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Analysis of a Stochastic Competitive Model with
Regime Switching

Meiling Deng

Abstract—This paper is concerned with a stochastic com-
petitive model with Markov switching. Sufficient conditions
for stochastic permanence, extinction, global attractivity and
stability in distribution are established. Some numerical figures
are introduced to validate the theoretical results.

Index Terms—competitive model, Markov switching, perma-
nence, extinction, globally attractive, stability in distribution.

I. INTRODUCTION

N the natural world, it is a common phenomenon that sev-

eral species compete for the limited resources, territories,
etc. At the same time, the growth of species in the natural
world is always affected by some random perturbations.
Therefore it is important to study the competitive models
with stochastic perturbations. As matter of fact, in recent
years many authors have studied the stochastic competi-
tive systems, and we here mention [1]-[12] among many
others. Particularly, Mao et al. [6] and [7] revealed that
the environmental noise can suppress a potential population
explosion in some cases while Mao [8] showed that different
structures of environmental noise may have different effects
on the population systems. Li and Mao [9] investigated the
following stochastic Lotka-Volterra competitive system

d:l?i = T; [bl — Z aijxj]dtJraixidBi(t), 1= 1, ceey 1, (1)

j=1

where z; = x;(t) represents the population size of ith species
at time ¢, the constant b; means the intrinsic growth rate of
species 4, and a;; represents the effect of interspecific (if
i # j) or intraspecific (if ¢ = j) interaction, B;(t) is standard
Brownian motion, 0412 denotes the intensity of the white noise,
1 < 4,7 < n. The authors [9] considered the permanence,
extinction and global attractivity of model (1).

However, it has been noted that (see e.g., [13] and
[14]), there are many random perturbations usually cannot
be described by the traditional (deterministic or stochastic)
Lotka-Volterra models. For example, the intrinsic growth
rate b; in model (1) often vary according to the changes
in nutrition and food resources. Another example is that,
the intrinsic growth rates of some species in the dry season
will be much different from those in the rainy season.
Similarly, the interspecific or intraspecific interactions differ
in different environments. Usually, the switching between
different environments is memoryless and the waiting time
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for the next switch has an exponential distribution. Therefore
we can model the random environments and other random
factors in the ecological system by a continuous-time Markov
chain ~(t), t > 0 with finite-state space S = {1,2,...,m}.
Let Markov chain ~y(t) be generated by () = (g;;), that is,

qij At + o(At), j # 14
Py(t+At) = jhy(t) = i} =

1+ gy At + O(At), ] =1,

2

where ¢;; > 0 for 4,57 = 1,2,...,m with j # ¢ and
Z}”zl ¢ij = 0 for i = 1,2..,m. Then the stochastic
competitive ecosystem with regime switching is governed
by

dr; = z; [bz‘ (v(#) — Z aij (’Y(’f))%} dt +ai(y(t))z:idBi(t),
=1
3)

or equivalently, in matrix form

dx = diag(z1, ..., xn){ [b(y) — A(v)x]dt + a(’y)dB(t)},

“)
where B(t) = (Bi(t),...,Bn(t))T is an n-dimensional
Brownian motion, b(k) = (by(k),...,b,(k))T, A(k) =
(ai;(k)), a(k) = diag(a1(k), ..., an(k)), and b;(k), a;; (k) >
0 for k € S,1 < 4,7 < n. The mechanism of the ecosystem
(4) can be explained as follows. Assume that initially, the
Markov chain v(0) = k € S, then the ecosystem (4) obeys
the stochastic differential equation

dzx = diag(x, ..., xn){[b(/{) — A(k)x]dt + Oé(KJ)dB(t)}

for a random amount of time until the Markov chain ()
jumps to another state, say, ¢ € S. Then the ecosystem obeys
the stochastic differential equation

dx = diag(x, ..., xn){[b(g) — A(¢)x]dt + a(g)dB(t)}

for a random amount of time until the Markov chain ~(¢)
jumps to a new state again.

As matter of fact, in recent years model (3) has received
great attention, see e.g. [15]-[20]. Particularly, Zhu and Yin
[15], [16] have proposed the following assumption:

(A1) Foreach: € Sandi,j=1,2,...,n with j # 1,

a;; () >0, ai;(e) >0.

The authors [15], [16] have claimed that if Assumption (A1)
holds, then
(i) for any initial conditions x(0) = zo € R’} and v(0)) €
S, where

RY = {(z1,22,...,xn) 1 > 0,0 = 1,...,n},
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there is a unique solution z(t) to (3) on ¢ > 0, and the
solution is continuous and will remain in R’} almost
surely.

(i) For any p >0

supE{Zz } < K < oo.

t>0
(iii)) The solution of (3) is stochastically upper bounded,
i.e., for any € > 0, there is a constant H. such that for
any initial data zo € R"} and v(0)) € S,

im i < >1—ec.
liminf P{|z(t)] < He} 21 -

(iv) The solution z(t) of (3) obeys

Based on the studies of [15], [16], some interesting topics
arise naturally.

(Q1) Note that model (3) is a population model, then it is
important and interesting to consider the permanence
and extinction of the model.

In the study of population models, global attractivity
of the solution is also one of the most important topics.
Then, is the solution of model (3) globally attractive?
In the study of population models, people always seek
for the positive equilibrium state and then study its
stability. However, model (3) has no positive equilibri-
um state, then the solution of model (3) can not tends
to any positive state. Therefore it is interesting and
important to study whether model (3) still has some
structural stability.

(Q2)

(Q3)

The aims of this paper are to study these problems. In Section
II, we investigate the stochastic permanence of model (3).
In Section III, the sufficient conditions for extinction are
given. In Section IV, we establish the sufficient conditions
for the global attractivity of model (3). In Section V, we
show that model (3) can be stable in distribution. In Section
VI, some examples and numerical simulations are introduced
to validate the main results. The conclusions are given in
Section VII.

II. STOCHASTIC PERMANENCE OF MODEL (3)

Throughout this paper, unless otherwise specified, let
(Q, F,{Fi}ier.,P) be a complete probability space with
a filtration {F;},cr, satisfying the usual conditions(i.e. it
is right continuous and JFy contains all P-null sets). Let
B(t) = (By(t), ..., By (t))T be an m-dimensional Brownian
motion defined on the probability space. Assume that B(t)
and Markov chain +(¢) are independent. Without loss of
generality, we also assume that the initial conditions z(0)
and v(0) are non-random. From now on, we assume (A1)
always holds

For the sake of convenience and simplicity, we define the
following notations:

a" = max{a(1)}, o' =min{a(1)}.

For any constant sequence {c;;}, (1 <1i,j <n), define

(cij) =

max ey, (cij) =

min

Cij.
1<i,5<n *

Suppose that f(¢) is a continuous function on [0, +00),
define

@), f)>0;
LFO =

0, £(t) <0,

—f), () <0;
B =

0, £(t) >0,

Nl=

n
. . 2
If 2 € R™, its norm is denoted by |x| = <le>
i=1
In order to give our results, let us now introduce another

hypothesis.
(A2) (rl) >0, where

a;(y(®), t>0, 1<i<n.

2
From a biological point of view, this assumption means that
each species in model (3) owns sufficiently large intrinsic
growth rate or sufficiently small intensity of the noise.

Lemma 1. Let Assumptions (Al) and (A2) hold. For any
initial conditions x(0) = xo € R and ~(0)) € S, the
solution x(t) of model (3) obeys

1
limsupE(———) < M 5
i sup (|x(t)|9)— Q)
and
u\2
i inf 2 ZOD o ()7 (6)
opee ot 2(r})

where 0 is an arbitrary positive constant satisfying
O(ap)® < 2(rf) (7)
and M is a constant.

Proof: Define

U(r) = -, v € RY}; Vi(z(t)) =U(x(t)), t>0.

n

2w

It then follows from the generalized Itd’s formula (see, e.g.
[21] and [22]) that

V() Z x; (bi(V) - Z az‘j(V)%‘)
i=1 j=1

BAC)> af(v)x?}dt

>t

where we drop ¢ from z;(t) and b;(7(t)) etc. From Assump-
tion (A2), we can choose a positive constant 6 such that it
obeys (7). Define

dVi(z) = { -

- V2(x Yz;dB;(

Va(a(t)) = (1+ Va(x(1)))’.
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Making use of the generalized It6’s formula again gives

— (1 + Vi(2) VP (x)
bi(y) - Z%(V)%’)

3 2 J_2 O+1 4 ~ 5\
+Vi(z) Zai (V)7 + 9 Vi (z) Zai (7)z; }dt
—0(1 + Vi(2) " VE(2) Y ai(v)zidBi(t)

— O(1+ Vi (2))P 2 F(x, 1)dt

n

—0(1+ Vi(2)? V2(2) Y ai(y)zidBi(t).

i=1

®)
Clearly, for t > 0 and ¢ € S,

1 -
Fla.) <50 |20 - 02| Vi)
2n
+ {(a%) + (d}‘)Q} Vi(x) + (az‘J)
Substituting the above inequality into (8) yields

dVa(z(t))
< 0(1+ Vi(x))P2

)+ @07 o) + (aty

)

—0(1 + Va(x))~ 1‘/12($)Zai(7)xid3z-(t)-
= ©)

Now, let x be sufficiently small satisfying

0<

= <2rh) oy
Define V3(z(t)) = e™Va(z(t)). An application of the gen-
eralized Itd’s formula results in
dVs(z(t)) = K e’“Vg(:v)dt + et dVy(x)
1+ Vi) 2 w1+ Vi())?

6
0
2{ (r}) - o(a

—0e(1+ Vi (2)) VR (2) Y ovi(y)wi(t)dB; (t)

=1

353:

- e“t%(l + ‘/1(1;))02{

) 20 - o - 2]
+2n |:(a?j) + (o) + 2:} Vi + 2n(al) + }dt
=0t (1+ Vi(2))" VR (a Zal )z dB;(t
=: e’”J(ac,L)dt

—0ert (14 Vi ()12 (x) Z i (Y)xdBy(t).

Note that J(z,) is upper bounded in R’} x S, namely

My := sup J(z,1) < +oo. (10)
(z,L)ERT XS
Consequently,
dVz(z) < Miedt
—0 "1+ Vi(2)? VR (z Zaz Yo dB;(t

Integrating both sides of the above inequality and then taking
expectations gives

E[Va(o)] = Ele™(1+ Vi(@))’] < (14 Vi(ao))? + “ber.
That is to say

M,y

limsup E[V{ (z)] < limsup E[(1 + V4 (2))?] < =X, (11)
t—+o00 t—+o0 R
For z(t) € R}, note that
n 0 0
(le> < (n max xi> < n9|x\9. (12)
1<i<n

i=1
Therefore,
1 M
limsupIE[ 9} gne—l
ttoo | |2(1)] K
which is the required assertion (5).

Now, we will prove (6). In fact, making use of (10), we
observe from (9) that

dVa(z) < Mydt

=M,

n

—O(1+Vi(@)" VR (2) Y ci(y)aid By (1)

i=1

That is to say

B sw Vater)] <[] + 1

t<7<t+1

YE| sup 9(1+V1(:c(s))>9‘1 (13)
t<7’<t+1

V(o zal (aB(s)|

By virtue of the Burkholder-Davis-Gundy inequality (see,
e.g. [23]) and the Holder inequality, we can see that

/ 6(1 + Vi (a(s)))*~
]

[ sup
t<r<t+1

><V1

Z a;(y(s))zi(s)dB;(s)
sup Vg(z(T))]

t<r<t+1

el [ o]

Substituting this inequality into (13), we can show that

< 0.5E

+96%(of

E[ sup Va(a(r))| < 2E[Va(w(t)] + 20,

t<r<t+1

+ 1802(d}f)2IE[ tm Vg(x(s))ds} :
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Letting ¢ — oo and making us of (11) gives

lim sup]E{ sup ‘/2(55(7'))}
t—+00 t<r<t+1
2M o M
— +180%(a})?— + 201

It follows from (12) and the definition of V(x(¢)) that

sup ———
t<r<t+1 1‘(7')|9}

M w o M
it + 992(04;_1)271

limsup E {

t—+oo

S 2?’7,0 + Ml} =: MQ.
Then for arbitrarily small € > 0, by the Chebyshev inequal-
ity, we get
P ! >
su _—
Pr<r<k+1 |x(7)\9
2
©)2)/(2(r))
In view of the Borel-Cantelli lemma (see e.g. [23]), one can
obtain that for almost all w € €,

ta+(a(ai:-*)2)/(2(f§>>}

t5+(0(

< =0/ 20D

—— < (14)
k<rarin [(T)[°

holds for all but finitely many k. Therefor there exists a
ko(w) excluding a P-null set, for which (14) holds whenever

k > ko. Consequently, for almost all w € Q, if k <t < k+1
and k > k(), then

Ch .
et _ OISR (G
_ < =e+0—%
Int Ink 2(r)
Therefore .
()  B(ar)?
Int — 2 Al.) '
Thereby
)2
hminfw > _& (aiA) , a.s.
t—+oo Int 0 2(rl)
Letting ¢ — 0 we obtain the desired assertion (6). This
competes the proof. ]

Now, we are in the position to show the stochastic perma-
nence whose definition is given below.

Definition 1. Model (3) is said to be stochastic permanence
if for any ¢ € (0, 1), there exists a pair of positive constants
d = 6(e) and x = x(g) such that for any initial value x(0) €
R and v(0) € S, the solution obeys

. el >
liminf P{Jz(t)] < x} 21 -e¢,
glinﬁgP{|x(t)\ >0t >1—e

Theorem 1. Under assumptions (Al) and (A2), model (3) is

stochastically permanent.

Proof: From the works of [16], it is easy to see that
we need only to show

im i > >1—c

1tlinﬁgofp{|$(t)‘ >0t >1—¢
For any ¢ > 0, let § =
inequality

P{|z(t

¢/M. Then by the Chebyshev

)| <6} = P{1/]x(t)| > 1/5} < SE[1/](t)[]-

That is to say,
limsup P{|z(t)] < 0} <M =e.
t—4o00

In other words,

liminf P{|z(t)] > 0} > 1 —e¢.

t——+o0

This completes the proof. ]

III. EXTINCTION

In the previous section, we have shown that under some
condition, model (3) is stochastic permanence which is one
of most important topics in biomathematics. In this section,
we will investigate another important topic — extinction.

Definition 2.
0.

x(t) is said to go to extinction if lim xz(t) =
t——+oo

Now we give our main result of this section.

Theorem 2.  For any given initial value x(0) € R’ and
~v(t) € S, the solution x(t) of model (3) has the property
that for every 1 <1 < n,

In xl -
lim su 7i( (15)
t—>+oop ; PET
where p = (p1,...,px) is the stationary distribution of the

Markovian chain ~(t). Particularly, if Y -, pxri(k) < O,
then x; goes to extinction.

Proof: ~ Making use of the generalized Itd’s formula
yields
}dt

d Inz;(t) [ Za”
iy ()dB. ().

That is to say

Inz;(t) = Inz;(0) +/O ri(y(s))ds

-/ ;amws))xxsmw [ atisnizie)

<Inxz;(0) + / d5—|—/ a;(y B;(s)
0

=: ln;z:i(O)Jr/ i(v(s))ds + U(t)
’ (16)
Clearly, U(t) is a martingale with quadratic variation

UU), = / 02(y(s))ds < (a)? 1.

Making use of the strong law of large numbers for martin-

gales gives
lim M =0,
t—+oco t
Dividing ¢ on the both sides of (16) and then letting ¢ — oo

results in

a.s.

Inx; (t
2t i sup
t t—+00

t

lim sup 1/ ri(y(s))ds,

t——+o0 0

which is the required assertion (15). |
Theorem 2 shows that if one species in model (3) owns

sufficiently small intrinsic growth rate or sufficiently large

intensity of the noise, then the survival of this species is

threatened.
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IV. GLOBAL ATTRACTIVITY

In this section, we will establish sufficient conditions for
the global attractivity to model (3).

Definition 3. Let xz(t), y(t) be two arbitrary solutions
of model (3) with initial data (x(0),~(0)) € R} xS and
(y(0),7(0)) € R} xS, respectively. If

lim |z(t) —

 dm y(®)| =0, a.s.

then system (3) is said to be globally attractive.

A3 There exist positive constants A1, Ao, ...,
that

A, and A such

Z )\ajZ

Jj=1,j#i

Aiaii (L

forall 1 <4 < n and ¢ € S. The biological interpretation
of this assumption is that, each species in model (3) owns
sufficiently large intraspecific interaction coefficients or suf-
ficiently small small interspecific interaction coefficients.

Theorem 3. Under Assumption (A3), model (3) is globally
attractive.
Proof:  Let x(t), y(t) be two arbitrary solutions of

model (3) with initial data (2(0),7(0)) € R} x S and
(y(0),7(0)) € R x S, respectively. It then follows from
the generalized 1t6’s formula that

ﬁ i

() = |r(0) = 3 a0
+ai(y(£)dBi(t),

dny(t) = [n(v(t» =3 () <t>] dat
j=1
+ay (’y (t))dBl (t) .

Thus

d (Inzi(t) = ny;(t)) = = Y ag (v(t)(2;(t) — y; (1)) dt.

j=1
(17)
Define

Z)\ | In 2 (t)

“Iny(t)], t>0.

In view of the generalized It&’s formula, one can see that

Z Aisgn(x;(t

= — i)x,;sgn (z(t
i=1

<= Nai(y(t)

arv (e — yi(®)d(n (1)
Z

£:(6) — wilt) ]dt

—Iny;(t))

—y5(1)

IN
|

IN
o

(18)

Letting t — oo, one can observe that
oo
|l = stoas < [ Z i(s
0 0

Moreover, one can see that

E/OO |z(s) —y(s)|ds < .

0

Now set v(t) = x(t) — y(t). Then it is obvious that v €
C (R4, R). Clearly, it follows from (19) that

liminf |v(¢)| = 0,

t—+oo

s)|ds < oo.

19)

(20)

a.s. 1)

We now claim that

lim_fo(t)] = 0,

t——+oo

a.s.

(22)
If this statement is not true, then

P{limsup |v(¢)| > 0} > 0.
t—+o0

Fixing a number & > 0 such that

P(Q) > 2, (23)

where
Qy = {limsup |v(¢)| > 2¢}.

t—+oo

Define the stopping times
oy =inf{t > 0: |v(t)| > 2¢},
()] < e},

oo = inf{t > 091 :

(Advance online publication: 14 November 2015)
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Ookr1 = inf{t > ooy ¢ [u(t)] > 2¢}, k=1,2,.. inequality of stochastic integrals that
2
By (21) and the definition of ; one sees that E {I{g%l@o} sup |x;(oop—1+1t) — z;i(02k—1) }
0<t<T
op <ooforVk>1ifweQ. (24) <2E |:I{02k1<oo} sup
: Z 0<t<T
o2k-1+t 2
Using (20) one then derive that / fi(z(s),7(s),s)ds }
O2k—1
00 —|—2E{I Oak_1<occ} SUpP
00 >]E/ lvu(s)|ds foz< }ogth
0 o2k—1+1 2
e la(s).7(5) )55 |
2 E|:I{0'2k1<0070'2k<00}/ U(5)|d5] (25) /a%l
k=1 I2k—1 ook—1+T )
e <l [ a9 2(5) )|
= SZ:IE[I{ﬂzk1<oo}(02k1 _UZk):|> G;fkﬁl-T .
188l oy [ a0
where I, stands for the indicator function of set A. Note <2(T +4)T[F;(2, (kf)) +Gy(2,2(0)))]
that (21) implies o9 < 0o provided oo;—1 < 00. o )
. o . . This implies that
At the same time, rewriting equation (3) gives
2
t E {I{J%_Km} sup |x(ogk—1 +1t) — x(02k-1) }
5ilt) =ai0)+ [ Fia(s),sn(s)ds os=T
0

=E |:[{02k1<00} sup
0<t<T

+ / gi(2(s), 5,7(s))dBi(s),

’ Z zi(ook—1 +1t) — wi(02n-1) }
where =1
. <3l 2,
la(s):5,7(5) = (9 |11 (5) = S s ()9 = .
j=1 zi(oak—1 +1) — vi(02k—1) }
5i(2(5), 5,7(5)) = s x(3):(9). <2+ T Y [Fi2.0(0) + €2.20) |
4 y Oy % i i=1 (26)
Compute that Similarly, we can show that
E( fi(z(s),s,7) 2) E{[{U%Km} OiupT ylos-1 +8) = ylon-) ]
]E( 2(5)bu() — n a5 (7)25(5) 2) 2(T+4) TZ[ ) +Gi(2,y(0 ))]
=1 (27
4 Let
< 0.5E( [ Z% } Fi(2) = max{Fy(2,2(0)), Fi(2,y(0))},
< 0.5E(z}(s)) + 0.5(n Gi(2) = max{G;(2,2(0)), G;(2,4(0))}.
XE<b;1(’V) + Z @i (’Y)xg(s)) By (ii), we can let T'=T'(¢) > 0 be sufficiently small such
(s j=1 " 3 that .
: f( jjji ;( 22% :f;;(i(l)))} 16(T +4)T Y [Fi(2) + G4(2)] < €%,
x | (b} aii) " E(xj(s im1
—. Fy(2,2(0)), Applying (26) and (27) yields
and P{{m_l <19 (28)
AT TSR + G2l <
5(lateon 07| ) =E(latrinpazo) . ’
< (af)’E(z}(s)) = Gi(2,2(0)). P{{"%—l < Oo}ﬂﬂi} 29)
It then follows from the Holder inequality and the moment < 2L+ 4T 26:215[5;2(2) + @) < %,

(Advance online publication: 14 November 2015)
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where

N ™
H,_/

Q= { sup |x(o2k—1 +t) — x(02k—1)] >
0<t<T

}

Q; = { sup |y(oop—1 +1) — y(oaw—1)| >
0<t<T

N ™

It follows from (28) and (29) that

P{{a%l < oo} (% UQ%}} <e.

Making use of (24) gives

P{{Jzkl < Oo}ﬂ {(Qi)cﬂ(ﬁi)c}}
&
RALGRR LAY

where A° means the complementary set of A. We further
compute that

(]

N { v(ogh_1+ 1) — v(og_1)| < 5}}

> P{{ows <oofn{@brneirf} ze
(30)

3 = { sup < 5}.
0<t<T
It is easy to see that if w € {091 < 00} ()23, then
ook (w) — oop—1(w) > T.

Using (25) and (30) gives

sup
0<t<T

Set

v(oak—1+1t) —v(o2-1)

o= EXZE[I{U%1<oo}(C721€_1 — ng):|
k=1

z ng[I{a%_Koo}sz (o2%—1 — ng)]
k=1

oo

> ETZP{{ng_1 < OO}ﬂQi}
k=1

> sTZe
k=1

= OQ.

which is a contraction. Therefore (22) must hold and this
completes the proof. ]

V. STABILITY IN DISTRIBUTION

In this section, let us consider the stability in distribu-
tion of the model (3). Let y(t) denote the R’ x S-valued
process (z(t),~(t)) which is the solution of model (3). Let
p(t, o, t,dy x x) stand for the transition probability of the
process y(t) and P(t,zo,¢,B x S) represent the transition
probability of the event {y(t) € B x S} with initial data

y(0) = (o, ), where B is a Borel set of R'}, S is a subset
of S. Therefore

P(t,xo,,,B x S) = Z/ (t,zq, L, dy X X).

XES

Let Z(R"} x S) be the space of all probability measures
on RY x S. For any Py, P>, define

dp(Pr, P2) = sup Z/ 9(zo, ) P1(dzo, 1)
geL LES ’Vl
_Z/ l'(), PdeOa)a
LES
where

L- {g RY xS — R‘m(w) ~ (o, )| <

120 — yol + I+ xbs 9] < 1}-

For the sake of convenience, let \,(¢) stand for the Markov
chain starting from ¢ € S at ¢ = 0 and let z7°*(¢) represent
the solution of Eq. (4) with initial data 2:(0) = ¢ € R’/ and
~v(0) =c€S.

Definition 4. If there exists a unique probability measure
7(-x ) on R XS such that for any (xo x 1) € R} xS, the
transition probability p(t,xo,t,dy x {x}) of x(t) converges
weakly to w(dy x {x}) when t — 400, then System (4) is
said to be asymptotically stable in distribution (ASD).

Now we are in the position to state and prove our main
results of this section.

Theorem 4. Let Assumptions (Al), (A2) and (A3) hold, then
the model (4) is ASD.

Proof: Define K, p = {z € R}|a < |z| < R} and
K, p = R — K, g for a sufficiently large positive number
R and a sufficiently small positive number a. Hence by (ii)
and the tightness of transition probability density of z(t) we
have for any ¢y > 0,

p(s,xow,FiR x S) < eg. 31)

For any f € L, there is a 77 > 0 such that

\ngw(t)? A (8)) — Eg(yx(t), w»\
< 2P{TLX > T]}

+E(ITLX>T1)‘9($“’L(15)7)\L(t)) (). M ()

)

32)
where 7,, = inf{t > 0, A, (t) = A\ (¢)} for ¢, x € S. Note
that the Markov chain is ergodic, then 7,,, < oo. Therefore
for such 737 and any £; > 0, we have

Pi{r, >T} < %’ L, X ES. (33)
Let u = 2" (1), v = Yy (7y) and k = A, (7y) =
Ay (Tuy). Compute the second part of (32), one can observe

(Advance online publication: 14 November 2015)
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that
E (7 cr)o (@™ (1), M(0)) — gy X (1), w»]
<E -I‘I’LX<T1E< g(z®oH( (1))
- gy»ox(t), A ‘I TLXH
< E_ITLXST1E< 9@ R (= 1) At = 7))

Rt — 1), At

)

<E IﬂxSTlE(Q /\ muJC(t - TLX) - yv’k(t - TLX) )J
(34)

-9y

Define

Q) ={w € Q)a < |z

<R}, te€]|0,T1],

where R > 0 is a sufficiently large number and @ > 0 is a
sufficiently small number. Then (ii) and (5) shows that

P(Q) > 1 (z0,1) € Kag X S. (35)

_a

16’
It then follows from Theorem 3 and Chebyshev’s inequality
that there exists a 15 > 0 such that for all ¢ > T5,

E(Z/\ 270 (t) — yyw(t)D <3

Consequently, in view of (35) and (36), we can see that

(36)

. {IT"X<T1E< pOH (= Tix) = Y (E = Ty ﬂ
< 2P(Q - Ql) +E |:Iﬂlﬁ{TLx<T1}
E(Z/\ — Tuy) —y”*k(t—nx) )}

*(t
<g+g=1%
(37
Substituting (33) and (37) into (32) results in

\Eg( R0t (1), A (1)) — Egly"X(t »w»\ <o (39

Now for any g € L and t,s > 0, fix any (zo,t) € R} xS,
one can obtain that

Bl (¢4 5). 00+ 5)) ~ Bala™ (0. 0,0)
= E[}E(g(xrow(ws),AL(Hs))Eﬂ
— Eg(ao(t »Mt))]

= |2 [, ol O e ptos s x G

€S
~ Eglato(t), w))]

> / Eglo™ (). 1 (0) — Eg(a" (0. 1 (0)

i€S
xp(s Zo, Ly dz X {i})

< 2p(s,x0,e,?Z)R x S) + Z [

ies Y Ka,r

— Eg(z®o*(t )7)\L(t))’p(s,x0,b,dz x {i}).

IN

Eg(z*", \;)

An application of (31) and (38) gives that for t > T, s > 0
\Egmwa F ) A+ ) — Eg(a®X(5), A ()] < e

where € = ¢y + 1. It then follows from the arbitrariness of
g that

Tot(t+8), A (t+8)) —

sup [Eg(a Eg(a™*(¢))] < <.

geL

In other words
dr(p(t+s, xo,

L,'X'),

Hence {p(¢,0,1,- x -) : ¢ > 0} is Cauchy in & with metric
dr,. Consequently there is a unique (- X -) € & such that

lim dL(p(t707 1a - X ')77‘-(' X )) =0.
t—0

In view of Theorem 3, one can see that

p(t,.’I)Q,L, X'))Sea VtZTa s> 0.

tlgr(l)dlz(p(t7x0’ba - X ')7p(tao7 1) - X )) =0.

Thereby
lim dy, (p(t,zg, ¢, X ), 7(- X))
t—0
< }11’% dL(p(t7m07 by- X )7p(t7 07 17 - X ))
t—
+1limdp(p(t,0,1,- x ), 7(- x -)) =0,
t—0
This completes the proof. [ ]

VI. EXAMPLES AND NUMERICAL SIMULATIONS

In this section, let us work out some numerical figures to
illustrate the main results by use the the Milstein methods
given in [29] (see also [30], [31]). Consider the following
two-species model:

dz1(t) = z1(1) [bl(W(t)) —an(y(t)z1(t)

- alz(v(t))xz(t)]dwral (3 (1)1 (1) B (1),

—ag1(v(t))z1(t)

a2 O)a)] e + 0a(o(0)a(0) (1),
(39)
where 7(t) is a Markovian chain with states S = {1,2},
a1 (y(t)) = 0.8, a;2(y(t)) = 04, as(y(t)) = 0.5,
asa(y(t)) = 0.7, by (y(t)) = 0.6, ba(v(t)) = 0.5. Tt is easy
to see that Assumptions (A1) and (A3) hold (A1 = X2 = 1).

In Fig.1, we choose a2(1) = 0.3, a1(2) =0.1, a3(1) =
0.25, a2(2) = 0.15, p1 = 0.5. Then rz = 0.375. By Theorem
1, the model (39) is stochastically permanent. Fig.1 confirms
this.

In Fig.2, we choose af(1) = 2.5, a}(2) = 0.1, a3(1) =
095, 063(2) = 015, pP1r = 0.5. Then pl’l“l(l) + p27“1(2) =
—0.05 and p17r2(1) 4 par2(2) = —0.05. By Theorem 2, both
x1 and z9 go to extinction. See Fig.2.

In Fig.3, the parameters are the same with Fig.1. It
then follows from Theorem 3 that model (39) is globally
attractive. Fig.3 confirms this.

In Fig.4, the parameters are the same with Fig.1. By The-
orem 4, model (39) is asymptotically stable in distribution.
See Fig.4.

d.’EQ = .’bQ |:b2
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500 1000 1500

Fig. 1: Plot of a solution trajectory for model (39) with initial
conditions x1(0) = 0.6, £2(0) = 0.2. This figure shows that
model (39) is stochastically permanent.
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Fig. 2: Plot of a solution trajectory for model (39) with initial
conditions x1(0) = 0.6, x2(0) = 0.2. This figure shows that
both 1 and x2 go to extinction.

VII. CONCLUSION AND FURTHER RESEARCH

Recently, owing to their theoretical and practical sig-
nificance, stochastic differential equations with Markovian
switching have received great attention and have been studied
extensively (see, for example,[15]-[20],[24]-[28]). This paper
has been devoted to an n-dimensional stochastic competitive
model with Markovian switching. Sufficient conditions for
stochastic permanence, extinction, global attractivity and
stability in distribution were obtained.

Some interesting questions deserve further investigation.
The classical competitive exclusion principle (see, for ex-
ample, [32]) tells us that competitive coefficients play a
very important role in determining persistence-extinction of
populations in deterministic competitive model, then it is an
interesting and important topic to find out whether compet-
itive coefficients also play an important role in determining
persistence-extinction of populations in model (3). It is also
interesting to consider other population models (see, for

0.6

0.5

0.4

0.3

0.2

x,(0)

! ! ! ! ! !

0 10 20 30 40 50 60 70 80

0.1

Fig. 3: Plot of two solution trajectories for model (39) with
two sets of initial conditions z1(0) = 0.6, z2(0) = 0.2,
y1(0) = 0.4 y2(0) = 0.3. This figure shows that model (39)
is globally attractive.

12 T
Distribution of X,
Distribution of X,
10+ i
st / Distribution of x,, |
/ Distribution of X,
61 i
41 i
2r i
0
0 0.2 0.4 0.6 0.8 1

Fig. 4: Distribution for model (39) with initial conditions
21(0) = 0.6, z2(0) = 0.2. This figure shows that model (39)
is asymptotically stable in distribution.

example, [33]-[38]) with Markovian switching.
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