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Analysis of a Stochastic Predator-Prey Model in
Polluted Environments

Huajuan Zhou, Meng Liu*

Abstract—In this paper, a stochastic predator-prey popula-
tions model in polluted environments is proposed and investi-
gated. We first study the existence, uniqueness and boundedness
of the global positive solution. Then we establish the sufficient
conditions for extinction, non-persistence in the mean and weak
persistence in the mean of the predator and prey populations.
The threshold between weak persistence in the mean and
extinction for each species is obtained. Finally, we study the
global asymptotic stability of the solution. Our results reveal
that the more the number of random noises, the easier the
species go to extinction.

Index Terms—environmental pollution, stochastic noises, per-
sistence, extinction.

I. INTRODUCTION

NVIRONMENTAL pollution by modern industry, a-

griculture, and other human activities is one of the
most important socio-ecological problems in the world today.
The presence of toxicant in the environment is a great
threat to the survival of the exposed living beings. This
motivates scholars to analyze the survival of populations
in polluted environments and to establish the persistence-
extinction thresholds of the populations.

In recent years, many scholars have studied the survival of
populations with toxicants effect by establishing mathemat-
ical models. Hallam and his colleagues did pioneering work
in [1], [2], [3], where the authors studied some deterministic
population systems with toxins effect and established the
theoretical persistence-extinction thresholds for their models.
From then on, many deterministic models in polluted envi-
ronmrnts were proposed and analyzed. For example, Hallam
and Ma [4], Ma et al. [5], [6], Freedman and Shukla [7],
Wang and Ma [8], Buonomo et al. [9], Srinivasu [10] and
He and Wang [11] proposed some single-species popula-
tion models in polluted environments and established the
persistence-and-extinction thresholds for their models. Liu
and Ma [12] studied the persistence-and-extinction thresholds
for two-species Lotka-Volterra models with toxins effect.
Ma et al. [13] and Pan et al. [14] extended the threshold
results in [12] to n-dimensional food chain model and n-
dimensional factualistic system, respectively. Liu at al. [15],
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[16], Jiao et al. [17] and Li and Chen [18] considered the
population models in polluted environments with pulse input
of environmental toxins.

However, in the nature world the growth of population is
inevitably affected by the random interference factors ([19],
[20]). Thus it is important to study stochastic population
models in polluted environments and to reveal the effects of
random noises on the dynamics of populations. In this area,
Gard did pioneering work in [21], where he first proposed
a stochastic single-species model with toxins effect and
investigated the dynamics of the model by supposing that the
concentration of toxicant in the organism is a constant. Be-
sides, Liu and Wang [22] obtained the persistence-extinction
threshold for a stochastic logistic model in polluted envi-
ronments. From then on, stochastic population models in
in polluted environments have received great attention and
have been studied extensively owing to their theoretical and
practical significance (see e.g., [23]-[29]). Especially, taking
into account the fact that predator-prey model is one of the
most important models in biomathematics and ecology, Wang
[24] has investigated the following stochastic predator-prey
model in polluted environments:

dry = x1[ri0 — r11Co(t) — anz1 — ajaxa)dt
+ OllifldBl(t),

d.’EQ = 1'2[—’1"20 — Tglco(t) “+ ag111 — a22x2}dt

+ oxadBs(t), (1)
dc;?t(t) = a1Ce(t) + d16f/ar — (i +12)Co (1),
dC.(t) _
= —hC,(t) + u(t),

where x1(t) represents the size of the prey population at
time ¢; x2(t) stands for the size of the predator population
at time t; r;0 > 0 is the growth rate of the species 7; ;7 > 0
denotes the species ¢’s dose-response parameters for toxicant
concentration in the body; Cy(t) represents the concentration
of toxicant in the organism at time ¢; a;; > 0 is the intra-
specific competition coefficients of species ¢; a2 > 0 stands
for the capture rate; as; > 0 measures the efficiency of food
conversion; Bj(t) and Ba(t) are two independent standard
Brownian motions defined on a complete probability space
(Q,F,P) with a filtration {F;},;cr, satisfying the usual
conditions (i.e., it is right continuous and increasing while
Fo contains all P-null sets); «;(i = 1,2) stands for the
intensity of the random noises; C,(t) is the concentration
of toxicant in the environment at time ¢; a1C.(t) represents
the organism’s net absorption amounts of toxicant from
the environment; d;6/3/a, is the organism’s net absorption
amounts of toxicant from the food; (11 +13)Cy(t) represents
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the reduction of poison due to the metabolism and excretion;
Parameters a1,dq(< a1),0,5,l; and lp are positive con-
stants; a; represents the per unit mass organism’s absorption
rate of toxicant from the environment; d; stands for the
per unit mass organism’s rate of toxicant from the food;
0 represents the concentration of toxicant in the resources;
[ is the per unit mass organism’s intake rate of toxicant
from the food; /; and [y are the decomposition and emission
rates of the toxicant in the organism, respectively; A > 0
is the environment’s ability to clean up poison; u(t) < Us
represents emission rate of environmental toxicant. Wang
[24] has obtained the persistence-extinction threshold for
model (1).

Based on the study [24], we find some interesting prob-
lems:

(Q1) Model (1) assumes that the parameters r1y and ro are
affected by independent random noises. However, in
the nature world, the random noises on 719 and 799
may or may not correlate to each other ([19]). For
example, rain may affect both x; and x5. Thus what
happens if both 19 and r9g are affected by correlated
random noises?

Boundedness is an important properties for population
models, which was not investigated in [24]. Then when
the solution of the model is bounded?

In the study of population models, the global asymp-
totic stability of the solution is one of the most inter-
esting topics. However, [24] did not consider global
asymptotic stability of the solution.

(Q2)

(Q3)

The aims of this paper are to study the above problems. Sup-
pose that r;o affected by n independent standard Brownian
motions, then we obtain the following stochastic model:

diL’l = 1’1[7“10 — 'rnCO(t) — ai1r1 — algl’g]dt
n

+ 21 Z a1;dB;(t)
i=1
dxy = !I)Q[—’I“gon— r91Co(t) + ag1x1 — agaws)dt
+ 29 Z 2:dB;(t) )
=1
%t(t) = a1C(t) + d10B/a1 — (I1 +12)Co(t)
dcdet(“ — _RCL() + ult)

with initial data
(EZ(O) > 070(](0) = Ce(O) =0

where «a1;, ag; are constants, B;(t), (1 < i < n), are in-
dependent standard Brownian motions defined on (2, F, P).
Clearly, if 11 7é O, a1, = 0, 2 S 7 S n, o1 7é 0 and
ag; = 0, 2 <4 < n, then model (2) becomes model (1).
The rest of the paper is arranged as follows. In Section
2, we show that for any given initial data, model (2) has
a unique global positive solution. Then in Section 3, we
establish the sufficient conditions for stochastic boundedness
of the solution. We carry out the survival analysis for model
(2) in Section 4. Sufficient conditions for extinction, non-
persistence in the mean and weak persistence in the mean of
the species are established. The threshold between extinction

and weak persistence in the mean is obtained for each
species. Afterwards, we investigate the global asymptotic
stability of model (2) in Section 5. In the last section, we
give some conclusions.

II. EXISTENCE AND UNIQUENESS OF THE SOLUTION

Co(t) and C,(t) are the concentrations of toxicant, hence
we must give some conditions under which 0 < Cy(t) <
1, 0 < Ce(t) < 1. In fact, the last two equations in model
(2) are linear with respect to Co(t) and C,(t), it is easy to
obtain their explicit solutions, so we have

Lemma 1. For model (2), if 0 < a; + d108/a1 < l; +
lo, Ug < h, then 0 < Cy(t) < 1,0 < C.(t) < 1 for all
te Ry as.

From now on, we always assume that 0 < a1+d105/a; <
l1 + 15, Uz < h. We concentrate on the following subsystem
of model (2):

dl‘l = 1’1[7’10 — Tllco(t) —a11xry — algzg]dt

+x1 Z Ozh‘dBi(t)
= 3)

dro = {,CQ[—’I’QO — 7‘2100(15) + ag1x1 — (lgz.%‘g]dt
n

+ T2 Z Ozgiqu; (t)

i=1

System (3) is a population model, so we should first
give some conditions under which (2) has a global positive
solution.

Theorem 1. For model (3), if a;; > 0, then for any given
positive initial value z(0) = (21(0),z2(0)) € R2, there
exists a unique solution x(t) = (x1(t), z2(t)) to model (3)
a.s. (almost surely) and this solution does not leave Ri with
probability 1.a.s.

Proof: Since the coefficients of system (3) satisfy the
local Lipschitz condition, so for any given initial conditions
2(0) = (21(0), 22(0)) € R2, there exists a unique local sat-
urated solution z(t) = (x1(t), z2(t)) defined on ¢ € [0, 7],
where T, is the time of the explosion ([30]). In order to prove
this is a general solution, we only need to prove 7. = oo.
Let ng > 0 be sufficiently large such that all components of
x(0) are on [1/ng, ngl. For every integer n > ng, define the
stopping time

Too < Te. Now we need to prove 7o, = oo. If it is false, we
can find a positive constant 7' > 0 and ¢ € (0, 1) such that

P{Te0 <00} >e.
Then there exists an integer n; > ng satisfying
Pl{rn <T}>e,n>mn 4

Define a function V() which is from R% to R, as follows:

V(ﬂ?) = agl(l’l —-1- 1113?1) + alg(.rg —1- 1n.’L‘2>.
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This function is non-negative because
u—1—Inu>0, u>0.

According to Itd’s formula, we can see that
dV(x(t)) = agl(l‘l — 1) |:[’/‘10 — Tllco(t) — a11x1

—amxg]dt + Z OLMdBi (t):| + 0.5&21 Z O‘%idt

i=1 i=1

+ara(xe — 1) [[—r20 — r21C0(t) + ag11

—agg.’EQ]dt + Z a9;dB; (t>:| + 0.5a12 Z Oé%idt

i=1 i=1

n n
= |:0.5CL21 Z ai + O.5a12 Z ()é%L — T10021 + 720012
i=1 i=1
+a21711Co(t) + a12r21Co(t) + [r10az1 + a11a21
—a12a21 — a21711Co (t)]x1 + [—Tr20a12 + a12a21

2 2
+aiza22 — a12721Co(t)]T2 — ar1a2127 — a12a221”2] dt

—|—CL21(£E1 — 1) Z athz(t) =+ alg(IQ — 1) Z agidB,-(t)

i=1 i=1

= G((E)dt + agl(l'l - ].) En: athz(t)

i=1
n

+ara(wy — 1)) azidBi(t),
- )

where

n n
= 0.5a21 Z ai- + 0.5a12 Z Oé%i — 710021
i=1 i=1
+ragaiz + +a21r11Co(t) + a12721Co (1)
+[r10a21 + a11a21 — a12a21 — a21711Co ()21
+[—ra0a12 + aizaz1 + arzaz
—a12721Co(H)] 72 — a11a2177 — a12a2273.

G(x)

Obviously, there is a positive constant G; > 0 such that
G(z) < G;. Substituting this inequality into (5) gives

dV(l‘(t)) < Gqydt + a21($1 — 1) Z alidBi(t)

i=1
n

+a12(x2 — 1) Z a27dB7(t)

i=1

Therefore,

™ NT ™ NT
/ AV (x(t)) < / Grdt
0 0

. /Orn nr [a21($1 _1) zn:alidBi(t)

i=1

+a12(sc2 — 1) Z a2idBi(t):| .

i=1
Taking the expectation on the both sides, we have

E(x(r,T)) < V(z(0)) + G:E(r,T)
< V(z(0)) + G:1T.

Let Q,, = {7, < T}, then by (16), we have

(6)

P(2,) > e

Note that for any w € (2,,, there is a ¢ such that z;(7,,w) = n
or z;(Tn,w) = 1/n. Therefore, V(x(7,,w)) does not less
than

min as1(n—1—1nn),a1a(n — 1 —1nn),

1 1
a21( 1+lnn>,a12( 1+lnn>}.
n n

That is to say,
V(z(0)) + GiT = E[lq, (w)V (z(14)))]

>eminqag;(n—1—1nn),a1z2(n — 1 —1nn),

1 1
a21( —1—|—lnn>,a12( — 1+1nn>},
n n

where 1, is the index function of €2,,. Letting n — oo gives
contradictory.

oo >V (z(0)) + GiT = oc.
This completes the proof. [ |

III. BOUNDEDNESS OF THE SOLUTION

In the previous section, we have shown that model (3) has
a unique global positive solution. Now let us show that the
solution is stochastically bounded.

Definition 1. Model (3) is said to be stochastically bounded,
if for Ye > 0, there is a positive constant K such that

o () < S 1§
ltlinﬁgofp{x’(t)*f{}*l g, i=1,2.

Theorem 2. Let (x1(t),x2(t)) be a solution to (3) with
initial value (x1(0),22(0)) € R2. If ass > as1, then model
(3) is stochastically bounded.

Proof: To begin with, let us show that for any p > 1,
there exists G;(p) such that

E[z}(t)] < Gi(p), i =1,2.
Define
V(x) = af,
where p > 1. Applying It6’s formula leads to

dV(z) =paf |:7"10 —r11Co(t) — a1 — a2

+0.5(p —1) Z ai} dt + pz¥ Z a1,dB;(t).

i=1 i=1
Making use of Itd’s formula again to €'V () results in
d[e'V (z)] = 'V (z)dt + e'dV (z)

= etJ?Il)dt =+ etpx’f r10 — 7“1100(t) — a11T1 — A12%2

n

+0.5(p — 1) Z a%i] dt + pe'x¥ Z a1;dB;(t).
i=1

i=1

Taking expectations on both sides, we can obtain that

¢
Eletz] < 2(0) +pE/ e*zl(s) [1/p + 710
0

+0.5p Z a%i - anxl(s)] ds

<2¥(0) + ; e®Ly(p)ds
=27(0) + L1(p)(e' — 1),
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where

n p+1
|:1 + prio + 0.5])2 Z Oéi:|

L — i=1
1(19) (p+ 1)p+1a11

Thus there exists a 7" > 0 such that
E[2} ()] < 1.5L1(p)

for all ¢ > T. At the same time, an application of the
continuity of E[z7(t)] results in that there exist Ly(p) > 0
such that E[z7(t)] < Ly(p) for t < T. Let

G1(p) = max{1.5L1(p), Iy (p)},

then for ¢ > 0, we have
Efz7(t)] < G1(p).

On the other hand, similarly, we can show that

dletzb] = etabdt + e'pab [ — 199 — 121 Co (%)

1) En: a;} dt

i=1

+ag121 — azrs +0.5(p —

+pe'zh Z a2;dB;(t)
Taking expectations on both sides results in
t
Elef2b] < 25(0) —I—pE/ e*zh(s) [1/1) + as171(s)
0

—|—0.5pz a3, — ATy (s)} ds

i=1

< z5(0) +p/t eS{E [xp(s) |:1/p — ago(s)
+0. 5pz amH + ag B[z (s)ml(s)]}ds
< z5(0) er/t eSE[xQ s {1/;3 — agoa(s)

t
+0. 5102 0‘21} } ds + paz: SE[ bl (s )} ds

i 0
g [l
S(O)+pE/t 5(s) {1/134'0-517_2”:0‘%1
—(ag2 — a21)$2(5)} ds _
st [ fopeio)as
< 25(0) + /Ot e®La(p)ds
+p21 Gi(p+ )/Otesds

p+1
&m+ﬁx>+§meWnyé—m

where

n p+1
{1 +0.5p? ) a%i]

Ly(p) = =1 .
2(29) (p + 1)p+1(a22 _ a21)p

The third inequality follows from the Yong inequality: for
Va,b € R and Vp,q,e > o

lal?[b]* < |afP? + ——

r/q
[ p } |b|P+a.

p + qlelp+q)

Thus we get

paxGi(p+1)

limsupE[z5(t)] < L2(p) + P+ 1

t—+4oo

Then there exists a 1" > 0 such that

E[25(t)] < 1.5L3(p)
for all t > T There also exists Ls(p) > 0 such that

Elw}(1)] < La(p)

= Ls(p).

for t <T. Let
G2(p) = max {1.5L3(p), ig(p)} ,

then for ¢ > 0, we have

E[z5(1)] < G2(p)-

Now we are in the position to show the stochastic
boundedness of model (3). For Ve > 0, let K =
v/max{G1(2), G2(2)} /e, then by Chebyshev’s inequality,

we have
Ela?(t
P{xi(t) < K} < 7[22( ] _ K 2B[z}(t)].
Therefore,

limian{xi(t) < K} < K2G;(2)<e

t——+o0
This completes the proof. ]
Theorem 3. The solution of model (3) has the property that

Inz;(t
limsup 2% <
t— oo nt

Proof: Define

a.s., i=1,2 )

W(.T) = a91Z1 + a12Zs.

According to Itd’s formula, we have
etln (aglxl + a12w2> —In (aglxl(O) + a12x2(0)>
t 1
= e’ InW(x(s)) + ——— |as121(s
[ {mwieen + gy e
X <7"10 — 7’1100(8) — allxl(s) — algxg(s))

+a1222(s) (Tzo —121Co(8) + ag121 — a22332>} }dS
t
_/0 2W2 (( Z 0411%1951
t
—A 2 (x( Z 0‘21“12132
)+ Z Nia(t
i=1

+ Z Nzl
(®)
0= wew

where

1,217 (S)dBl(S),

(Advance online publication: 26 November 2016)
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t) = /0 ﬁ?s))aziaub(s)dﬂ'(s)-
Let "
N(t) = Z(Nil(t) + Nio(1)).

Clearly, N(¢) is a local martingale with quadratic variation:

(. N) :/o W22 (s)) 2=

It then follows from the exponential martingale inequality
that

g

where p > 1 and g > 0 is arbitrary. In view of the Borel-
Cantelli lemma, for almost all w € €, there exists a ko(w)
such that for every k > ko(w),

|:a%zaglxl( ) + a3,a3,w5(s )} ds.

sup

{N(t) —0.5e **(N, N}] > pelt mk} <k”,
0<t<pk

N(t) < 0.5¢ (N (t), N(t)) + pet*Ink, 0<t< pk.

Substituting this inequality into (8), we can observe that

e'InW(t) — In W(0)
/0 eS{ In W(x(s)) + 7W(; .

[aglxl(s)
X (rm —1r11Co(s) — anxl(s)(—))auxg(s)>

+a1272(s) (7”20 —121Co(8) + ag1z1 — a22$2)] }dS
t
e’
_/0 2wg(x Zahazl%
t
*/ Za2za12x2
0
+pet* Ink + 0.5e 7+ / 7W2

(z(s))
X Z |:alza’21x1 )+ 042#%2%(5)} ds

eS

W2 (a(s))

1

< /Ot es{ W () + ) [021951(3)

X (7"10 — a11x1(3)> + a1222(8) (rzo — a22$2(8)>:|
1

2W2(IE Z alza’lel 1 —e” “k)
1 S
2W2 Z O‘Qzauxz - Mk)}ds
+pet In k.

It is easy to see that for arbitrary 0 < ¢t < pk, there exists a
constant C' independent of k£ such that

1
InW(z)+ W) [a21961 (7“10 - a11x1>

+a12x2 | 120 — G22T2

1
2W2 Zahamxl(l —e'” “k)
1
W) Zamam%(l — el R ds < C.

In other words, for arbitrary 0 < ¢ < pk, one can obtain
Et 111 <a21x1(t) —+ a12;1:2(t)>
< COlet —1] + pefInk + In <a21x1(0) + a12$2(0)>.

Consequently, if pu(k — 1) <t < pk and k > ko(w), then

111((121131(15) + algl’g) < eit 111((121131(0) =+ a12x2(0))

Int - Int
C[l —e ] pe HE=Derkink
Int Int '
Letting £ — 400 results in
1 t t
lim sup n(a2121 () + a1222(t)) < pet.
t—+oo Int

Letting p — 1 and p — 0O yields the desired assertion. M

IV. PERSISTENCE AND EXTINCTION

In this section we shall consider the persistence and
extinction of x; and x5. To this end, let us introduce some
notations and recall an useful lemma. Set

t
| tsras
0
A = aaz2 + ai2a21,

Ay = ag {7’10 —-0.5 Z Oéi'} —an {7’20 +0.5 Z 0‘31‘} )

=1 i=1

Y= liriligopy(t),y* = lim inf y(t), (y(t)) = ;

® = ay1721 + ag1711.
Lemma 2. (/25]) Suppose that z(t) € C[Q x Ry, RY],
where R%. = {ala > 0,a € R}.
(i) If there exist positive numbers Ao, T and A > 0 such that

Inz(t) < At — Ao /t z(s)ds + Y _ BiBi(t)
0 i=1

Sfor all t > T, where B;(t)(i =
standard Brownian motions, (;(1 <
then

) are independent

1,
i < n) are constants,

2
<
()" < A/, a.s.

(ii) If there exist positive numbers \o, T and \ > 0 such that

t n

Inz(t) > At — )\0/ 2(s)ds + > BiBi(t)
0 i=1

Sfor all t > T, where B;(t)(i =

standard Brownian motions, (;(1 <

then

) are independent

1,
1 < n) are constants,

2
L <
(Y > N o, a.s.

Definition 2. (i) z(t) is said to go to extinction if
lim «(t) = 0.

t—+oo

(ii) x(t) is said to be non-persistent in the mean if (x)* =0

(iii) x(t) is said to be weakly persistent in the mean if

(x)* > 0.

Lemma 3. For model (3), if Ay > 0, then for i =1,2,
lnz;(t)/t]* <0,a.s.

(Advance online publication: 26 November 2016)
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Proof: Suppose that y; (t) is the solution of the follow-
ing equation:

dyr = y1[rio — aniyi]dt + Z a1,;,dB;(t). Q)
i=1

ya(t) is the solution of the following equation:

n
dys = Ya[—T20 + a21y1 — az2y2)dt + Yo Z a;dB;(t).

i=1
(10)
By the stochastic comparison theorem ([31]), we get

z1(t) < p1(t), w2(t) < ya(t).
Now we are in the position to prove
lny/t]* <0, [lny2/t]* <0
By Lemma A.1 in [32], we have
lim (i (8)/1] = an

Consequently,

F”tl(t)] < limsup Fnytl(t)] —0.

t——+oo

According to Itd’s formula, one can observe that

In B/ll((éﬂ - (rm - 0.52 ai.)t —an /Ot y1(s)ds
+ Zn: 01 B;(t)

and,

In B’j((é))] - (—m —0.5§n:a§i>t+a21 /Ot y1(s)ds
—agg/yg dS‘f’ZO@Z

=1

Hence

o 2] ]

—a11a22/ y2(s)ds + a2 Z a1;Bi(t) +ann »_ axB

1 i=1

- (12)
For arbitrarily given € > 0, by (11), we can find a positive
constant 7" such that

Infy (t)/y1(0)]
az1 .
for ¢t > T'. Substituting this inequality into (12) gives

t t
a1 In |:y2( ):| > (AQ - €)t — a11092 / yQ(S)dS
0

12(0)
t) —+ a1 Z OégiB t
=1

+ a2 ZOm,B

=1 ;

> (AQ — €)t — a11a22/ yg(s)ds
0

n
+ a9 Z o Bt
i=1

Since As > 0, we can use Lemma 2, hence
AQ — &

411022

<e

<y2>* Z

By the arbitrariness of ¢, we can see that
Ay

a11a22

<92>* Z

So for arbitrarily given € > 0, we can find a positive constant
Ty such that

a11a22(y2(t)) > ar1a22(y2(t))s —e > Ag—e, t > T.
On the other hand, compute that

In[y: (¢) /y1(0)]

+a
. 11

)+ az E o B

In[ya(t)/y2(0)]
t

= Ay —aj1a2 y2

n
“+a11 Z Ozzl'B t
i=1

Hence

Wy (®)/y1O)] | nfy2(8)/12(0)]

t t

n
<€+a21ZO¢1z i /t+a112042L i

=1

Taking the upper limit on both sides, we get

nys(t)/t]" <
Therefore
oy (t)/t]* <0
This completes the proof. ]

Theorem 4. For the prey populations x4,

(i) if 110 = 0. 520412 r11{(Co)+
extinction a.s.; z nl

(ii) If r10 — 0.5204%1- —111(Co)s« = 0, then x1(t) is non-
persistent in theigziean;

(iii) If 710 — 0.5 Z a%i —r11{Co)« > 0, then x1(t) is weakly
persistent in theijnlean a.s.

< 0, then x1(t) goes to

Proof: (i) According to Itd’s formula,
In(a1 () /21(0)) /t =110 — 0.5 > _ af; — r11(Co(t))
=1
+ Z alz

—an(x1(t)) — ara(xa(t

13)
ln(l‘g(t)/l'g(()))/t = —T20 — 0.5 Z Oé%i —T21 <Co(t)>
+ a21<x1(t)> — a22 1‘2 —|— Z (121
(14)

Taking the upper limit on the both sides of (13) gives

[ln (El(t)/ﬂ* =710 — 052@%2 — 7’11<C()>* — CL11<(E1>*
i=1
— a12<x2)* < 0.

Therefore lim z1(¢) =0 a.s.
t—+4oo
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(ii) For arbitrarily given € > 0, we can find a positive
constant 77 > 0 such that

r11(Co(t)) > r11(Co)« — €,

Substituting this inequality into (13) gives

vt >T.

In(z1(t)/21(0))/t <7110 — 0.5 af; = 111(Co)u + £

1= 1

+Zalz

—ayr(z1 (¢
Then by Lemma 2, we get

(@1)* < [r10— 0.5 af; — r11(Co)s + €] /ans.

i=1

By the arbitrariness of ¢, one can see that

<I1>* S [7’10 — 052 Oéi- — r11<C’0>*]/a11. (15)

i=1

Notice that

10 — 052&%1 = T11<CO>*

i=1

and (z1)* > 0, therefore (xq
(iii) By (13), we get

) =0, a.s.

a11<x1>* + a12<x2>* > 10 — 0520{% — ’I”11<Oo>* >0

=1

That is to say (z1)* > 0 a.s. In fact, for Yw € {{x1)* = 0},
we have (z2(w))* > 0. Taking the upper limit on both sides
of (14), we have

< —rgo — 0-5Z@§¢ —7121(Co)+«
i=1
— a22<x2(w)>* < 0.

which is contradicted with

(x2(w))* > 0.

[In(za(t,w)) /)"

Therefore (z1)* > 0
This completes the proof. ]

Theorem 5. For the predator populations xs,

(D)if Ay — ®(Cp). < 0,then x2(t) goes to extinction a.s.;

(ii) If Ay — ©(Co)« = O,then x2(t) is non-persistent in the

mean a.s.;

(iii) If Ay — ®
Proof: (i) Clearly, if

(Co)s > 0,then xo(t) is weakly persistent a.s.

rio — 0.5 E o3,
AV i=1
— Colu < ——
D < (Co)s <

11
then

n
T10 — 0.5 E Oé%i
2 i=1

<
[0} T11
By (14) and (15), it is easy to see that

[t_l Inas(t)]* < ail [Ag — ®(Co)s] — aga(z2)s < 0.

That is to say, , li+m x2(t) = 0,a.s.
—+00

If 119 — 0.5 ) a; — 111(Co)s < 0, then by Theorem 4,

i=1
we have (x1)* = 0. Hence according to (14),

[t_l 1H$2<t)]* < —7rg9g — 0520&%1 — 791 <Co>* + as1 <.’1?1>*
=1
— a2(T2)«
= —T20 — 0-5ZOZ§¢ —721(Co)s — a22(T2)«

=1
<0

That is to say,

lim x2(t) =0, a.s.
t—+o0

(i) Here we use reductio ad absurdum to prove (ii). If
(z2)* > 0, then by Lemma 3, we get [t~ Inzy(t)]* = 0.
By (14), we have

n

—rg9 — 0.5 Za%i —121(Co)« + a21(x1)™ > aga(r2). > 0.

i=1
For arbitrarily given € > 0, we can find a positive constant
T > 0 such that

121(Co (%)) > 121(Co)s —

and
a21<x1> < a21<x1>* + €

for all £ > T'. Substituting this inequality into (14) gives

In(x2(t)/22(0))/t < =190 — 0.5 > _ a3, — r21(Co)s + 22

=1
+ as1(21(1))" — aza(za(t)) + Z a2 B
Then by Lemma 2, we get

—T920 — 0520&%1 — 7”21<Co>* + a21<(L'1>* + 2¢

i=1

x9)" <
(z2) -

By the arbitrariness of ¢, we have

n
—Too — 052 a%i + a1 <l‘1>* —T21 <Co>*

<£L’2>* S 1=1

a22
When (15) is used in this inequality, one can see that

(2) < — B(Co).] = 0

11022
This is a contradiction, so we have (x2)*
(iii) Clearly,
a1t~ n(z1(t)/21(0)) + ap1t = In(za(t)/22(0))
= A2 — &(Co(t)) — Al2(t))

+a21 Z a1 Bi(t)/t + an Z a; B

We take upper limit on both sides of the equation. Since
Ay > 0, then by Lemma 2, we have

(22)" = 518 = 9(Co}.] > 0

[Ag —

=0.
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This completes the proof. ]

Theorem 6. For model (2) we have
(a) For prey populations x1, set by = r19p — 0.5 Z a%i.

. =1
@ i
a1 d19ﬂ :|
by — « + <0,
1= |:(11 + lz)h v (ll + 12)(11

then x1(t) goes to extinction a.s.;

(i) If

a1 d19ﬁ
b1 — * =0,
Lo [(11 +1l2)h et (1 + 12)a1]

then x1(t) is non-persistent in the mean a.s.;

(iii) If

a1 dlﬁﬁ
bl —r |:(ll + ZQ)}L <u * (ll + l2)d1:| - 07

then x1(t) is weakly persistent in the mean a.s.

(b) For predator populations xo,
@iv) if
aq dleﬁ :|
JAVI () Uy + <0,
2 {(z1 +l2)h< ) (lh + o)
then x4(t) goes to extinction a.s.;
w If
ay d106 :|
Ay — O u) s + =0,
2 |:(ll + lZ)h< > (ll + lg)al

then x4(t) is non-persistent in the mean a.s.;
(v If
ay dleﬂ :|
Ay — @ . >0,
’ {(11 Tk (lh +l2)ar

then x4(t) is weakly persistent in the mean a.s.

Remark 1.From Theorem 4,one can observe that x; is
n

gong to extinction if and only if 711 (Cp). + 0-520‘%@ >
i=1
r10;x1 is weekly persistent if and only if r11(Co). +
n n

0.5 Z Oé%i < 110,That is to say 719 —7“11<Co —0.5 Z Oé%i

i=1
is the threshold between weak persistence and extinction

of x1. Similarly,from Theorem 5,we can observe that xo
is gong to extinction if and only if ®(Cp). > Agjzs is
weekly persistent if and only if ®(Cp). < As.In other words,
Ay — P(Ch). is the threshold between weak persistence and
extinction of xs.

V. GLOBAL ASYMPTOTIC STABILITY
Definition 3. System (3) is said to be globally asymptotically
stable if

hm |l‘21( ) — xgg(t)l =0

im [211(t) — z12(t)] = S too
(z11(t), 221 (1))

t—+o00
for any two positive solution
(z12(t), x22(t)) of system (3).

Lemma 4. (/33]) Suppose that an n—dimensional stochastic
process X (t) on t > 0 satisfies the condition

E|X(t) — X(s

and

)2 < et — 5|20 < 5,t < 00

for some positive constants oy, o and c. Then there exists a
continuous modification X (t) of X (t) which has the property
that for every 0 € (0,as/q) there is a positive random
variable h(w) such that

X(t) — X(s) 2 B
[t — sl = 1—2—9} =1

In other words, almost every sample path of X (t) is locally
but uniformly Hélder continuous with exponent 6.

Lemma 5. Let (z1(t),72(t))T be a solution of (3) ont > 0.
If ass > a1, then almost every sample path of x;(t) is
uniformly continuous, 1 = 1, 2.

77{ sup
0<|t—s|<h(w),0<s,t<o0

Proof: The first equation in model (3) is equivalent to
the following stochastic integral equation

t
xl(t) = 1‘1(0) +/ X1 l:’/‘lo — Tllco(t) — a11X1 — A12T2 dS
0

t n
+ / T ZalidBi(S)
0 i=1

Notice that

p

E

1 {7“10 —r1Co(t) —anz — a12$2]

_ E[w

|

r10 —11Co(t) — 1121 — a1222

r10 — r11Co(t) — a1z — a1222
2p
< 0.5E|21[2P + 0.5E

< O.5{G1(2p) + 321 [|T1o|2p + a11E|z (t)[*

+ a12E|:c2(t)|2p] }

< 0.5{G1(2p) + 32p—1 [|T10|2p +a1:G1(2p) + a12G2(2p)] }
= Ks(p).

Moreover, in view of the moment inequality for stochastic
integrals one can obtain that for 0 < t; <t and p > 2,

‘ t2n

Zahxl dB )

< pp-l ZIE

<nPt Z[C“%z] {
i=1

<nPt Z[a%z] {
i=1

P

5)dB;(s)

p/2 ta
:| tg — tl / E|$1|pd8
t1

r/Q (ts — t1) B G (p).

alle

Then for 0 < t1 <ty < oo, ta —t1 < 1,1/p+1/g=1, we
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have

E(|lz1(t2) — z1(t1)P) = E

2

x1 [7“10 - Tllco(t)

ty

—a11T1 — a12$2:| ds -+ / X Z Ckth
t1

ta
S 2P1E‘ / X1 |:T’10 — 7‘11()0(15) —a11ry — a121‘2:| dS
ty

p

to n P
+2p_1IE’/ 1 E a1;dB;(s)
t ;

to
§2p71(t27t1)p/q/ E
P h

ds

1 {?"10 —r11Co(t) — anz

- a12332]

+2p1plz [

< 207ty tl)p/q+1K2( )
p/2
B 12 o?] {1)] (t2 — t1)P/*G1(p)

<2071ty — tl)p/ (ty —t1)P/% + (W’;“)p/ﬂ K3(p)

p/2
1)] (t2 — t1)P/*G1(p)

<2 - )72 |4 (R o),

where

K5(p) = max{Ks(p

),nPt Z o3, ]PGy(

Then it follows from Lemma 4 that almost every sample
path of x1 (¢) is locally but uniformly Holder-continuous with
exponent # for every 6 € (0, p?—p2) Therefore almost every
sample path of x1(¢) is uniformly continuous on ¢ > 0. In
the same way we can demonstrate that almost every sample
path of z5(t) is uniformly continuous. [ |

Lemma 6. (/34]) Let f be a non-negative function defined
on R such that f is integrable and is uniformly continuous.
Thent ligl fi) =

—+00

Theorem 7. If

ai1 —az1 >0, ap —aj2 >0 (16)
then system (3) is globally asymptotically stable.
Proof: Define
V(t) = |Inz11(¢) — Inaio(t)] + | Inxe (2) — Inwaea ()],

then V'(¢) is a continuous and positive function on ¢ > 0. A
direct calculation of the right differential d*V (t) of V(t),
and then applying It6’s formula yields

drv(t) ) .
= sgn(x11 — T12) dr1 — (don)?

_ 11 12 . 202,
- dxis _ (dI12)

L T12 22,

dl‘gl (dx21)2-

+S_9n(3?21 T2) o 222, |
. dl‘gg _ (dCUQQ) }

L X292 2(1’5%2
= sgn(z11 — x12)3 — a11[r11 — T12) — a12]@e1 — fzz}}dt

+ sgn(xa — 9622){6121[%11 — Z12] — @22[T21 — T22] }dt
< { —a11|T11 — T12| + a12|®o1 — Taa| — a2 (t)|T21 — 22|
+ agi1|z11 — $12|}dt

= —¢ (@11 — a21)|z11 — 12| + (a2 — a12)|x21 — :czzl}dt

Integrating both sigles leads to
VO <V - [ [l - alen(s) - o)
0

=+ (a22 — alg)‘Igl(S) — 1722(5):| dS.
Conseque{ltly
V(t)+/ [
0

((l11 *021)|f€11(8) *$12(8)| + (6122 *a12)|$21(8)

ds <V(0) < 0.
t) > 0 and (16) that

— .’1322(8)
It then follow from V'
|x11(t) — .%‘12(75)‘ S L1[07 OO)7 ‘l‘gl(ﬂ — (L‘Qg(t)| S Ll[O, OO)

Then the desired assertion follows from Lemmas 5 and 6
immediately. ]

VI. NUMERICAL SIMULATIONS

In this section, let us introduced some numerical simu-
lations to illustrate the main results by using the methods
mentioned in [35], [36]. For the sake of simplicity, we choose
n = 2 and consider the following discretization equation:
$§k+1) = k) + ZC( ) |:7’1() — ruCo(kAt) - auxgk)

—a129€g€)} At + { § )aué'f)
+£L‘§k)0121§§];) + 0.50&11%&“ <(f§’;))2 — ].)

+0.501 237 ((€8F)2 — 1)}\/&,

Iékﬂ) (k) + ﬂf(k) [ — o0 — r21Co(EAL) + a21x(1k)

—CLQQ{L‘Q :|At + { (k)Oé Qf(k)
—‘rﬂ?gk)()(ggfég) + 0.50&1233& )<( (k)) — 1)

4050902 ((€58))2 — 1)}\/&,

where fllf), gf), f(k) and fé’;), k=1,2,...,n, are Gaussian
random variables. In the following figures, we always choose
10 = 08, T20 — O]., ri1 = To1 — ]., Co(t) = 0.1+
0.05sint, a;1 = 0.5, a10 = 0.4, ags, = 0.3, age = 0.5.

In Fig.1, we choose a?; = 0.2, a3; = 0, a3y = a3y =
0.1. Then according to Theorem 2, the model is stochastically
bounded. See Fig.1.

In Fig.2, the values of parameters are the same with these
in Fig.1. Then according to Theorem 3, (7) holds. See Fig.2.

In Fig.3(a), we choose a3, = 1.4, then by Theorems 4
and 5, both z; and x» are extinct. See Fig.3(a). In Fig.3(b),
we choose agl = 0.4, then in view of Theorems 4 and 5,
x1 is weakly persistent in the mean and x5 is extinct. See
Fig.3(b). In Fig.3(c), we choose a3; = 0.04, then according
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to Theorems 4 and 5, both z; and x5 are weakly persistent
in the mean. See Fig.3(c). By comparing Fig.1 and Fig.3(a),
we can see that the more the random noises, the easier the
species go to extinction.

In Fig.4, the values of parameters are the same with these
in Fig.1. Then according to Theorem 6, the model is globally
asymptotically stable, see Fig.4.

0 200 400 600 800
Time

1000

Fig. 1: Trajectories for model (3) with a3, = 0.2, a3, =
0, a?y = a3, = 0.1. This figure shows that the model is
stochastically bounded.

In xl(t)/In t

i
OWWW

-1 S~ In X, ()/in t ]

0 200 400 600 800
Time

1000

Fig. 2: Trajectories for model (3) with a3, = 0.2, a3, =
0, a2y = a2, = 0.1. This figure shows that (7) holds.

VII. CONCLUSIONS

In this paper, under the assumptions that 719 and rgg
are affected by n independent standard Brownian motions,
we have proposed and investigated a stochastic predator-
prey populations model in polluted environments. We have
established the existence, uniqueness and boundedness of the
global positive solution. Sufficient conditions for extinction,
non-persistence in the mean, weak persistence in the mean
of the predator and prey populations have been established.
The threshold between weak persistence in the mean and

30 40 50
Time

()

0.2 1

01 l e 0 1

0 200 400 600 800
Time

1000

(d)

0.6 B
0.4} q
%0
0.2 / i
o ‘ ‘ ‘ ‘
0 200 400 600 800 1000

(©

Fig. 3: Solution of model (3). (a) shows that both z; and
xo are extinct (a3; = 1.4); (b) shows that x; is weakly
persistent in the mean and x, is extinct (oz%l = 0.4); (¢
shows that both z; and z5 are weakly persistent in the mean
(a3, = 0.04).
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1.4

! ! ! !

0 5 10 15 20 25 30
Time

Fig. 4: Plot of two solution trajectories for model (3) with
two sets of initial conditions z1(0) = 0.6, x2(0) = 0.3 and
21(0) = 0.4, 22(0) = 0.2. This figure shows that model (1)
is globally asymptotically stable.

extinction for each species has been obtained. We have also
studied the global asymptotic stability of the solution.

Our results indicate that the random interference of the
prey populations x; is neither conducive to the survival of
1 nor unfavorable to x5. However the random interference
of the predator populations z2 is only not conducive to the
survival of xs.

Our Theorems give some important and interesting bio-
logical meanings. From Theorem 5 one can observe that
if the two species have the same concentration of toxicant
in the body, the ability for x; to resist the toxicant is
stronger than that of z5. Theorem 5 shows that if the average
growth rate r19 — r11(Co(t)) of prey populations is less
than certain negative value for sufficiently large ¢, then both
predator and prey populations are going t0 extinction. If the

average natural mortality rate o9 + 0.5 Z a2, +1ra1(Co(t))

of predator populations is larger than the maximum num-
ber of average ingestion rate of prey populations [rig —

0. 52@11 — 111(C0)]/a11, then predator populations are

gomg to extinction. Our results also reveal that the more the
random noises, the easier the species go to extinction. So in
order to conserve biological diversity, we have the following
solutions:

(i) To reduce the intensity of the the random noises.
(i1) To reduce the number of the random noises.
(i) To reduce the input of the toxicant.

Some interesting problems deserve further investigation.
In Theorem 2 and Theorem 7, the conditions have some
limitations on a;;. It is interesting to study whether these
conditions can be dropped. It is also of interest to investigate
other multi-species systems (see e.g. [37], [38]).
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