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Some New Bounds for the Hadamard Product of a
Nonsingular M -matrix and Its Inverse

Zhengge Huang, Ligong Wang and Zhong Xu

Abstract—Some new convergent sequences of the lower
bounds of the minimum eigenvalue for the Hadamard product
of a nonsingular M-matrix and an inverse M-matrix are given.
Numerical examples show that these bounds could reach the
true value of the minimum eigenvalue in some cases. These
bounds in this paper improve some existing ones.

Index Terms—sequences, nonsingular M-matrix, Hadamard
product, minimum eigenvalue, lower bounds.

I. INTRODUCTION

HE Hadamard product of two nonnegative matrices and

the Fan product of two M-matrices are two special
matrices product. In mathematics, many problems can be
transformed into computational problems of the Hadamard
product and the Fan product, such as numerical method for
solving volterra integral equations with a convolution kernel
[1], solving a system of Wiener-Hopf Integral Equations
[2] and so on. The upper bounds for the spectral radius
p(A o B) of the Hadamard product of two nonnegative
matrices A and B, the lower bounds for the minimum
eigenvalue 7(A o B~!) of the Hadamard product of a M-
matrix A and an inverse of M-matrix B are research hotspots
in matrix theory researching. In this paper, by constructing
sequence of iterations and combining with the skills of
inequalities scaling, we will conduct further research in the
lower bounds for the minimum eigenvalue 7(A o B~!) of
the Hadamard product of a M-matrix A and an inverse of
M-matrix B. In theory, we prove that the sequences obtained
in this paper are more accurate than the existing ones. Some
results of the comparison are also considered. To illustrate
our results, some examples are given.

For a positive integer n, N denotes the set N =
{1,2,---,n} throughout. The set of all n x n real matrices
is denoted by R™*™, and C"*"™ denotes the set of all n x n
complex matrices.

Let Z,, denote the set of n x n real matrices all of whose
off-diagonal entries are nonpositive. A matrix A = (a;5) €
R™*" jg called an M-matrix [3] if there exist a nonnegative
matrix B and a nonnegative real number A such that

A:)‘I_Bv )‘ZP(B)v

where [ is the identity matrix, p(B) is the spectral radius of
the matrix B. If A = p(B), then A is a singular M-matrix;
if A > p(B), then A is a nonsingular M-matrix. If C is
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a principal submatrix of A, then C is also a nonsingular
M-matrix. Denote by M,, the set of all n X n nonsingular
M-matrices. Let us denote

7(A) = min{Re(\) : A € 6(A4)},

and o(A) denotes the spectrum of A. It is known that [4]
T(A) = ﬁ is a positive real eigenvalue of A € M,,.

The Hadamard product of two matrices A = (a;;)nx» and
B = (bij)nxn is defined as the matrix Ao B = (a;;b;ij)nxn-
If A and B are nonsingular M-matrices, then it is proved in
[5] that Ao B~ is also a nonsingular M-matrix.

A matrix A is irreducible [6], [7], [8] if there does not
exist a permutation matrix P such that

A A )
0 A22 ’
where A1 and Ass are square matrices.

For o« C N, denote by |a] the cardinality of a and o =
N —a. If a,8 C N, then A(a, ) is the submatrix of A
lying in the rows indicated by « and the columns indicated
by B. In particular, A(c, «) is abbreviated to A(a). Assume
that A(«) is nonsingular. Then

Afa = A/A(a) = A(e') — A/, 0)[A(a)] 7 Ala, o),

PAPT = (

is called the Schur complement of A respect to A(«) [9].
Let A = (a;;) € R™™ be a strictly row diagonally
dominant matrix, for any ¢,j,k € N, i # jt = 1,2,---,
denote
R;
Ri:Z|aik‘> di = —

pr— 5
|a7;,|

ki
lajil + > lajk|d
kot i ,
Sji = o : Sizr?gg{sz'j}y

lajil + > lajk|ski
k)i

i = |aj;| e I?a%fc{mij};
rji = —‘aj” ;i =max{rj};
lajil — > lajkl i
k#j,i
|aji| + k; Nagilr:
b = 2ot - £ )
i o] .t r?gf{ ij}s
lagil + >° lajkltri
Wi = k73,0 u; = max{u;;};
! |aj;l ’ g
|aji }
l; = max
b {|ajj|tji = > lagiltri )
k#j,i
laji| + >0 lajrltrils
k#j,i
Wy = y

|aj;l
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w; = Hjlgf{wij}, ¢;i = min{sj;, t;; },

|ajil }
h; = max
R {|ajjIjS_ > laglar )
k)i

lajil + > lajklqrihi

o) k#3j,i
Vjim = )
la;|
t—1
Iaj¢|+k; lajg oY
® _ 5 ) _ (t)
b |aj;] o P = maxipy )
a;i
hgt):mif{ @ - (t)}’
I |ajj|pji -2 |ajk|P;Ci
k)i
t t
lajil + 3 lagulpl?ht”
) _ k3 i
Uji =

|a;l

Let A be a nonsingular M-matrix and A™' = (@ij)nxn
be a doubly stochastic matrix. Before presenting our results,
we review the existing results that relate to lower bounds
of the minimum eigenvalue for the Hadamard product of a
nonsingular M-matrix and an inverse M-matrix as follows.

It was proved in [10] that 0 < 7(A o A~!) < 1. Fiedler
and Markham [5] gave a lower bound on 7(Ao A~1): 7(Ao
A1) > 1 and conjectured that 7(Ao A1) > 2.

Chen [11], Song [12] and Yong [13] have independently
proved this conjecture.

Li et al. in [14] and Li ef al. in [15] obtained the following
results

T(Ao A_l) > min {aii — sl },

i€EN 1 —+ Z Sji
J#i
—— -
7(Ao A7) > min Qi — Lt ,
ieN | 1+ Z t]‘i
iFi

respectively.
In [16], Cheng et al. improved the results in [14] and [15],
showing that

7(Ao A7) > min @i — uilt .
iEN 1 =+ Z uji
J#i
Recently, Chen in [17] improved the results in [14] and
gave the following result:

_ 1
7(AoA™Y) > min 2{az‘z‘an +ajjog; — |:(aiiaii — ajj0;)?

i#]

+4 (m > “’”'““) (mj 2 |a"'j|ajj>} é}'

ki k#j

In [18], Cheng et al. proposed T(Ao A7Y) > 1 — p2(Jy),
and in [19], Li et al. presented the following result:

_ 1
7(Ao A™") > min 2{%‘% + ajjo; — |:(ai1',04ii — ajjaz;)?

i#]

+4 (wz > |aki04n‘> (wj > lak Oéjj)] % }

ki k#j

In the sequel, Zhao et al. [20] improved the results in [14],
[15], [16] and arrived at

Gis _p(t)R,
7(Ao A7) > max{r_nin{”z(t)z},
ieN (14 Z D

Sra)

J#i
agip?
aii — Si ) L ”J?“
. { it
min
In [21], Zhou et al. proved the following result: If A =
(aij), B = (bij) € R™ ™ are nonsingular M-matrices and
A~ = (@ij)nxn. then

bis —ti Y |bil
-1 . k#i
T(Bo A7) > minq ———— 5.
iEN Qi

In this paper, we exhibit some new lower bounds for 7(Ao
A71) and 7(B o A~1). These bounds improve the results in
[14], [15], [16], [17], [18], [19], [20], [21].

The rest of this paper is organized as follows. In Section
II, we propose some notations and lemmas which are useful
in the following proofs. We propose some new lower bounds
for 7(Bo A™') and 7(A o A™!) in Section III. Section IV
is devoted to some numerical experiments to show that the
advantages and precise of the new convergent sequences
of the lower bounds of the minimum eigenvalue for the
Hadamard product of a nonsingular M-matrix and an inverse
M-matrix. Finally, some concluding remarks are given.

II. PRELIMINARIES

In this section, we start with some notations and lemmas
that involve inequalities for the entries of A~! and the
strictly diagonally dominant matrix. They will be useful in
the proofs.

Let A = (a;5) € R For 4,5,k € N, j # i, t =
1,2,---, denote

lajil + 32 lajkltrili
(0) k#37,1

9o = |aj;] -
t—1
\ay‘z‘|+k;_\ajk|gz(ci :
) 3 (t) (t)
i y Ji o = MAX JL0 g,
i o] T na: {fi;’}
1 max{ 2l }
i O t t ’
7 Uag £ = 5 lagl £
k#3j,i
t t
lajil + > ‘ajk|f15i)l§)
7 |aj;l

Lemma 2.1 [7] Let A = (ai;)nxn be a nonsingular M-
matrix, B = (b;j)nxn € Zn and A < B. Then B is a
nonsingular M-matrix and A=! > B~ > O.

Lemma 2.2 [7] Let A = (aij)nxn, § # @ C N and
assume that A(«) is nonsingular. Then

det A = det A(a) det A/a.

Lemma 2.3 [20] If A = (a;;) € R™” is a strictly
row diagonally dominant nonsingular M-matrix, then, for all

(Advance online publication: 26 August 2016)
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BhjEN, j#di,t=1,2-",
(@) 1> g5 >0l > pl)) >0l
2p§i)Zvﬁi)2~~~2p§?2v§?2...

(b) 1>h; >0,1>h" >0.

> 0;

Using the same technique as the proof of Lemma 1 in
[20], we can obtain the Lemma 2.4.

Lemma 24 If A = (a;;) € R™™ is a strictly row
diagonally dominant nonsingular M-matrix, then, for all
L,jeEN j#£i,t=1,2---

( ) 1>t]l >g]2) >f(1 >gj(z)
> [ S
®)1>1,>01>1" >0

Lemma 2.5 [20] Let A = (a;;) € R"*" be a strictly
row diagonally dominant nonsingular M-matrix. Then, for
A7V = (bij)nxn, J #0,Vj € N,t=0,1,2,---, we have

t
lajil + X laglol?
k#37,i

)> P>

(t+1)
Qi =Pj; i

aj; <

" ajj

Lemma 2.6 Let A = (a;;) € R™™ be a strictly row

diagonally dominant nonsingular M-matrix. Then, for A~ =
(bij)nxn, we have

aji < 25 ag < A ay, Vi e NJi#£,t=0,1,2,-

where z() = min{pg?,fﬁ)},zgt) = max{z } t =
1,2,---.
Proof. Using the same techniques as the proof of Lemma

2.Zin[11],f0rj7éiVj€Nt:O 1,2,---, we have

laji| + > ‘ajk|9
k#3j,i (t+1)
» = Jis
ajj
Then it follows from the above inequality and Lemma 2.5
that

aj; <

aj; < mln{p(t+1) f(t+1)} i = Z(t+1)

forVj e N;,t=0,1,2,---.

Remark 2.1 By Lemma 2.3, we find that 0 < h; < 1, in
view of q;; = min{sji,tji} < s4; and by Lemma 2.3, for
i,j € Nyi#j,t=1,2,--- we have

lajil + > lajklgrihi

(t) 0) k#j,i
Pyt = 0= N

|aﬂ|+ > |%k‘3kz
k#7,1

|a”\
Furthermore, by Lemma 2.4, 0 < [; < 1, then, we have

lajil + 22 lajeltrls

[e778)

= mji.

k#j,i
£ < gl =
Ak |aj;l
lajil + > lajkltr:
—w < k#ji — s
- 1 = —_ 7
! |aj;] !

By Theorem 3.3 in [14], [15] and the above two inequalities,
fori,j € N,i# j,t =1,2,---, we infer that

t 0 t 0
Z](L) < U](‘i) < mg; < Sjiy % J(l) g](l) = Wy < Ujg < t

(Advance online publication:

which results in
zgt) < UZ(O) <m; < sy, ZZ-(t) < 950) =w; <u; <ty, i €N.

Moreover, inasmuch as

t t t t t
zz()—rglax{z( )} max{z() "?Zi(,i)—hzz(i)—&-l?'“? 2(7)L}
< maX{pil 7p§tz) 1ap£tz)+17 : ’p’ft’r)L}

_ )y _
= r?i‘;x{pij b= pi )

Zl(t) = max{zz(t)} = max{zi(f), to ’Z’L(tl) 1 z(tz)+1’ T Z(t7)l}
< max{f(t) e 7fi(;)_17 fi(,ti)-l-la T fi(,iz}

(t) (t)
—max{f .} = f".
nas {fii’y=1

for ¢ € N, the result of Lemma 2.6 is sharper than the results
of Theorem 2.1 in [14], Lemma 2.2 in [15], [16], [17] and
Lemma 2 in [19], [20].

Lemma 2.7 Let A = (a;;) € R™™ be a strictly row
diagonally dominant nonsingular M-matrix. Then, for A=} =

(ij)nxn, 1 € N,t=1,2,---, we have
1 1
——— oo S Qi S —_— (1)
ai = 2 Sl - X lagls

where z( ) = min{pg?7 (f)}, i,j € N,j#i.

Proof. Let B = AL Since A is a nonsingular M-matrix,
"B > 0. Denote A; is the submatrix of A obtained by
deleting the i-th row and the i-th column of A. Then, A;
is a nonsingular M-matrix and

. /
A; < diag(air, - Gim1i-1, Qit1,ig1, " Ann) = A’

Thus, by Lemma 2.1 and A’ being a nonsingular M-matrix,
we have

A;I = diag(afll, ) azill,ifl’ a;+11,z‘+17 ). (2)
For + € N, by Lemma 2.3, we have
det A; det A; B 1
det A detAidetA/Ai ~det A/A;°
By Inequality (2), we deduce that

ik Qi
det AJA; < az — Z %.
i Okk

A =

Hence

det A; 1 .
i = detA’ > — S~ 1 € N. 3)
k?f'L akk

Combining Lemma 2.7 and AB = [ results in

1= E Qi Qi = Qi Ol — E laij|oi

J#i
> a0 — E Iawlz Qi
J#i

= (aii - Z aij|2§?>am

J#i

1
z |aw|z“>

Q5 < 4
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By Inequalities (3) and (4), the result is obtained.
Remark 2.2 According to Remark 2.1, for j # i,j €
N,t=1,2,---, we have

Sji = Mj; 2> zj(l),

Lji 2 uji 2 wj; = 9(-(-)) D Pl

) (t)
Jji = jl’pjl 2 2

= “ji
which implies that
1 1 1

< <
a2 = 2 lajlmyi — 2 laiglsji’
; (t) a §.|a |m a §.|a |s
JIFT VE

1 < 1
t) — t)?
— Y a2 T ai — X aglp!
JFi JFi
1 - 1 7 1
= S lailel) T an = X Jaglely @i = 2 laighosi
Fi iFi g7
< 1 < 1
T oai — oy |aijlug T oas — Y ‘aij|tji'
J#i JF#i

Moreover, it is easy to get

1 1
— <

kAi R

So the bounds of Lemma 2.7 are sharper than the ones of
Theorem 2.5 in [14], Lemma 2.3 in [15], [16], [17] and
Lemma 3 in [20].

Lemma 2.8 [22] If A=l is a doubly stochastic matrix,
then Ae = e, ATe =e, where e = (1,1,---,1)7.

Lemma 2.9 [17] Let A = (a;;) € R™*™ be a nonsingular
M-matrix. Then 0 < 7(A) < a;; for all i € N.

Lemma 2.10 [23] Let A (a;;) € C™" and
r1,Ts,- -, T, be positive real numbers. Then all the eigen-
values of A lie in the region

n

U

{Z €C: |z —aillz — ayl
i j=1,i#]

(g g am))

ki k£
Lemma 2.11 [7] Let A € Z,,. A is a nonsingular M-matrix
if and only if all its leading principal minors are positive.

III. MAIN RESULTS

In this section, we exhibit some new lower bounds for
7(Bo A7') and 7(A o A™'), which improve the ones in
[14], [15], [16], [17], [18], [19], [20], [21].

Theorem 3.1 Let A = (a;5),B = (b;;) € R" " be

nonsingular M-matrices and A™' = (;;)nxn. Then, for
t=1,2, -
—1 1 . 2
(B o A™) 2 gmin g auibii + abj; — | (auibii — ajjbs;)
i#j

Z](t) > Ibkj|04jj)] }
Py
()

Proof. It is evident that the result (5) holds with equality for
n = 1. Below we assume that n > 2.

+4 <Z,Et) Z |bki|aii) <
kti

— A,

Since A is a nonsingular M-matrix, there exists a positive
diagonal matrix D such that D~'AD is a strictly row
diagonally dominant nonsingular M-matrix, and

7(BoA™ ) =r(D (BoAY)YD)=1((Bo (D" '

1AD)™).

Therefore, for convenience and without loss of generality, we
assume that A is a strictly row diagonally dominant matrix.
Now, let us distinguish two cases:

(i) First, we assume that A and B are irreducible matrices.
Then, for ¢ € N, t =1,2,---, without loss of generality, we
assume that

20 = ORRNU RNG

max{z R i1 R

t t
7p§1) 1apfz)+1v'

(f)}

7ZTL

InaX{ptl 9 9 p”L) }

By the definition of pﬂ , 0bv10usly, 0< z( ) <lforze N,

= 1,2,---. Let 7(Bo A™!) = \. By Lemma 2.10 and
Lemma 2.6, there exists a pair (i, j) of positive integers with
i # 7, such that

A — Oéiibn'H/\ — ;b

(5 o)

(f) Z ) |Olkgbkj>

k;ﬁz k;éj
t t t 1 t
= (Zz( > Wlbmzé )Om) (Zj( "> el )%‘a)
k#i k k#j %k
= (Zz(t) Z |bki|aii) (Zj(t) Z |bkj|ajj>. (6)
ki k#j

Since A and B are nonsingular M-matrices, B o A lisa
nonsingular M-matrix as well. By Lemma 2.9, we have 0 <
A < q;;b; for all ¢ € N. It follows from Inequality (6) that

(A = aigbii) (A — aj;bj;)
< (th) > |bki|aii> (Zj(-t) > bkj|0<jj>- ©)
ki kAj

Thus, Inequality (7) is equivalent to

1
T(B o Ail) > 2{04”‘[)“' + Oéjjbjj - l:(()é”b“ - Oéjjbjj)Q

3
+4 (zi(t) Z |bki|au‘) (ZJ(-t) Z |bkj|ajj)] }7
ki k#j
that is,
1
r(BoA™Y) > = m;n {aiibii + b5 — {(Oém'biz' — ajbj;)?
JF

1

+4 (zi(t) Z |bki|aii) (ZJ(-t) Z |bkj|ajj)] }
k#i k#j

®)

(i1) Now, assume that one of A and B is reducible. By
Lemma 2.11, we know that all the leading principal minors
of A and B are positive. If we denote by P = (p;;) the
1 X n permutation matrix with pio =po3 =+ =pp_1,n =
Pn,1 = 1, the remaining p;; being zero. Then for any chosen
positive real number e, sufficiently small such that all the
leading principal minors of A —¢P and B —¢P are positive,
it follows that A—e P and B—¢P are irreducible nonsingular
M-matrix. Now, we substitute A — ¢P for A, B — P for
B, respectively in the previous case, and then letting ¢ — 0,

(Advance online publication: 26 August 2016)
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the result follows by continuity. This completes our proof of
Theorem 3.1.

Remark 3.1 Without loss of generality, for i # j, t =
1,2,---, assume that

293 fbralevii < ajsbs; —
ki

@iibi; —

t
A0S brglag;, ©)
k£
Thus, Inequality (9) can be written as
Zj(t) Z brjlej; < ajjbj; — cuibii + Zi(t) Z |bki|evii (10)
k+#j ki

From Inequalities (5), (10) and by Lemma 2.10 and Lemma
3 in [20], it follows that

1
5 {Oéz‘z‘bu' + b5 — [(Oéiibu‘ — ajbi;)’

+4 <Z§t> > bm‘l@u) (ZJ@ > |bkj|ajj>
ki

k£

)

1
> z{aiibii + a;jbs; — |:(b¢¢a¢¢ — bjjajj)Q +4 x
1
2
< )Z bm|(¥n> (am jj — Qiibii + Z( ) Z |bkzau>:| }
k#i k#i
1
= Q{Oliibii + aibj;
2
- |:(azzb7,7, - Oéjjbjj)2 + 4(2’10) Z bkl|o¢“>
ki
1
2
+4< (t) Z bkz|au> (Oé” aubu):| }
k#i
1
= 2{aiibii + ajjbj; —
o
|:<Oc]'jb]'j — aiibii + 2210) Z bkl|a“> :| }
ki
= aiibii — th) Z |brs |avis = (bii — Zit) Z |bkz> g
ki ki
— 2" % bl
2 k#i
(0273

This means that

min
i#]

+4 (z

1
B {au‘bn‘ + ajbj; — [(aiibii — a;bj5)?

%
Y |bki|aii> (Z]('t) > bkj|04jj>} }

ki k#j

205 bl 05 bl
>mm{k#} > m{i}
eN Qi eN Qi
bu - ti Z |bk1|
> min {#}
i€EN (077}

So the lower bound in Theorem 3.1 is better than the lower
bounds in Theorem 1 in [20] and Theorem 4.8 in [21].

Moreover, since zft) <w; fori e N,t=1,2,---, we have

1

HllIl

nin o {Ombiz’ + aj;bj; — {(anbz‘i — ajjbj;)?
%
+4 (zgt) Z bki|aii> (Z](-t) Z |bkjajj)] }
k#i k#j
1
3 {C'éiibii + ajbyy — [(cuibis — ajsb5;)?

» |bki|aii> (wj > bkj|ajj>} ;}~

ki k]

> min
1#]

+4 (w
Thus the lower bound in Theorem 3.1 is better than that in
Theorem 2 in [19].

Theorem 3.2 The sequence {A;},t = 1,2,--- obtained
from Theorem 3.1 is monotone increasing with an upper
bound 7(B o A~!) and, consequently, is convergent.

Proof. By Lemma 2.3 and Lemma 2.4, we have p(t) >
ptY > 0and £ > fFY >0t = 1,2, So
by the deﬁmtlons of p() and f( ), it is easy to see that
sequence {pz )} and { f } are monotone decreasmg, and

since zj( ) = mm{f(7 ,pﬂ } fort =1,2,---, we have
.z = mm{fﬂ ,pﬂ)} > mln{ (t+1 D §i+1)} = ZJ(ZJFI),

so by the definition of zi(t) = m;xx{zg)}, for i € N, for
VE)

= 1727"', we have
t t t t "
Zf)_r?ax{z() “’Zi(i)—hzz(i)—&-l?”'v z(n)}
2 maX{Z(H_l)’ T z(tz—Hl)’ z(tz—:-ll)» T l(fl-i-l)} = Zi(t+1)a

1€EN

which implies the sequence {zft)} is monotone decreasing
sequence. Then A; is a monotonically increasing sequence.
Hence, the sequence is convergent.

Let A = (a;;) € R™ ™ be a nonsingular M-matrix. By
Lemma 2.9, we know that if A~! is a doubly stochastic
matrix, then ATe =e, Ae =e, thatis, a;; = 1 + > la;;| =

3
14 > |aji|l. So A is a strictly diagonally dominjait matrix
by rz);‘\fv2 and by column. If B = A, according to Theorem
3.1, the following corollary is established.

Corollary 3.1 Let A = (ai;)nxn be a nonsingular M-
matrix, and A~1 = (cij)nxn be doubly stochastic. Then,
fort=1,2,---,

(Ao A™1

1
: 2
) 2 5 min g agiai +ajjag; — | (@it — o5a5;)

2 i#j
3
+4 (ZZ-(t) Z |akiaii> (Z](-t) Z |akj|ajj>} }
k#j
(11

ki
=T.

Remark 3.2 According to Remark 2.1, for i € N,j €
N,j#4iand t =1,2,---, we have

t 0 t t t
sji > myi > 25, ug > wg = g > 210, plY) > ),
()

8; =My > 2 7Uz‘2wz‘:9£)22§wa Pgt)zzi()v
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which results in D such that D~YAD is a strictly row diagonally dominant
L 1 nonsingular M-matrix, and
T(AOA7 ) 2121;1?2{CL”04“ +ajjozjj - {(aiiaii —ajjozjj)
1. 7(BoA™Y)Y=7(D"'(BoA™")D)=7((Bo (D 'AD)

+4 (zi(t) Z |akiaii> (Z](-t) Z |akj|ajj>} }

-1

).

ki k] So, for convenience and without loss of generality, we
> min 1{a--a-- o {(a--a-- a2 assume that A is a strictly row diagonally dominant matrix.
Ty 2 A e (1) If A and B are irreducible matrices. Then, for any
1 i € N, we derive
+4<miz aki|aii> <mjz |akj|o‘jj>} },
i ey lajil + > lajildy
and similar to the proof of Remark 3.1 and by Lemma 3.1 0<s= rgzx k:] jjl } <1

in [16], we have

9 Let 7(Bo A7!) = \. By Lemma 2.10 and Lemma 2.6,

1
(Ao A7) > min = ajoy; + ajiog; — |(acu — ajja;; . R e e
( )z mit 2{ i + 03505 — | (@i = @45055) there exists a pair (4,7) of positive integers with i # 7, for

i#]

. o iy t=1,2,---, such that
+4 (zi Z |ak1'041'i) (Z_j Z |akj|ajj>} }

k#i k#j |A*Oéiibi1;||)\70[j] Jj|
1 |bki| vk b Ia
>min —{a; o + aj04 aiivi; — ajjaji)? , ki Tk ’W kj
i 2 { Jiis — [( Jj J]) < (SZ Z S Z
1 ‘ ' k#j
(
+4 (wi Z |akiaii> (wj Z |akjajj>] } Z |bkz|anzm Z |bk.7|aj.72k])
k#i k#j Py ’ oy Sk
> mi {aiiuiRi} o ! (t)
mimsS ———— /. t
T i bri| 2 k
enN |1 +j§iuj’b - (Siaiiz | ks|zkz )(Sja_jj Z b ;‘ ) (13)
‘ k 4 k
k k
Furthermore, by Theorem 3.3 in [16], we have 7 =
T u; R; . — 4 R; Since A and B are nonsingular M-matrices, Bo A~ ! is a
ieN |14 > uj; 'LGN 1 _|- Z tji nonsingular M-matrix. Having in mind that 0 < A < ;b4
J#i for all ¢« € N, from Inequality (13) we see that
So the lower bound in Corollary 3.1 is an improvement on
the lower bounds in Theorem 3.2 in [17], Corollary 3 in [19] (N — b)) (A — a]j bj;)
and Theorem 3.1 in [15], [16]. In addition, by Theorem 3.3 b |Z |bis ‘
. kil|~L; 3 1%kj
in [17], we have < (saz kk >( sj0; Y —— > (14)

k#i k#j

1
min 5 {aiibii + aj;bj; — [(an‘bu‘ —a;;bj;)°
i#] which yields that

+4(mi2|aki|bii> (mj2|akj|bjj):|é} 7(BoA™Y)

ki k#j |
> min {il” _giRi } > 2{au‘bn‘ + ajbj; — [(anbm‘ — ajjbji)?
T iEN =+ Sji
i i) 22 |brj \Z :
iad %1 J
Hence the result of Corollary 3.1 is sharper than that of +4 (Siaiiz Sk>( 55%55 Z ﬂ }’
Theorem 3.1 in [14]. k#i k#j
Theorem 3.3 Let A = (a;5),B = (b;;) € R"™ ™ be
nonsingular M-matrices and A™' = (;)nxn. Then, for and therefore
t=1,2,-- 1
T(BoA™Y)
T(Bo A™Y) 1
! 2 = 5 ml n{a“b” + jjibjj — {(au‘bii - O‘jjbjj)2
> — 5 Iln#lil {aubu + Oéjjb]] |:(Oé”b“ — Oéjjbjj) @
b kz|Z i bkjlzr; \ 12
‘blﬂ|zl(st) \bkj|zk <81(X” Z Tk S04 Z J .
+4 S; Qg5 Z 571 ] ]j Z J = Qt- k#i k#j Sk
b kA ) (15)

Proof. It is not difficult to verify that the result holds with If one of A and B is reducible, similar to the proof of
equality for n = 1. We next assume that n > 2. Since A isa Theorem 3.1 (ii), the result is obtained.
nonsingular M-matrix, there exists a positive diagonal matrix Remark 3.3 Similar to the proof of Remark 3.1 and by
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Lemma 3 in [15], for t = 1,2, - -, is given by
r(Bo A-1>
1 2
5 i + a;bj; — | (cuibis — a5b55)

Z |ka|ij
85

k#j

75
bk z
sy el z| g

ki ) (
\b.fi\p(-t-)
bii — si ), — -

i }
(0773

Therefore, the bound of Theorem 3.3 is sharper than that
in [20].

Using the same method as the proof of Theorem 3.2, the
following theorem can be deduced.

Theorem 3.4 The sequence {{:}, t = 1,2,--- obtained
from Theorem 3.3 is monotone increasing with an upper
bound 7(B o A~!) and, consequently, is convergent.

Taking B = A and using Theorem 3.3, we can get the
following corollary.

=)

> min
i€N

Corollary 3.2 Let A = (ai;j)nxn be a nonsingular M-
matrix, and let A~! (a”)nxn be doubly stochastic. Then,
fort=1,2,---,

T(AoA™Y)

2
min {a”a“ + ojja5; — [(aiiaii — ;55)
j

\akj|2k-j
S5 %53 Z P

(t)\ 13
)|}
k]

(16)

Remark 3.4 According to Remark 3.1 and by Lemma 4
n [20], for t = 1,2,---, we can conclude that the bound of
Corollary 3.2 is sharper than that in Corollary 4 in [20].

Remark 3.5 The sequence {Y:}, t = 1,2,--- obtained
from Corollary 3.2 is monotone increasing with an upper
bound 7(A o A1) and, consequently, is convergent.

Let @, max{A¢,;}. Combining Theorems 3.1 and
3.3, Theorem 3.5 is easily obtained.

Theorem 3.5 Let A = (a;5),B = (b;;) € R" " be
nonsingular M-matrices and A~! = (cij)nxn. Then, for
t=1,2,---,

7(Bo A7) > ®,. (17)

Let ¥; = max{I';,T;}. By Corollaries 3.1 and 3.2,
Theorem 3.6 is easily derived.

Theorem 3.6 Let A = (a;j)nxn be a nonsingular M-
matrix, and let A™! = (@), xn be doubly stochastic. Then,
fort=1,2,--

T(Ao A™H) > U, (18)

IV. NUMERICAL EXAMPLES

Example 4.1 Consider the following two nonsingular M-
matrices [19]:

39 =16 —2 —3 -2 -5 —2 -3 —5 0
26 44 —2 —4 -2 -1 0 -2 —3 -3
~1 -9 29 -3 -4 0 -5 —4 -1 —1
—2 -3 -1036 —12 0 —5 —1 —2 0
A_| 0 8 -1-944 16 -3 4 —4 3
3 -4 —3 —4-12 48 —18 -1 0 -2
—2 —1 —4 -3 —4 —16 45 —9 —4 —1
-1 -2 -2 -2 -3 -1 —5 38 —20 —1
2 -1 0 -3 —4 -5 -2 —10 47 —19
~1 -4 —4 -4 0 -3 -4 -3 -7 31
90 -3 -2 -7 -4 -7 —6 -3 -9 -3
4100 -5 -4 —8 —7 -1 —9 —8 -8
—5 -9 62 -4 -7 —9 —9 —1 —4 -8
—8 -8 —10 99 0 —6 —8 —9 —3 —6
s_| 3-8 -10 -6 62 -3 -6-7 -5 —1
—2 -3 —5 —10 =6 55 —5 —1 —3 —10
-8 -5 -8 -8 -3 -3 52 —6 -1 —4
—4 -5 -8 —4 —1 -1 =6 57 —7 -7
—2 -1 —6 —10 -2 —6 —5 —9 86 —5
5 -7 =3 -9 —5 -7 -9 —5 —9 T2

Numerical results are given in Table I and Table II for the
total number of iterations 7' = 15. In fact, 7(B o A™!) =
3.4570.

We define

RES = |T(a) —7(Bo A™Y)]

where T'(a) stands for the result derived by using sequence
a when the number of iteration is 7.

In Table I, for given matrices A and B, we list the lower
bounds of 7(B o A™!) calculated by Theorem 4.8 in [21],
Theorem 1 in [19], Theorem 2 in [19], Theorem 1 in [20]
and Theorem 3.1 in this paper. For the sequences obtained
by Theorem 1 in [20] and Theorem 3.1 in this paper, the
results are displayed for every step of iteration.

In Table II, we present the lower bounds of 7(B o A™1)
calculated by Theorem 3 in [20] and Theorem 3.3 in this
paper, respectively. For the sequences obtained by Theorem
3 in [20] and Theorem 3.3 in this paper, the results are
displayed for every step of iteration.

Numerical results in Table I and Table II show that:

(a) Lower bounds obtained from Theorem 3.1 and The-
orem 3.3 are greater than the ones in Theorem 2 in [19],
Theorem 1 in [20], Theorem 4.8 in [21] and Theorem 3 in
[20].

(b) Sequences obtained from Theorems 3.1 and 3.3 both
are monotone increasing.

(c) The sequences obtained from Theorems 3.1 and 3.3
are closer to the true value of 7(B o A~!) generally when
the number of iterations 7' is increasing.

(d) The sequences obtained from Theorems 3.1 and 3.3
are much closer to the true value of 7(B o A~!) than those
obtained from Theorems 1 and 3 in [20], respectively.

In Figure 1 and Figure 2, we display the RES generated
by Theorem 1 in [20], Theorem 3.1 and Theorem 3 in [20],
Theorem 3.3, respectively against number of iterations for
T = 100. From these two figures, we note that the four
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TABLE 1
THE LOWER BOUNDS OF 7(B o A1)

Method t 7(BoA™!) Method t 7(BoA™l)

Theorem 4.8 in [21] 0.0027

Theorem 1 in [19] 0.0435

Theorem 2 in [19] 0.7212

Theorem 1 in [20] 1 0.2322 Theorem 3.1 1 0.7630
2 0.2497 2 0.8703
3 0.2595 3 0.9286
4 0.2652 4 0.9639
5 0.2684 5 0.9856
6 0.2702 6 0.9989
7 0.2713 7 1.0071
8 0.2719 8 1.0123
9 0.2723 9 1.0155
10 0.2725 10 1.0175
11 0.2726 11 1.0188
12 0.2727 12 1.0196
13 0.2727 13 1.0201
14 0.2728 14 1.0204
15 0.2728 15 1.0206

sequences of 7(B o A~!) are convergent, while the RES of
the sequence obtained from Theorem 3.1 are much less than
that obtained from Theorem 1 in [20]. For the sequences
obtained from Theorem 3.3 and Theorem 3 in [20], we can
get the same conclusion.

TABLE 1T
THE LOWER BOUNDS OF 7(B o A™1)

Method t 7(BoA™') Method t 71(BoA™l)
Theorem 3 in [20] 1 0.0764 Theorem 3.3 1 0.9370
2 0.1074 2 1.0902
3 0.1254 3 1.1780
4 0.1360 4 1.2290
5 0.1423 5 1.2588
6 0.1461 6 1.2764
7 0.1484 7 1.2867
8 0.1498 8 1.2928
9 0.1506 9 1.2964
10 0.1511 10 1.2986
11 0.1514 11 1.2998
12 0.1515 12 1.3006
13 0.1516 13 1.3010
14 0.1517 14 1.3013
15 0.1517 15 1.3015
Example 4.2 [20] Let
20 -1 -2 -3 4 -1 -1 -3 -2 =2
-1 18 -3 -1 -1 -4 -2 -1 -3 -1
-2 -1 10 -1 -1 -1 0 -1 -1 -1
-3 -1 0 16 -4 -2 -1 -1 -1 -2
A -1 -3 0 -2 15 -1 -1 -1 -2 -3
- -3 -2 -1 -1 -1 12 -2 0 -1 0
-1 -3 -1 -1 0 -1 9 0 -1 0
-3 -1 -1 -4 -1 O 0 12 0 -1
-2 -4 -1 -1 -1 0 -1 -3 14 0
-3 -1 0 -1 -1 -1 0 -1 -2 11

By Ae = e, ATe = e, we know that A is a strictly
diagonally dominant by row and column. Base on A € Z,,
it is easy to see that A is a nonsingular M-matrix and A~!
is doubly stochastic. Numerical results are given in Table III
and Table IV for the total number of iterations 7' = 10. In
fact, 7(Ao A7) = 0.9678.

In Table III, for given matrix A, we list the lower bounds
of 7(Ao A~1) calculated by Theorem 3.1 in [14], [15], [16],

Corollary 2.5 in [18], Theorem 3.2 in [17] and Corollary 3
in [19].

In Table IV, we show the lower bounds of 7(A o A1)
calculated by Theorem 5 in [20] and Theorem 3.6 in this
paper, respectively. For the sequences obtained by Theorem
5 in [20] and Theorem 3.6 in this paper, the results are
displayed for every step of iteration.

Numerical results in Table III and Table IV show that:

(a) Lower bounds obtained from Theorem 3.6 are greater
than those in Theorem 3.1 in [14], [15], [16], Corollary 2.5 in
[18], Theorem 3.2 in [17], Corollary 3 in [19] and Theorem
5 in [20].

(b) Sequence obtained from Theorem 3.6 is monotone
increasing.

(c) Sequence obtained from Theorem 3.6 is convergent to
the value 0.9409, which is close to the true value of 7(A o
A=,

(d) The sequence obtained from Theorem 3.6 is much
closer to the true value of 7(A o A™1) than that obtained
from Theorem 5 in [20], and the sequence obtained from
Theorem 3.6 approximates effectively to the true value of
7(A o A1), so we can estimate 7(A o A~1) by Theorem
3.6.

In Figure 3, we present the RES generated by Theorem
5 in [20] and Theorem 3.6, respectively against number of
iterations for 7' = 20, where RES is defined as Example 4.1.
From this figure, we find that the two sequences of 7(A o
A~1) are convergent, while the RES of the sequence obtained
from Theorem 3.6 are much less than that obtained from
Theorem 5 in [20].

TABLE III
THE LOWER BOUNDS OF 7(A o A1)

Method T(Ao A™1)
Theorem 3.1 in [14] 0.2519
Theorem 3.1 in [15] 0.4125
Theorem 3.1 in [16] 0.4471
Corollary 2.5 in [18] 0.1401
Theorem 3.2 in [17] 0.4732
Corollary 3 in [19] 0.6064

Example 4.3 [20] Let A = (a;5) € R"*", where a1 =
Qoo = - - -

—1, and a;; = 0 elsewhere.

It is easy to see that A is a nonsingular M-matrix and
A~ is doubly stochastic. The results obtained from Theorem
5 in [20] and Theorem 3.6 for n = 15 and T = 10 are
listed in Table 5, where T is defined in Example 4.1. In fact,

:ann:2’ Q12 = G423 = *** = Qp—1,pn = Apl1 =

. (Ao A1) = 0.7500.

In Table V, we show the lower bounds of 7(A4 o A1)
calculated by Theorem 5 in [20] and Theorem 3.6 in this
paper, respectively. For the sequences obtained by Theorem
5 in [20] and Theorem 3.6 in this paper, the results are
displayed for every step of iteration.

Numerical results in Table V show that the lower bound
obtained from Theorem 3.6 could reach the true value of
7(Ao A™1) in some cases. Moreover, applying Theorem 3.6
is faster to reach the convergence value than Theorem 5 in
[20]. From Table 5, it can be seen that applying Theorem 3.6
reaches the true value of 7(Ao A™1) after only one iteration,
but applying Theorem 5 in [20] needs 9 iterations for n = 15
when they reach the true value of (Ao A™1).
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TABLE IV
THE LOWER BOUNDS OF 7(A o A™1)

Method t 7(AoA~1l)  Method t 1(Ao A1

Theorem 5 in [20] 1 0.7359 Theorem 3.6 1 0.8182
2 0.8441 2 0.8889
3 0.8976 3 09186
4 0.9233 4 09313
5 0.9328 5 0.9368
6 0.9350 6 0.9393
7 0.9359 7 0.9404
8 0.9363 8 0.9408
9 0.9364 9 0.9409
10 0.9365 10 0.9409

TABLE V

THE LOWER UPPER OF 7(A 0 A1), N=15

Method
Theorem 5 in [20]

t T(AoA™1)

1 0.1905
2 0.4364
3 0.6379
4 0.7191
5 0.7422
6
7
8
9

Method ¢ 7(Ao A1)
Theorem 3.6 1 0.7500

0.7481
0.7495
0.7499
0.7500

V. CONCLUSIONS

In this paper, base on the constructing sequence of itera-
tions, we have established new convergent sequences {®;}
and {¥,;}, ¢ = 1,2,--- in Theorem 3.5 and Theorem 3.6,
which are more accurate than the existing ones in [14], [15],
[16], [17], [18], [19], [20], [21] to approximate 7(B o A1)
and 7(A o A1), respectively. Numerical results given in
Section IV (Tables I-IV) show that the results obtained by the
new convergent sequences {®;} and {U;}, t =1,2,--- are
more sharper than the those obtained by the lower bounds
in [14], [15], [16], [17], [18], [19], [20], [21]. Numerical
results also present the feasibility and effectiveness of the
new convergent sequences when they are used to estimate
T(BoA™')and 7(Ao A1),

Inasmuch as the calculation in experiments are involve
in controlling accuracy, so there an interesting problem is
how to accurately these bounds can be computed which
may improve the accuracy of the of these sequences. At
present, it is very difficult for us to give the error analysis.
We will continue to study this problem in the future. In
addition, although the efficiency convergent sequences for
{®;} and {VU,} are given, they are almost useless for the
implementation of these new sequences for {®;} and {¥,;}
when the size n of matrix is large, since the calculations of
the inverse of the matrices is very expensive. How to find
easier calculated convergent sequences for {®;} and {U,}
is still a tough task, which should be further studied in the
further. Finally, we can find that the sequences obtained by
Theorem 3.1, Theorem 3.3, Theorem 3.5 and Theorem 3.6
are sharper than the existing ones by theory analyzing and
numerical examples also verify that, whereas the sequences
are less precise sometimes, we can see that the result 1.0206
in Table I obtained by Theorem 3.1 and the result 1.3015 in
Table II obtained by Theorem 3.3, they are not close to the
true value 3.4570. Hence, finding more accurate sequences

for 7(Bo A™!) and 7(A o A™1) is also a further work.

ACKNOWLEDGMENTS

This work is supported by the National Natural Science
Foundations of China (No.11171273).

[1]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

(23]

REFERENCES

C. Q. Yang and J. H. Hou, “Numerical method for solving volterra
integral equations with a convolution kernel,” JAENG International
Journal of Applied Mathematics, vol. 42, no. 4, pp. 185-189, 2013.
A. T. P. Najafabadi and D. Z. Kucerovsky, “On solutions of a system
of wiener-hopf integral equations,” IAENG International Journal of
Applied Mathematics, vol. 44, no. 2, pp. 97-102, 2014.

A. Berman and R. J. Plemmons, Nonnegative Matrices in the Mathe-
matical Sciences. SIAM, Philadelphia, 1979.

R. A. Horn and C. R. Johnson, Topics in Matrix Analysis. Cambridge
University Press, 1991.

M. Fiedler and T. L. Markham, “An inequality for the Hadamard
product of an M-matrix and its inverse,” Linear Algebra Appl., vol.
101, pp. 1-8, 1988.

A. J. Li, “Improving AOR iterative methods for irreducible L-
matrices,” Engineering Letters, vol. 19, no. 1, pp. 4649, 2011.

Z. Xu, Q. Lu, K. Y. Zhang, and X. H. An, Theory and Applications
of H-matrices. Science Press, 2013.

A.J. Li, “A New Preconditioned AOR Iterative Method and Compar-
ison Theorems for Linear Systems,” JAENG International Journal of
Applied Mathematics, vol. 42, no. 3, pp. 161-163, 2012.

J. Zhang, J. Z. Liu, and G. Tu, “The improved disc theorems for
the Schur complements of diagonally dominant matrices,” J. Inequal.
Appl., vol. 2013, no. 2, 2013.

M. Fiedler, T. L. Markham, and M. Neumann, “A trace inequality
for M-matrix and the symmetrizability of a real matrix by a positive
diagonal matrix,” Linear Algebra Appl., vol. 71, pp. 81-94, 1985.

S. C. Chen, “A lower bound for the minimum eigenvalue of the
Hadamard product of matrices,” Linear Algebra Appl., vol. 378, pp.
159-166, 2004.

Y. Z. Song, “On an inequality for the Hadamard product of an M-
matrix and its inverse,” Linear Algebra Appl., vol. 305, pp. 99-105,
2000.

X. R. Yong, “Proof of a conjecture of Fiedler and Markham,” Linear
Algebra Appl., vol. 320, pp. 167-171, 2000.

H. B. Li, T. Z. Huang, S. Q. Shen, and H. Li, “Lower bounds for
the minimum eigenvalue of Hadamard product of an M-matrix and its
inverse,” Linear Algebra Appl., vol. 420, pp. 235-247, 2007.

Y. T. Li, F. B. Chen, and D. F. Wang, “New lower bounds on eigenvalue
of the Hadamard product of an M-matrix and its inverse,” Linear
Algebra Appl., vol. 430, pp. 1423-1431, 2009.

G. H. Cheng, Q. Tan, and Z. D. Wang, “Some inequalities for the
minimum eigenvalue of the Hadamard product of an M-matrix and its
inverse,” J. Inequal. Appl., vol. 2013, no. 65, 2013.

F. B. Chen, “New inequalities for the Hadamard product of an M-
matrix and its inverse,” J. Inequal. Appl., vol. 2015, no. 35, 2015.

D. M. Zhou, G. L. Chen, G. X. Wu, and X. Y. Zhang, “Some
inequalities for the Hadamard product of an M-matrix and its inverse,”
J. Inequal. Appl., vol. 2013, no. 16, 2013.

Y. T. Li, F. Wang, C. Q. Li, and J. X. Zhao, “Some new bounds for
the minimum eigenvalue of the Hadamard product of an M-matrix and
an inverse M-matrix,” J. Inequal. Appl., vol. 2013, no. 480, 2013.

J. X. Zhao, F. Wang, and C. L. Sang, “Some inequalities for the
minimum eigenvalues of the Hadamard product of an M-matrix and
an inverse M-matrix,” J. Inequal. Appl., vol. 2015, no. 92, 2015.

D. M. Zhou, G. L. Chen, G. X. Wu, and X. Y. Zhang, “On some new
bounds for eigenvalues of the Hadamard product and the Fan product
of matrices,” Linear Algebra Appl., vol. 438, pp. 1415-1426, 2013.
X. Y. Yong, “On a conjecture of Fiedler and Makham,” Linear Algebra
Appl., vol. 288, pp. 259-267, 1999.

R. A. Horn and C. R. Johnson, Matrix Analysis. Cambridge University
Press, 1985.

(Advance online publication: 26 August 2016)



TAENG International Journal of Applied Mathematics, 46:3, [JAM 46 3 15

3.3

t t t T

3.1

+ Theorem 1 of [19]
* Theorem 3.1 g

2.9

RES

3.2 Pt ‘ A
2.8t
2.7
2.6
¥

2.5F % ]

0 20 40 60 80 100
Number of iterations(t)

Fig. 1. The iterations curves of two sequences obtained from Theorem 1
in [20] and Theorem 3.1, respectively with 7" = 100.
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Fig. 2. The iterations curves of two sequences obtained from Theorem 3
in [20] and Theorem 3.3, respectively with 7" = 100.
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Fig. 3. The iterations curves of two sequences obtained from Theorem 5
in [20] and Theorem 3.6, respectively with T = 20.
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