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Global Asymptotical Stability in a Stochastic

Predator-Prey System

With Variable Delays

Li Li, Bo Du *

Abstract—A  stochastic predator-prey system in-
volving time-varying delays is considered. Some
new sufficient conditions for existence, extinction and
global asymptotical stability are obtained. It is in-
teresting that the results are based on the variable
delays, which is different from the previous work (the
results are delay-independent). Some numerical sim-
ulations are introduced to support the analytical find-
ings.
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1 Introduction

This paper is devoted to investigating the following
stochastic differential system with variable delays:

d$1 =T <T‘1 (t) — au(t)xl — alg(t)xg (t — 51 (t))) dt

-|-0'1 (t)xldBl (t),
dry = X2 < — ’I“Q(t) + agl(t)xl (t — (52(t)) — agg(t)xg) dt
+O'2(t)l‘2dBQ(t),
(SM)

on t > 0 with initial data {(x1(6),22(0))" : —7 < 0 <
0} = ¢ € C%, (-7, 0; (0, +00) x (0, +00)). Here §; : Ry —
[0,7], ¢ = 1,2 is a continuous differentiable function, 7
is given positive constant, Ry = [0,+00). In addition,
throughout the present paper, let (2, F, {F;}i>0, P) be a
complete probability space with a filtration {F; },>¢ satis-
fying the usual conditions (i. e., it is right continuous and
Fo contains all P—null sets). Let |-| denote the Euclidean
norm in R". For given a constant 7 > 0, let C([—7, 0], R%})
denote the family of all continuous R —valued func-
tions & with its norm [|¢|| = sup{|¢(0)| : 6 € [—7,0]}.
Also, denote by C%. ([—7,0]; R") the family of bounded,
Fo—measurable, C’}O([—T, 0]; R} )—valued random vari-
ables.

A classical predator-prey model with time delays can be
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expressed as follows:

% = a1 1 — anr — arpwa(t — 51)>7
(M)
% =9 — 12+ as1xy (t — 52) - a22x2>7

with initial conditions
xi(t) = ¢i(t) >0, t € [-7,0], i = 1,2,

where 7 and o represent for the population sizes of
the prey and the predator, respectively; r;, a;;, 7 and
0; (i,j = 1,2) are given positive constants. Owing to
its theoretical and practical significance, there is an ex-
tensive literature investigated model (M); see e.g., [4-6].
Recently, due to environmental noises, the authors [7]
studied a kind of stochastic predator-prey model with
time delays as follows:

doy = (7"1 (t) — a1 (t)zy — ara(t)z2(t — Tl)>dt
+o1(t)x1dBy(t),

dry = o ( —ro(t) + ao1 (t)x1(t — m2) — agg(t)x2>dt
+oo(t)x2dBa(t).

and obtained some existence and stability results. How-
ever, the delays in the above system are constants and
the results are independent on delays. For more re-
search methods for population dynamic system, see pa-
pers [8-13].

The main objective of this paper is to obtain sufficient
conditions for the existence-and-uniqueness, extinction
and global asymptotical stability of positive solutions for
system (SM). It is interesting that the results obtained in
this paper are based on the delays (or delay-dependent)
which is different from the previous works that are delay-
independent. Also, some numerical simulations are intro-
duced to support the analytical findings.

2 Global positive solution of system
(SM)

In this section, we will investigate the system (SM) with
initial value ¢ € C([—7,0], R%). In order for a stochastic
differential equation to have a unique global solution (i.e.,
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no explosion in a finite time) for any given initial value,
the coeflicients of the equation are generally required to
satisfy the linear growth condition and local Lipschitz
condition, see e.g., [14]. However, the coefficients of (SM)
do not satisfy the above conditions, so the solutions of
(SM) may explode at finite time. It is therefore useful to
give some conditions under which the solution of (SM)
is not only positive but also not explode to infinite at
any finite time. For convenience of proof, if f(¢) is a
continuous bounded function on R, define

fe=sup f(t), f'= inf f(t).

tERy teR

The following theorem gives some sufficient conditions
for the existence and uniqueness of the global positive
solution of system (SM).

Theorem 2.1. For any given initial data
{(@(0).a2(6)T : —r < 0§ < 0} = ¢ €
C%, ([=7,0];(0,+00) x (0,400)), if the population
sizes of xo are no more than 1, there is an unique posi-
tive local solution (x1(t),z2(t)) on t > 0 with satisfying
initial condition & and the solution will remain in R2
with probability 1.

Proof: By the biological meaning, we only focus on
the positive solutions to system (SM). Thus it is
reasonable to make the following change of variables,
z1(t) = e*® 25(t) = €', By using Ité formula, system
(SM) can be reformulated in the following form:

du = [ri(t) — ari(t)e” — ara(t)e’ =0 M) — Tod(t)]dt
+0'1 (t)dBl (t),

dv = [=ro(t) + a (t)e =20 — goy(t)e? — 1o2(t)]dt
+o2(t)dBa(t),

u(@) =Inz(0), v(0) =Inxzz(d), 0 € [—7,0],

(SMA)
ont > 0. It is easy to see that the coefficients of (SMA)
satisfy the local Lipschitz condition, then for any given
initial values u(f),v(0), 6 € [—7,0], there is a unique
maximal local solution u(t),v(¢) on [0, 7.), where 7. is ex-
plosion time. By It6 formula, () = (), 25(t) = e*®
is the positive local solution to (SMA) with the initial
value u(0),v(6),0 € [—7,0]. In order to show this solu-
tion is global, we need to show that 7. = co a. s.. For
convenience of statement, let

F((El, xg) =T (t) — au(t)xl — alg(t)xg(t — (51 (t)),

G(l‘l, 332) = —Tg(t) + agl(t)xl (t — 52(t)) — agg(t)xg.
The following proof is motivated by the work of Li and
Mao [15]. Let ng > 0 be sufficiently large for x; () and
x2(0) lying within the interval [nLO,nO]. For each integer
n > ng, define the stopping times:

m:mWEMan@¢%mMmdﬂﬁ%M}

Throughout this paper, we set inf ) = co. Obviously, 7,
is increasing as n — oo. Let 7o, = lim,_ 7,, whence

Too < Te a. s.. Now, we only need to show 7., = oo. If
this statement is false, there is a pair of constants 7' > 0
and ¢ € (0,1) such that P{7e < T} > e. Consequently,
there exists an integer ny > ng such that

P{Too <T} >e, n>ny. (2.1)

Define C?-function V : R% — Ry by
V(z1,22) = (Vo1 —1—05Inz) + (Vo2 — 1 —0.51nxg).

The nonnegativity of this function can be obtained from
u—1—Inu>0onu>0.If (x1,22) € Ri, the Ito formula
shows that

dV (x1,x2) = 0.5(x; " — a7 ) F(xy, x0)dt
+5 (=285 + 2)of(t)dt + 0.5(29> — 1)o1 (t)dBi (t)
+0.5(x5 "% — 25 G221, 29)dt
+3(—29° + 2)03(t)dt + 0.5(25> — 1)oa(t)dBa(t).
(2.2)
Compute

(27%° =27 ) F (21, 22) = (27" = 277)
X [7’1 (t) — au(t)xl — alg(t)xg (t — 51 (t))]
=T (t)l‘l_o'5 — all(t)m(f'5 — al2 (t)l‘g(t — 51 (t))xl_o'5
—ri(t)xyt + arn(t) + ara(t)za(t — 61(t))zy
<r{+af; = Ky
(2.3)
and

(23%° =251 )G(x1, a2)
= (23%° =y )[=ra(t) + as1 (a1 (t = 05(1)) — aza(t)a)]
= —ro(t) a5 O 4 ag ()1 (t — G2()) 25 O — aga(t)xy®
Hro(t)zyt — agy (t)xy (t — 6a(t))zy 4 ana(t)
<71y +afjy, = Ks.

(2.4)
From (2.3) and (2.4), integrating both sides of (2.2) from
0 to 7, AT and then taking the expectation leads to

V(e1(to AT), 22(n AT))

< V(z1(0),22(0))
+[0.5(K7 + K2) + 0.25(0%)% + 0.25(0%)?]|T.

(2.5)

Set Q, = {7, < T}, by (2.1) we have P(£2,) > . Note
that for each w € Q,,, there is some 4 such that z;(7,,w)
equals n or < for i = 1,2. Hence V(21 (1, AT), 22 (1, AT))
is no less than

min{y/n—1—-05Inn,\/1/n—1—-05In1/n}.
By (2.5) we have

V(21(0),22(0) + [0.5K; + 0.5K5 + 0.25(a%)? + 0.25(c%)2|]T

> Ella, (w)V(21(m), x2(mn))]
>emin{\/n —1—0.5Inn,/1/n—1-05In1/n},

where 1q  is the indicator function of £2,,. Letting n — oo,
leads to the contradiction

oo > V(x1(0),22(0)) + [0.5K;
F0.5K5 + 0.25(0%)? + 0.25(0%)2]T = oo.

The proof is completed.
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3 Extinction

One of the important issues in the study of population
systems is the extinction. In this section we shall in-
vestigate the extinction of system (SM). The following
theorem gives a sufficient criterion for the population ex-
tinct.

Theorem 3.1. Let conditions r1(t) — 0.502(t) < 0 and
a1 (t) — a11(t) < 0 hold. Then the populations x1 and
xo with initial value {(z1(0),72(0))7 : —7 < 0 < 0} =
£ € C% ([=7,0]; (0,400) x (0,400)) by (SM) will become
extinct exponentially with probability one.

Proof: Applying It6 formula to system (SM), we have

dlln(z1(t))] = (r1(t) — a1 (t)r1 — ar2(t)z2(t — 01(2))
—307(t))dt + o1 (t)dBi(t)
(3.1)
and
d[ln(xg(t))] = (—T‘Q(t) + agl(t)xl (t — 52(t)) — agg(t)xg

—303(t))dt + oa(t)dBs(t).
(3.2)
Integrating both sides of (3.1) and (3.2) from 0 to ¢ leads
to

(o (8)/21(0)) _ Jo [r1(5)=0.50%(s)]ds
t - t
fot ar1(s)zi(s)ds fot a12(s)z2(s—01(s))ds
o t - t +

fot g1 (S)dBl (G)

t

(3.3)
In the same way we can show that

f [=72(5)—0.502(s)]ds fot az2(s)za(s)ds

t

In(za(t)/22(0)) _

t t
f as1(s)x1(s—62(s))ds f o2(s)dBa(s)
e ; + :

(3.4)
Set M;(t feai (t), i =1,2. Then M;(t) is a local
martmgale whose quadratlc variation is

(M;, M)y = /0 o?(s)ds < (o7)"t.

By the strong law of large numbers for Martingales (see
g., [15]) we have

M;(t)

lim

t——+o0

=0 a.s (3.5)

From (3.3), (3.5) and r(t) — 0.502%(t) < 0, we have

) _ Jolri(s)

—0.50(s)]ds

lim sup < <0 a.s.
t—+o0 t t
From (3.4), we have

InGra(t) < N am(em(e sa())ds [ ava(s)ar(s)ds

i
N J. o2(s)dBa(s)

+1n(12(0)) 4 ln(rl(O)) fo 01(5t)dBl(5) t

< amrtugu i f (am(%) atu(@))rl(s)ds

o1(s)dB1(s
+1n(z§(0))+ln(fc;(0)) +f0 1(t) 1(s) +

. o2(s)dBa(s)
; .
(3.6)

From (3.5), (3.6) and a21(t) — a11(t) < 0, we have
In(z2(t))
t

<0 a.s..

Hence the populations 1 and x2 become extinct expo-
nentially with probability one.

4 Global asymptotical stability

In this section, we will establish sufficient criteria for the
global asymptotical stability of system (SM).
Definition 4.1. System (SM) is said to be global asymp-
totical stability if

Jim 2 (f) — 22(8)] = —y2() =0 a.s.
for any two positive solutions (x1(t),y1(t)) and
(z2(t),y2(t)) of system (SM). To begin with, we
first give some lemmas.

Lemma 4.1. Let x1(t),z2(t) be a solution to (SM)
with initial value {(21(0),22(0))7 : =7 <0 <0} =€ €
C%, ([=7,0]; (0, +00) x (0,+00)). If aby — a%, > 0, then
for all t 2 0, p > 1, there exist constants L(p) and G(p)
such that

Jmy (t)

Elz{(t)] < L(p), Elz3(t)] < G(p).
Proof: For t > 0, define V(u(t)) = uP(t) for all u €
R4,p > 1. By the Ito formula, we have
dV(z1) = pa?'day +0.5p(p — 1) 2 (day)?
=pal[r1(t) — a1 (t)x1 — ar2(t)za2(t — 61(¢))
+0.5(p — 1)oi(t)]dt + palo (t)d B (1).
Making use of Ité formula again to eV (z1) results in

dletV(z1)] = etV (xy)dt + etdV (z1)
= {etal + petal[ri(t) — a11(t)zy
—alg(t)xg (t — (51 (t))
+0.5(p — 1)of(t)]}dt + pelaPoy (t)dB(t).

Integrating both sides of the above equality from 0 to ¢
and taking expectations, we have

Elet a:l(t)] < z7(0)
+pE [y e{ah(s)[2 + i +0.5(p — 1)(03)" — b1 }ds
<27 (0) + fot e*L1(p)ds = 27 (0) + Ly (p)(e! — 1),

where L (p) = [1”1"2:2'15;?1_(2(‘;i)u]pﬂ . Thus there exists
11

a T > 0 such that E[2](t)] < 1.5L1(p) for all t > T. At
the same time, an application of the continuity of E[x} (¢)]
results in that there exists L; (p) > 0 such that E[z(t)] <
Li(p) for all t < T. Let L(p) = max{1.5Li(p), L1(p)},
then for all ¢t > 0, we have E[z?(¢)] < L(p). On the other
hand, we can show that

dle'V(z2)] = €tV(l‘2)dt +etdV (z2)

= {etah + petah[—ra(t) + a1 (t)z1(t — d2(t))
—ags(t )x2 +0. 5(10 1)o3(t)]}dt + pe'ahos(t)dBa(t)
(t
1

< A{eaf + petaf—r )+a21||§|| "‘%1( )x1(t)
—a(t )x2 +0.5(p — 1)o3 ()] }dt + pe'ahoo (t)dBa(t).
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Integrating both sides of the above inequality from 0 to

Then for 0 < t; < ty < 00,to —t1 < 1,1/p+1/q = 1,

t and taking expectations, we have from (4.1)-(4.3) we have
. w x1(t2) —x1(t1)|P) = E ) —a11(s)x
Pltat(0] <a0) +98 [ O +05 - ey U ml S B e
+a abozo + alyw ds t
_ 21||§|| 22 zE 21 1( )]}05 o2 +ft12 o1(s)x1(s)dBy (s)|P
< #5(0) 4 p [y BB+ 056 - DED" g e i () — ans)en
+a — abyxo]]ds - t
i) st o s el = I
21 Jo +1.Jo N +2P71E| [ o1(s)z1(s)dBa(s) P
= a3(0) +pE Jy ' (s O +030 - DO D, — 107/ 12 Bl (s)[ra(s) — an ()
+a21||£|| (@ —1a21)x2( s)]ds —ara(8)a2(s — 61 (s ))]1|pd8
+21211 0 gE[ o (s )]ds ; . 4P~ 1[ p(p— 1)]p/2( tl)p/2[(g%)“]pL(p)
< a5(0) + [y e* La(p)ds + PALpA+Y) [yetds < or- 1(t2 — )P/ (p)
—$2(0)+ [La(p) + 225 L(p + 1)](e* — 1), 20 [EEEDIR/2 (1) — 4)P/2](07)]P L(p)
" <2ty = 0)"2[(t — )2 o (IR p)
where Ly(p) = 10 58&1)1:3&%32;—1)55;)‘1@] . Thus we get < 2071ty — 11)P/2[1 + (PP Ky (),
., where Ks(p) = max{Ki(p),[(c?)*|?L(p)}. Then from
lim sup El2? ()] < L pasy D=L [16], almost every path of x;(t) is locally but uniformly
oo P [72(t)] < L2(p) p+1 (p+1) =: Ls(p). Hoélder-continuous with exponent ¥ for every ¢ € (0, (p —

Then there exists a 7' > 0 such that F[z5(¢)] < 1.5L3(p)
for all t > T. There also exists E[z}(t)] < Ls(p) for t < T.
Let G(p) = max{1.5L3(p), L3(p)}, then for all t > 0,
E[z5(t)] < G(p).

Lemma 4.2. Let (x1(t),z2(t)) be a solution of (SM)
with initial value {(x1(0),22(0))7 : —7' <H<0}=¢ce€
C% ([=7,0; (0, +00) x (0,400)). If aby — a%y > 0, then
almost every sample path of (xz1(t),xz2(t)) is uniformly
continuous on t > 0.

Proof: The first equation of system (SM) is equivalent to
the following stochastic equation

wi(t) =21(0) + [y x1(s)(ri(s ) —an(s )

—a12(8)wa(s — 61(s)))ds + fo o1(s)z1(s)dB(s).
(4.1)
Note that
Elzq[ri(t) — ann(t)r1 — ara(t)z2(t — 01(¢))]|P
= E[x1|P[r1(t) — a11(t)z1 — ar2(t)z2(t — 61(¢))[7]

S 0.5E|$1|2p + O.5E|T‘1(t) — all(t)xl

—aya(t)za(t — 01(1))]%"

< 0.5{L(2p) + 32P~1[(ry)?P

+(at) P E|aP (t)] + (a¥y + ||§||)2”E|$2p( ol

< 0.5{L(2p) + 3"~ [(r})* + (af1)*" L(2p)

+(aty + [I€])**G(2p)]} == Ki(p )

(4.2)

Moreover, from the moment inequality for stochastic inte-
grals and Lemma 4.1 one can obtain that for 0 < ¢ < 5
and p > 2,

Bl [? o1 (s)w1(s)dBy (s)|P < [(0F)"]P[EEL]e/
(tg—tl)(p ft E|x1 )|pd8

< (o) PR 1y — 1 P21 ().

(4.3)

2)/2p) and therefore almost every sample path of x1(t)
is uniformly continuous on ¢ > 0. In the same way we
can verify that almost every path of zo(t) is uniformly
continuous.

Lemma 4.3.(see e.g., [17])Let f be a non-negative func-
tion defined on Ry such that f is integrable and is uni-
formly continuous. Then lim;_. 4o f(t) = 0.

Theorem 4.1. If ab,—a¥ >0, a};—a¥ >0, aby—a¥y >
0 and fot[alg(s) + a21(s)]ds < +o0, then system (SM) is
globally asymptotically stable.
Proof: Define

V(#) = [z (t) — nze(t)] + [Iny () — Inys(t)],

then V(¢) continuous and positive function on ¢t > 0. A
direct calculation of the right differential d*V () of V (¢),
then applying Itds formula yields

2 2
ATV (t) = sgn(w) — wa){[% — 7(?;5) ][22 — 7((12%) I}
2 2
+sgn(yr — yo) {[22 — —(dgi,}) ] — [ — —(dgifg) Ik

= sgn(x; — x2){—a11(t)(x1 — x2) — a12(t)

X[y1(t — 01(t)) — y2(t — d1(t))] }dt

+sgn(y1 — y2){az1 (t)[z1(t — 02(t))

—x2(t — 02(t))] — a22(t)(y1 — y2) }dt

<A{—ant)|z1 — z2| + 2[|¢]|(a12(t) + a21(t))
ta12(t)|yr — y2| — a2 (t)|yr — y2| + a21 (t)|x1 — x2|}dt.

Integrating both sides of the above inequality leads to
V() < V) + fy{lan(t) — an(®)]ln — ol

+lai2(t) — aze(t)]|yr — y2| + 2[|¢|[[a12(t) + a21(t)]}ds.

Consequently, we have

V() + Jo{lar1(t) — az1 ()] |21 — o]
+aoa(t) — ara(t)]lyr — yo|}ds

< Jy 2ll€ll[ar2(t) + az1 ()]ds + V(0) < oo.

(Advance online publication: 14 May 2016)
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From V(t) > 0, a}; —a¥% > 0, aby —a¥y, > 0 and
fot [a12(8) + a21(s)]ds < 400, we have

|21 (t) — 2(t)] € L'[0,00), [y1(t) — ya(t)] € L'[0,00).

Then the desired assertion follows from Lemmas 4.2 and
4.3 immediately.

5 Numerical simulations

Now let us use Milstein’s numerical method [18] to sup-
port our results. In Fig. 1(a), we choose r; = 0.9, ro =
0.1, a1 — a1 = 03, a21 = A2 — 0.2, (51(t) = 52(t) =
1, O’l(t) = UQ(t) = 0. Then

A= 11922 + 12091 = 0.].2, Al = 710922 + ToQ12 = 0.21,

Aoy = rias — rear; = 0.15 > 0.
Then by the work of Kuang [3], the positive equilibrium

A Ay
(Kv K)

¥ =

= (1.75,1.25)

is globally asymptotically stable. Fig. 1(a) confirms
these. In Fig. 1(b), we choose r; = 0.8, r2 = 0.1, a;; =
0.5, a2 = 0.02 4+ 0.1sint, as; = 0.2 + 0.1sint, ags =
0.4, 51(t) = 52(t) =2 - sint, Ul(t) = UQ(t) = 0.5. By
Theorem 4.1, system (SM) is global asymptotically sta-
ble. See Fig. 1(b).

6 Conclusions and future directions

In this paper, a stochastic predator-prey system involv-
ing time-varying delays is considered. Some new sufficient
conditions for existence, extinction and global asymptot-
ical stability are obtained.

There are still many interesting and challenging questions
that need to study. In this paper, we only consider that
the white noise affects the growth rate r;(t), i = 1,2,
for other parameters, for example, a;;(t), 4,5 = 1,2 are
affected by the white noise which not be studied. We wish
that such questions will be investigated by some authors.
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