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Noting that, for Tt 0 , (3.39) also holds. Therefore, we 
have 
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Since 1rke , and (3.40) can be rewritten as 
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which indicates that the system(2.1) is exponentially stable in 
the mean square.  
 
Remark 3.1.  if AA )( , BB )( , CC )( , 

DD )( , EE )( , FF )( and GG )( ,  
system (2.1) becomes the deterministic stochastic neutral 
systems with distributed-delays (3.42). 
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  (3.42) 

 
Let 

AUL aa  ,  BUL bb  ,  CUL cc  , 

DUL dd  , EUL ee  ,  FUL ff  , 

GUL gg  . 

Now, following the similar line of the proof of Theorem 3.1, 
we also obtain the following exponential stability criterion 
for the deterministic stochastic system (3.42).  
Corollary 3.1.  Let 1 Gm , system (3.42) is 

exponentially robustly stable in mean square, if there exist 
symmetric matrices 0,0,0  RQP , and constants 

01  , 02  , 03  , such that  
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Where 

n
T IwRQPAPA 1

2
1    

PEDPGAPB TT  2  

PFDPC T3  

n
TT IwPGBPBGQ 24   
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nIwR 36   

)( PPPM  , 

)( 321 nnn IIIdiagJ  ,  
with 

2
max1 )( DPw  , 

2
max2 )( EPw  , 

2
max3 )( FPw   

 
Theorem 3.2. Under the conditions of Theorem 3.1, system 
(2.1) is said to be almost surely exponentially robustly stable. 
In other words, for all )];0,([2

0

n
F RL   , then one has the 

following inequality: 

..,
2
ˆ

);(ln1suplim sartx
tt




                     

where, }ln,,min{ˆ 11  krr  .  
 
Proof  By Doob's martingale inequality, Cauchy inequality 
and Borel-Cantelli lemma, the result can be worked out easily 
along the same line as in the proof of  Theorem 2 in [23,24], 
and thus is omitted. 

IV.  EXAMPLES 
In this section, an example is provided to demonstrate the 

effectiveness of the obtained results. 
Consider the following grey neutral stochastic systems 

with distributed delays 
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                                                                                         (4.1) 
where 
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


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
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Here, 
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aL , aU ； bL , bU ； cL , cU ； dL , dU ； eL , eU ；

fL , fU ； gL , gU  

are the lower bound and upper bound matrices of  

)(A , )(B , )(C , )(D , )(E , )(F and )(G . 

 

Using the programmed procedure (see [24]), it is easy to 

calculate and optimize 1 , 2 , 2 , and we can obtain that 

r =0.8216. It follows from Theorem 3.1 that the system (4.1) 

is exponentially stable in mean square. 

V. CONCLUSION  

In this paper, exponential stability problem for a class of 
grey neutral stochastic systems with distributed delays has 
been studied. Based on the Lyapunov stability theory and 
some well-known differential formulas, in particular, using 
decomposition approach of the continuous matrix-covered 
sets, the stability criteria have been derived to guarantee the 
exponential stability in mean square and almost surely 
exponentially robustly stable for our considered systems. In 
addition, an example is given to illustrate the effectiveness of 
the obtained results. 
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