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Convergence Analysis of Some New
Preconditioned AOR Iterative Methods for
L-matrices

Zhengge Huang*, Ligong Wang, Zhong Xu and Jingjing Cui

Abstract—In this paper, we present a new preconditioner
which generalizes two known preconditioners proposed by
Wang et al. (2009) and A. J. Li (2011), and prove that the
convergence rate of the AOR method with the new precondi-
tioner is faster than the preconditioners introduced by Wang
et al. Moreover, we propose other two new preconditioners and
study the convergence rates of the new preconditioned AOR
methods for solving linear systems. Comparison results show
that the new preconditioned AOR methods are better than those
of the preconditioned AOR methods presented by J. H. Yun
(2011) and A. J. Li (2012). Finally, numerical experiments are
provided to confirm the theoretical results studied in this paper.

Index Terms—preconditioner, preconditioned AOR method,
Linear system, AOR method, L-matrices.

I. INTRODUCTION

OLUTIONS of linear systems arise from the scientific

computing and engineering technique, such as solv-
ing the steady incompressible Navier-Stokes problem [1],
preconditioning techniques for large sparse systems arising
in finite element limit analysis [2], multigrid method for
linear complementarity problem and its implementation on
GPU [3], fourth-order singly diagonally implicit Runge-
Kutta method for solving one-dimensional Burgers’ Equation
[4] and so forth. So, research of methods for solving linear
systems has important theoretic significance and practical
applications. In this paper, by constructing three new pre-
conditioners and combining with the theories of nonnegative
matrices, we will conduct further research in preconditioned
AOR iterative methods for solving linear systems. In theory,
we prove that the convergence rates of the AOR method with
the new preconditioners are faster than the existing ones. To
illustrate our results, some numerical experiments are given.

Consider the following linear system

; 6]

where A € R"*" b € R" are given and x € R is unknown.

For simplicity, we let A = I — L — U, where [ is the
identity matrix, L and U are strictly lower and strictly upper
triangular matrices, respectively. Then the iteration matrix of

Az =10
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the AOR iterative method [5] for solving the linear system
(1) is

Liw=(I—rL) (1 —w)+ (w—7r)L+wU], (2)

where w and r are real parameters with w # 0.

In order to accelerate the convergence of iterative method
for solving the linear system (1), the original linear system
(1) is transformed into the following preconditioned linear
system

PAx = Pb, (3)

where P is called a preconditioner, is a nonsingular matrix.
The preconditioned system (3) with the different precondi-
tioners P have been proposed by many authors [6], [7], [8],
(91, [10], [11], [12], [13], [14], [15], [16], [17], [18], [19],
[20], [21].

In 2009, Wang and Li [6] and in 2011, A. J. Li [7]
presented preconditioners P = I + S, 3 and P=TI+ S”aﬁ
for L-matrices, respectively, where

R ) B j=n, =1
Sa,ﬁ = (Sij)an = { 0 alothers. ,
: me By i=lj=m

Sa.ﬂ = (gij)nxn = { 0

In 2011, J. H. Yun [8] obtained a preconditioner P; =
I + S for L-matrices, where

—0G a5 541
Sl == (Slij)nxn = { ’

others.

i=1,--,n—1;

0, others.

In 2012, A. J. Li [9] proposed another preconditioner P, =
I + S5 for L-matrices, where

—Pi+104 (2 7’2177”_15
Sy = (32ij)n><n = { 0’51—"—01“11;,18"
Let
AZL’ = B, AZL’ = lA), Alfﬂ = bl, AQ(L’ = bQ, (4)

where A = (I+S0,5)A, b= (I+Sa5)b, A= (I+544)A,
b=+ Sap)b, Ay =T +P1)A b=+ P)b Ay =
(I + Py)A, by = (I + Py)b. Let

Ai=D; —L; —U;(i=1,2), )

where [), —Z, —U and D, —ﬁ, —U are diagonal, strictly
lower and strictly upper triangular matrices of A and A, re-
spectively, moreover, D;, —L;, —U; (i = 1,2) are diagonal,
strictly lower and strictly upper triangular matrices of A;
(i =1,2). p(A) denotes the spectral radius of A.

(Advance online publication: 14 May 2016)
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Applying the AOR method to the preconditioned linear
systems (4), we get the corresponding preconditioned AOR
(PAOR) iterative methods and their iterative matrices are

Lew = (D=rL) 7 [(1=w)D+ (w—r)L+wU], (6
Lirw = (D1 — L) ' [(1 — w)Dy + (w — r) L1 + wli],(7)
Loyw = (D2 —7L2) '[(1 — w)Da + (w — ) Lz + wl2],(8)

respectively, where w and r are real parameters with w # 0.

In this paper, we continue this research on the precon-
ditioned AOR method for linear system and consider the
new preconditioners P=1TI+ Sag =1+ So,[a + Sa B
Pr=1+4Sf=I+5+5 P =1+S5; _I+SZ+S*
where

0 0 —anain 0 0---0
~ o : A 0 0---0
S =1: : : : , S* = 7
0---0 0 : ol
0---0 0 —B16,1 0 -+ 0
and the corresponding preconditioned linear systems are
Az =b, Az =10b;, Asx =10}, )
where A = (14 S,.3)A, b= (I+5,5)b, A} = (I +57)A,
by = (I+57)b, A5 = (I+53)A and b} = (I+52)b Similar
to (5), let
A=D-L-U,

where D, —L, —U are diagonal, strictly lower and strictly
upper triangular matrices of A, respectively. Moreover, D7,
—L7, =Uy and D3, —L3, —UJ are diagonal, strictly lower
and strictly upper triangular matrices of A} and A3, respec-
tively. The iterative matrices of AOR method for solving (10)
are

Lrvw:(DfrE)fl[(lfw)D+(wfr)L+wU], (11
L3 pw=(Df —rL}) ' [(1 —w)D} + (w —r)L} + wU;](12)
L3 w=(D3 —rL5) " '[(1 —w)Dj + (w —r)L3 + wU3](13)

The rest of the paper is organized as follows. In Section
II, we collect some needed known concepts and lemmas. In
Section III, we prove that, for the PAOR iteration, the new
preconditioner P = [+, .3 can make the iteration converge
faster than the preconditioner P = I + S, ,3- Furthermore,
the new preconditioners P = I + S7 and Py = I + S5
make the iteration converge faster than the preconditioners
P =1+5; and P, = I 4+ S, respectively. In Section 1V,
we give several numerical examples to illustrate the obtained
results in Section III. In Section V, we give the conclusions.

II. PRELIMINARIES

We shall use the following lemmas and results.

For a vector z € R™, x > O(z > 0) denotes that all
components of z are nonnegative (positive). For two vectors
x,y € R", x > y(xr > y) means that z —y > 0(z —y >
0). These definitions carry immediately over to matrices. A
matrix A = (a;;) € R"™" is called a Z-matrix if a;; <0
for i # j, an L-matrix if A is a Z-matrix and a;; > 0 for
i =1,2,---,n, and a nonsingular M-matrix if A is a Z-
matrix and A~! > 0. A matrix A is called irreducible if the
directed graph of A is strongly connected [22].

Lemma 2.1 [22] Let A > 0 be an irreducible matrix. Then
(a) A has a positive eigenvalue equal to p(A).
(b) A has an eigenvector z > 0 corresponding to p(A).
(c) p(A) is a simple eigenvalue of A.

Lemma 2.2 [23] Let A > 0 be a matrix. Then the
following hold.
(a) If Ax > B for a vector z > 0 and x # 0, then p(A) > 0.
(b) If Ax < vz for a vector z > 0, then p(A) < ~. Moreover,
if A is irreducible and if fx < Az < vz, equality excluded,
for a vector x > 0 and = # 0, then 5 < p(4) < v and
z > 0.
(©) If Bz < Az < ~z for a vector > 0, then 8 < p(A) < 7.

Lemma 2.3 Let A = (ai;)nxn be an L-matrix with 0 <
A1nlnl < al(al >1), 0 < arpan < ag(ag >1)and §; €
(—o o, ) V(1= o, —220), B € (~22 +
a}u E;)ﬂ((lf—)aln,f%) and0<r<w< 1(w7é
0 and 7 # 1), then the iteration matrix Ly, defined by (11)
is nonnegative and irreducible.

Proof.
gl g2 “ .. gS
_ _ a1 1 -+ agy,
A=T+8.p0A=| . . ", a9
g4 g5 -+ YGe

where g1 =1 — (a1; + B2)ant, g2 = ar2 — ((22 + B2)ana,
g3 = (1 - O%z)aln BQa g4 = (1 - 7)an1 ﬁl, gs = Qp2 —
(e +p1)arz and gg = 1— (2t +[313a1n Since f; < —L,

ﬂ? < 70%2", we haYe b1+ % <0, B2+ % < 0. Thus,
since A is a L-matrix, we have

an
(A )h =ay; — (B + afll)am <a;; <0
(z 3, ,n—1),
- a
(A)IL] Apj — (ﬂZ + aL:)alj < An j <0
(j=2,3,---,n—1).
Moreover, $; > (1 — —)anl, Ba > (1— 12 )a1n, SO We can
get
- 1
(A)ln = (1 - 7)a1n - /82 <0,
s
- 1
(A)nl = (1 - 7)an1 - /81 < 0.
aq

By Equation (14), we obtain (A4);; = (A);;(i = 2,3,--+ ,n—
1,7 =1,2,---,n). Since A is irreducible, we infer that A
is also irreducible. Inasmuch as A is a L-matrix, L > 0,
U >0,and 3 > “”1+— Ba > — a1n+71 we have
(‘%1 +p1)ar, <1, (‘11" —i—Bg)anl < 1, which means that D
is a positive diagonal matrix. From Equation (11), we have

Ly

=(D—7rL)" (1 —w)D + (w—r)L + wU]
=(I—rD'L) (1 —w)I + (w—7r)D 'L +wD U]
={I+rD 'L+ (rD'L)*+--- 4+ (rD'L)"")

x[(1 = w)I + (w—r)D™'L +wD™ U]
=1 —-w)+wl—r)D'L+wD'U+T, (15)
where
T=rD 'L{(w— T)Dfli +wD U] +
[(rD7'L)?* 4+ (rD7'L)" 1] x
[(1—w)+ (w—7)D'L+wD U] >0

(Advance online publication: 14 May 2016)
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So L., > 0. Since A is irreducible and 0 < w < 1,0 < r <
1, (1—w)+w(l—7r)D*L+wD~U is also irreducible.
Thus, Lr_,w is nonnegative and irreducible.

Lemma 2.4 Let A = (a;j)nxn be an L-matrix with
Q5 410541, < land 0 < q; <1 foralll1 <i<n-—1.
Assume that oja; ;41 # 0 for some ¢ < n and a1, # 0,
0 < a, < mm{1 et e al‘“f‘””} and 0 < r <
w < 1(w # 0 and r 7& 1) then the iteration matrix L7, ,
defined by (12) is nonnegative and irreducible.

Proof.

hi hy -+ hs

hy hs -+ hg
Ai=UI+SPDA=| . . . .|,

Gpl Gp2 - 1

where hl =1- a1A12021 — OpA1nanl, hQ = (]. — al)au —
Qnlinln2, b3 = (1 — ay)a1, — @1a1202,, by = a2 —
apa23a31, hs = 1 — agagzazg and hg = a2, — 2a2303,.
Since o;a; ;41041 < 1 forall 1 <i < n-—1,and 0 <
Qn, < min{i=22021 q arizdan b we have

A1nAnl ain
(AD)ii =1 — a5 410541 >0, (1=2,3,---
(A =1>0,

.
(AD)11 =1 — a1a12a21 — @pa1nGR1 > 0.

7”71)7

Thus, D7 is a positive diagonal matrix.
Moreover, since 0 < o, < mm{lfll%fm 1 -

ot 0 < a; < 1foralll <7< n-—1and A is
a L-matrix, we have

)i = a1 — Q1612025 — pGinln; < a1; <0

(A1

(1=2,3,- n—1),

(A7)12 (1 —a1)a12 — QpG1Ran2 < (1 — ai)azz <0,
(AD)1n = (1 — ap)ar, — araizaz, <0,

(A7)ij = aij — Qs 5410541, < a5 <0

(1=2,3,--- ,n—1;7=1,2,--- ;myji#ji+1#7j),
(A ) = (1 —a;)ag; <0

(i = en—1;=1,2,--- n;i+1=7),
(A*)nj—am<0(j—12 ,n—1).

Since A is irreducible, we deduce that A} is also irre-
ducible. Since A is a L-matrix, LT > 0, Uy > 0. It follows
from Equation (12) that

LY

= (D1 —rL}) 7M1

= —r(D})7'Ly)™

[(1—w)l + (w—r)(Dl)_lLIJrIU(DT)_lUT]

=1 —w)l +w(l —r) (D))" LT +w(D;) " UY + T,
(16)

)Di‘ + (w—7)L] + wU7]

where 71 > 0. So L7, , > 0. Since Aj is irreducible
and 0 < w < 1,0 < r < 1, (1 —w)l + wl —
r)(D})"'L; + w(D3)~1U; is also irreducible. Therefore,
L7, . is nonnegative and irreducible.

Similar to the proof of Lemma 2.4, we obtain the following
lemma.

Lemma 2.5 Let A = (a;j)nxn be an L-matrix with
0 < ﬁiai7¢71ai,1,i <1, Biam,l 75 0 and 0 < ﬂ, <1
for 2 < i < n. Assume that a,; # 0, 0 < 51 <

s l1-Bnann—1an—1,n Bnann 1Gn-1,1
mln{ A1nanl 1 } and 0 < r <

w < 1(w # 0 and r 7& 1), then the iteration matrix L3, .
defined by (13) is nonnegative and irreducible.

Lemma 2.6 [24] Let A = (a;;) € R™ ™ be an upper
triangular matrix or a lower triangular matrix, then A is a
nonsingular M -matrix if and only if A is a L-matrix.

Lemma 2.7 [24] If A is a nonsingular M -matrix, then
A7t >0.

III. COMPARISON THEOREMS FOR PRECONDITIONED
AOR METHODS

In this section, we present some theorems to compare
the convergence rates of the preconditioned AOR methods
proposed in this paper with the methods in [6], [8], [9].

Under the above assumptions, we easily get the following
equations.

(ED Sas = Sap+ Sa

o,B5 . -

E)D=D+D-I,L=LU=0U,L=L1U=U;
(E3)p L—I-l—Saﬁ L—-8,8U,D-U=1+85,3—
U — SaﬁL y o
(B4) SasL =0, SogU =0, Sy 5 L:(_), 0,0 =0
(ES) D—U = D+ 803 —U—Sa gL, D=L =D+S, 45—
L— S”gUA . R . o
(E6) U=U~ SapL+Sap+SapSi, L=L~S.pU+
Sa,p + Sa,3522, where

0O O - 0 00 —Q1n

0 0---0 00 --- 0
S = co | S : ;

a4y 0 - 0 00 -- 0
E7 D, =1-— Dl, Ly =L+ Ll, U =U-5+5U

SiL = D1 + Ll, where D1 and L1 are diagonal, strlctly
lower triangular matrices of S7L

(B8) Df =1 — Dy — D = D1 Dy, L’{ =L+1L =Ly,
Uy = U751+51U+U175* = U, + U, — 5%,
S*L = D1 + U1, where D1 and U1 are diagonal, strictly
upper triangular matrices of S*L

(E9) Dy = I — Do, Ly = L — Sy + SoL, Uy = U + Us,
SoU = [)2 + Ug, where 152 and Ug are diagonal, strictly
upper triangular matrices of Sz U,

(Bl0) Dy = I — Dy — Dy = Dy — D
LQZL—S2+52L—S*+L2: 2_5*+L2,
Us =U+ U2 Us, S*U = Dg + Lg, where Dg and Lg

are diagonal, strictly lower triangular matrices of S*L

We first compare the covergence rate of the preconditioned
AOR method defined by Equation (11) with that of the
preconditioned AOR method defined by Equation (6).

Lemma 3.1 Let A = (aj;)nxn be an L-matrix with 0 <
apan < ay(ag > 1), f1 € (—%11 + ﬁ,—%)ﬂ((l —

L )am, anll) and 0 <r <w < 1(w#0,r #£1). 2=
(xl, T, -+ ,3,)T > 0 be the positive Perron vector of Er,w
with respect to its spectral radius A = p(L, ). Then

(w—1+NF +w) a3 =0. (17)

j=2

Proof. Since Er’wi = S\:i we have
(1 —w)D + (w —r)L +wU]E = \(D —rL)&. (18)

(Advance online publication: 14 May 2016)
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Consider the first entry of (18), we have (1 — w)%; —
n

w Z alj.’i]’ = )\fi’l, i.e.,
j=2

n
(’LU— 1 +5\)3~31 +wZa1jij =0.
=2

Theorem 3.1 Let L, , and L,, be the iteration ma-
trices of the AOR method given by (6) and (11), respec-
tively,. If 0 < r < w < l(w # 0 and r # 1)
and A is an irreducible L-matrix with 0 < aijpan1 <
041(041 > 1), 0 < a1pa,1 < 042(042 > 1) and [
(i + g ) (L~ an, —%2). o € (~52 +
TL7__%)H((1 — )ain, — aal’) then
)) p(L_r,w) < p(LN7 ) < p(Lr,w) <1, if p(Lr,w) <1
(i) p(L_T,w) = p(Lj,w) = p(an) =1,if p(an) =1
(i) p(Lrw) > p(Lraw) > p(Lraw) > 1, if p(Lrw) > 1.
Proof. By Lemma 2.3 and Lemma 3 in [6], it is clear that
the iteration matrices Lrw and Lr w are nonnegative and
irreducible. So there is a positive Perron vector Z, such that

L% = \i, (19)

where \ = p(ir’w). By Equations (18) and (E2), we have

wUE =wUi = (A —1+w)Di + (r — w— M) L. (20)
Combining (19) with (20) results in

3
g
&
|
>
SH

Il
—~ . —
o O

|

< 03

wll

=

N
— ==
e = S

£
S

S

I
£ES

+
—
jor

1-A)D+

—~1)D+ (w—r+4 X r)(L - L)
L)1 - %)(D — D) —w(Sas — Sa,pL))i

rL)"H(1 =X (D = D) — wSs 5 +

WS4 (L — Se,gU + Sap + Sa.5522)] 7.

—~ o~~~

— w(S’aﬁ — S’aﬁL)}f

L o >

-r

According to Equation (18), we derive Lz = w—:-s-f\r [(A—

1+w)D — wﬁ]i Thus
L@ — A&
=(D—rL)~'[(1=X)(D - D)
S ( —~a[3U+§ag+Sa,g522)]§
b ~ (D~ D) - s
+wSa ,(3L + wSa 5( o 5522 + Sa B Sa BU)}.f
(D—rL) ' [(1=X)(D - D)
(A

b S sl(A—1+w)D — wl]
w—7r+Ar

+wS4 5(50.8522 + Sa.p — S sU))Z

— w8,

—wSag

=(D—rL)7H(1 = A)(D - D) —wSap
+w(/\ -1 +~w) Sa,BD
w—1r+Ar

+w§a,@(5‘a,g522 + ga,[j — Sa)gU)].CE

=(D—rL) M1~ N(D }
“F’LUSQB(S BS2Q+S SagU—I)
+ii—tﬂﬂs pDJi=(D—rL)"'C&, (1)
—r+Ar

where C' = (1 — A)(D — D) 4+ 0S4 5(Sa.352 + Sa.p —
SopU—1T)+ wqf}iri':w)S D.Let C = (€ij)nxn, then the
matrix C satisfies the followmg properties:

e = w(B2 4 B2 51) = (1= (22 + B,

A1n

C1j :w(i +62)(a71+51)a1j7 (.7 :233a"' ,’I”L*].),
an wA — 14 w)

! ( ) - w—1r—+ Ar

ain
(O% +62>[1 ~ (4 Bana),
Cij _0’ (1_2737 _1727 ,TL).
By Lemma 3.1, we have (w — 1+ 5\)5:1 +w ) a;z; =0,

Jj=2
so we get

(w—1+Xxm”+&xE—+ﬁﬂ

(2 +/3z><— + Br)ar;E; = 0.

Jj=2 az
Further, we have
n—1
(C@)l =c1121 + Z Cljjj + CcinTn
j=2

(1- )\)(% + Bo)an 1

(‘;ﬂ o+ B2) (I + B -

(o

j=2

_w()\ -1 —l—w)(aln
w—r1r-+ 5\7' (%)

—(w—1 +X><— +52><% +B1)E
R
(=12 4 gl - ailml B
+w(1 — /\)(1~— T) (&

w—7r-+Ar (o)
O DI 4 8)[(1 = s =l
B w(l —r) ain

w—r—i—S\T (&%)
()\—1)6,

anl

72 + 62 — + ﬁl)aljxj + w(i + 52)

+ B[l — <% + B1)arn)En

anl

+ 52)( + B1)a;%;

+B2)[1 = (221 4+ B1)arn)@n
(€51

+ Ba)[1 — @ + B1)ain)En}
(22)

(G2 + B)[(1 — Ham — Aldr —
(aalz” + Bo)[l — (& + Bi)ain|Zn. Since B €
ain’ aawll)ﬂ((l - 7)an17_7) ﬁQ € ( aln +
T}le aof;“)ﬂ((l - 7)0’1717 alf)’ we have a;; + 52
0, (1—6%1)%1—& <0, 1-— (%+ﬂ1)a1n>0.
Thus, by conditions 0 < r < w < 1(w # 0,r # 1), w
have e > 0. Moreover, by Lemma 2.3, we can obtain that
D is a positive diagonal matrix and L > 0, then by Lemma

where e
w(l=r) r)

EU ng)\r
anil

(Advance online publication: 14 May 2016)
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2.6, we obtain that D — L is a nonsingular M -matrix, so by
Lemma 2.7 we have (D—rL)~! > 0and (D—rL)~1); > 0
for:=1,2,---,n, so we have

() If0 < A = p(L; ) < 1, by Theorem I in [6], we have
0<XA<\<1,then (C%)1 < 0, so, we have L, ,7— A7 <0
but is not equal to the null vector. Therefore Lrwx < A\Z.
By Lemma 2.2, we get p(Ly.w) < p(Lyw) < p(Lyw) < 1;

(i) If A = p(Ly.) = 1, by Theorem 1 in [6], we have =
A =1, then (CZ); = 0, so, we have Lrwx—)\x =0, ie.,
Ly Wi = A\7. By Lemma 2.2, we get p(LT w) = p(iw) =
p(Lrw) =1;

(iii) If A = p(Ly4) > 1, by Theorem 1 in [6], we have
A > )\ > 1, then (C:v)l > 0, so, we have L, ,& — Az >0
but is not equal to the null vector. Therefore anfv' > 7.
By Lemma 2.2, we get p(Ly.,) > p(ir,w) > p(Lyy) > 1.

From Theorem 3.1, it can be seen that the rate of conver-
gence of the preconditioned AOR method defined by (11) is
better than that of the preconditioned AOR method defined
by (6) under some conditions whenever the latter one is
convergent.

We next compare the covergence rate of the preconditioned
AOR method defined by Equation (12) with that of the
preconditioned AOR method defined by Equation (7).

Theorem 3.2 Let A = (a;j)nxn be an L-matrix with
;i i+10iv1,; < land 0 <oy <1forall 1 <i<n-—1.
Assume that oja; ;41 # 0 for some ¢ < n and ai, # 0,
0< ay < Hlll’l{l 1412021 1 a1a12a2n} If o <r<wc<

1(w # 0 and r # 13 then the followmg holds.

@ p(L7 ) < p(L1pw) < p(Lyw), if p(Lyw) <1
(®) p(LF 1) = P(Lrras) = p(Lrw)s if p(Lr) = 1
© (L3 ) > p(L1 ) > p(Lrs)s if p(Lr) > 1.

Proof. By Lemma 2.4 and Theorem 3.4 in [8] it is clear
that the matrices L;,, and L, , are nonnegative and
irreducible. So there is a positive Perron vector x1, such that

(23)
where Ay = p(L1 ,4,). In view of Equation (23), we have
[(1—w)Dy + (w — )Ly + wlh]zy = A (D1 — rLy)zy, (24)
ie.,
[(1—w—=X)Dy+ (w—r7r+ Mr)L; +wU; |z = 0.(25)
Using Equations (E7), (ES8), (12) and (25), we obtain
Lt

Ly wrr = Ai21,

- iz

= (D} — L*) (1 —w)Di + (w — )L} + wUy

=X\ (D] —rL])]z1

= (D} —rL}) 7M1 —w — M) D

+(w =71+ A7) L] + wU{ |z

= (D} —rL}) (1 —w—=\i)(Dy — Dy)

+(w =7+ M)y 4+ w(Uy 4+ Uy — 592
= (Df —rL) (A — 1+ w)Dy 4+ w(lU; — 89z,
= (DF — L) [(A\ — 1)Dy + w(Dy + Uy — §%)]ay
= (Df —rLY) 7Y (M — 1)Dy + w(S*L — §*)]ay

= (D7 —rLH) (M — 1)Dy + wS*(L — Iy

Notice that S*L = S*L,, S* = §*I = §*D;, S*U; =0,
and by Equation (24), we have

w(L1 +U; — Dl)S(}l = ()\1 — 1)(D1 — ’I“Ll)a?l, (26)

which implies that

1= wg*(Ll +U; — D1)$1
= ()\1 — 1)5*(D1 — 7“L1)x1.

wS*(L — I)x

Then, we have

LY w1 — A7
= (D* — L) (A — DDy + wS*(L — D]y
= (l)i< — TLT)il[()\l — I)Dl + ()\1 — 1)5*(D1 — ’I‘Ll)]ﬂ?l

= (/\1 — 1)(D>1k — ’I“L;)_l[bl + S*(Dl — rLl)]xl. 27

By Equation (24) and 0 < r < w < 1(w # 0,7 # 1), we
have

(Dl - rLl)xl
1
= )\—1[(1 —w)Dy + (w— 1)Ly + wUi]z1 > 0. (28)

From Theorem 3.4 in [8], we get A, is irreducible, so %[(1—
w)Dy + (w — 7)L1 + wUi]zy # 0. If the n-th entry of
)\%[(1 —w)Dy + (w —r)L; + wUi]z; is a positive number,
it is easy to get

)
1
= )\—S*[(l —w)Dy + (w— 1)Ly + wUi]zy > 0,
1
S*(Dl —’f’Ll)"El
1 -
= )\—S*[(l —w)Dy + (w— 1)Ly + wUi]z # 0.
1

If w = 1, the n-th entry of (w—1r)Lqx; is a positive number
because of r # 0; In addition, if w = r, the n-th entry of
(1 —w)Dy is 1 —w > 0 because of w = r # 1. Under
tpe above discussions anq D1 > 0, we obtain that [D1 +
S*(Dy — TLl)]l‘l > 0, [Dl + S*(Dl - TLl)}JJl # 0. By
Lemma 2.4, we know that D7 is a positive diagonal matrix
and L7 > 0, then by Lemma 2.6 we obtain that (D7 —
rL7) is a nonsingular M -matrix, so by Lemma 2.7 we have
(Df —rL})~t >0and ((D} — rLi)~1)1 > 0, then (D} —
rL}) "Dy + S*(Dy — rLy)|zy > 0,(Df — rLY) "Dy +
S*(Dl — rLl)]xl 75 0.

(@ If 0 < A = p(Lry) < 1, by Theorem 3.4 in
[8], we have 0 < A1 < A < 1, by Equation (27), we
have Lf_,.wxl — A1z; < 0 but is not equal to the null
vector. Therefore Limﬂzl < Az;. By Lemma 2.2, we get

P(LT ) < P(L ) < p(Lraw) < 1

(b) If A =p(Ly.) =1, by Theorem 3.4 in [8], we have
A1 = A =1, by Equation (27), we have L*{mwxl Az =0,
ie, L7, 71 = A\i71. By Lemma 2.2, we get p(L7 . ,,) =
p(Ll,T,w) = p(Lr,w) =1

(© If A = p(Lyq) > 1, by Theorem 3.4 in [8], we have
A1 > A > 1, by Equation (27), we have L7, , 1 —A121 >0
but is not equal to the null vector. Therefore L1 rawll =
A1xy. By Lemma 2.2, we get p(L7, ) > p(LLW,) >
p(Lr,w) > 1.

Finally, We prove that the following comparison theorem
for the preconditioned AOR method defined by Equation (13)
with that defined by Equation (8).

Theorem 3.3 Let A = (a;j)nxn be an L-matrix with
0<ﬂ7a11 1G5 — 1z<1 /B’La'll 1%Oand0<ﬂ7 Sl
for 2 < i < n. Assume that a,; # 0, 0 < (1 <

mln{l Bnan n—1an—1,n 1 /@nann 10n— 11} Ifo <,r < w <

A1nAnl An1

(Advance online publication: 14 May 2016)
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1(w # 0 and r # 1), then the following holds.
@ p(L510) < p(L2rw) < p(Lraw), if p(Lyw
(b) P(LS ) = P(L2gw) = p(Lrw), if p(Lraw) =1

(©) p(L3 rw) > p(La,pw) > p(Lrw), if p(Lrw) > 1.

Proof. By Lemma 2.5 and Theorem 3.1 in [9], it is clear
that the matrices L., and L3, are nonnegative and
irreducible. So there is a positive Perron vector xo, such that

(29)

) <1

L2,r,w$2 = a2,

where Ay = p(La, ). By Equation (29), we have [(1 —
’LU)DQ + (w — ’I“)LQ + ng]arg = )\Q(DQ — ’I“LQ)Z‘Q, ie.,

[(1 —w — )\2)D2 + (w -7+ )\QT)LQ + 'IUUQ]ZL'Q = 0(30)
Using Equations (E9), (E10), (13) and (30), we obtain

LithQ — X\aZa

= (D3 —rL3) (1 = w)Dj + (w — ) L3 + wU;
—Xa(Dj — rL3)]xs

= (D3 —rL3)” 1[(1 w — A2) D3
+(w =71+ Aor) L5 + wUS 2o

= (D3 —rL3) 7 [(1 —w — Xo)(D2 — Dy)
+(w—r+ )\QT)(LQ — 8% + Lo) + wUs]ay

= (D3 —rL3) (A — 1 —i— 'I,U)DQ
+(w—r+ )\Qr)(LQ — 5%)]x2

= (D3 —7L3) " [(Ag — 1)Da + r(Ag — 1) (L — S*)

w(Dg + Ly — S*)]xg
= (D3 —rL5) 7 (Aa — 1)Dy + 1Ay — 1)(Lg — §*)

w(S*U — 5o
= (D; — ’I“L;)_l[()\g — 1)D2 + T()\Q — 1)(L2 — S*)
+wS*(U — )],
Notice that S*U = S*Ug, S+ =
and by Equation (30), we have w (Lo + Uy — Dy)zo =
1)(Dg — rLs)x4, which yields that
wS’*(U - I)LEQ = wS*(Lg + Uy — DQ)Q?Q
= ()\2 - 1)S*(D2 — TLQ)(EQ.

S*I = §*Dy, S*Ly =0,
(A2 —

Then, we have

L;,r,wx2 — Ao

= (D5 —rL3) "' [(A2 — )Dy + r(A2 — 1)(Ly — §%)
+wS*(U — I)]z,

= (D —rL3) (A2 = 1)Da +r(A2 — 1)(Lz — %)

+(Aa — 1)S*(Dy — L322
= Ay — 1)(D§ — 7Ly "V [Da + r(Ly — 8%)
+§*(D2 —rLy)]xs
= (Ao — 1)(D —rL3) YDy + r(Ly — 8*) + 5* D)y
= (Ao — )(D —rL5) YDy + r(Ly — 8*) + 52
(Ao = 1)(D3 —7L3) " Dy + 1Ly + (1 — )5 |22.31)

Since $* > 0and $* #0, Dy >0, Ly >0,0<r <w <
(w # 0,1 # 1), [Da+ 1Ly + (1 —7)S*]za > 0,[Ds2 +
rLy 4 (1 —r)S8*]xy # 0. By Lemma 2.5 and similar to the
proof of Lemma 2.4, we can obtain that D3 is a positive
diagonal matrix and L3 > 0, then by Lemma 2.6, we obtain
that (D3 —rL3) is a nonsingular M -matrix, so by Lemma 2.7

we have (D3 —rL3)~t >0 and (D3 —rL3)~1);; > 0 for
i=1,2,---,n, so we have (D5 —rL3) " [Dy+rLy+(1—
r)S*xy > 0, (D5 — rL3) Dy + 1Ly + (1 —1)S*]zy # 0.

(@) If 0 < A < 1, by Theorem 3.1 in [9], we have Ao <
A < 1, by Equation (31), we have L;T,MSUQ —Xoxo < 0 butis
not equal to the null vector. Therefore L3, ,,x2 < A2x2. By
Lemma 2.2, we get p(L3 ,.,,) < p(L2rw) < p(Lrw) < 1;

(b) If A = p(Ly) = 1, by Theorem 3.1 in [9], we have
A2 = A = 1, by Equation (31), we have L3 . ,,x2 = Aaw2. By
Lemma 2.2, we get p(L3,. ) = p(Larw) = p(Lrw) = 1;

(c) If A = p(L,») > 1, by Theorem 3.1 in [9], we have
A2 > A > 1, by Equation (31), we have L3 . ,, w2 —Aax2 > 0
but is not equal to the null vector. Therefore L3, 2 >
A27o. By Lemma 2.2, we get p(L3, ) > p(L2rw) >
p(Ly ) > 1.

From Theorems 3.2-3.3, it can be seen that the rates of
convergence of the preconditioned AOR methods defined by
(12) and (13) are better than those defined by (7) and (8)
under some conditions, respectively, whenever the latter ones
are convergent.

IV. NUMERICAL EXAMPLES

In this section, we provide numerical experiments to
illustrate the theoretical results in Section III.

Example 4.1 This example is a numerical example intro-
duced in [6]. The coefficient matrix A of (1) is given by:

1 1 L1 _ 1
nx 1100 3X1100 22
1 1
T mX10+1 1 T (n—1)x10+2 T mx10+2
I N 1 1 I W
3X10+1 (n—2)x10+(n—1) nX10+(n—1)
100 1

0
' 1

1
T (n—1)x10+n T 2X10+n

Table I displays the spectral radii of the corresponding
iteration matrices with some randomly chosen parameters w,
r, a1, Qg, B1, B2, and parameters «q, awo, 1, o satisfy the
conditions of Theorem 3.1, where p = p(Ly.), p = p(Ly.w),
p = p(Ly.). All numerical experiments were carried out
using Matlab 6.5 with a; = aws.

TABLE I
SPECTRAL RADII OF THE AOR AND PRECONDITIONED AOR ITERATION
MATRICES

noow T ool =a B1 B2 p p P

10 09 0.85 100 -14.142857 -0.0449 0.7250 0.1698 0.1681
15 09 038 100 -14.142857 -0.0449 0.7350 0.1905 0.1891
20 095 0.7 50 -13.999999 -0.0444 0.7387 0.1726 0.1711
30 0.95 0.85 200 -14.214285 -0.0451 0.7090 0.1584 0.1579

From Table I, it can be seen that p < p < p when p < 1.
These numerical results are in accordance with the theoretical
results in Theorem 3.1 (i).

Example 4.2 This example is a numerical example intro-
duced in [7] and [9]. The coefficient matrix A of (1) is given
by:

1 -02 -03 —-0.1 —-0.2
-01 1 -01 -03 —-0.1
A= -02 -01 1 -01 -0.2
-02 -0.1 -0.1 1 -0.3
-01 -0.2 =02 =01 1

Table II and Table III display the spectral radii of the
corresponding iteration matrices with some randomly chosen

(Advance online publication: 14 May 2016)
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parameters w, v, where p = p(Ly4,), p2 = p(Layrw), p5 =
p(L5 ,.,,)- All numerical experiments were carried out using
Matlab 6.5 with 8; = 1, 8o = 0.1, B3 = 0.2, 84 = 0.1,
Bs=03inTable lTand 5, =1.1, 8o =1, B3 =1, 54 =1,

Bs = 1 in Table III, respectively.

TABLE 1I
SPECTRAL RADII OF THE AOR AND PRECONDITIONED AOR ITERATION
MATRICES
w r p p2 J2
1 0 0.6551 0.6480 0.6370
0.2 0.1 0.9288 0.9274 0.9251
0.3 0.2 0.8896 0.8876 0.8839
0.6 0.5 0.7531 0.7495 0.7408
0.6 0.6 0.7423 0.7389 0.7295
0.8 0.7 0.6400 0.6358 0.6223
0.9 0.5 0.6297 0.6242 0.6112

From Tables II-III, it can be seen that p5 < py < p when
p < 1. These results are in accordance with the theoretical
results in Theorem 3.3 (a).

TABLE III
SPECTRAL RADII OF THE AOR AND PRECONDITIONED AOR ITERATION

MATRICES

w r p p2 2

1 0 0.6551 0.6205 0.6043

0.2 0.1 0.9288 0.9221 0.9187

0.3 0.2 0.8896 0.8798 0.8746

0.6 0.5 0.7531 0.7395 0.7241

0.6 0.6 0.7423 0.7262 0.7139

0.8 0.7 0.6400 0.6203 0.6030

Example 4.3 [10] The coefficient matrix A of (1) is given

by:
1 g r» s ¢
s 1 q r q
A q s 1 ¢ s 7
r ¢qg s 1 r
s g

s r q s 1

where ¢ = —p/n, r = —p/(n+ 1), s = —p/(n + 2). For
n =6 and p = 1, Table IV displays the spectral radii of the
corresponding iteration matrix with some randomly chosen
parameters w, r, where p = p(Ly), p1 = p(L1,rw), P =
p(L7 ;). All numerical experiments were carried out using
Matlab 6.5 with oy = 0.9, s = 0.9, a3 = 0.9, oy = 0.9,
a5 = 1.

TABLE IV
SPECTRAL RADII OF THE AOR AND PRECONDITIONED AOR ITERATION

MATRICES

w r p p1 p1

0.9 0.8 0.6519 0.5849 0.5773

0.95 0.8 0.6325 0.5618 0.5538

0.8 0.7 0.7083 0.6554 0.6481

0.7 0.65 0.7517 0.7078 0.7012

From Table IV, it can be seen that p] < p; < p when
p < 1. These numerical results are in accordance with the
theoretical results in Theorem 3.2 (a).

V. CONCLUSIONS

In this paper, we proposed three new preconditioners and
studied the convergence rates of the new preconditioned
AOR methods for solving linear system (1). Comparison
results given in Section III show that the new preconditioned
AOR methods are better than those proposed by Wang et
al. [6], J. H. Yun [8] and A. J. Li [9] whenever these
methods are convergent. It can also be seen that all the
numerical examples given in Section IV are consistent with
the theoretical results given in Section III (Tables I-IV).

It would be nice if we can find optimal values of r and
w for which the convergence rate of the new preconditioned
AOR methods is best. Moreover, by these numerical exam-
ples, we found that the relations among p, pj, p5 are not only
related to the matrix, but also the seletion of parameters «,
B; fori =1,2,--- ,n in the preconditioners P, P; and Pj.
And it is difficult and complicated to find the conditions.
Future work will include numerical or theoretical studies
for finding the optimal values of r and w and the optimal
parameters of o, B; fori =1,2,--- n.
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