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Mathematical Model of High-frequency
Electromechanical Energy Transducer with
High-coercitive Permanent Magnets

Flur Ismagilov, Irek Khayrullin, Vacheslav Vavilov, Aynur Yakupov

Abstract—A  mathematical model of a high-frequency
electromechanical energy transducer with high-coercitive
permanent magnets in cylindrical coordinates is represented in
the paper. It allows analyzing magnetic field in the
electromechanical energy transducer air gap taking into account
temperature fields and mechanical parameters which influence
it. The investigations of the mathematical model are conducted
and comparisons are found, and inconsistent of the field task
solution in the cylindrical and rectangular coordinates is
determined.

Keywords—Air gap, High-coercitive permanent magnets
(HCPM), High-frequency electromechanical energy transducer
(EMET) (EMET).

[. INTRODUCTION

electromechanical

I Iigh-frequency energy transducers
(EMET) with high-coercitive

permanent magnets
(HCPM) refer to a kind of electric machines characterized by
the minimum weight ratio (0,28-0,4 kg/kWt), high efficiency
coefficient and reliability [1, 2]. This specifies their
application prospects as a main source of electric energy in
autonomous object power supply systems, e.g. in flying and
space machines, sea crafts and cars [12—18].

Along with that it is impossible to get minimum weight-
length parameters at the maximum efficiency coefficient
without using new materials which are quite expensive, e.g.
carbon fiber for rotor magnets shrouding or soft magnetic
alloys with high saturation induction. That is why when
designing the EMET with HCPM it is necessary to pay special
attention to design calculation accuracy and to take into
account a variety of operating factors (which determine the
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cost of the EMET). This cannot be done without developing
the mathematical model to describe magnetic field in the
EMET with HCPM. In several papers including [1-11]
mathematical models describing the magnetic field in EMET
with HCPM are represented. These models are designed for an
EMET with HCPM with a star rotor type, an EMET with the
tangentially and radially magnetized HCPM, and an edge-
bonded EMET with HCPM. All of them are mathematical
descriptions of the magnetic field vector potential in the
cylindrical coordinate system. However, HCPM parameters,
and resultant magnetic field in the air gap of the EMET with
HCPM respectively are under the significant influence of
temperature. It is also known that the resultant magnetic field
in the EMET air gap depends on the air gap size which is
determined mainly by mechanical loads on the rotor bandage
case in high-frequency EMETs.

In view of the above the mathematical model describing
magnetic field in the specific gap of the high-frequency
EMETs with HCPM must factor interrelation of thermal and
magnetic fields, and mechanical loads. Thereby, the vital
science-based task is to design a mathematical model which
will allow analyzing the magnetic field of the air gap of the
EMET with HCPM considering interrelations of thermal fields
and mechanical parameters with it.

In the first part we calculate the proposed parameters for
designing the mathematical model of the EMET with HCPM.
The second part is devoted to the estimation of the magnetic
field in the air gap of the EMET with HCPM. In the third part
the application area of the model is analyzed. In the last part
we give the results of several investigations carried out on the
EMETs with HCPM.

II. FORMULATION OF THE MATHEMATICAL PROBLEM

While designing the mathematical model the EMET with
HCPM is taken, Fig. 1. Moreover, the pattern of 3D magnetic
field in the EMET air gap is represented. As there are no
currents in the nonmagnetic gap, the magnetic field in the gap
is expressed by the Laplace equation in the cylindrical
coordinates, in differential coefficient [19]:
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where H,, H ,, H_ are the radial, tangential and axial

components of magnetic field intensity, respectively, in the
nonmagnetic gap of the EMET with HCPM, 7 is the
geometric parameters of the EMET with HCPM, @is the

angle of rotation of the rotor.
Equation system of (1) — (3) can be solved as follows:

10H,r 1 GHW OH ,
r or

divH =0. &

r op 0z

As the magnetic field on the HCPM surface depends on the
HCPM energetic factors, so the tangential and radial
components of the magnetic field on the HCPM surface can
be given as follows:

J
H (r,0,2)=k sing, (5)
o1 0,2) * @
J
Hr(raqoaz):kr COS(D, (6)
4mp,

where kw is the coefficient of proportionality between the

HCPM coercitive force and the HCPM residual induction, and
the tangential component of magnetic field intensity on the

HCPM surface; J is the HCPM magnetization; kr is the

coefficient of proportionality between the HCPM coercitive
force and the HCPM residual induction, and the radial
component of magnetic field intensity on the HCPM surface.

Then the interdependence of the thermal and magnetic
fields in the air gap will be described by the following
equations [20]:

Ky (O oo, —23)
B ® =B 1_ Br HCPM , 7
. (©) r( 100 ] (7

K, (O, —23)
H @ =Hl1- Hc HCPM , 8
(©) c( 100 j ®)

where B (®), H . (®)are effective values of the residual

induction and the HCPM coercitive force, respectively;
B., H . are values of the residual induction and the HCPM

coercitive force given in specifications, respectively; O ycpy
is the HCPM temperature; k 5, 1s the temperature coefficient

of the HCPM residual induction; kH(, is the temperature

coefficient of the HCPM coercitive force.
The air gap value depends on the bandage case load and is
calculated as follows:

6 _ QZ |:pHCPMRHCPM (DIfICPMl + DIiCPMZ ):| (9)

o &o

where Q is the angular rotation of the EMET with HCPM
rotor; Pycpy 1S the HCPM material density; o is the bandage

case ultimate material

Rycem> Dycemis
the EMET with HCPM, respectively. F is the mechanical load
influencing the rotor bandage case; 1 is the HCPM effective
length.
The geometric parameters are determined according to the
Fig. 1:

strength  to  its yield;

Dyycpn, are the geometric parameters of

DHCPM2 = DHCPMI - 2’hM

D, . —20,—h
Rycem = > : .

Boundary conditions and allowances. When solving tasks
like this common allowances which do not introduce
significant errors into results are used:

1. the core steel magnetic permeability, as well as the shaft
steel, is equal to infinity, the air gap magnetic permeability is
equal to the vacuum magnetic permeability;

II. the axial component of the magnetic field intensity on
the rotor butt end is equal to 0, i.e. the EMET of infinite
length is regarded,

III. the nonmagnetic gap value is determined as follows

o= 5Z + 51; (where 51; is the rotor bandage case thickness;
0. is the EMET air gap);

IV. there are no currents in the rotor bandage case and the
stator magnetic circuit serration is not calculated;

V. when specifying the rotor bandage case thickness the
bandage case weight is not significant in comparison with the
HCPM weight;

VI. the EMET shaft temperature is slightly different from
the ambient temperature;

VII. the temperature surrounding the EMET is constant.

The allowances mentioned above can be included
separately, so the stator serration is calculated by including the
Carter factor, buckling flows are calculated by including the
design length, and finite permeability becomes the saturation
coefficient.

Based on the above allowances the boundary conditions for
solving Eq. (1) — (3) can be formulated as follows:

(Advance online publication: 26 August 2016)
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H,| , 5=0 (10) magnetic field tangential component in the air gap of the
+ s
v "=7HCP;A = EMET with HCPM can be written as follows:
J .
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A,, A, B, are constant components specified by the
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boundary conditions.

RHuCPM6 , M The following values are included:

Fig. 1. The tangential magnetic flow designed in the rectangular coordinates

system — the air gap changing curve
Dycpmy +26 —
J =R, (16)
Hr | Dycpmi = kr Cos ¢ 2
=T T , (12) D
OH —HPML = R omar (17)
H.|_,=0, —=|_,=0 > HCPMI
oz , (13)
OH, _ Considering (16), (17) Eq. (18) can be rewritten in less

H. |, —=14=0

o0z T ) (14)  lengthy form:

The boundary condition (11) is from the allowance I, the A4, R(ER”CP‘)(;/)
boundary conditions (14), (15) are from the allowance II 0= 7 R(RHCPM )( R ) +
Moreover, according to the boundary conditions (13), (14) the 0 cr (18)
formulated task becomes the 2D boundary equation for the > R}SRCT) (r) .
Laplace equation within the circle using the following radii: + RZRCT)(R ){An cosng + B, sin n(”}-

n=1 1%, HCPM
D
% From the boundary conditions it is seen that:
If ¥ =R, then:
and
o
Dycpyi + 9, . R(()RHCPM)(F) = h{l + ;
2 HCPMI

)
RéRncPM )(RCT) — ln(l + :
III. MATHEMATICAL MODEL OF THE EMET wiTH HCPM HCPM1

Considering the boundary conditions the solution for the
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Using the Eq. (20) we get the following :

J (RS =1")Rico
4mu, r(R2CT _RZHCPMI)

@1
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Coming back to the reverse replacement of (16), (17), Eq.

(21) is rewritten as follows:
2
([DHCPMI + 5} _ rz](DHCPMlj
2 2
k- : Zsinp @
4, ((D ] (D) J
2

HCPM1 +5
2
Eq. (23) must be checked against the boundary conditions
(10), (11):
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In view of the above the obtained solution corresponds to
the specified boundary conditions.

The relationship between the tangential component of the
magnetic field intensity in the air gap of the EMET with
HCPM and the bandage case mechanical density, and the
HCPM temperature is included.

At the same time the relationship between the magnetic
field in the HCPM air gap and the temperature can be written
based on the following equation:

B =Hu,+J. 23)

Considering Eqgs (8), (9):

J= Br[l _ kB’(®HCPM]_23)J _
100 . 24)
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Taking into account Eq. (4) which describes the magnetic field line continuity we can get the following:

laHrr_,’_laH(/’ —

=0, 26
r or r Op 20

The radial component of the magnetic field intensity in the HCPM nonmagnetic gap is determined as follows:

aH,rz_k 1 B (FMJ—HM (pwj x
or “Amp, | 100 o 100

2

Do o’ |:pHCPMRHCPM (DI?{CPMI + DfICPMZ ):| _2 Do . @7
2 8o 2
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If two parts of the equation are divided into 7, then:

1 k, (© -23 k, (® -23
OH, =k, {Brtl_Mj_cho(l_ 11 (Orcem )):|><

4np,r 100 100
2
Dycon N o’ |:pHCPMRHCPM (D}zlcmvn + DI%ICPMZ ):I _ 2 Dy (28)
2 8c 2
X 5 cosQor
2 2 2 2
; Dyconn N Q I:pHCPMRHCPM (DHCPMI + DHcpmz)] [ Ducems
2 8c 2

To find the magnetic field radial component in the air gap of the EMET with HCPM the integral from the right and left parts is
taken. Moreover, the factors which do not depend on F, and r, put outside the integral sign:

[oH, =k, ! { B, [1 - MJ ~H 1, [1 _ ki Oy =23) ﬂ §

4mp,, 100 100
(DHCPMI j (29)
X 2 COS @ x '
2 2 2 ’ 2
Do N Q |:pHCPMRHCPM (DHCPMI + Doy ):| [ Ducown
2 8o 2

2 8o
xI or

2
7

2
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By integrating both parts of Eq. (29):
H +C =-k ! {B,‘[I—MJ_HCHO(I_kHc(®HCPM _23)I|><

* 4my, 100 100
(DHCPMI j
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2 8o
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r
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From the boundary condition (12):
C-C,=- cosolk, +k €1y
1 2 47_[”0 (p( [ r )
Then including (32), Eq. (31) can be rewritten as follows:
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Taking the similar additive component:
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r
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So a set of Egs (24)-(32) is the mathematical model which describes the magnetic field in the air gap of the EMET with HCPM
taking into account interrelations of the EMET active parts temperature and the magnetic fields, as well as the mechanical load

on the rotor bandage.

IV. APPLICATION AREA OF THE DESIGNED MATHEMATICAL
MODEL

In the paper [21] the task on specifying the 3D magnetic
field in the nonmagnetic gap of the EMET with HCPM is
solved by using the Laplace equation in the differential
coefficient in the rectangular coordinates:

H_ = H_,, (chg,z — thg,5shg,z)cos ¢,xcos g,V ,

(35)

H =-H,, —&8

X z0m

chg,z(thg,6 — thg,z) x

4t 4q, . (36)
X Sin ¢,X COS ¢,y
q;
H =-H h thqg,0 — th
y z0m 1 + , C q3Z( q38 q3Z)X’ (37)

X C0S ¢,XCOS ¢,y

Z, !

HCPMI

,_‘__‘_‘._---‘ l

g,

r= ;“” “H, =k, 4m:: sl (| [T

HCPM2 "

where ¢, :E, q, :%, qs :1/q12 +q32 , T is the
T
EMET polar pitch.

The solutions mentioned above are less lengthy than the
obtained equations with the air gap flexion. Therefore, it is
reasonable to analyze discrepancies and find application areas
for Eqgs (35)—(37).

When analyzing the discrepancies between the solutions in
the rectangular and cylindrical coordinates the relationships of
the tangential and radial magnetic flow (z and x used in Eqs
(35-37)) and the air gap value for the EMET with the rotor
diameter of 60 mm and the effective length of 180 mm are
calculated. Comparative analysis of the calculation results for
the tangential magnetic flow is shown in Fig. 2.

Having analyzed Fig. 2 it is seen that in the close gaps
sphere up to 4 mm discrepancies in solutions for the
cylindrical coordinates system and rectangular coordinates

{

[— —_

TS
NN

S
N

Fig. 2. Design model of the EMET with HCPM
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system do not exceed 5%. In the sphere of the air gap value
more than 4 mm discrepancies in solutions for the cylindrical
coordinates system and rectangular coordinates system reach
30%. For the radial magnetic flow the results have the similar
nature. Thus it is obvious that for the gap not more than 4 mm
Eqs (35)—(37) can be used, at the gap more than 4 mm the air
gap flexion must be considered.

V.ELECTROMECHANICAL TRANSDUCER INVESTIGATIONS BY
USE OF THE DESIGNED MATHEMATICAL MODEL

On the basis of the designed mathematical model the
multiple investigations of the EMET with HCPM have been
conducted; the actions of temperature and mechanical strength
on its parameters have been estimated, i.e. applicability of the
designed mathematical model is shown in the paper.

In Figs 3, 4, 5 the interdependence between the magnetic
flow radial component in the air gap of the high-speed EMET
with HCPM and the temperature, air-gap distance and other
parameters put on the HCPM.

From the curve (Fig. 3) it is seen that if the air-gap
increases as twice the magnetic flow R-component amplitude
decreases to 1,85; and if the air-gap is up by 28,5 per cent the
magnetic flow R-component amplitude in the air-gap of the
EMET with HCPM is down by 66 per cent.

While plotting the curve in Fig. 5 constant temperature
coefficients for HCPM of different types are used. Herewith
the curve 5 shows that HCPM temperature influences the
magnetic flow R-component in the air-gap significantly. So,
for the HCPM of NdFeB type if the temperature increases
from 70 to 140 degrees the magnetic flow R-component is
down to 25-35 per cent. In spite of the fact that the initial
characteristics of NdFeB 38UH type (at the temperature of
230C) are higher than those of Sm2Col7 type (if the residual
induction is 10 per cent more, coercitive force is up to 7-8 per
cent, while at the temperature of 230C the HCPM of NdFeB
38UH type creates radial magnetic flow which is by 9 per cent
more than the HCPM of Sm2Col7 type). So at the
temperature of 700C the parameters of the HCPM of
Sm2Co17 and of NdFeB 38UH types become equal and create
the similar magnetic flows, at the temperature of 140-1500C
the HCPMs of Sm2Col7 type create the magnetic flow in the
air-gap of the EMET with HCPM by 20 per cent more than
the HCPM of NdFeB 38UH type. Therefore it is reasonable to
use the HCPM of NdFeB type in the EMET with HCPM in
cases when their temperature does not exceed 500C, however
in other cases it is more reasonable to use the HCPM of

Sm2Col7 type for purposes of providing energetic
characteristics.
Therefore, the designed mathematical model allows

conducting multiple investigations of the EMET with HCPM
parameters.

VI CONCLUSION

In the paper the mathematical model describing the
magnetic field in air gap of the electromechanical energy
transducers with high-coercitive permanent magnets is

designed. Interrelations between the EMET active parts
temperature and the magnetic fields and the mechanical
strength are taken into account. The research has shown that:

— if the air gap increases as twice, the tangential magnetic
flow in the air gap of the EMET with HCPM goes up to 4045
%. Moreover, with the air gap increase the tangential magnetic
flow will rise according to its height. Herewith the radial
magnetic flow decreases to 7-8 %, i.e. if the air gap increases
in the EMET with HCPM then penetration of the magnetic
field radial component in the EMET decreases and weakening
action of the tangential component increases.

— in the close gaps sphere up to 4 mm discrepancies in
solutions for the cylindrical coordinates system and
rectangular coordinates system do not exceed 5%. In the
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Fig. 3. The magnetic field R-component in the air gap of the high-speed
EMET with HCPM - the air-gap distance curve
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Fig. 4. The magnetic flow R-component in the air-gap of the high-speed
EMET with HCPM — the HCPM type curve

sphere of air gap value more than 4 mm discrepancies in
solutions for the cylindrical coordinates system and
rectangular coordinates system reach 30%. Consequently, it is
obvious that for the gap not more than 4 mm the magnetic
field in the air gap can be calculated without including the
flexion, at the gap more than 4 mm the air gap flexion must be
considered.
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