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Neutrix Limit on Divergent Series

Huizeng Qin, Youmin Lu

Abstract—In this paper, we give a simple and straight
forward definition for the neutrix limit of divergent series and
use it to study the neutrix limits of the divergent series ralated
to the Rieman-Zeta function ((«) and some series related to
the polylogarith function Li,(z). Then, we apply the reults to
some specific examles. Our reults on Riemann-Zeta function
and its derivatives are consistent with the tranditional ones.

Key Words: Neutrix limit, divergent series, Riemann-zeta
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I. INTRODUCTION

The concepts of neutrix and neutrix limit due to van
der Corput [1] have been studied by many mathematicians
and used widely in many areas of mathematics, physics
and statistics. For example, neutrix calculus or neutrix limit
has been used to study the polygamma function [2], the g-
analogue of the incomplete gamma function [3], the delta
function [4, 5], the g-gamma function [6], quantum field
theory [7], the beta function [8], the gamma function [9]
and the incomplete beta function [10, 11]. In this section,
we first use three examples to explain the rationale for
introducing our definition of neutrix limit and then give a
simple and more straightforward definition for the neutrix
limit of divergent series.

o0

As well-known, the harmonic series % is divergent,

n=1

but the limit lim (Y- 1 —Inm) = v gives us the famous
m— o0 =1

Euler-Mascheroni constant. More generally, the Riemann
Zeta function ((«) is defined as

QM:E:%, (1.1

or
oo pa—lgt

a®=F&LA S (1.2)

for Rea > 1 By the neutrix calculus or the reflection
functional equation,

2T ()¢ (@)

g(l - a) = (27T)oz

lo%s
—. 1.3
cos 5 (1.3)

Manuscript received August 14 2015; revised November 20 2015. This
work is supported by National Natural Science Foundation of China
(61379009)

Huizeng Qin is with the Institute of Applied Mathematics, Shandong
University of Technology Zibo, Shandong, P. R. China.

Youmin Lu is with the Department of Mathematics and Computer
Science, Bloomsburg University, Bloomsburg, PA 17815 USA; Email:
ylu@bloomu.edu, Phone: (570)389-4625; Fax: (570)389-3599.

According to the traditional definition of series,

lim Sn(a) = ((«a) for Rea > 1 (1.4)

where Sy, (o) =

Although (1.4) 1s not defined when Rea < 1, ((«) has
a unique analytic continuation to the entire complex plane,
excluding the point « = 1.We need to find out how ((«)
is related to this series as Re(a) < 1. Similarly, the series

Z 7= is the partial sum of the series (1.1).

ioj 2! has the partial sum

1=0 ) .
1—z 1-z
which is divergent as |z| > 1. By the Abel-Plana formula
[12], we have

Sn(z) = (1.5)

n 1 n
Sn(z):/o S da + J;Z (1.6)

N ) 00 Ziy _ Z*iy _ ZnJriy + aniyd
? Y
0 e2my — 1

1 1 o0 LW _ W
:**7+Z‘/ Ldy
2 0

e2my — 1

1 2
n
— 4+ - — —dy | .
e (lnz+2 Z/O e?my — 1 y)
Following (1.5) and (1.6), we can get
1 1 1

-t — 1.7
1—=z 2+lnz 4.7

B L
R TR
0 e’m™ — 1

1 11 % ZW — 2~ W
—_.n _ = B — .
: (12 +lnz Z/O e?my — 1 y>

Thus,
%) eiylnz _ e—iylnz
) —_—d 1.8
v /0 ooy 1 Y (1.8)
./Ooziyziyd 1 1+ 1
=17 e —_ = ——
o e —1 L T R
In fact, if the term Zln_t in equation (1.5) and

(hm +3—ify Zez;f i dy) in equation (1.6) were
deleted, we Would have the following result:

- 1 11 e
NS 2= — i T .
Z: 1—2z 2 1nz+l/0 ey —1 (1.9)

o) &S}
where N. " 2! is some “finite part” of 5 z! called the

1=0 1=0
neutrix limit of the series. From (1.9), we can also obtain
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(1.8). By using the idea from the examples above, we define
the neutrix limit of a divergent series as following.
o0
Definition 1: For a series Y ay, if its partial sum S,, can

=1
be written as

S, = A(n,Inn)n* + B(n,Inn)In*n + C(n), (1.10)

where \ and p are complex numbers satisfying 0 < Re A <

1and 0 < Rep < 1, A(x,y) and B(z,y) are polynomial

functions of = and y, and lim C(n) = C for a constant
n—o0

o0

C, then its neutrix limit N. ) a; is defined to be C and
=1

denoted by

—thn =C. (1.11)

NZal

Definition 2: For a series Y. a;2!, if its partial sum S, ()
=0
can be written as
Sn(2) = (A(n,Inn, 2)n* + B(n,Inn, z) In* n) 2" (1.12)

+C(n, 2),

where )\ and p are complex numbers satisfying 0 < Re A <

1 and 0 < Rep < 1, A(z,y,2) and B(x,y,z) are

polynomial functions of  and y and analytic functions on

z, lim C(n,z) = C(z) for an analytic function C(z), then
n—r—oo

its neutrix limit is defined to be C'(z) and denoted by

N> a2t = N —1imS,(z) = C(2). (1.13)
=1

n—»oo

In this paper, we first study the neutrix limit of the
series which define the Riemann-zeta function ((«) and the
polylogarithm function Li,(z). By using the neutrix limit
method, we can extend both Riemann zeta function {(«) and
polylogarithm function Li,(z) to the tntire complex plane
and obtain results that are consistent with the traditional
results. In the last section, we apply the results to several
examples.

II. NEUTRIX LIMIT, RIEMANN ZETA FUNCTION AND ITS
DERIVATIVES

&)

In this section, we study the neutrix limit of ) [* for
=1

Rea > —1 and show that the results obtained by using our

definition of neutrix limit are consistent with the traditional
ones.

Theorem 3: For any complex number o satisfying
Rea > —1 and Rea # 0,

2l(a+1)¢(a+1) . ar
sin —

N. Z o @.1)
and furthermore -
1
N> 7= (2.2)
j=1

where v is the Euler-Mascheroni constant.
Proof: Case I. Rea > 0.
Using the Abel-Plana formula [12] with f(¢) = t%, we
have

m n @
A :/ codr + 2.3)
=0 0 2
% ()" — (n+1iy)” — (—iy)® + (n —iy)”
+1 d
0 ey — 1
nott o ope %0 (iy)® — (—iy)”
_a+1+7+’/0 v —1 W

[ (n+iy)” — (n—iy)”
— ZA 627”/ — 1 dy

Since

)

>y _ Tla+1)¢(a+1)
/0 = (27r)a+1

one has
% (iy)® — (—iy)°
. nay [0 y®
=i (i% — (=) )/0 mdy

_ 2A(a+1)((a+1) sin &7
(2m)** 2"

Let m be any integer satisfying 2m — 1 > Re a. Then,

[ (ntiy)” = (n—ay)”
Z/o 62”9 7 dy 2.5)

:/oo in: 2[ 1,na 2l+1y2l—1
_ |
 (=)™(a )2m(n+19 y) T EmyEm o dy

)

(2m)! ermy —1
m 2D\ne— 20+1 1
=3 T o)
n
1= 2m)
for Reaw # 1,3,5,---, where (x), is the Pochhammer

Symbol and 6,, € (0,
(2.3), we get

—hij

n—o0

1). Substituting (2.4) and (2.5) into

no‘+1 n® 20(a+1)¢(a+1) . ar

=N T Y (21) ! T
m _1 1—1 B 21 a—2]+1 1
L3 U @i 1
= (2m) n

Al + 1)¢(a+1) . ar
— sin —.
(2m)**t 2
Therefore, (2.1) holds. When Rea = 1,3,5,--- orIma # 0
and Rea = 0, (2.1) is also established by analytic continu-

ation.
Case II. -1 < Rea < 0.
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In this case, (2.3) can be written as

n 1 «
/ z%dz + tn
1 2

[ A +ay)" = (n+iy)”
+z/0

6273/_
oo
0

1 a BRI
A—iy)” —(n—iy)”
_1 LJF-/OO
T2 a1,

dy

e2m — 1 y

(14iy)" — (1 —iy)”
e2my — 1 dy

netpe % (i) — (n— i)

Tari 2 Z/0 2y — 1 Y
and hence,
—1

H;@miﬂ

11 % (1+4iy)* — (1 —iy)”

2 a+l1 0 e?my —1

1 1 /OO sin(—a arctan y)
—-= 2 @

2 arl o G EE@ o)
:C(ia)a

where Jensen’s formula [12] is used. Thus, (2.1) also holds
for complex numbers « satisfying —1 < Rear < 0.
For a = —1, (2.3) can be written as

—hmzf

n—oQ

" 1 1
:N—lim(/ —dr+ - + —
1 x

+./°° 1 1 LY,

; _

y 2w _1\1+iy ntiy)
1 1 1

72/ 62”1‘/—1<1—i T )dy)
0 y  n—iy

—1+2/Oo Y dy =
20 @mona+)Y T

Therefore, (2.2) holds. [ |
Theorem 4: 1) For any complex number « satisfying
Rea > —1 and any integer p,

N. Z j%InP j (2.6)

C(P 2) (a+1) : I‘(i*j)(a_t'_l)A
<27r >3 (1) (-t
i=0 §=0
(=)lrd =1t @m) ¢
Z (G=Dr2r =t
defined by the followmg recurrence formula

Tz i(”l)w”l“() @), e

((H‘j—l)ﬂ' ™) (Z) is

where A;

() is the Digamma function defined by

d I (1 1
w(z):dzlnp(z):_v_z—’_Z(l_l—|—z>’ (2.8)
=1

¥ (2) = KI(-
and ((k

DMk +1,2),k=1,2,---, (29)

,2) is the Hurwitz zeta function defined by

oo

_lzl

=T

2) For any natural number p,
N. Z M nP j

)P JCQJ

_Z 2p 25—1

)P JC2J+1

(2.10)
/ yh(y,25)dy
0
/ h(y,2j + 1)dy
0

p2y2

“1_ \ni.p—n 2
where h(y,n) = (tan(ezfg_lll;(1+?5;)+y )

Proof: 1) By using the Abel-Plana formula with f(t) =
t*1n? ¢ for any integer p > 0,

Zn:jo‘ In? ]
o

" (1 +y)*InP (144
:/ % InP xdm+i/ ( —|—zy)2 (1 + i) dy
1 0 ey

—1
ee] Yo" p Y
—i/ (1 —dy)>InP(1 zy)d
0

@2.11)

n®1Inf n
e2my — 1 2
e o] . alp ;
[T ),
0 eﬂy—l
+Z,/°° (n—iy)alnp(n—iy)d
0

e2my — 1

9

Using the Taylor expansion, we have
(1 +4+9y)*InP(1 +1
2/ ( “yl n"(+w) 2.12)
0 e™y —1

0o N IaP o
[T A /1n (1 Zy)dy
0 62”!/ —1
et |
do? " Jo ey — 1
* o~ (DAt ap iy
— N Jg T n™ +1
/0 g; @2 — 1) da? lg(t, 1) ]
-1 my2m dp 1 ) oo
+ ((Z)m)!dap |:g(ma2)(n+19ny) )
dy
Xy 1

:22 ( (2) 55120 d(fjp [g(l, 1)na—2l+1] + O(%),
=1 m

Y
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where o —2m+ 1 < 0 for any integer m > 0 and g(n, k) =
(¢ — 2(n — k))2n—2k+1. By definition (1.13) and

/ % In? xdx
1

1 n
= / In? xdzot?
@] + 1 1

a+11 P n
I U / 2z InP ! wda

(2.13)

_ 'zp: fnetlln? tn __(-1)%!
P 0p k oz—i—l)’”‘1 (a—i—l)er17

we have

(2.14)

N. ij“lnpl

—N—hmZ] InP [

n—oo
(= 1)pp!
(a+ 1)
+i/°° (14 iy)*1In”(1 + iy)
0

627y_
o0
0

(1 —iy)* (1 —dy)
e2my — 1
—1)Pp! dP > 1 1+ iy)”
_ 1>p1_27 m((1 + dy) dy
(o +1)PF dar Jo  e*™ —1
__ @ (A(atl)glatl) or
= dap (27T)a+1 2 .

dy

dy

It follows the general Leibniz differentiation rule that (2.6)
holds.

2) For « = —1, we can use the Abel-Plana formula with
f(t) =2 to get

N, Zlnpl

© (InP(1 41 InP(1—14
:N—lim(i/ (1 tiy) (- i)
n—so0 0 14y 11—y
" dy n InP N In” n
ey — 1 p+1 2n
© /P ; n?(n — i
H./ (_n(nﬂf@y)Jr n’(n .Zy)>
0 n—+y n—ay
1
X ey W)

:i/oo (1fiy)lnp(1+z‘y)d
o (2 —=1)(1+y?)
_i/‘x’ (14 4y) InP(1 — 4y)
o (e —1)(1+y?)
] (_1)17—3'033'

op—2j—1

S

=0
>y (tan™! y)2j In”~ (1 + y?)
X 27 2 dy)
0 (e2m —1) (1 +y?)

p—21
[ 7 )P J02j+1

72 2p232

/ * () (L)

X .

0 (2 =1)(1+y?) ’

Therefore (2.10) holds. |
Remark 5: By (2.1) we have

dp = . o 2+ 1)¢(a+1) . am
daPN' Z:j = Jop (— (27T)a+1 sin 5 |
(2.15)

Comparing (2.6) with (2.15), we have showed that the
derivative operator and the neutrix limit operator are ex-

changeable for the power series »_ j
j=1

dr o'} " o0 .
N Zg = N. Zg In?[. (2.16)
j=1 j=1
Remark 6: Olver [12] gives the following result
I'a)¢(w) am
It follows that
a4+ 1){(a+1) . an
—a) = — sin — (2.18)
C( ) (27r)a+1
By Theorem 3, we see that
((—a)=N.>_j° (2.19)
j=1

for Rea > —1. Differentiating (2.19) with respect to o and
using (2.16), we see that

(—1)P¢P)(—a) = =N. Z] In? j (2.20)

Jj= Jj=1

for Rea > —1. Particularly,

(1P (1) =
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where ~, is the Stieltjes constant. By (2.21), we have the
following Taylor expansion

((a +§:

j=0

(a—1) (2.22)

0,ifa =1

where =~ and 7(a) = .
Yo =y and 7(«) {%’lfa#l

III. NEUTRIX LIMIT AND THE POLYLOGARITHM
FUNCTION

The polylogarithm function Li,(z), also known as the
Jonquiere’s function, is the function defined by

J
Lin(z) =Y 2 3.1)
=7

over the open unit disk in the complex plane. When |z| > 1,
Li,(z) are divergent series. we consider their neutrix limit
in this section.

Theorem 7: For any complex numbers z and « satisfying

a# -1,

INa+1) INa+1)

N. J = — 3.2
Z] “ —lnz)ott (o)t G2
(a— 1)71'1 ilnz
1,1-
x (e ar 1,1- )
(1—a)mi ilnz
1,1
te = (lat Ll ——))
or
TP(a+1)cos &E
N. 2= —2 (3.3)
ZJ (27r)01+1
ilnz ilnz
1,1— — 1,1
«(Clat 1= g 11+ )
Na+1) (o + 1) sin &F
(—Inz)ott (27T)a+1
ilnz ilnz
1,1— 1,1 .
< (clar 1= )t gar 114 )

Proof: Using the Abel-Plana formula with f(t) = t*z?,
we have

> i (3.4)
j=1
n oz n —|—Z
:/ fotar 4 L2 T
1 2

+z’/oo((1 +ay)* 2T — (1 —iy)et W
0 e? v —1

n+iy __ _ i\ n—iy
z (n—iy)“z
e2my — 1

_ (n+iy)”

)dy

for any complex number o # —1, and

1 1
—N"jegi = [ egtar4 2 35
z Z] z /0 z +2 (3.5
7=0
H/‘”( (iy)*=2" — (—iy)*z="
0

e y — 1
(1 + iy)azl—i—iy _ (1 _ iy)azn—iy
B e2my — 1

)dy

for any complex number « satisfying Re « > 0. Similar to
the proof of Theorem 3, we have

> s (3.6)
j=1

a,n a n—iy
2 0
1 —nlnz
—_— te~tdt
],

+¢/°O (iy) 2" — (—iy)* 2~
0

e271'y -1
Using the Taylor expansion, one can also get

(0 iy) 5 — (n = iy)*
0 62”3/ -1

/Oo mzl “a)yn2ly? sin (y In 2)
0 20— 1)

m ( ) ( )2l_1na72l+1y2l71 cos (y In Z)

—(n +iy)%2" T + (n —
e2my — 1

)dy.

dy 3.7)

2
el @ 1)
N ( 1)m( (n+i01y>a—27rly2'rrz
(2m)!
(=1)™(@)2m (n — i62y)>~2my>™  dy
- )
(2m)! ey — 1
9 mg:l ()m®~ 22 o0 g2l gin (ylnz)dy
—0 2l - 1) 0 62”3’ -1
a—21+1
9 2l in
+ Z 21 )
oo, 2l—
y* =1 cos (yIn z) dy 1
o(-).
/ R WEAW) L o)
With careful calculation, we have
R B () e G
2/0 T dy 3.8)

y*sin (yIn 2)
e2my — 1

dy

o0
:2cosg/
2 Jo

. am [T y*cos(ylnz)
N
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* y*sin (y1n z)
2 =7 3.9
/0 ooy — 1 W (3.9)
oo o (Liylnz _ —iylnz
:Z/ y (6 5 € )dy
0 e — 1
:ZZ/OO (e—(QTrj—ilnz)y _ e—(27rj+ilnz)y) y()ldy
j=1"0
iT(a+1) tlnz
= 1,1 —
(2m)* ! (latt, o )

ilnz

—Cla+1,1+ o ),

and

2/00 y“ cos(ylnz)dy
0

e?my — 1

:/oo y(,v (eiylnz + e—iylnz) dy
0

(3.10)

e2my — 1

j=
_F

(271_)a+1

/ ya (67(27r7i1nz)jy + ef(2ﬂ+ilnz)jy> dy
170
(a+

1)(C(Oé+1,1— ilnz

27r)

ilnz

71').

+{(a+1,1+

By (3.6)-(3.10) and definition (1.12), we conclude that (3.2)
holds. For Re o > —1, (3.2) can also be established by using
analytic continuation. [ ]

If we let z = ¢27% in (3.2), the following corollary can
be established.

Corollary 8: For any complex number « satisfying
Rea>0orIma # 0 and Rea =0,

oo
N. Z n&e2mant (3.11)
n=1

{Qj)l‘ff(qw Lag)e
+

w(1+a)i
2

m(l+a)i
—r(fe)t

C(a—'_]-v]- _q)e

and furthermore,

N. > n®cos(2mgn)

=1
_ (GlotLa) (ot ll-g)T(at]) o« ax
= (am)atT sin %7,

N. > n“sin(2mgn)

=1
_ (c(a+1,q)f'c(g;;lﬁ—q>>r<a+1> cos .

(3.12)

Remark 9: By (3.2), we may obtain the following ex-
pressions for the polylogarithm function Li,(z) and its

derivatives.

Li_n(2)
~ I(a+1)
(= Inz)otl
~ Dla+ 1)(
en

—a)mi 1
(-o) C(a—kl,l—}—l nz

(3.13)

(a=iymi ilnz

Cla+1,1-

+e

Li—a(_l)
C2(1-2 Y T(a+ 1)¢(a+1)
7roz+1
(a—D)m

X €08 —————,
2

(3.14)

and
d

daLi—a(_l)
27T (a+1){(a+1)In2 (a— D)
— v cos 5
2(1=27"Y) (In7 — (o + 1))
+ ot
I'Na+1)((a+1 a—1)m
PRCEE GRS P Can)
2(1—27*"YT(a+1)¢(a+1)
rotl
(a— D)
2 1
N (1-27*"HT(a+1)¢(a+1) “in (o — 1)7‘('.
T 2
In particular, the following results are true.
1
— 5
—1n2,
07

(3.15)

X COs

Lig(—1)
Liy(-1)
Li_on(—1)

Liy_on(-1)

_2(=1" (22" — 1) (2n — 1)! o
(271_)2” g( )7

d . 1.«
%LZQ(_1)|QIO = —iln 57

%Lia(_lﬂa:—Qn
(=)™ (1—=272"71) 2n))¢(2n + 1)

7-r2n

3

d
7L‘o¢ _1 a=1—2n
7o Lia(=Dla=1-2

— (_1)n71<2n _ 1)' (2172n<(2n) n2

2n
+2(1-272) ¢ (2n)
—2(1=272") (Inm +v — Hap_1) ((2n)).
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IV. EXAMPLES OF APPLICATIONS

By (1.9), we can get

Li_n( NZ] 2= Qu( 4.1

where Qi (2) = 2 Qi—1(2) and Qo (2) =

is consistent with the results established by Adamchik [15].

Let
1 1 m
I,’;:/ x‘f{} dz 4.2)
0 X

for integers £ > 0 and m > 1. We have the following results.

Example 10: For integers k and m,

k—m)!m!
Jid :m(c(k +1-m) 4.3)
- Z Cl?—&-u—m (C(k +1+u— m) - 1))
u=0
when £ > m > 1 and
=Ck Z mH - (4.4)

(¢ +1)—1) 1 &
C+1
k+ l; (m—k+1)! +m—/€ m

or

o0 o 1 o
* :C/;;rl(Z( 1)m<—ll:i)l ) @.5)
k

when 0 < k < m.

Proof: When k> m > 1,

Ix :/OO R 2 ™ dt (4.6)
1

1

oo m 1
:ZZ(_”ZC’Z””Z/O (nﬂ)ﬁwwdt

0
R I G KR SV
_Zk+i+1—m;(nk+1—m

nt

o (n+ 1)k+i+1fm)

BSHETL I -
kit lom ey pktiom

% 0o 1

N. 221 (n + 1)k+u+17m)

(),
:Zkﬂ'ﬂ—mg(k*l* m)

u=0

Ck+1+u—m)—1)x

miuci (_1)1 )

— mUE4+idu+l—m

Using

in (4.6), we see that (4.3) holds.
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When 0 < k < m, one can use integration by parts to get

& _ k) 1 pm—k—1
IF — (m k+1/ d
m Z—:l( (k+1)! Jo n+x v
k

(m+1—1);
< (k41— d)iga(n+ DI

)

=

ke (D 1
_Z(Cm+ Z (m+1—k)nltl

k (k —i)!
k—f—l';m '(n+1)'<f+1z)
(=D +1)
k+1
=Cm Z m+1l—k

k
i (C(i+1)—1) i 1
Ckl— .
k—f—l'; (m—k+1)! +Cm (m—k)

Thus, (4.4) holds. |
Remark 11: Let k = 0 in (4.5). Then,

oo
¢(l+1)
1. 4.7
m; m+l + .7
Qin and Lu [16] give the result
1 —n@m- " __1_ (4.8)
m 2 m — 1 :

(=)' (m)a41¢(20 + 1)
P 2 (2m)*

for m > 1 and I = 1 — ~. Combining (4.7) and (4.8), we
can get

— (=Dt +1)

l; o (4.9)
_In(27) vy 1
- 2 m-—1

—llm—12_1’2l
oy DN (%)lll ¢

_ (=1)H(m = D)au¢(2l + 1)
— 2 (2m)%
for m > 1 and e U{i(llﬂ) = —~. Thus (4.4) can also be
l

written into a closed form

In(2m) +1 1
Ik =chtt — 4.10
m =C"( m—k m—Fk—1 (4.10)
oy 1 CE+1)-1)
_ m—k
2 m-—k =~ CrTrL
T (Cm— k= Ve
_9 Z
= (2m)
=2
B Z (=1)'(m —k —1)x¢(20 + 1))
1
P 2 (27)?
for k <m — 1, and
'« 1)
= Z (i +] .11
where H,, = Y 1.
i=1
We now consider the series [; defined by
Z (=1)" (Hn = Inn =) ln=ny4no+-tn, - (412)
ni,...,np=1

This series is a condition for the convergence of some other
series, in which the order of summation usually can not
be changed. By using neutrix limit, we have the following
results.

Example 12: For any integer k > 0,

(=1)* (Hg-1 —In2)

I, = oF 4.13)
1 k—1
+ s(ky 0+ 1)Lig—y(—1)
(k—1)! —
1 k—1
+ 1) (s(k, 14+ 1)x
T 1=0

(;laua(—l)|a:_l - vLi—z(—l)))

and therefore, we have a closed from

Ik:(—l)k (Hgk_l—IHQ) @.14)
n (v —In(27)) s(k,1) — s(k,2)

Q(k —1)!

Ls(k,20)(21 — 1)!

,1,2 =

(21 21((21) In2+2(1—27)¢'(20)
—(2- 21*21)(111# — Hy1)¢(20))

= sk, 20+ 1)((2

_112 72l

— _ 20—1
X(zz 712)[14(21)+(1 9= jﬁl)!é(?lﬂ))

21—2[)
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where s(i, k) is the Stirling number of the first kind.
Proof: Exchanging the summation order of the series,
we have

I, =N. Z —Inn—7) (4.15)
X Z 1)
711712+ +ng=n
=N. Z )"CF* L (H, —Inn — )

|z=—1

o (—1)k dk z Hn—l
_(k—l)!dsz'Z n

N. i:{ (_1)7:(")’“ (:L —Inn— ’y)

for integer k£ > 0. Putting

n=1
(=D d*
I = —In"(1 = 4.1
E=gh o1y gk W Al 17
=
o) ;(s(k,zﬂ)
x N Z(fl)n (nlil —nllnn— 'ynl))
n=1
It follows that
N> (-1t =Li_y(-1), (4.18)
n=1
e}
N> (=1)"n'Inn =——Li_o(~1)|a=i,
n=1
and
1ds

_d In(1-»2)
dzk=1 1—2

. d*=% [In(1 - 2) B 1
R (12 (1-2)

o dFP 212 1
A -2 (1-2)°

k!
(1-2)"
C(k=DHy (k—1)!n(1—2)
(12 -2

By (4.17), (4.18) and (4.19), we obtain (4.13). By using
(3.4)-(3.12) and (4.13), we can also conclude that (4.14) is
true. |

Now, we consider how to use neutrix limit to compute
the values of the double series

> (=)™ InP(n + m)
S = . 4.20
PO= 2 (420
Example 13: For integers p > 1 and ¢ > 1
p dp ;
S(p,q) =(-1) ﬁLza(—lﬂa:q,l 4.21)

(L L (1) e
dap 1o\ =

This result can be obtained by exchanging the order of
summation,

X 1)k pP
S(p,q)zz(l)kiqlk Z 1

k=2 n+m==k

(4.22)

I’k

= (=1)k(k -
:N-Z( )(kq

Since %Lia(—l) |a=q is in closed form for integers p >
0 and ¢ > 0, S(p,q) must also be closed. For example,
by using (4.21) we can obtain closed forms of S(3,1) and
S(3,4) :

372In2  7%2ln2 In®2
24_ 8 2
In“2  342Innw
—’yln32+T— D)
m2lnr  3In®2lnnw
8§ 2
3n2ln’r In’r
T T
+371In2 — 37, In?2

5(371):_734_

=3

3
—3yiIlnw — % — 372 In2 + ((3),
4
5(3,4)=—%1n32
+@1n32+

W

@)
1 In“ 2
8 8

3<///(3) 3 7(///(3)
4 8

n2
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V. CONCLUSION

A series may diverge, but its “finite part” may be impor-

tant after its “infinite part” is neglected. The harmonic series
o0

> % diverges, but it gives the famous Euler-Mascheroni
n=1

m
constant v = lim (> & —Inm) after its “infinite part”

Inm is neglected. We follow the traditional idea of neutrix
calculus to give a simple and straight forward definition of
neutrix limit for divergent series which defines precisely
the infinite part” and “finite part” of a divergent series.
Combining this definition with the Abel-Plana formula, we
have studied the series that define the Riemann-zeta function
((a) and the polylogarithm function Li,(z) respectively.
Our examples show that this definition is very easy to use
and the results obtained are consistent with the traditional
ones.
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