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The k-Path Vertex Cover in Product Graphs ot
Stars and Complete Graphs®
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Abstract

For a graph G and a positive integer k, a subset S of
vertices of G is called a k-path vertex cover if every path
of order k£ in G contains at least one vertex from S. The
cardinality of a minimum k-path vertex cover is denoted
by ¥« (G). In this paper, we present the exact values of
1) in some product graphs of stars and complete graphs.
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1 Introduction

Let  be a real number, denoted by |z| the maximum
integer no more than z, and denoted by [x] the minimum
integer no less than . Let G be a finite, simple and
undirected graph, V(G) and E(G) denote its vertex set
and edge set, respectively. For a subset S C V(G), the
subgraph induced by S is denoted by G[S]. The order of
a path P, is the number n of vertices while the length
is the number n — 1 of edges. For nonnegative integers
a,b, let [a,b] = {a,a+1,--- b} if a < b, and [a,b] = 0 if
a>b.

In recent years, many parameters and classes of graphs
were studied. For example, in [8], different properties of
the intrinsic order graph are obtained, namely those deal-
ing with its edges, chains, shadows, neighbors and de-
grees of its vertices, and some relevant subgraphs, as well
as the natural isomorphisms between them. In [10], the
n-dimensional cube-connected complete graph is stud-
ied. In [22], the multi-level distance number for a class
of Lobster-like trees are researched. In [23, 24], the lin-
ear 4-arboricity of some complete bipartite graphs and
the linear (n — 1)-arboricity of some Cartesian product
graphs are obtained.

For a graph G and a positive integer k, a subset .S of the
vertex set of G is called a k-path vertex cover if every
path of order k in G contains at least one vertex from S.
The set S is also called the set of covered vertices in a
k-path vertex cover of G and we call T = V(G) — S the
set of uncovered vertices. The cardinality of a minimum
k-path vertex cover is denoted by 9y (G).

The motivation for the k-path vertex cover, which was
introduced in [13], arises from secure communications in
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wireless sensor networks, as well as in traffic control. The
topology of wireless sensor networks can be modeled as
a graph, in which vertices represent sensor devices and
edges represent communication channels between pairs
of sensor devices. Traditional security techniques cannot
be applied directly to wireless sensor networks since sen-
sor devices are limited in their computation, energy, and
communication capabilities. Furthermore, they are often
deployed in accessible areas, where they can be captured
by an attacker. Generally speaking, a standard sensor
device is not taken into account as tamper-resistant and
it is unnecessary to make all devices of a sensor network
tamper-proof due to increasing cost. Hence, the design
of wireless sensor networks safety contracts has become
a challenge in security research. We focus on the Canvas
scheme [6, 13, 14, 17] which should provide data integrity
in a sensor network. The scheme combines the properties
of cryptographic primitives and the network topology.

The model of communications in wireless sensor net-
works is just equivalent to the traffic control that is for-
mulated in [19]. This problem also has its background in
the real word. The increasing numbers of cars and buses
lead to more and more traffic accidents, hence posing the
installment of cameras to be in an urgent state. If every
crossing is installed with several cameras, the cost would
be enormous and unnecessary, since the installing fees
can vary greatly because of different factors. Hence we
need to install cameras at certain crossings which make
sure that a driver will encounter at least one camera
within n crossings. At the same time, we need to guar-
antee the lowest cost. This practical problem can, then,
be turned into the k-path vertex cover problem.

The concept of k-path vertex cover is a generalization of
the vertex cover. Clearly, 12(G) corresponds to the size
of a minimum vertex cover, moreover

$2(G) = [V(G)| — (@),

where «(G) stands for the independence number of graph
G. This gives an interesting connection to the well stud-
ied independence number [9].

A subset of vertices in graph G is called a dissociation set
if it induces a subgraph with maximum degree at most 1.
The number of vertices in a maximum cardinality set in
G is called the dissociation number of G and is denoted
by diss(G). The dissociation number problem is studied
in several articles [1, 2, 5, 7], and a survey for this results
is given in [15]. The value of 13(G) is in close relation
to diss(G) because it is easy to see that

¥3(G) = [V(G)| — diss(G).
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Some approximation algorithms for 13(G) are studied in
[18, 19, 20]. In [12] an exact algorithm for computing
13(G) in running time O(1.5171") for a graph of order
n is presented.

The problem of computing 1% (G) is in general NP-hard
for any fixed integer k > 2, but for tree the problem can
be solved in linear time, as shown in [3]. The authors
also gave some upper bounds on the value of ¢, (G) and
provide several estimations and the exact value of ¢ (G).

The concept of the k-path vertex cover was also stud-
ied in different graph products. The Cartesian product
GOH of graphs G = (V(GQ), E(G)) and H = (V(H),
E(H)) has the vertex set V(G) x V(H), and vertices
(uy,v1), (uz,vs) are adjacent whenever u; = wug and
v1ve € E(H), or uyus € E(G) and vy = vs.

The lexicographic product G o H of graphs G =
(V(G),E(G)) and H = (V(H), E(H)) has the vertex set
V(G) x V(H), and vertices (uy,v1), (u2,v2) are adjacent
whenever ujus € E(G), or u; = ug and v1ve € E(H).

The direct product G x H of graphs G = (V(G), E(G))
and H = (V(H),E(H)) has the vertex set V(G) x
V(H), and vertices (u1,v1), (u2,v2) are adjacent when-
ever ujus € E(G) and vivy € E(H).

The strong product G X H of graphs G = (V(G), E(G))
and H = (V(H),E(H)) has the vertex set V(G) x
V(H), and vertices (u1,v1), (uz,v2) are adjacent when-
ever ujue € E(G) and v1 = w9, or w3 = wug and
v1vg € E(H), or uyug € E(G) and v1ve € E(H).

The modular product Go H of graphs G = (V(G), E(G))
and H = (V(H),E(H)) has the vertex set V(G) x
V(H), and vertices (u1,v1), (uz,v2) are adjacent when-
ever ujugy € E(G) and v1 = w9, or u3 = wug and
vivy € E(H), or uqyug € E(G) and vive € E(H), or
uius ¢ F(G) and vivg ¢ E(H).

Let G and H be arbitrary graphs, for a fixed vertex
v € V(H), we refer to the set V(G) x {v} as a G-layer.
Similarly {u} x V(H), for a fixed vertex uv € V(G), is
an H-layer. Whenever referring to a specific G- or H-
layer, we denote them by Gv or “H, respectively. Lay-
ers can also be regarded as the graphs induced on these
sets. It is clear that in the Cartesian and lexicographic
products, a G-layer or H-layer is isomorphic to G or H,
respectively.

For the Cartesian product of two paths, an asymptoti-
cally tight bound and the exact value for 13 are given
in [4], and some bounds are improved in [11] and ex-
tended to the strong product of two paths. Also, an
upper bound for ¥3 and a lower bound of 1, of regular
graphs are presented in [4]. For the lexicographic prod-
uct of two arbitrary graphs, some results are also given
in [11], and a good lower and an upper bounds for v,
19 and 13 are presented in [3].

2 Main results

Let S,,, denote the star graph, whose vertex set V(S,,) =
{ui,ug, - ,um} and d(u;) = m — 1 while d(u;) = 1
for 2 < i < m. Similarly, let K,, denote the complete
graph, whose vertex set V(K,,) = {v1,v2, -+ ,v,}. In
this paper, we present the exact values of ¥y (S, 0K,),
quk(Sm © Kn); wk(sm X Kn)7 W(Sm OKn)a and quk(Sm X
K,,), respectively.

Firstly, we give three lammas. It is obvious that the

following result holds.

Lemma 2.1. For any positive integers k and n with
2 < k <n, we have

u}k(cn) = |—
1/)]6(Kn):n7/€+1.

Lemma 2.2. If H is a subgraph of G and k is a positive
integer, then

Vie(G) > i (H).

This is trivial since we can obtain one k-path vertex cover
SNV(H) of H from every k-path vertex cover S of G
for every subgraph H of G.

Clearly, ¥1(G) = |V(G)| and ¥ (G) = 0 for any graph G
and each integer k£ > |V (G)|, so we always suppose that
2 <k <|V(G)| for ¥x(G) in the sequel.

Lemma 2.3. [21] Ifn > 2 and [5]+1 <k <n+1,
then ¥ (P,O0K,) = n.

In the following, we provide the exact value of

Vi (SnOK,) at first.

Theorem 2.4. For positive integers m > 3 and n > 2,
the following results hold.

(1)If2 <k < [5], then Yp(SnOK,) = m(n —k +1).
()If [5]+1<k<n+1, then

Yp(SmOK,) =n+(m—2)(n—k+1).

(3)If m <n+1and k € [n+2,mn—n+m—2|, or
m>n+2 andk € [n+2,n? + 2n], then

k
n+1

Yp(SmOK,) =n+1—| ].

(4)If m<n+1andk € [(m—1)(n+1),mn], then
Y (SnOK,) =mn —k + 1.
(5)If m>n+2 and k € [(n + 1)%,mn], then

wk(SmDKn) =0.

Proof. (1)Let S1 = {(u1,v;) € V(SnOK,)|j € [k,n]}
with |S1] = n—k+1and S; = {(u,v;) € V(5,0K,)|1 <
j<n-—k+1} with |S;| = n -k + 1, where 2 < i <
m. It is clear that S = U2,S; is a k-path vertex cover
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since the largest connected component induced by all
vertices uncovered is isomorphic to Kj_i. Therefore,
Ye(SmOK,) < |S|=m(n—k+1).

On the other hand, each layer “ K, is isomorphic to K,
and S,,0K,, has m such layers, where 1 < ¢ < m. So,
we have ¢y, (S, 0K,) > myy(K,) = m(n—k+1). Thus,

Y (SnOK,) =m(n—k+1)

for 2 <k <[%].

(2)Let S = {(ul,vj) S V(SmDKn)‘l <j<k-— ].} with
|S1| =k—1and S; = {(u;,v;) € V(SnOK,)|k < j <n}
with |S;| =n —k+1 for 2 <4 < m. It is obvious that
S = U2,S; is a k-path vertex cover since the largest
connected subgraph of S,,0K, induced by all vertices
uncovered is isomorphic to Kj_1. Therefore,

wk(SmDKn)g‘*ﬂ
=k—-1+(m-1)(n—k+1)
=n+(m-2)(n—k+1).

On the other hand, we delete all edges between the layers
K, and ““K,, where 3 < ¢ < m. The graph 5,,0K,
can be partitioned into a subgraph isomorphic to P,0OK,,
and (m — 2) subgraphs isomorphic to K,,. According to
Lemmas 2.2 and 2.3, we have

d}k(SmDKn) > wk(PQDKn) + (m - Q)wk(Kn)
=n+(m-2)(n—k+1).

Thus, (2) is proved.

(3)Firstly, we will construct a k-path vertex cover with

n+1-— LHL_HJ vertices to prove that (S, 0K,) <

n+1-— Lnﬂj Let G = S,,0K,, and S = {(u1,v;) €
V(SmOK)|[251] < j < n} with |S] = n+1— |24 ).
Clearly, every path P, ;1 in S,,0K,, contains at least one
vertex that belongs to V(“1K,), so graph G[V(G) — 5]
contains Lniﬂj — 1 vertices which belong to V(*' K,,),
thus the largest connected subgraph of G[V(G) — S] has
order at most

k

n+mn+1)(|——]

— —1) Sn—l—(n—&-l)(i—l) =k—1.

n+1

Therefore, S is a k-path vertex cover of S, 0K, and then
Ve(SmOK,) < |S|=n+1- LHLHJ.

Secondly, we show that 5 (S,0K,) > n+1— |~n+1j

Assume to the contrary that T is a k-path vertex cover of
i (SmOK,) with [T] < n—[;£5]. Let T, = TNV(* K,,)
and n; = |T;|, where 1 <4 < m. It is easy to see that T' =
U™, T; and [T = 3.1 n;. Since n—n; > n—|T| > a for
a= |5 +1J there are at least a vertices which not belong
to T in each layer “* K,, for 1 < i < m. By the symmetry
of vertices ug, -+ - , Uy, in graph S,,, we assume that ny >
ng > --->mn; > 1land n; =0 for j € [l +1,m], where
2<i<m. Ifm<nandn+2<k<mn+m-n-—2,
then a+2 =[5 ] +2 < L%J +2=m. If
m>n+1landn+2 <k <n?2+2n, then a +2 =
Ln+1J +2< LMJ +2 =n+2 < m. Therefore,
there are at least a+2 K, -layers in S,,0K,, in both cases.

We only need to show that all vertices which belong to
vertex set UST2(V (% K,,) — T;) can form a path since

Yt i(n— |Th))
(a+2) >3, T
(a+2)—(n—a)
T slin+1)+n
(n+1)+n

Ui (V("Ky) = T))

[V AV VAT
?r'—:» 3

Clearly, if a = 1, then all vertices which belong to vertex
set U_,(V(“K,) — T;) can form a path. We assume
that a > 2 and construct such a path P in two cases.

Case 1. 1> a+ 2.

Since nq + ng + n3y < Z?ll n; < n — 1, there are
three vertices (u1,vy,), (U2,vy,), (u3,vy,) ¢ T. Lying
in the layer “2K,, all the vertices which are not cov-
ered by T can form a path P, with terminate vertex
(ug2,vy,), where 1 < yo < n. Since 1 +n1 +nz +ng <
>omton; < n — 1, there are three vertices (ui,uvy,),
(us, vy, ), (ua,vy,) ¢ T. Lying in the layer “3K,,, all
vertices which are not covered by T can form a path
P; with original vertex (us,v,,) and terminate vertex
(uz,vy,), where 1 < y3 < n and y3 # y2. --- Lying
in the layer “++2 K, all vertices which are not covered
by T can form a path P, with the original vertex
(Wat2,Vy,y, ), Where 1 < o1 < noand yaq1 # y; for
2<i<a LetVi = {(ul’vyz)a (ulvvys)v T 7(u17vya+1)}
and Vz = (V(“ K,) — Ty — Vi) U{(u1,0,,), (11, 0,0}
All vertices which belong to vertex set V5 can form a path
P; with the originate vertex (up,vy,) and the terminate
vertex (uy,vy,,,). Set

P=DP+ (U2»vy2)(ulvvyz) + (ulvvyz)(u3avy2)
+Ps + (u37vy3)(u1=vy3) + o+ Pap
+(Ugt1, 0y, ) (U1, vy, ) + P1
—|—(U1, Uya+1)(ua+2’ Uya+1) + Pa+2'

We have a path P of order at least k with no vertex that
belongs to T', a contradiction.

Case 2. [ <a+2.

Since nq + no + n3 < Z _1 1"y < n —1, there are three
vertices (u,vy,), (u2,vy,), (us,vy,) ¢ T Lying in the
layer “2 K,,, all the vertices which are not covered by T
can form a path P, with the terminate vertex (us, vy,),
where 1 < yo < n. Since 14+ni+ng+ng <> 10 n; <n—
1, there are three vertices (u1, vy,), (us, vy,), (U, vy,) ¢
T. Lying in the layer “3 K, all vertices which are not
covered by T can form a path P3; with the original vertex
(us,vy,) and the terminate vertex (us,vy,), where 1 <
ys < n and y3 # yo. -+ Since

l—3+n1+mfl+m§2m§n—1,
i=1

there are three vertices (u1,vy, ), (ur, vy, ), (Wi41,vy,) € T
Lying in the layer “' K,,, all the vertices can form a path
P, with the original vertex (u;,v,, ,) and the terminate
vertex (uy, vy, ), where 1 <y <mnandy; #y; for 2 <i <
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Il — 1. Lying in the layer “+1 K, , all vertices which are
not covered by T can form a path P;; with the original
vertex (uj41,vy,) and the terminate vertex (uiy1,vy,.,),
where 1 < yip1 < n, (ui,vy,,) ¢ T and yp1 # v
for 2 < i < [. --- Lying in the layer “«+2K,,, all the
vertices can form a path P,,o with the original vertex
(ua+257}ya+1)7 where 1 < yo41 < n, (u17vya+l) ¢ T and
Yat+1 7 y; for 2 < i < a. Let

Vi = {(u17vy2)7 (ulvvy3)7 T 7(ulvvya+1>}

and
Vo = (V(U1Kn) -1 — Vl) U {(ulﬁvya)7 (ulvvya+1)}'

All vertices which belong to vertex set V5 can form a path
P, with the originate vertex (ui,vy,) and the terminate
vertex (uy,vy,,,). Set

P=P+ (UZaUyz)(Ulvvyz) + (“17%2)(“377]3;2)
+P3 + (US,Uy3)(U1, Uy3) +--- 4+ Pa+1
+(ua+1vvya)(ulvvya) + P
+(U1, vya+1)(ua+2’ Uya+1) =+ Pa+2'

We have a path P of order at least k with no vertex that
belong to T', a contradiction, too.

(4)Let S be a k-path vertex cover of S,,0K,, with |S| =
mn — k + 1. Since |V (S, 0K,)| —|S| =k — 1, we have
Vi (SmOK,) <mn—k+ 1.

Next we prove that ¢y(S,,0K,) > mn —k + 1. As-
sume to the contrary that T is a k-path vertex cover of
Vi (SmOK,) with |T| <mn —k. Let T, =T NV(*“K,)
with |T;| = n;, where 1 < i < m. It is easy to see
that 7 = U™\ T; and |T| = Y>.7" , n;. Since n —n; >
n—|T| >n—mn+k>n—mn+(m—-1)(n+1) =m—1,
there are at least m — 1 vertices which not belong to
T in each layer “ K, for 1 < i < n. It is clear that
|[V(SnBK,)—T| > mn—(mn—k) =k, and we can show
that all vertices of V(S5,,0K,) — T can form a path as
(3) similarly, a contradiction.

(5)Since every path in S,,,0K,, with order n + 1 has at
least one vertex that belongs to V(*1 K,,), every path of
S,»OK,, has order at most

n+nn+1)=n>+2n<k—1.
Therefore, ¥ (S,,0K,) = 0. O
In the next theorem, we study S,, o K,,, S, X K,,, and
S o K.

Theorem 2.5. For positive integers m > 3 and n > 2,
the following results hold.
(DIf2<k<n+1, then

=Yp(Smo Ky)=n+(m—1)(n—k+1).

C)fm<n+landn+2<k<mn—-—n+m-—2, or
m>n+2 andn+2 <k <n?+2n, then

¢k(8m o Kn) = 1/}k(Sm X Kn)

k
n—l—lj'
(B)fm<n+1and (m—1)(n+1) <k < mn, then

= Yp(Smo K,) =mn—k+ 1.
(4)If m <n+2 and (n+1)? < k < mn, then

:1/1k(5m<>Kn):n+17L

quk(sm o Kn) = djk(Sm X Kn) = wk(sm <>Kn) =0.

Proof. Tt is easy to see that both S, X K,, and S,, ¢ K,
are isomorphic to S;, o K,,, thus it is only need to show
that results hold for S,, o K.

(1)Let

S1 = {(u1,v;) € V(S 0 Kp)|1 < j <n}
with |S1| = n and

Si = {(ui,vj) € V(Sm o Kyp)lk < j<n}

with |S;| =n —k+ 1, where 2 <4 < m. It is clear that
S = U,S; is a k-path vertex cover since the largest
connected subgraph of S, o K, induced by all vertices
uncovered is isomorphic to Kj_1. Therefore,

wk(SmOKn) < |S‘ :n+(m—1)(n—k;+1).

On the other hand, we delete all edges between layers
" K, and “K,, where 3 < i < m. The graph S,, o K,
can be partitioned into a subgraph isomorphic to Ko,
and (m — 2) subgraphs isomorphic to K. According to
Lemma 2.2, we have

P (Sm 0 Kp) > Yp(Kapn) + (m — 2)Yi(K,)
=2n—k+1+(m-2)(n—k+1)
=n+(m-—1)(n-k+1).

(2)Firstly, we construct a k-path vertex cover with n 4+
1- LRLHJ vertices to prove that

wk(SmOKn)Sn—i-l—L J

n+1
Let G =5, o K,, and

k
n+1

S = {(u1,v;) € V(Sm o Ky)|| J<ji<n}

with |S|=n+1— Lnilj. It is obvious that every path
in S, o K,, with order n + 1 contains at least one vertex
that belongs to V(“* K,,), so graph G[V (G) — S] contains
Lniﬂj — 1 vertices which belong to V(**K,,), thus the

largest order of paths in G[V(G) — S] is at most

i |=1) <n+(n+1)(

nt (D ]

~1)=k-1.

Therefore, S is a k-path vertex cover of S,, o K,, and
then
k

wk(SmoKn)§|S|:n+1—LmJ.

(Advance online publication: 15 February 2016)



TAENG International Journal of Applied Mathematics, 46:1, [JAM 46 1 15

Secondly, we can show that

k
n+1

¢k(SmOKn)Zn+1_|_ J

by Theorem 2.4 since S,,0K,, is a subgraph of S, o K,,.

(3)Let S be a k-path vertex cover of S,, o K, with |S| =
mn — k + 1. Since |V (S, o K,,)| — |S| = k — 1, we have
Vi (Sm 0o Kyp) <mn —k + 1.

We can obtain that ¢y (Sy, o K,) > mn —k + 1 as (2)
similarly.

(4)Since every path in S,, o K,, with order n + 1 has at
least one vertex that belongs to “* K,,, the largest order
of paths in S,, o K,, is at most

n+nn+1)=n>+2n<k-1.

Therefore, ¥ (S, o K,,) = 0. O

Finally, we present the exact value of (S, x K,,). Be-
fore giving the main result, we show the following lemma,
first.

Lemma 2.6. Ifn >3 and 4 <k <2n—1, then

Yp(Pe X Kp) >n+1-— ng

Proof. Assume to the contrary that T is a k-path vertex
cover of the graph P x K, with |T| = n — |5]. Let
T, =TNV(“K,) with n; = |T;| for ¢ = 1,2. Because of
the symmetry of two layers in graph P, x K, we may
assume that n; > ngy. Since ny +ng = |T| =n— L%J, we
have

2n—5
2

n— %] n—2

ng < | 5 JSLQ

J< 1T =03,

Let a =n —|T1| and b = n — |Ty|. It is easy to see that
k
n>a=n—|T1|>n—|T| = L§J

According to the symmetry of vertices in each layer of
graph P, x K,,, we may assume that V(“*K,,) — T} =
{(u1,v1), (u1,v2), -+, (u1,vq)}. Next we discuss on a in
two cases.

Case 1. a = |%].
Then Ty =T and Th = (.
Let

P = (’LLQ7 vg)(ul, ’Ul)(’LLQ, Ug)(ul, Ug)(Ug, U4)
(u1,v3)(uz,vs) -+ (u1,va) (U2, Vat2)

witha+2 = [£]+2 < |22-1] 4+ 2 = n+1, where indices
are taken modulo n. Since [V(P)| =2a+1=2[%]+1>
k, we have a path P of order at least k with no vertex
that belongs to T', a contradiction.

Case 2. |¥|+1<a<n.

Let c = 4]+ 1 and

V(U2Kn> —Th = {(UQ,UIi> 1<i<b,
1<z, <n,z, <zy for 1 <p<q<b}.

Let U, = {z;|(uz,vs,) € (V(*2K,) — T3)} and x; be
the smallest index of x; not less than 3, then we have
3<x; <ng+3,where 1 <[ <band x; € U,. For any
d>1,wehave 3+d < 2114 < ng + d+ 3, where indices
are taken modulo n. Since, for any integer 1 < j <c—1,
we have ;4 ;1 > j+2and 2;4;_1 < no+j+2 <n+j—1,
(u2,vg,,,;_,) is incident with (u1,v;) and (u1,vj41). Let

P = (uy,v1)(uz, va,) (ur, v2) (U, vy )
e (ula vC—l)(“Qv /Uachrl,z)(uly Uc)a

where z.y; 2o <ne+c+1<n;+a+1=n+1and
indices are taken modulo n. Since

k
[V(P)|=2c—1= 2[§J +1>k,
we have a path P of order at least k& with no vertex that
belongs to T, a contradiction, too. O]

By the definition, we have
E(SmxK,) = {(u1,vj)(u,n)|2<i<m,1<j#l<n}

and |E(Sp, x K,)| =n(n —1)(m —1). It is easy to see
that Sy, x K, is a bipartite graph with a partition (X,Y),
where X = V("' K,) and Y =V (S,, x K,) — X.

Theorem 2.7. For any positive integers m > 3 and
n > 2, we have

2, ifn=2and 2 <k <3,

0, if n=2and 4 <k < mn,

n+1— %], if n>3 and
2<k<2n+1,

0, if n>3and 2n+2 < k < mn.

wk(sm X Kn) =

Proof. (1)If n = 2, then graph S,, x K,, consists of two
vertex-disjoint isomorphic stars with order m. Therefore,
we have ¥y (Sp) = 1 and

Vr(Sm X Kn) = 20k(5m) = 2

for 2 < k < 3. Since every path in graph S,, x K,
contains at most three vertices in this case, we have
Y (Sm x K,) =0 for 4 < k < mn.

(2)Assume that n >3 and 2 < k < 2n + 1.

Firstly, we construct a k-path vertex cover with n + 1 —

| &] vertices to prove that

k
Ve (Sm X Kp) <m+1-— L§J
Let G =5, x K,, and
k .
S = {(m05) € V(S x Kn)ll5] <j<n)

with |[S| = n+ 1 — [£]. Since every edge in S,, x K,

contains one vertex that belongs to V(*1K,), graph

(Advance online publication: 15 February 2016)
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G[V(G) — S] contains [£] — 1 vertices which belong to
V(“1K,,), thus the largest order of paths in G[V(G) — 5]

is at most
k k
1+2(L§J—1)§1+2(§—1):k—1.

Therefore, S is a k-path vertex cover of S,, x K, and

then "

Secondly we show that

V(S X Kp) >n+1— ng

in two cases.

Case 1. 2< Lk <2n-—1.

If 2 < k < 3, then set P; = (ug,v;)(u1,v;+1)(us,v;) for
1 < j < n, where indices are taken modulo n. Since
graph S,, x K, contains n vertex-disjoint paths P; of
order three, according to Lemma 2.2, we have

Ve (Sm X Kp) > npgp(P3) >n=n+1— LSJ

Assume that 4 < k < 2n — 1, then we have

V(S X Kn) > Yp(Pa x Kp) >n+1— LgJ

according to Lemmas 2.2 and 2.6 since P, x K, is a
subgraph of S, x K.

Case 2. 2n < k <2n + 1.
Let

P = (ug,va)(u1,v1)(uz,v3)(ur, va) - - - (u2,vy,)
(w1, vn—1)(uz,v1)(u1,vn)(us, v1)

with |P| = 2n+1 > k. Since n > 3 and S,, X K, contains
a path P with order at least k, we have

wk(SmXKn)len—kl—ng.

(3) Assume that n > 3 and 2n + 2 < k < mn.

Since every edge in S, X K, has one vertex that belongs
to V(*“1K,,), the largest order of paths in S, x K,, is at
most 2n + 1 < k — 1 in this case. Therefore, (S, x
K,) =0. O
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