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Orlicz Mixed Geominimal Surface Area

Yuanyuan Guo, Tongyi Ma*, Li Gao

Abstract—In this paper, we deal with the Orlicz geominimal
surface area and give an integral representation by the Orlicz-
Petty body. The notion of Orlicz mixed geominimal surface area
will be introduced as an extension of the Orlicz geominimal
surface area. Furthermore, some related inequalities are estab-
lished, including Alexandrov-Fenchel type inequality, analogous
cyclic inequality, Blaschke-Santalé type inequality, and affine
isoperimetric inequality.

Index Terms—Convex bodies, Orlicz geominimal surface
area, Orlicz mixed geominimal surface area.

I. INTRODUCTION

ET K™ denote the class of convex bodies (compact,
convex subsets with nonempty interiors) in Euclidean
n-space R™. For the class of convex bodies containing the
origin in their interiors and the class of origin-symmetric
convex bodies in R", we write K and K7, respectively.
S’ denotes the class of star bodies (about the origin) in
R". Write S"~! and B for the unit sphere and the standard
Euclidean unit ball in R", respectively. Besides, we use
V(K) to denote the n-dimensional volume of a body K,
and write w,, = V(B) for the n-dimensional volume of B.
The classical geominimal surface area was firstly intro-
duced by Petty [1], which serves as a bridge connecting
many areas of geometry: affine differential geometry, rela-
tive differential geometry, and Minkowskian geometry. For
K € K7, the geominimal surface area, G(K), of K is

0°

defined by (see [1])
wl/G(K) = inf{nVi(K,Q)V(Q*)Y™:Q e K}, (1)

where Q* denotes the polar of convex body ), and V3 (K, Q)
is the mixed volume of K,Q € K (see [2]).

The development of L,,-space appeared in the early 1960s
(see [3]), and started to make rapidly progress from the initial
Lutwak’s contributions ([4], [5]) in the mid 1990s. In his
seminal paper [5], Lutwak extended the classical geominimal
surface area to L,-version and obtained related inequalities.
Ma et al. also studied this topic of L,,-space. For instance, Ma
et al. [6] defined the concept of ith L,-mixed affine surface
areas and established related monotonic inequality. In [7],
Ma et al. obtained some Brunn-Minkowski type inequalities
of L,-geominimal surface area. There are many papers on
L,-space, see e.g., [8], [9], [10], [11], [12], [13], [14], [15],
[16], [17].
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Lutwak [5] defined the L,-geominimal surface area
Gp(K) of K € K7 as follows: For p > 1,

WP/ Gy (K) = inf{nV,(K,Q)V(Q*)P™ :Q e K}, (2)

where V,(K, Q) denotes the L,-mixed volume of K,Q €
K (see [5]). When p =1, G1(K) is just classical geomin-
imal surface area G(K).

Based on the homogeneous of volume and L,-mixed
volume, the L,-geominimal surface area can be defined by

Gp(K) =inf{nV,(K,Q) : Q € K] and V(Q") = w, }.
3)

In recent years, the Orlicz Brunn-Minkowski theory has
aroused increasing attention, which plays such a significant
role that it is undeniably applied to a large number of
areas of geometry. The beautiful Orlicz Brunn-Minkowski
theory, a new extension of L,-Brunn-Minkowski theory,
originated from Lutwak, Yang and Zhang (see [18], [19]).
In these papers, the affine isoperimetric inequalities for L,-
projection bodies and L,-centroid bodies were expanded to
Orlicz space. However, because of lacking homogeneity for
nonhomogeneous function ¢(t), the way of defining Orlicz
addition is nontrivial extremely to be found appropriately.
Fortunately, in the groundbreaking paper [20], Gardner, Hug
and Weil have gotten over the difficulty. They introduced the
definition of Orlicz addition and Orlicz mixed volume. On
the basis of the linear Orlicz addition for convex bodies, they
also established the new Orlicz Brunn-Minkowski inequality
and the Orlicz Minkowski mixed volume inequality. Their
classical counterparts are the Brunn-Minkowski inequality
and Minkowski inequality, which have been applied in
many fields. The more development of the Orlicz Brunn-
Minkowski theory, see, for example, [21], [22], [23], [24],
[25], [26], [27], [28] among others.

More recently, Yuan et al. introduced the Orlicz geomini-
mal surface area G4 (K) of K € K (see [29]). Let ® denote
the set of convex functions ¢ : [0,00) — [0,00) such that
¢(0) =0 and ¢(1) = 1. For K € K7, and ¢ € P,

Gy(K) =inf{nVy(K,Q) : Q € K and V(Q™) = wy, },
“)
where V(K Q) denotes Orlicz mixed volume of K, @ (see
[25D.

Yuan et al. [29] have proved the existence property of
Orlicz geominimal surface area. In this paper, the first goal
is to establish the uniqueness property of Orlicz geominimal
surface area. Then we can give the integral representation
of Orlicz geominimal surface area by the Orlicz-Petty body
(see Section 3.1).

Motivated by the work of Zhu et al. [30], we introduce
Orlicz geominimal surface area and extend the related theory
to Orlicz version. We define the Orlicz mixed geominimal
surface area (see Section 3.2), which extends the concept of
Orlicz geominimal surface area. In addition, we devote to
the general ¢th Orlicz mixed geominimal surface area. Some
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related inequalities for Orlicz mixed geominimal surface are
established, including Alexandrov-Fenchel type inequality,
analogous cyclic inequality, Blaschke-Santal6 type inequal-
ity, and isoperimetric inequality (see Section 3.3). These
inequalities are natural extensions of inequalities for L,-
geominimal surface area.

Our paper is organized as follows. Firstly, in Section II, we
provide some preliminaries, including definitions and known
results we will use. Then, in Section III, we give our main
results and proofs.

II. PRELIMINARIES

For a compact convex set K € K7, its support function,
hx = h(K,-): S"~! — R is defined by,

hi(u) =max{u-z:x€ K}, wuecS" !

where u -  denotes the standard inner product of u and
2 in R™. Note that the compact convex set K is uniquely
determined by its support function hg.

Let GL(n) denote the group of linear transformations. If
A € GL(n), then

hAK(u) = hK(At’LL),

where A? denotes the transpose of A (see [31]). For K, L €
K7, the Hausdorff metric is defined by

0(K,L)= sup |h(K,u)—h(L,u)|

uesSn—1
A set K C R" is said to be a star body (about the
origin), if the line segment from the origin to any point
x € K is contained in K and K has continuous and
positive radial function pg(-). Here, the radial function of
K, px = p(K,-): 8" — [0,00), is defined by

px (u) = max{\: \u € K},

and it uniquely determines the compact convex set K. Two
star bodies K, L are said to be dilates (of one another) if
pr(u)/pr(u) is independent of u € S™~1.

For K € K7, then K*, the polar body of K is defined by
(see [31], [32])

K={zeR":z-y<1l,Vye K}

When K € K7, it can be easily proved that (K*)* = K.
From the definitions it follows obviously that for each
convex body K € K, we easily get

Ry (u) = —— , for all u € S™~1.

1
pi (u) hi (u)
For K € K7, the Blaschke-Santalé inequality (see [33],
[34]) states as follows: If K € K then

V(K)V(K*) <wp, (5)

and pg-(u) =

with equality if and only if K is an ellipsoid.

For K, € K", and \,;x > 0 (not both zero), the
Minkowski linear combination A\K + puL € K™ is defined
by (see [5])

h(AK + pL,-) = M(K, ) + ph(L, ).

The classical Brunn-Minkowski inequality states that for
K,L € K" and A\, > 0 (not both zero), the volume of

the bodies and of their Minkowski linear combination AK +
uL € K™ are related by (see [35])

VAK + pL)* > AV(K)® + pV(L)*,
with equality if and only if K and L are homothetic.
Forreal p > 1, K,L € K, and A, x > 0 (not both zero),

the Firey linear combination A - K 4, p - L, is defined by
(see [3])

h(A- K +pp- L, ) = AR(K, )P + ph(L, )",

TR

where in A - K denotes the Firey scalar multiplication.

After that Firey [3] established the L,-Brunn-Minkowski
inequality. If p > 1, A, u > 0 (not both zero), and K, L €
K7, then

VN K 4y - L)% > AV(E)® +pV (L),

with equality if and only if K and L are dilates.

In [5], Lutwak defined the harmonic L,-combination A o
K+ppo L, as follows: For K,L € S and A, ;x > 0 (not
both zero),

p(Ao K4ppo L,-)7" = Ap(K,-) 7P + pp(L, )P
If K,L € K (rather than being in S'), then
NoK¥ppoL =\ K*+,p-L*)*

Further Lutwak established the L,, Brunn-Minkowski in-
equality. If p > 1, A\, u > 0 (not both zero), and K, L € K7,
then

VAo KFppuoL) % > AV(K)™ % +uV(L)™%, (6)

with equality if and only if K and L are dilates (see [5]).

In [20], Gardner, Hug and Weil introduced the definition
of Orlicz mixed volume. For ¢ € ®, K, L € K7, the Orlicz
mixed volume Vi, (K, L) of K, L is defined by

v =1 [ <z>( Z;iz)))hamdsm @

where Sk (-) is the surface area measure of K.
Apparently, we have

Vo(K, K) = V(K). ®)

For ¢(t) = t? with p > 1, the Orlicz mixed volume V(K L)
reduces to L,-mixed volume V,,(K, L) of K, L (see [5]):

1
Vp(K,L) = —/ (L, u)?PdS,(K,u),
n Jgn—1
where S, (K, -) is the L,-surface area measure of K.
Xi, Jin and Leng [25] established the Orlicz Minkowski

inequality: Let ¢ € @, if K, L € K7, then

VoK, L) > V(K)cb((“;((?)) ) ©)

with equality if K and L are dilates. When ¢ is strictly
convex, equality in (9) holds if and only if K and L are
dilates. When ¢(t) = tP(p > 1), the corresponding results
of above reduces to the L,-Brunn-Minkowski inequality.

The following result provides an Orlicz geominimal sur-
face area inequality by Yuan et al. [29]. If K € K and
¢ € P, then

Gy(K) < nV(K)sb((V“(’;())i), (10)

with equality only if K is an ellipsoid.
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III. MAIN RESULTS AND PROOFS
A. Orlicz geominimal surface area

At first, we prove the uniqueness of Orlicz geominimal
surface area. Then combining with the existence of Orlicz
geominimal surface area proved by Yuan et al. [29], we give
the integral representation of Orlicz geominimal surface area.
Theorem 3.1. If K € K7 and ¢ € ®, then there exists a

unique body K € K7 such that
G¢(K) = nV¢(K, R) and V(R*) = Wnp.

Proof. In [29], the existence property of Theorem 3.1 has
been proven, now we just prove the uniqueness.
Suppose Li, Ly € K7 with Ly # Lo, such that V(L}) =
wy, = V(L3), and
Vo(K, L) =

Defined L € K7, b

Vg (K, L2).

L= 5 Ly + 5 L,.
Since obviously,
L* = 1 oLt + o L,
and V(LY) = wy, = V(Lz), it follows from the (6) that
V(L") < wn,

with equality if and only if L; = L.
By the definition (7) of Orlicz mixed volume, together
with the convexity of ¢, we have

Vy(K, L)
Lo o

_ i/sn_l¢<w>hK(u)dsK(u)
= L (ST i ntwas

< g [ o(Gat ) xwaskt)

2n Sn—1 h’K(u)
1 hLQ(u)
o smq&(hK(u))hK(“)dSK(“)
= %V¢(K,L1)+%V¢(K,L2)
= Vu(XK, L)
= V¢(K,L2)7

with equality if and only if L; = Lo. Thus

V¢(K,L) < V¢(K,L1> = V¢(K, Lg),
is the contradiction that would arise if it were the case that
Ly # Lo.
The unique convex body whose existence is guaranteed by
Theorem 3.1 can be denoted by Ty, K (Orlicz-Petty body of

K). We use T7 K to denote the polar body of Ty K. Thus,
for K € K7, the body T K is defined by

Gy(K) =nVy(K,T4K) and V(T;K) = wp.
Let
={K e K!

:Gy(K) =nVy(K,K)and V(K*) = wy, }.

Lemma 3.1. (and Definition) For K € K] and ¢ € @, there
exists a unique convex body Ty K € T™ with

G¢(K> = nV¢(K, T¢K)

By Lemma 3.1 and (7), we get the following integral
representation of G (K).

Theorem 3.2. For K € K and ¢ € ®, there exists a unique
convex body Ty K € T" with

Gy(K) = /S ¢ (W) e (u)dS(u).

B. Orlicz mixed geominimal surface area

We now define a new concept: the Orlicz mixed geomini-
mal surface area, Gy (K1, -+, Ky), of Ky, -, K,, € K as
follow:

Definition 3.1. For each K; € K7, there exists a unique
convex body (Orlicz-Petty body of K;) T4K, € T"(i =
1,---,n) with

G(b(Kla"'aKn)

= L e e (S o
¢(hT¢K(u)>hK (u)] " dS(u).

hi, (u)
h (u)
Let g4(Kj,u) = ¢ Z(;K(u)

formula can be expressed as follows:

G¢(K1,“'7Kn)=/s 71[9¢(K1’U)"'9¢

hi,(u), then the above

(K, u)]7dS(u).

(11)
Lemma 3.2. (Holder’s integral inequality, see [36], [37]) Let
fo, f1,- -, fr be Borel measurable functions on X. Suppose

that pg, p1, - - -, px are nonzero real numbers with Z
1. Then

/Xfo(u)f1(u)  fr(u)du < f[l (/Xfo(u)fi(u)pidu);i,

with equality if and only if either (a) there are con-
stants by, ba, -+, by not all zero, such that by|fi(u)Pr =
ba|fa(u)[P2 = -+ = bg| fr(w)|P*, or (b) one of the functions
is null.

21p1

The classical Alexandrov-Fenchel inequality for mixed
volume (see [32], [38]) is one of important inequalities in
convex geometry. It states that

S V(Kla e 7Kn)"7l.

We then prove the following Alexandrov-Fenchel type
inequality for Orlicz mixed geominimal surface area.
Theorem 3.3. If K;,---, K, € K?, then for 1 <m < n,

G¢(K17 o 7Kn)m
m—1

< JJ GelEr K, Ky Ko i),
1=0

m

with equality if the K; are dilates of each other for j =
n—m-+1,---,n. If m =1 equality holds trivially.
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In particular, if m = n, then

equality holds if the K; are dilates of each other.

Proof. Let Ho(u) = [gs(K1,u) - gg(Kp_m,u)]= and
Hiy1(u) = [94(Kn_i,u)]n fori=0,...,m—1. From (11)
and Lemma 3.2, we get

Gy(Ky,-- -, Ky)
= /Sn_1 [9¢(Kq,u) - ~g¢(Kn,u)]%d5(u)

= Ho(u)Hy(u) -+ - Hyy (w)dS (u)

Sn—1
m—1 %
< II Ho(u)H;y1(u)™dS (u)
i=0 N/STTE
m—1 .
= | G(;” (K17 -~,Kn—maKn—ia---aKn—i)-

m

As can be seen from Lemma 3.2, the equality of
above inequality holds if and only if Ho(u)H"(u) =
citHo(u)HT y (u) for some ¢;; > 0 and all 0 <7 # j <

m — 1. This is equivalent to

which can observe the equality holds if K,,_; and K,,_; are
dilates.

For ¢ € ®, by the definition of Orlicz mixed volume
Vy(K, L) of K, L € K7, taking L = B, then we immediately
get

VB = [ qs(hB(“))th)dsK(u).

n h (w)

Now we define the Orlicz geominimal surface area Sy (K),
namely, Sy (K) = nV,(K, B). The special case of ¢(t) = t?
with p > 1 is L,-geominimal surface area. Then we can
prove the analogous isoperimetric inequality for Orlicz mixed
geominimal surface area.

Theorem 34. Let K; € £, 1 <14 < n, then

<G¢(K1a"'7Kn)>n S¢(K1)"'S¢(Kn)
Gy(B,---,B) ~ nV(B)---nV(B)
When ¢ is strictly convex, equality holds if and only if the
K; are ellipsoids with dilates of each other.

Proof. By inequality (10), we have G4(B) = nV(B) =
nwy, then Gy(B, - -+, B) = G4(B) = nw,. By inequalities
(12), (10) and (9), we get

<G¢(K17' o >Kn))n
C}¢(B7 e ,B)

Go(Ky) - Gy(Kn)
S TG,(B) - GylB)

WV (KD)((viy) ™) -+ nV (K)o ((viey) ™)
- nV(B)---nV(B)
nVy(K1, B) - -nVy(Ky, B)
nV(B)---nV(B)
So(K1) - - Sp(Kn)
nV(B)---nV(B)

13)

With the existence and uniqueness of Ty K, equality holds
in (10) if and only if K is an ellipsoid. Combining with
the equality condition of (9), we see that when ¢ is strictly
convex, equality holds in (13) if and only if the K; are
ellipsoids with dilates of each other.

C. The ith Orlicz mixed geominimal surface area

In this section, we introduce the concept of ith Orlicz
mixed geominimal surface area.

For K,L € K], and ¢ € R, the ith Orlicz mixed
geominimal surface area, Gy ;(K, L), of K, L is defined
by

Goi(K, L) = /SH 9o (K, u) " gs(L,u)wdS(u). (14)
By the Lemma 3.1, we get
Gy(B) = nVy(B,TyB), 5)
since
Gy(B) = nw, = nVy4(B, B), (16)

combining (15), (16) and the uniqueness of Lemma 3.1, we
have
ToB = B.

Let L = B and write
Gyi(K, B) = Ggi(K).
Combining (14), (17) and hr,p = hp = 1, we have
Go,i(K) = /SH%(K,U)
By (11), (14) and (17), we easily get
Gy0(K,B) = Gy(K), Gyi(K,K) = Gy(K),
Gy o(K, L) =Gy(K), Ggn(K,L)=Gy(L).

a7

n—i

w dS(u).

(18)
19)

The following Theorem deals with the cyclic inequality
for the ith Orlicz mixed geominimal surface.
Theorem 3.5. Let K, L € K7, 4,5,k € R, and i < j < k,
then

Goi(K, L) Gy (K, L) ™" > Gy ;(K,L)*",  (20)

equality holds if K and L are dilates.
Proof. From definition (14) and Holder’s integral inequal-
ity (see [36]), we get

Goyi(K, L)+ Gy (K, L)F=

/Sn_1 96 (K, u) ™ g4 (L, u)ﬁdS(u)]

|
[ ;

X /s— 9o (K, “)""k%(L,u)ﬁds(u)]
) {/S {g‘b(K’“)al%(L,u) ] k_;dS(u)}i_i
X { - [g¢(K,u)ﬁlg¢(L u)ﬁz}?:ds(u)}ii
- /Snf 96 (K, 1) g (L, ) s dS (u)
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_ (=i (e—g)
n(k—i)

_ i(k—j B = (n—Fk)(G—1)

where oy 2= nomiy P = ey and

B2 = wk=5-
We prove inequality (20). According to the equality condi-
tion of Holder’s integral inequality, the equality in (20) holds

if and only if for any u € S"~1,
g¢<K7 u)$g¢(l’7u)%
n—k 3

is a constant. Namely, for any u € S"71, g4 (K, u)/gs(L, )
is a constant. By the similar to the proof of Theorem 3.3, we
conclude that equality in (20) holds if K and L are dilates
of one another.

Taking L = B in Theorem 3.5 and using (17), we
immediately obtain:
Corollary 3.1. If K, L € K7, i,5,k € R, and i < j < k,
then

Goi(K) TG e(K) ™" > Gy 3 (K)F 7,

equality holds if K is a ball with centroid at the origin.
The following inequalities are the Minkowski inequalities

for the ith Orlicz mixed geominimal surface area.

Theorem 3.6. For K, L € K7 ,i € R, then

fort: <0Qorz>n,

Goi(K,L)" > Go(K, L)"'Gy(L)", @1
for 0 <i<n,
Ggi(K,L)" < Gy(K,L)""G4(L)". (22)

Equality of each inequality holds if K and L are dilates. For
i = 0 or ¢ = n, above inequalities are identical.

Proof. (i) For i < 0, let (i,7,k) = (i,0,n) in Theorem
3.5, we get

Gyi(K,L)"Gyn(K,L)™" > Gyo(K,L)"

equality holds if K and L are dilates.
From (19), we have

Goi(K,L)"Gy(L)™" > G4(K)" ",
ie., 4 4
G¢}i(K7 L)n Z G¢(K)n—zG¢(L)z’

equality holds if K and L are dilates.
(ii) For i > n, let (4,4,k) = (0,n,) in Theorem 3.5, we
get
Gyo(K, L) "Gy i(K,L)" > Gyn(K, L),

equality holds if K and L are dilates.
From (19), we have

Gy(K)' "Gyi(K,L)" > Gy(L),

ie.,

Goi(K,L)" > Gy(K)"'Gy(L),

equality holds if K and L are dilates.
(iii) For 0 < i < m, let (4,4, k) = (0,4,n) in Theorem 3.5,
we get

Gyo(K,L)" "Gy n(K,L)" > Gyi(K,L)",

equality holds if K and L are dilates.
From (19), we have inequality (22).

(iv) For ¢ = 0 (or 7 = n), by (19), inequality (21) (or (22))
is identical.

Taking L = B in Theorem 3.6, using (17) and G¢(B) =
nwn, we immediately obtain:
Corollary 3.2. For K,L € K7, i € R, then
fori <0ore¢>n,

Goi(K)" > (nw,)'G(K)" ™, (23)

for 0 <i<n,

Gyi(K)" < (nwy)'Gg(K)" " (24)

Equality of each inequality holds if K is a ball with centroid
at the origin. For ¢ = 0 or ¢ = n, above inequalities are
identical.

Zhu, Li and Zhou [39] established the Blaschke-Santal6
type inequality for L,-geominimal surface area. It states that
it K e K2, p>1, then

Gy(K)Gp(K") < (nwn)?, (25)

with equality if and only if K is an ellipsoid.

Then, we can prove the following Blaschke-Santalé type
inequality for Orlicz geominimal surface area.
Theorem 3.7. Let K € K7 and ¢ € ®, then

Gy (K)Gy(K") < (nwn)*.

When ¢ is strictly convex, equality holds if and only if K
is an elliposoid.

Proof. From the definition of Orlicz geominimal surface
area (4) and Orlicz Minkowski inequality (9), we have

s (5

nVs (K, Q)¢<(V(K*>>i>v(c2*>

IN

V(Q¥)
Vs (K. QVi(Q" K).

Since K € K7, taking ) = K, and together with the
equation (8) and the Blaschke-Santal6 inequality (5), we get

wnGy(K) < nV(K)V(K*) < nw?,

IN

o Gy(K) < nwy,. (26)
Similarly,
Gy(K*) < nwh. (27)
Combining (26) and (27), we get
Gy(K)Gy(K*) < (nw,)?. (28)

Suppose that ¢ is strictly convex. By the equality condi-
tions of (9) and (5), equality holds in (28) if and only if K
is an ellipsoid.

When ¢(t) = tP with p > 1, the above Blaschke-
Santal6 type inequality (28) for Orlicz geominimal surface
area reduces to the Blaschke-Santal6 type inequality (25) for
L,-geominimal surface area.

Then the following similar results of the ¢th Orlicz mixed
geominimal surface area can be established.

Theorem 3.8. If K, L € K7, and 0 < ¢ < n, then

Gyi(K,L)Ggi(K*, L*) < (nw,)*.

(Advance online publication: 26 August 2016)



TAENG International Journal of Applied Mathematics, 46:3, [IJAM 46 3 16

For 0 < 7 < n, equality holds if K and L are ellipsoids with
dilates of each other. For ¢+ = 0 (or ¢« = n), the equality of
above inequality holds if K (or L) is an ellipsoid.

Proof. For 0 < ¢ < n, by (22) and Theorem 3.7, we get
Go,i(K,L)"Gy (K", L*)"
[Go(K)Go(K*)" ™ [Gy(L)G (L))

(nwn)?".

IA

That is,

qu z(K L)Gqﬁ Z(K* L*) (nwn)za

equality holds if K and L are ellipsoids with dilates of each
other.

Based on (19) and (22), we can see Theorem 3.8 is
obviously for ¢ = 0 (or ¢ = n), and equality holds if K
(or L) is an ellipsoid.

Theorem 3.9. If K, L € K[, then
H0<i<n,
Gyi(K)Gyi(K*) < (nwy)?,

equality holds if K is a ball.
(i) ¢ > n,
Go,i(K)Gyi(K*) > (nwy)?,
equality holds if K is a ball.
Proof. (i) By Theorem 3.8, letting L = B, we get
Goi(K, B)Gyi(K*, B*) < (nwy).
By (17), we get

Gy,i(K)Gy (K

equality holds if K is a ball.
(ii) For all ¢ > n, by inequality (23), we have

() = (&5)
From Theorem 3.7 and G4 (B) = nwy, we obtain
() ()
That is

") < (nwn)?,

> 1.

Gy,i(K)Ggi(K*) > (nwn)?,

equality holds if K is a ball.
Now we establish the generalized isoperimetric inequali-
ties for Gy ; (K).
Theorem 3.10. If K, L € K, then
H0<Li<n,

G¢,i(K) < (V(K)¢<( Wn, )1
Gyi(B) — \V(B) V(K)
equality holds if K is a ball.
(i) © > n,

() )

equality holds if K is a ball.

n

N———
N—

Proof. (i) For ¢ = 0, by (18) and (10), we have

Go(K) _ ”V(K)¢<(V7?*>>f>
B (o))

~vie(() )

equality holds if K is a ball.
For i = n, by (17), (18), (19), the equality holds trivially.
For 0 < ¢ < n, by (24), we get

R
< (Vi) )
equality holds if K is a ball.

(i) For ¢ = n, by (17), (18), (19), the equality holds
trivially. For ¢ > n, by (23), we get

(G = (&)

> (vmel(v <K>>)>

We complete the proof.
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