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Abstract—In this paper, a neutral multi-species logarithmic
population model is investigated. By applying the matrix,s
spectral theory which is different from the methods employed
in the literature, a set of sufficient conditions are obtained
for the existence and uniqueness of almost periodic solution
of the neutral multi-species logarithmic population model. The
obtained sufficient conditions are given in terms of spectral
radius of explicit matrices which are much different from those
by the algebraic inequalities. An example is given to illustrate
the feasibility and effectiveness of the obtained results. The
results of this paper are completely new and generalize those
of the previous studies.

Index Terms—Nicholson-type system, positive solution, expo-
nential stability, delay, Lyapunov method.

I. INTRODUCTION

TN recent years, various multi-species logarithmic pop-
ulation models have been extensively investigated by

many scholars due to their theoretical and practical signifi-
cance in biology. Gopalsamy [1] and Kirlinger [2] proposed
the following single species logarithmic model

dN(t)
dt

= N(t)[a− b lnN(t)− c lnN(t− τ)]. (1)

In 1997, Li [3] generalized system (1) to the following non-
autonomous form

dN(t)
dt

= N(t)[a(t)−b(t) ln N(t)−c(t) lnN(t−τ(t))]. (2)

Applying the coincidence degree theory, Li [3] established
some sufficient conditions for the existence of positive pe-
riodic solutions of system (2). In 2003, Chen et al. [4]
generalized system (2) to the system with state dependent
delays and investigated the existence of positive periodic
solutions of the system. In [5], Liu proposed the following
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multispecies periodic logarithmic population model

dNi(t)
dt

= Ni(t)


ri(t)−

n∑

j=1

aij(t) ln Nj(t)

−
n∑

j=1

bij(t) lnNj(t− τij(t))


 . (3)

Applying the coincidence degree theory and constructing
Lyapunov functional, a set of sufficient conditions which
guarantee the existence, uniqueness and stability of the posi-
tive periodic solution of system (3) are established. In 2005,
Chen [6] proposed the following multispecies logarithmic
population model

dNi(t)
dt

= Ni(t)

[
ri(t)−

n∑

j=1

aij(t) ln Nj(t)

−
n∑

j=1

bij(t) ln Nj(t− τij(t))

+
n∑

j=1

cij(t)
∫ t

−∞
Kij(t− s) lnNj(s)ds

]
. (4)

By using the fixed point theory and constructing a suitable
Lyapunov functional, a set of easily applicable criteria are
obtained for the existence, uniqueness and global attractivity
of positive periodic solution (positive almost periodic solu-
tion) of the model (4). Gopalsamy [1] pointed out that in
some case, the neutral delay population models are more
realistic. Then Li [7] and Li et al. [8] considered the periodic
solution or almost periodic solutions of the following two
single species neutral Logarithmic models

dN(t)
dt

= N(t) [r(t)− a(t) lnN(t− σ)

−b(t)
d lnN(t− τ)

dt

]
(5)

and

dN(t)
dt

= N(t)


r(t)−

n∑

j=1

aj(t) ln N(t− σj(t))

−
n∑

j=1

bj(t)
d lnN(t− τj(t))

dt


 , (6)

respectively. In 2003, Yang and Cao [9] addressed the exis-
tence of positive periodic solutions of the neutral logarithmic
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population model with multiple delays

dN(t)
dt

= N(t)

[
a(t)− β(t)N(t)−

n∑

i=1

(bi(t)

×N(t− τi(t)))−
n∑

i=1

ci(t)
d lnN(t− γi(t))

dt

]
. (7)

In 2004, Lu and Ge [10] pointed out that the proof of
Theorem 3.1 is incomplete and analyzed the existence of
positive periodic solutions for neutral logarithmic population
model with multiple delays

dN(t)
dt

= N(t)

[
r(t)−

n∑

j=1

ai(t) lnN(t− σi(t))

−
m∑

j=1

bj(t)
d lnN(t− τj(t))

dt

]
. (8)

With the help of an abstract continuous theorem of k-
set contractive operator, authors obtained some sufficient
conditions for the existence, global attractivity of positive
periodic solution of (8). In 2009, Wang et al. [11] focused
on the existence and uniqueness of positive periodic solutions
for a following neutral logarithmic population model

dN(t)
dt

= N(t)

[
r(t)− a(t) ln N(t)

−
n∑

j=1

bj(t) ln N(t− τj(t))

−
n∑

j=1

cj(t)
∫ t

−∞
kj(t− s) lnN(s)ds

−
n∑

j=1

dj(t)
d lnN(t− ηj(t))

dt

]
. (9)

Applying an abstract continuous theorem of k-set contractive
operator, authors established some sufficient conditions for
the existence, global attractivity of positive periodic solution
of (9). In 2010 and 2011, Alzabut et al. [12-13] studied the
almost periodic solutions for delay logarithmic population
models. Recently, Chen [14] had investigated the periodic
solution and almost periodic solutions of the following
neutral multi-species logarithmic population model

dNi(t)
dt

= Ni(t)

[
ri(t)−

n∑

j=1

aij(t) lnNj(t)

−
n∑

j=1

bij(t) lnNj(t− τij(t))

+
n∑

j=1

cij(t)
∫ t

−∞
Kij(t− s) lnNj(s)ds

−
n∑

j=1

dij(t)
d lnNj(t− ηij(t)

dt

]
, (10)

where i = 1, 2, · · · , , n, aij(t), bij(t), cij(t), dij(t) ∈
C(R, (0,+∞)), τij(t), ηij(t) ∈ C(R, R+) are all continuous
functions.

∫ +∞
0

Kij(s)ds = 1,
∫ +∞
0

sKij(s)ds < +∞.
Many scholars [15-18,22-24] argue that ecosystem in the

real world is continuously distributed by unpredictable forces

which can result in changes in the biological parameters
such as survival rates. Of practical interest in ecology is
the question of whether or not an ecosystem can withstand
those unpredictable disturbances which persist for a finite
period of time. In the language of control variables, we call
the disturbance functions as control variables. Motivated by
the discussion above, we will investigate the neutral multi-
species logarithmic population model with feedback controls
as follows





dNi(t)
dt

= Ni(t)

[
ri(t)−

n∑

j=1

aij(t) lnNj(t)

−
n∑

j=1

bij(t) lnNj(t− τij(t))

+
n∑

j=1

cij(t)
∫ t

−∞
Kij(t− s) lnNj(s)ds

−
n∑

j=1

dij(t)
d lnNj(t− ηij(t)

dt

− ei(t)ui(t)− fi(t)ui(t− σi(t))

]
,

dui(t)
dt

= −αi(t)ui(t) + βi(t) lnNi(t)

+ γi(t) ln Ni(t− δi(t)),
(11)

where i = 1, 2, · · · , n, ui(i = 1, 2, · · · , n) denote indirect
feedback control variables.

The main aim of this article is to establish some sufficient
conditions for the existence and uniqueness of almost peri-
odic solutions of (11). Our results are new and complement
those of the previous studies in [8-14]. To the best of our
knowledge, it is the first time to investigate the neutral multi-
species logarithmic population model with feedback controls
by applying the matrix,s spectral theory. So far, there are
very few paper that deal with the almost periodic solutions
by applying the matrix,s spectral theory.

The remainder of the paper is organized as follows. In
Section II, we introduce some notations and assumptions,
which can be used to check the existence and uniqueness
of almost periodic solution of system (11). In Section III,
we present some sufficient conditions for the existence and
uniqueness of almost periodic solution of (11). An example
is given to illustrate the effectiveness of the obtained results
in Section V. A brief conclusion is drawn in Section VI.

II. NOTATIONS AND ASSUMPTIONS

In this section, we would like to introduce some no-
tations and assumptions which are used in what follows.
Let x = (x1, x2, · · · , xn)T ∈ Rn denote a column vector,
D = (dij)n×n be an n × n matrix, DT be the transpose
of D, and En be the identity matrix of size n. A matrix or
vector D > 0 means that all entries of D are greater than
zero, likewise for D ≥ 0. For matrices or vectors D and E,
D > E(D ≥ E) means that D−E > 0(D−E ≥ 0). ρ(D)
denotes the spectral radius of the matrix D.

If v = (v1, v2, · · · , vn)T ∈ Rn, then we define the com-
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monly used norms as follows

||v||1 =
n∑

j=1

|vi|, ||v||2 =




n∑

j=1

|vi|2



1
2

, ||v||∞ = max
1≤i≤n

|vi|.

If A = (aij)n×n, then we define the norm of the matrix ||A||
as follows

||A|| = sup
v∈Rn,v 6=0

||Av||
||v|| = sup

||v||=1

||Av|| = sup
||v||≤1

||Av||.

In particular,

||A||1 = max
1≤j≤n

n∑

i=1

|aij |, ||A||2 = [λmax(AT A)]
1
2 ,

||A||∞ = max1≤i≤n

∑n
j=1 |aij |. Let

m(f) = lim
T→+∞

1
T

∫ T

0

f(t)dt = 0,

where f(t) is almost periodic function.

Throughout this paper, we make the following assumptions.

(H1) ri(t), aij(t), bij(t), cij(t), dij(t), αi(t), βi(t), γi(t), ei(t),
fi(t), i, j = 1, 2, · · · , n are continuous real-valued
nonnegative almost periodic functions on R.

(H2) The kernels Kij(.), i, j = 1, 2, · · · , n are nonneg-
ative continuous functions defined on [0,+∞) satisfying∫ +∞
0

Kij(s)ds = 1.

(H3) τij(t), σi(t), δi(t) and ηij(t) are nonnegative, continu-
ously differentiable and almost periodic functions on t ∈ R.
Moreover, τ̇ij(t), σ̇i(t), δ̇i(t) and η̇ij(t) are all uniformly
continuous on R with inft∈R{1 − τ̇ij(t)} > 0, inft∈R{1 −
σ̇i(t)} > 0, inft∈R{1 − δ̇i(t)} > 0, inft∈R{1 − η̇ij(t)} > 0.
System (11) is supplemented with the initial value conditions

Ni(s) = ϕNi(s) ≥ 0, Ṅi(s) = ϕ̇Ni(s), s ∈ (−∞, 0],
ϕNi(0) > 0, sup

s∈(−∞,0]

ϕNi(s) < +∞, sup
s∈(−∞,0]

ϕ̇Ni(s)

< +∞, ui(s) = ϕui
(s) ≥ 0, ϕui

(0) > 0, s ∈ (−∞, 0].
(12)

It is easy to see that there exists a positive solution y(t) =
(N1(t), N2(t), · · · , xn(t), u1(t), u2(t), · · · , un(t)) of system
(11) satisfying the initial value condition (12).

III. EXISTENCE AND UNIQUENESS OF ALMOST PERIODIC
SOLUTION

In this section, we will establish sufficient conditions on the
existence and uniqueness of almost periodic solutions of (11).
For convenience, we introduce some definitions and lemmas
which will be used in what follows.

Definition 3.1 [19-20] Let f(t) : R→ Rn be continuous in
t. f(t) is said to almost periodic on R, if for any ε > 0,
the set T (f, ε) = {δ : |f(t + δ) − f(t)| < ε,∀t ∈ R} is
relatively dense, i.e., for ∀ε > 0, it is possible to find a
real number l = l(ε) > 0, for any interval with length l(ε),
there exists a number δ = δ(ε) in this interval such that
|f(t + δ)− f(t)| < ε, for ∀ ∈ R.

Definition 3.2 Let z ∈ Rn and Q(t) be a n× n continuous
matrix defined on R. The linear system

dz

dt
= Q(t)z(t) (13)

is said to admit an exponential dichotomy on R if there exist
constants k, λ > 0, projection P and the fundamental matrix
Z(t) of (13) satisfying

||Z(t)PZ−1(s)|| ≤ ke−λ(t−s), for t ≥ s,

||Z(t)(I − P )Z−1(s)|| ≤ ke−λ(t−s), for t ≤ s.

Lemma 3.1 [20-21] If the linear system (13) admits an
exponential dichotomy, then almost periodic system

dz

dt
= Q(t)z(t) + g(t) (14)

has a unique almost periodic solution z(t) and

z(t) =
∫ t

−∞
Z(t)PZ−1(s)g(s)ds

−
∫ +∞

t

Z(t)(I − P )Z−1(s)g(s)ds.

Lemma 3.2 [20-21] Let ai(t) be an almost periodic function
on R and ai(t) > 0. Then the system

dz

dt
= diag(−a1(t),−a2(t), · · · ,−an(t))z(t) (15)

admits an exponential dichotomy.

Remark 3.1 It follows from Lemma 3.2 that system (15)
has a unique almost periodic solution z(t) which takes the
form

z(t) =
∫ t

−∞
Z(t)Z−1(s)g(s)ds

=
(∫ t

−∞
e−

∫ t
s

a1(u)dug1(s)ds, · · · ,

∫ t

−∞
e−

∫ t
s

an(u)dugn(s)ds

)
.

Lemma 3.3 [14] Assume that v(t), η(t) are all continuously
differentiable T -periodic functions, a(t), b(t) are all nonneg-
ative continuous T -periodic functions such that

∫ T

0
a(t)dt >

0, then
∫ t

−∞
e−

∫ t
s

a(τ)dτ b(s)v
′
(s)(s− η(s))ds = c(t)v(t− η(t))

−
∫ t

−∞
e−

∫ t
s

a(τ)dτ (a(s)c(s) + c
′
(s))(v(s− η(s))ds,

where c(s) = b(s)

1−η′ (s)
.

Lemma 3.4 Let m be a positive integer and B be an Banach
space. If the mapping Γ : B → B is a contraction mapping,
then Γ : B → B has exactly one fixed point in B, where
Γm = Γ(Γm−1).

By (H1), m(αi) > 0. In view of Lemma 3.1, we have the
following result.
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Lemma 3.5 (N1(t), N2(t), · · · , Nn(t), u1(t), u2(t), · · · ,
un(t))T is an almost periodic solution of system (11) if and
only if it is an almost periodic solution of





dNi(t)
dt

= Ni(t)

[
ri(t)−

n∑

j=1

aij(t) lnNj(t)

−
n∑

j=1

bij(t) lnNj(t− τij(t))

+
n∑

j=1

cij(t)
∫ t

−∞
Kij(t− s) lnNj(s)ds

−
n∑

j=1

dij(t)
d lnNj(t− ηij(t)

dt

− ei(t)ui(t)− fi(t)ui(t− σi(t))

]
,

ui(t) =
∫ t

−∞
e
∫ t

s
αi(ζ)dζ [βi(s) lnNi(s)

+ γi(s) lnNi(s− δi(s))]ds,
(16)

where i = 1, 2, · · · , n. Obviously, (16) is equivalent to the
following system

dNi(t)
dt

= Ni(t)

[
ri(t)−

n∑

j=1

aij(t) lnNj(t)

−
n∑

j=1

bij(t) lnNj(t− τij(t))

+
n∑

j=1

cij(t)
∫ t

−∞
Kij(t− s) lnNj(s)ds

−
n∑

j=1

dij(t)
d lnNj(t− ηij(t)

dt

−ei(t)
∫ t

−∞
e
∫ t

s
αi(ζ)dζ(βi(s) lnNi(s)

+γi(s) lnNi(s− δi(s)))ds

−fi(t)
∫ t−σi(t)

−∞
e
∫ t−σi(t)

s
αi(ζ)dζ(βi(s) lnNi(s)

+γi(s) lnNi(s− δi(s)))ds

]
. (17)

Now we are in a position to state our main results on the
existence and uniqueness of almost periodic solution for
system (11).

Theorem 3.1 In addition to (H1)–(H3), if the following
condition
(H4) ρ(Λ) < 1, where Λ = (Λij)n×n and

Λii = dii(t) +
∫ t

−∞
e−

∫ t
s

aii(ζ)dζΘii(s)ds,

Λij = dij(t) +
∫ t

−∞
e−

∫ t
s

aii(ζ)dζΘij(s)ds, i 6= j,

Θii(s) = aii(s) + bii(s) + cii(s)
∫ ∞

0

Kii(θ)dθ

+ dii(s)(aii(s)dii(s) + |d′ii(s)|)

+(ei(s) + fi(s))
∫ s

−∞
e
∫ s

ξ
αi(ζ)dζ(βi(ξ) + γi(ξ))dξ,

Θij(s) = (aij(s) + bij(s) + cij(s)
∫ ∞

0

Kij(θ)dθ

+dij(s)(aii(s)dij(s) + |d′ij(s)|), i 6= j.

where i = 1, 2, · · · , n. Then system (11) has a unique
positive almost periodic solution.

Proof Let Ni(t) = exi(t), then (17) takes the form

dxi(t)
dt

= ri(t)−
n∑

j=1

aij(t)xj(t)

−
n∑

j=1

bij(t)xj(t− τij(t))

+
n∑

j=1

cij(t)
∫ t

−∞
Kij(t− s)xj(s)ds

−
n∑

j=1

dij(t)ẋj(t− ηij(t)(1− η̇ij(t))

−ei(t)
∫ t

−∞
e
∫ t

s
αi(ζ)dζ(βi(s)xi(s)

+γi(s)xi(s− δi(s)))ds

−fi(t)
∫ t−σi(t)

−∞
e
∫ t−σi(t)

s
αi(ζ)dζ(βi(s)xi(s)

+γi(s)xi(s− δi(s)))ds

= −aii(t)xi(t)−
n∑

j=1,j 6=i

aij(t)xj(t)

−
n∑

j=1

bij(t)xj(t− τij(t))

+
n∑

j=1

cij(t)
∫ t

−∞
Kij(t− s)xj(s)ds

−
n∑

j=1

dij(t)ẋj(t− ηij(t)(1− η̇ij(t))

−ei(t)
∫ t

−∞
e
∫ t

s
αi(ζ)dζ(βi(s)xi(s)

+γi(s)xi(s− δi(s)))ds

−fi(t)
∫ t−σi(t)

−∞
e
∫ t−σi(t)

s
αi(ζ)dζ(βi(s)xi(s)

+γi(s)xi(s− δi(s)))ds + ri(t). (18)

Clearly, if system (18) has an almost periodic solu-
tion (x∗1(t), x

∗
2(t), · · · , x∗n(t))T , then (N∗

1 (t), N∗
2 (t), · · · ,

N∗
n(t))T = (ex∗1(t), ex∗1(t), · · · , ex∗n(t))T is an almost periodic

solution of (17). In view of Lemma 3.5, we can conclude that
(ex∗1(t), ex∗1(t), · · · , ex∗n(t), u∗1(t), u

∗
1(t), · · · , u∗n(t))T is an al-

most periodic solution of (11), where

u∗i (t) =
∫ t

−∞
e
∫ t

s
αi(ζ)dζ [βi(s)x∗i (s)+γi(s)x∗i (s−δi(s))]ds,

where i = 1, 2, · · · , n. Now we will show that (18) has a
unique almost almost periodic solution. Firstly, we define
B = {ψ(t) = (ψ1(t), ψ2(t), · · · , ψn(t))T |ψ(t) is a contin-
uous almost periodic function}. Obviously, B is a Banach
space with the norm ||ψ|| = max1≤i≤n supt∈R |xi(t)|.
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For any ψ(t) = (ψ1(t), ψ2(t), · · · , ψn(t))T ∈ B, we
consider the following almost periodic system

dxi(t)
dt

= −aii(t)xi(t)−
n∑

j=1,j 6=i

aij(t)ψj(t)

−
n∑

j=1

bij(t)ψj(t− τij(t))

+
n∑

j=1

cij(t)
∫ t

−∞
Kij(t− s)ψj(s)ds

−
n∑

j=1

dij(t)ψ̇j(t− ηij(t)(1− η̇ij(t))

−ei(t)
∫ t

−∞
e
∫ t

s
αi(ζ)dζ(βi(s)ψi(s)

+γi(s)ψi(s− δi(s)))ds

−fi(t)
∫ t−σi(t)

−∞
e
∫ t−σi(t)

s
αi(ζ)dζ(βi(s)ψi(s)

+γi(s)ψi(s− δi(s)))ds + ri(t). (19)

By (H1), we know that m(aii > 0. In view of Lemma 3.2,
the linear system

dxi(t)
dt

= −aii(t)xi(t), i = 1, 2, · · · , n, (20)

admits an exponential dichotomy on T. Then system (20)
has exactly one almost periodic solution as follows

xψ
i (t) = (xψ

1 (t), xψ
2 (t), · · · , xψ

n(t))T

=




∫ t

−∞ e−
∫ t

s
a11(ζ)dζhψ

1 (s)ds∫ t

−∞ e−
∫ t

s
a22(ζ)dζhψ

2 (s)ds

· · ·∫ t

−∞ e−
∫ t

s
ann(ζ)dζhψ

n(s)ds


 , (21)

where

hψ
i (s) = −

n∑

j=1,j 6=i

aij(s)ψj(s)−
n∑

j=1

bij(s)ψj(s− τij(s))

+
n∑

j=1

cij(s)
∫ s

−∞
Kij(s− θ)ψj(θ)dθ

−
n∑

j=1

dij(s)ψ̇j(s− ηij(s)(1− η̇ij(s))

−ei(s)
∫ s

−∞
e
∫ s

ξ
αi(ζ)dζ(βi(ξ)ψi(ξ)

+γi(ξ)ψi(ξ − δi(ξ)))dξ

−fi(s)
∫ s−σi(s)

−∞
e
∫ s−σi(s)

ξ αi(ζ)dζ(βi(ξ)ψi(ξ)

+γi(ξ)ψi(ξ − δi(ξ)))ds + ri(s). (22)

In view of Lemma 3.2, xψ
i (t) can be expressed as

xψ
i (t) = (xψ

1 (t), xψ
2 (t), · · · , xψ

n(t))T

= (A1, A2, · · · , An)T , (23)

where

A1 =
n∑

j=1

d1j(t)ψj(t− η1j(t)) +
∫ t

−∞
e−

∫ t
s

a11(ζ)dζ lψ1 (s)ds,

A2 =
n∑

j=1

d2j(t)ψj(t− η2j(t)) +
∫ t

−∞
e−

∫ t
s

a22(ζ)dζ lψ2 (s)ds,

An

n∑

j=1

dnj(t)ψj(t− ηnj(t)) +
∫ t

−∞
e−

∫ t
s

ann(ζ)dζ lψn (s)ds

and

lψi (s) = −
n∑

j=1,j 6=i

aij(s)ψj(s)

−
n∑

j=1

bij(s)ψj(s− τij(s))

+
n∑

j=1

cij(s)
∫ s

−∞
Kij(s− θ)ψj(θ)dθ

+
n∑

j=1

dij(s)(aii(s)dij(s) + d
′
ij(s))ψj(s− ηij(s))

−ei(s)
∫ s

−∞
e
∫ s

ξ
αi(ζ)dζ(βi(ξ)ψi(ξ)

+γi(ξ)ψi(ξ − δi(ξ)))dξ

−fi(s)
∫ s−σi(s)

−∞
e
∫ s−σi(s)

ξ αi(ζ)dζ(βi(ξ)ψi(ξ)

+γi(ξ)ψi(ξ − δi(ξ)))dξ + ri(s). (24)

Define a mapping F : B → B as follows

Fψ(t) = Zψ(t), for any ψ ∈ B. (25)

For any φ, ψ ∈ B, we have

|(F (φ)− F (ψ))|
= (|(F (φ(t))− F (ψ(t)))1|, |(F (φ(t))− F (ψ(t)))2|,
· · · , |(F (φ(t))− F (ψ(t)))n|)T ≤


∑n
j=1 d1j(t)|φj(t− η1j(t))− ψj(t− η1j(t))|
+

∫ t

−∞ e−
∫ t

s
a11(ζ)dζ |lφ1 (s)− lψ1 (s)|ds∑n

j=1 d2j(t)|φj(t− η2j(t))− ψj(t− η2j(t))|
+

∫ t

−∞ e−
∫ t

s
a22(ζ)dζ |lφ2 (s)− lψ2 (s)|ds

· · ·∑n
j=1 dnj(t)|φj(t− ηnj(t))− ψj(t− ηnj(t))|
+

∫ t

−∞ e−
∫ t

s
ann(ζ)dζ |lφn(s)− lψn (s)|ds




.

(26)

On the other hand, by (24), we get

|lφi (s)− lψi (s)|

=
n∑

j=1,j 6=i

aij(s)|φj(s)− ψj(s)|

+
n∑

j=1

bij(s)|φj(s− τij(s))− ψj(s− τij(s))|

+
n∑

j=1

cij(s)
∫ s

−∞
Kij(s− θ)|φj(θ)− ψj(θ)|dθ

+
n∑

j=1

dij(s)(aii(s)dij(s) + |d′ij(s)|)|φj(s− ηij(s))
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−ψj(s− ηij(s))|
+ei(s)

∫ s

−∞
e
∫ s

ξ
αi(ζ)dζ(βi(ξ)|φi(ξ)− ψi(ξ)|

+γi(ξ)|φi(ξ − δi(ξ))− ψi(ξ − δi(ξ))|)dξ

+fi(s)
∫ s−σi(s)

−∞
e
∫ s−σi(s)

ξ αi(ζ)dζ(βi(ξ)|φi(ξ)− ψi(ξ)|
+γi(ξ)|φi(ξ − δi(ξ))− ψi(ξ − δi(ξ))|)dξ

≤
n∑

j=1,j 6=i

aij(s) sup
t∈R

|φj(t)− ψj(t)|

+
n∑

j=1

bij(s) sup
t∈R

|φj(t)− ψj(t)|

+
n∑

j=1

cij(s)
∫ s

−∞
Kij(s− θ) sup

t∈R
|φj(t)− ψj(t)|dθ

+
n∑

j=1

dij(s)(aii(s)dij(s) + |d′ij(s)|)

sup
t∈R

|φj(t)− ψj(t)|+ ei(s)
∫ s

−∞
e
∫ s

ξ
αi(ζ)dζ

×(βi(ξ) sup
t∈R

|φi(t)− ψi(t)|
+γi(ξ) sup

t∈R
|φi(t)− ψi(t)|)dξ

+fi(s)
∫ s−σi(s)

−∞
e
∫ s−σi(s)

ξ αi(ζ)dζ(βi(ξ)

sup
t∈R

|φi(t)− ψi(t)|+ γi(ξ) sup
t∈R

|φi(t)− ψi(t)|)dξ

=

[
n∑

j=1,j 6=i

aij(s) +
n∑

j=1

bij(s)

+
n∑

j=1

cij(s)
∫ ∞

0

Kij(θ)dθ

+
n∑

j=1

dij(s)(aii(s)dij(s) + |d′ij(s)|)
]

sup
t∈R

|φj(t)− ψj(t)|

+

[
(ei(s) + fi(s))

∫ s

−∞
e
∫ s

ξ
αi(ζ)dζ(βi(ξ) + γi(ξ))dξ

]

× sup
t∈R

|φi(t)− ψi(t)|

=

[
aii(s) + bii(s) + cii(s)

∫ ∞

0

Kii(θ)dθ

+dii(s)(aii(s)dii(s) + |d′ii(s)|)

+(ei(s) + fi(s))
∫ s

−∞
e
∫ s

ξ
αi(ζ)dζ(βi(ξ) + γi(ξ))dξ

]

× sup
t∈R

|φi(t)− ψi(t)|

+

{
n∑

j=1,j 6=i

[
(aij(s) + bij(s) + cij(s)

∫ ∞

0

Kij(θ)dθ

+dij(s)(aii(s)dij(s) + |d′ij(s)|)
]}

× sup
t∈R

|φj(t)− ψj(t)|. (27)

Let

Θii(s) = aii(s) + bii(s) + cii(s)
∫ ∞

0

Kii(θ)dθ

+dii(s)(aii(s)dii(s) + |d′ii(s)|)
+(ei(s) + fi(s))

∫ s

−∞
e
∫ s

ξ
αi(ζ)dζ(βi(ξ) + γi(ξ))dξ,

Θij(s) = (aij(s) + bij(s) + cij(s)
∫ ∞

0

Kij(θ)dθ

+dij(s)(aii(s)dij(s) + |d′ij(s)|), i 6= j.

where i = 1, 2, · · · , n. It follows from (27) that

|lφi (s)− lψi (s)| ≤ Θii(s) sup
t∈R

|φi(t)− ψi(t)|

+
n∑

j=1,j 6=i

Θij(s) sup
t∈R

|φj(t)− ψj(t)|, (28)

where i = 1, 2, · · · , n. Then

n∑

j=1

dij(t)|φj(t− ηij(t))− ψj(t− ηij(t))|

+
∫ t

−∞
e−

∫ t
s

aii(ζ)dζ |lφi (s)− lψi (s)|ds

≤
n∑

j=1

dij(t) sup
t∈R

|φj(t)− ψj(t)|

+
∫ t

−∞
e−

∫ t
s

aii(ζ)dζΘii(s)ds sup
t∈R

|φi(t)− ψi(t)|

+
n∑

j=1,j 6=i

∫ t

−∞
e−

∫ t
s

aii(ζ)dζΘij(s)ds

× sup
t∈R

|φj(t)− ψj(t)|
= Λii sup

t∈R
|φi(t)− ψi(t)|

+
n∑

j=1,j 6=i

Λij sup
t∈R

|φj(t)− ψj(t)|, (29)

where

Λii = dii(t) +
∫ t

−∞
e−

∫ t
s

aii(ζ)dζΘii(s)ds,

Λij = dij(t) +
∫ t

−∞
e−

∫ t
s

aii(ζ)dζΘij(s)ds, i 6= j,

where i = 1, 2, · · · , n. It follows from (26) and (29) that

|(F (φ)− F (ψ))|
= (|(F (φ(t))− F (ψ(t)))1|, |(F (φ(t))− F (ψ(t)))2|,
· · · , |(F (φ(t))− F (ψ(t)))n|)T

(30)
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≤




Λ11 supt∈R |φ1(t)− ψ1(t)|
+

∑n
j=1,j 6=1 Λ1j supt∈R |φj(t)− ψj(t)|
Λ22 supt∈R |φ2(t)− ψ2(t)|

+
∑n

j=1,j 6=2 Λ2j supt∈R |φj(t)− ψj(t)|
· · ·

Λnn supt∈R |φn(t)− ψn(t)|
+

∑n
j=1,j 6=n Λnj supt∈R |φj(t)− ψj(t)|




=




Λ11 Λ11 · · · Λ1n

Λ21 Λ22 · · · Λ2n

· · · · · · · · · · · ·
Λ21 Λn2 · · · Λnn




n×n

×




supt∈R |φ1(t)− ψ1(t)|
supt∈R |φ2(t)− ψ2(t)|

· · ·
supt∈R |φn(t)− ψn(t)|




n×1

= Λ(sup
t∈R

|φ1(t)− ψ1(t)|, sup
t∈R

|φ2(t)− ψ2(t)|,

· · · , sup
t∈R

|φn(t)− ψn(t)|)T

= Λ(sup
t∈R

|(φ(t)− ψ(t)1|, sup
t∈R

|(φ(t)− ψ(t))2|,

· · · , sup
t∈R

|(φ(t)− ψn(t))n|)T . (31)

Then we get



supt∈R |(F (φ(t))− F (ψ(t)))1|
supt∈R |(F (φ(t))− F (ψ(t)))2|

· · ·
supt∈R |(F (φ(t))− F (ψ(t)))n|




≤




supt∈R |(φ(t)− ψ(t))1|
supt∈R |(φ(t)− ψ(t))2|

· · ·
supt∈R |(φ(t)− ψ(t))n|


 . (32)

For any positive integer m, by (31), we have



supt∈R |(Fm(φ(t))− Fm(ψ(t)))1|
supt∈R |(Fm(φ(t))− Fm(ψ(t)))2|

· · ·
supt∈R |(Fm(φ(t))− Fm(ψ(t)))n|


 =




supt∈R |(F (Fm−1(φ(t)))− F (Fm−1(ψ(t))))1|
supt∈R |(F (Fm−1(φ(t)))− F (Fm−1(ψ(t))))2|

· · ·
supt∈R |(F (Fm−1(φ(t)))− F (Fm−1(ψ(t))))n|




≤ Λ




supt∈R |(Fm−1(φ(t))− Fm−1(ψ(t)))1|
supt∈R |(Fm−1(φ(t))− Fm−1(ψ(t)))2|

· · ·
supt∈R |(Fm−1(φ(t))− F (Fm−1(ψ(t)))n|




≤ · · ·

≤ Λm




supt∈R |(φ(t)− ψ(t))1|
supt∈R |(φ(t)− ψ(t))2|

· · ·
supt∈R |(φ(t)− ψ(t))n|


 (33)

By (H4), we get
lim

m→+∞
Λm = 0, (34)

which implies that there exists a positive integer N∗ and a
positive constant µ0 < 1 such that

ΛN∗
= (κij)n×n and

n∑

j=1

κij ≤ µ0, i = 1, 2, · · · , n. (35)

It follows form (32) and (34) that

|(FN∗
(φ)− FN∗

(ψ))i|

≤
n∑

j=1

κij sup
t∈R

|φ(t)− ψ(t)|

≤ max
1≤i≤n

sup
t∈R

|φ(t)− ψ(t)|
n∑

j+1

κij

≤ µ0||φ− ψ||, i = 1, 2, · · · , n. (36)

Thus

||FN∗
(φ)− FN∗

(ψ)|| =
max

1≤i≤n
|(FN∗

(φ)− FN∗
(ψ))i| ≤ µ0||φ− ψ||, (37)

which implies that the mapping FN∗
: B → B is a

contraction mapping. In view of Lemma 3.4, F has a unique
a fixed point x∗(t) in B. Thus system (18) has a unique
almost periodic solution x∗(t) = (x∗1(t), x

∗
2(t), · · · , x∗n(t))T ,

then (N∗
1 (t), N∗

2 (t), · · · , N∗
n(t))T =

(ex∗1(t), ex∗2(t), · · · , ex∗n(t))T is the unique almost
periodic solution of (17). Thus, by Lemma 3.5,
(ex∗1(t), ex∗2(t), · · · , ex∗n(t), u∗1(t), u

∗
2(t), · · · , u∗n(t))T is

the unique almost periodic solution of (11). The proof of
Theorem 3.1 is completed.

IV. NUMERICAL EXAMPLE

In this section, we will give an example to illustrate the
feasibility and effectiveness of our main results obtained in
previous sections. Considering the following neutral multi-
species logarithmic population model with feedback controls





dN1(t)
dt

= N1(t)

[
r1(t)−

2∑

j=1

a1j(t) ln Nj(t)

−
2∑

j=1

b1j(t) lnNj(t− τ1j(t))

+
2∑

j=1

c1j(t)
∫ t

−∞
K1j(t− s) lnNj(s)ds

−
2∑

j=1

d1j(t)
d lnNj(t− η1j(t)

dt

− e1(t)u1(t)− f1(t)u1(t− σ1(t))

]
,

du1(t)
dt

= −α1(t)u1(t) + β1(t) lnN1(t)

+ γ1(t) ln N1(t− δ1(t)),
(38)

where kij = e−s, r1(t) = 1 + sin t, a11 = 1 + sin t, a12 =
1 + cos t, b11 = 0.3 + sin t, b12 = 0.2 + cos t, c11 =
0.1 + sin t, c12 = 0.3 + cos t, d11 = 0.4 + sin t, d12 =
0.5 + cos t, τ11 = 0.2 + 0.4 sin t, τ12 = 0.3 + 0.1 cos t, η11 =
0.3 + 0.2 sin t, η12 = 0.2 + 0.1 cos t, e1(t) = 0.2 +
sin t, f1(t) = 0.2 + cos t, σ1(t) = 0.4 + 0.2 sin t, δ1(t) =
0.3 + 0.3 sin t, α1(t) = 0.4 + cos t, β1(t) = 0.3 +
sin t, γ1(t) = 0.5+cos t. Then by Matlab software, we have∫∞
0

Kij(s)ds = 1, ρ(Λ) ≈ 0.3472 < 1. Thus all assumptions
in Theorems 3.1 are fulfilled. Thus we can conclude that
(37) has a unique positive periodic solution. The results are
verified by the numerical simulations in Fig. 1.
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Fig. 1. Time response of state variables N1(t) and u1(t).

V. CONCLUSIONS

In this paper, we study a neutral multi-species logarithmic
population model. Applying the matrix,s spectral theory,
we establish some sufficient conditions for the existence
and uniqueness of almost periodic solution of the neutral
multi-species logarithmic population model. The obtained
sufficient conditions are given in terms of spectral radius
of explicit matrices which are much different from those by
the algebraic inequalities. An example is given to illustrate
the feasibility and effectiveness of the obtained results. The
results of this paper are completely new and generalize
those of the previous studies in [8-14]. Recently, the almost
periodic solution of discrete neutral multi-species logarithmic
population models has also paid more attention by numerous
researchers. However, there are very few results on the
almost periodic solutions of discrete neutral multi-species
logarithmic population models, which might be our future
research topic.
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