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Oscillation of Even Order Nonlinear Functional
Dynamic Equations on Time Scales

Da-Xue Chen, and Cun-Yun Nie

Abstract—The paper investigates the oscillation of even order
nonlinear functional dynamic equation of the form

[e) (" )] +a [+ (z0))]

=0

on [to,00)r with supT = oo and limy o 7(t) = oco. We
establish several new oscillation criteria for the equation by
employing Kiguradze’s lemma, the Taylor monomials on time
scales and a generalized Riccati technique. The obtained results
extend and supplement certain known results in the literature.
Some interesting examples are shown to illustrate our main
results.

Index Terms—oscillation, even order, functional dynamic
equation, time scale.

I. INTRODUCTION

N this paper, we discuss the oscillation of even order
nonlinear functional dynamic equation of the form

e (= )] +aw[emren] =0 an

on [tg, c0)T, where T is an arbitrary time scale, sup T = oo,
to € T, [to,00)r :={t € T : ¢t >t} is a time scale interval
in T, o(t) := inf{s € T : s > ¢} is the forward jump
operator on T and z := x o o. The following conditions
will be used:
(Hy) n > 4 is even, and « and [ are quotients of odd
positive integers;
(Hz) ¢,q € Cra([to,00)T, (0,00) ];0
7 € Cra(T, T) and lim;—, T(t) o0;
(H3) ©2(t) >0 for t € [tg, 00)T.
We will consider respectively the following three cases:

o)At = oo,

(1.2)

(1.3)

g(u)Au)'®

I (o1 (s) =

and
HON

S 1L (™

As < 00,

q(u)Au) UQAS] Av =0

(1.4)

By a solution of (1.1) we mean a nontrivial real function
x € O™ [t,, 00)r which has the property that p(z2" ) €
Crd[tm,oo) for a certain t, > ty and satisfies (1.1) on
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[tz, 00)T. Our attention is restricted to those solutions of (1.1)
which exist on [t,, 0o)r and satisfy sup{|z(¢)| : ¢ > t.} >0
for any ¢, > t,. A solution x of (1.1) is said to be oscillatory
if it is neither eventually positive nor eventually negative;
otherwise it is nonoscillatory. Equation (1.1) is said to be
oscillatory if all its solutions are oscillatory.

A time scale T is an arbitrary nonempty closed subset
of the reals R. The study of dynamic equations on time
scales is a fairly new topic, and work in this area is rapidly
growing. The general idea is to prove a result for a dynamic
equation where the domain of the unknown function is a
time scale. In this way results not only related to the set of
real numbers R or the set of integers Z but those pertaining
to more general time scales are obtained. Therefore, not
only can the theory of dynamic equations on time scales
unify the theories of differential equations and of difference
equations, but it is also able to extend these classical cases
to cases “in between,” e.g., to the so-called g-difference
equations. Dynamic equations on time scales have many
applications in biology, engineering, economics, physics,
neural networks, social sciences and so on. A book on
the subject of time scales, by Bohner and Peterson [38],
summarizes and organizes much of time scale calculus, see
also the book by Bohner and Peterson [39] for advances in
dynamic equations on time scales. For convenience of the
readers and completeness of the paper, in the next section
we recall some basic concepts and results for the calculus
on time scales. More details can be found in [38] and [39].

In the past years, there have been a lot of papers studying
the oscillation and nonoscillation of solutions of first to
fourth order dynamic equations on time scales, such as the
papers [1]-[22]. However, there are few papers dealing with
the oscillation of general higher order dynamic equations,
and we refer the reader to the papers [23]-[33] and the
references cited therein.

When n = 2, many papers such as the papers [34]-[37]
have studied deeply the oscillation of (1.1) or some of its
special cases. When n > 4, to the best of our knowledge,
there is very little known about the oscillatory behavior of
(1.1).

Recently, the authors in [28] obtained some oscillation
criteria for higher order nonlinear dynamic equation on time
scales of the form

22" (8) + q(t) [27 (7(1))]

in delay 7(t) < t and non-delay 7(t) = ¢ cases, where n > 2
is an integer and A\ is a ratio of positive odd integers.

The paper [29] presented several oscillation results for the
even order dynamic equation

e (= )] + a7 0)’ =0

A

=0 (1.5)

(1.6)
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on a time scale T, where n > 2 is even, and «, 3, and ¢
are defined as in (H;)-(Hj).

In [30], Grace et al. derived some sufficient conditions for
the oscillation of (1.1) when n > 2 is even, «, 5, ¢, q and T
are defined as in (H;)—(H3), 7(t) <t and 72(t) > 0 on T.

It is clear that (1.5) and (1.6) are some special cases
of (1.1). The results in [28]-[30] are very significant for
the development of the qualitative theory of higher order
nonlinear dynamic equations on time scales. However, the
papers [28]-[30] did not consider the cases where (1.2), (1.3)
and (1.4) hold. Therefore, it is of great interest to establish
some oscillation criteria for (1.1) in these cases. In this
paper, by using Kiguradze’s lemma, the Taylor monomials on
time scales and a generalized Riccati substitution, we obtain
several oscillation theorems for (1.1) in the cases where (1.2),
(1.3) and (1.4) hold. Our results are essentially new, and
extend and supplement some of those in [28]-[30]. We also
give several examples to illustrate the applications of our
main results.

In what follows, for convenience, when we write a func-
tional inequality without specifying its domain of validity we
assume that it holds for all sufficiently large ¢.

The rest of the paper is organized as follows. In the
next section, we present some basic definitions and results
concerning the calculus on time scales. In Section III, we
give several useful lemmas. In Section IV, we state and
prove our main results. In the last section, some examples
are considered to illustrate our main results.

II. PRELIMINARIES ON TIME SCALES

In this section, we recall the following concepts and results
related to the notion of time scales, which are contained in
[38] and [39].

A time scale T is an arbitrary nonempty closed subset of
the real numbers R. We assume throughout that T has the
topology that it inherits from the standard topology on the
real numbers R. Some examples of time scales are as follows:
the real numbers R, the integers Z, the positive integers N,
the nonnegative integers Ny, [0,1] U [2,3], [0, 1]UN, hZ :=
{hk : k € Z,h > 0} and ¢% := {¢* : k € Z,q > 1} U
{0}. But the rational numbers Q, the complex numbers C
and the open interval (0,1) are not time scales. Many other
interesting time scales exist, and they give rise to plenty of
applications (see [38]).

For t € T, the forward jump operator and the backward
jump operator are defined by

o(t) :=inf{s e T:s >t}

and
p(t) :==sup{s € T: s < t},

respectively, where inf¢ = sup T (i.e., o(t) = ¢ if T has a
maximum t) and supg = inf T (i.e., p(t) = ¢ if T has a
minimum t), here g denotes the empty set.

Let t € T. If o(t) > t, we say that ¢ is right-scattered,
while if p(t) < ¢, we say that ¢ is left-scattered. Points that
are right-scattered and left-scattered at the same time are
called isolated. Also, if ¢t < supT and o(t) = ¢, then ¢ is
called right-dense, and if ¢ > inf T and p(t) = ¢, then ¢t is
called left-dense. The graininess function p : T — [0, 00) is
defined by
@2.1)

We also need below the set T*: If T has a left-scattered
maximum m, then T" =T — {m}. Otherwise, T = T. Let
f: T — R, then we define the function f7 : T* — R by

fo(8) = fla(t))

ie., f7:=foo.
For a,b € T with a < b, we define the interval [a,b] in T
by

for all t € T",

[a,b] :={teT:a<t<b}.

Open intervals and half-open intervals, etc. are defined
accordingly.

Fix t € T® and let f : T — R. Define f2(t) to be the
number (provided it exists) with the property that given any
€ > 0, there is a neighbourhood U of ¢ such that

f(o(t)) = f(s)] = F2@)o(t) = s]| < elo(t) — 5]

for all s € U. In this case, we say that f2(t) is the (delta)
derivative of f at ¢ and that f is (delta) differentiable at ¢.

For a function f : T — R we shall talk about the second
derivative f A% provided f* is (delta) differentiable on T+ =
(T*)* with derivative

A =21 SR
Similarly, we define higher order derivatives
A = (fA‘%I)A T SR forn=3,4,---,

n n—1\ K .
where T" = (T"”" ) . For convenience we also put

0 1 2 3
fA :fva :anfAA:fA 7fAAA:fA 5
T+" =T and T* = T*.
Assume that f : T — R and let t € T®. If f is (delta)
differentiable at ¢, then

Fla(8)) = F(8) + u(t) F2(2).

A function f : T — R is said to be right-dense continuous
(rd-continuous) provided it is continuous at each right-dense
point in T and its left-sided limits exist (finite) at all left-
dense points in T. The set of all such rd-continuous functions
is denoted by

Cra(T) = Cra(T, R).

The set of functions f T — R that are (delta)
differentiable and whose (delta) derivative is rd-continuous
is denoted by

Crld (T) = CI‘ld(T7R)'

We will make use of the following product and quotient
rules for the (delta) derivatives of the product fg and the
quotient f/g of two (delta) differentiable functions f and g:

(fg) =29+ f79% = fg° + [2¢° (2.2)
and
([)A _f% —Ung7 23
g 99

where ¢° = g oo and gg° # 0.
For a,b € T and a (delta) differentiable function f, the
Cauchy (delta) integral of f2 is defined by

b
/ FA0)AL = f(b) - [(a).
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The integration by parts formula reads

/f

= f(b)g(b) - / A9 (AL (24
[ oo
— f(b)g(b) - / =0

The infinite integral is defined as

/ " f(s9)As = lim / f(9)As

III. LEMMAS

In this section, we present some lemmas which are used
in the following sections.

Lemma 3.1. ([40, Theorem 5]) Let supT = oo and
x € C™([to,00)r, (0,00)). If 2" (t) is of constant sign

n [to,00)r and not identically zero on [t1,00)r for any
ty > to, then there exist a t, > ty and an integer I,
0 <1 <m, with m+ 1 even for xAm(t) >0, or m+1 odd
for x2" (t) <0, such that

()>0 fort >ty i=0,1,---,1,
(3.1)

1> 0 implies z°

and

1<m—1implies (—1)""22 #) >0  (3.2)

fort >t i=01+1--- . m—1

The next lemma needs the Taylor monomials {h;}5°, (see
[38, Section 1.6]), which are defined recursively by

t
ho(t,s) =1 and  hi(t,s) = / hi (G )AC (B3
for t,s € [tg,00)r and ¢ € N.

Lemma 3.2. Let © be an eventually positive solution of
(1.1) and assume that (H1)—(H3) and (1.4) hold, then there

exists t, € [tog,00)r such that for t € [ty,00)r and
=01, ,n—1,
n—1 a1 i
[cp(t)(mA (t))] <0, 22°(t) >0, (3.4)
n—1 ajA

[(mA (t)) } <0, (3.5)
and

22 (1) > 22" (Ohna(t, ta), (3.6)

where h,_o is defined as in (3.3).

Proof. Since z is an eventually positive solution of (1.1),
there exists ¢ € [tg, 00)T such that

z(t) >0 and z7(r(t)) >0 fort € [t1,00)r. (3.7)

Therefore, from (1.1) we have

e (x> 0)]" = )] <0 a8

for t € [t1,00)r, which implies that ¢(t) (acA"fl(t))a is
strictly decreasing on [t1,00)r and eventually of one sign.
Hence, 22" ' (t) is eventually of one sign, ie., 22" (¢)
is either eventually positive or eventually negative. We now
claim

22" (t) >0 fort € [ty 00)r. (3.9)

Assume that (3.9) doesn’t hold, then there exists to €
[t1,00)r such that 22" ' (t) < 0 for ¢ € [t,00)r. Thus,
we conclude that —p(t) (22" (1)) = p(t)(— 22" ()"
is positive and strictly increasing on [to,00)r and that
e/t (- A" (t)) is also positive and strictly increasing
on [ta, 00)T. Therefore, we get

()

¢
- xAn_Q(tQ) +/ xAn_l(s)As

ta

= 22" (ty) — /t [wl/a(S)( - :BA7L71(3>)}<P_1/Q(S)AS

2

¢
(t2) — cl/ e Y%(s)As for t € [ta, 00)T,

ta

n—2

<z®

where ¢; == p'/*(t2)( — 22" (t2)) > 0. Letting ¢ — oo
and using the condition ftzc @~ /*(t)At = oo, we obtain

lims_, oo ;vAn_2(t) = —o0. Analogously, we have

Jim 22" () = lim 22" () =

—00 t—o0
= lim 22(t) = lim z(t) = —oo,
t—o0 t—o0

which contradicts the fact that () > 0 for ¢ € [t1,00)T.
Hence, (3.9) holds. Take m = n — 1. From Lemma 3.1,
we get that there exist ¢, € [tz,00)r and an odd integer
[,1 <1l <m=mn-—1, such that (3.1) and (3.2) hold. Thus,
we have

z2(t) >0 for t € [ty,00)r. (3.10)

Take t3 € [ty,o0)r such that 7(¢) > t, for ¢t € [t3,00)T,
then we have o(7(t)) > 7(t) > t, for t € [t5,00)r. From
(3.10) we conclude z°(7(t)) > x(t;) > 0 for ¢ € [t3, 00)T.
Hence, from (3.8) we get

o)+ )] < ~a02*(12) = —era(t) @11

for t € [t3,00)T, where cg := 27 (t,) >
from ¢ to v, we obtain

> (. Integrating (3.11)

o0 (=7 0)" 2 00) (o> ) +er [ aw)au

t
>82/ q(u)Au (3.12)

¢
for v >t > t3. Letting v — oo, we have

n—1 1 o0 1/a

22" () > el <ap‘1(t)/ q(u)Au) (3.13)
¢

for t € [ts,00)r. Now, we declare | = m = n — 1.

Otherwise, we obtain [ < m - 2 =n-— 3é Therefore, it
follows from (3.2) that 22 (t) = 22" (t) < 0 and
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A" () = 22" (t) > 0 for t € [ty,00)r. Integrating
both sides of (3.13) from ¢ to v, we get

_:I:An—Z(t) N :CA?L72 (v) . :I:An72 (t)

>/ [ (o0 [ atwan)

for v >t > t3. Letting v — 0o, we obtain

Szl [ <w<s> | q(u)Au) A

t

1/«
As

for t € [t3,00)T. Integrating both sides of the last inequality
from t3 to ¢, we have for ¢ € [t3, 00)T,

n—3
a®" (ts)

> 7:EA"/_3 (t) + I’An—.’} (tg)

> cy/® /tt UOO (4,01(8) /:o q(u)Au)l/aAs} Av.

Letting ¢t — oo, we find

[T (o [ aoms) o]

<oyt (k)

< 00,

which contradicts the third formula in (1.4). Thus, we have
Il =m = n—1 and then from (3.1) and (3.8) we get that
(3.4) holds. Since ¢ (t) > 0 for ¢ € [ty,o0)r and

e (=)
=2 (=2 0) e [(+2 @)

<0 forté€ [ty,o0)T,

A

n— @ A
we obtain {(mA 1(1?)) } < 0 for t € [ty,00)r, which
is namely (3.5). Therefore, we see that xAn_l(t) is strictly

decreasing on [t,, o). Hence, from (3.4) we obtain

22N =2t () + /

2%

t

22" (OAC

t
> 22" () [ AC

t‘Tr
=" (O (t,ty)  for t € [ty,00)r.

Integrating the last inequality from ¢, to ¢, we find

AU > e (1) + / 2" (R (G 1) A

x

t
> 0¥ 1) [ m(ct)ac
to
= 22" (t)ha(t,ty) for t € [ty,00)r.
Repeating the above argument, we have

22(t) > 22" (Dhns(t, ty) for t € [ty, 00)r,

which is namely (3.6). The proof is complete.

Lemma 3.3. ([41, Lemma 2.3]) Suppose that following
condition holds:

(Hy) 72(t) > 0 is rd-continuous on T, T := 7(T) = {7(¢t) :
t € T} C T is a time scale, and (77)(t) = (o o 7)(t)
for all t € T, where (77)(t) := (7 0 0)(t).

Lety : T — R. If y(t) exists for all sufficiently large t € T,

then (yo1)2(t) = (y® o7)(t)72(t) for all sufficiently large

teT.

Lemma 3.4. ([41, Lemma 2.4]) Let F' : T — R and v > 0 be
a constant. Furthermore, assume F2(t) > 0 and F(t) > 0
for all sufficiently large t € T. Then we have the following:
(i) If0 < v < 1, then (FY)A(t) > y(FO)YL(t)FA(t) for
all sufficiently large t € T, where F° := F o o;
(ii) If ¥ > 1, then (F)2(t) > yFY~ Y (t)FA(t) for all
sufficiently large t € T.

Lemma 3.5. ( [42]) If X and Y are nonnegative, then
AXYA L XA < (A =1)YY for A > 1,
where the equality holds if and only if X = Y.

Lemma 3.6. ([39, Theorem 5.68]) Suppose that T is
unbounded above. Let to € T, tyg > 0 and 0 < A < 1. Then
we have LZO t%At = 00.

Lemma 3.7. ([38, Parts (ii) and (iii) of Theorem 1.79]) Let
a,beT,a<band f € Cra(T,R).
(i) If [a, b] consists of finitely many isolated points, then

b
| wae= 3 unso.

t€la,b)

where (i is defined as in (2.1).
(ii) If T = ¢Z = {ck : k € Z}, where ¢ > 0 is a constant,

then
b
[ roa-

Lemma 3.8. ([38, Example 1.104]) Let go > 1 be a constant
and T = ¢% := qG U {0} :={¢} : k € Z} U {0}, then

k—1

t—qls
hilt,s) = [] =20

j=0 >0

where hi(t,s)(k € Ng) are defined as in (3.3).

k=b/c—1

Z cf (kc).

k=a/c

for all t;s € T and all k € Ny,

IV. MAIN RESULTS

In this section, we state and prove our main results. We
establish several new oscillation criteria for (1.1).

Theorem 4.1. Suppose that (H1), (Hs) and (1.2) hold, then
(1.1) is oscillatory.

Proof. Assume that x is a nonoscillatory solution of (1.1).
Without loss of generality, we may assume that x is an
eventually positive solution of (1.1). Proceeding as in the
proof of Lemma 3.2, we find that there exists t3 € [tg, 00)T
such that (3.12) holds. Take ¢t = t3, then from (3.12) we
conclude

/U q(u)Au < cglw(tg)(zAnfl(tg))a for v € [t3, 00)T.

t3

(Advance online publication: 26 November 2016)
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Letting v — oo, we get

-1

/ " ) A < 5 Mo (ts) (@ (1)) < oo,

t3

which contradicts (1.2). The proof is complete.

Theorem 4.2. Suppose that (Hy), (Hz) and (1.3) hold, then
every bounded solution of (1.1) is oscillatory.

Proof. Assume on the contrary that there is a nonoscillatory
bounded solution x of (1.1). Without loss of generality, we
may assume that x is a bounded eventually positive solution
of (1.1). Proceeding as in the proof of Lemma 3.2, we see that
there exists t3 € [tg, 00)r such that (3.13) holds. Integrating
both sides of (3.13) from ¢3 to t, we get

xAn72 (t)

o t 00 1/
> g2 2(t3) + cé/a/ (90_1(8)/ q(u)Au) As
ts s

for t € [t3,00)r. Letting ¢ — oo and using the second
formula in (1.3), we get limy_,oo 22" (t) = oc. Take a
constant ¢z > 0, then there exists t4 € [t3,00)r such that
xAan(t) > cg for t € [t4, 00)r. Integrating from ¢4 to ¢, we
obtain

t
xArL73 (t) 2 xAn—?, <t4) +/ C3AS
ty

= 22" (tg) + c5(t —t4) for t € [ts, 00)r.

. . n—3
Letting ¢ — oo, we conclude lim; B

Similarly, we find

(t) = oo.

n—4

(t) =

which contradicts the boundedness of z. The proof is
complete.

ce e — 1 A = 1 =
tlgr@loa: *) tlirglox(t) o

lim 22
t—o00

Theorem 4.3. Suppose that (H,)—(Hy), (1.4) and the follow-
ing conditions hold:

(Hs) 7(t) <t fort € [to,o0)r;
(Hg) There exists a positive function p € CLi([to, o0)r, R)

such that
, : (a/B)(r(s))
imsup [ |oto)a(o) - G AT
(p2(s))21 N
[T2(s)p(s)hn—2(7(s), T1)]™
= 00 4.1

for all sufficiently large Ty, T € [to, 00)T, where

(I)(&Tl) =
e, if B> a,
Lif B=aqa,

[50 + Elhl('r”(s), Tl) +§2h2(70(3), Tl) + ..
L
+En71hn71(70(s)vTI)] * ,Zf ﬁ < «,
€,€0,E€1," " * ,En—1 are arbitrary positive constants, Ts
satisfies T(s) > Ty for s € [Ta,00)r, pi(s) =
max{p®(s),0} and h; (i = 1,2,--- ,n—1) are defined
as in (3.3).

Then (1.1) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.1). Without
loss of generality, we may assume that z is an eventually
positive solution of (1.1). Then there exists t, € [tg,o0)r
such that (3.4)—(3.6) hold. Take t5 € [t,,00)r such that
7(t) > t, for t € [t5,00)T, then we obtain

o(r(t)) > 7(t) > t, fort € [ts,00)T. 4.2)
Hence, from (3.4) we get
27(7(t)) > z(7(t)) > z(ty) >0 for t € [t5,00)r. (4.3)

Define the function w by the generalized Riccati substitution
w(t) = p(t)—w(t) CalliO)S
[z(7 (1))

We have w(t) > 0 for t € [t5,00)r. By the product and
quotient rules (2.2) and (2.3) for taking delta derivatives,
from (4.4) and then from (1.1) and (4.3) we obtain

v = o))’

for t € [ts,00)r. (4.4)

(xoT)B

Py o (e ) [(wor)]
S_pq+p7w B (xoT)B(xoTo)B

where pﬁ is defined as in Theorem 4.3. By Lemma 3.3 we
get

, (4.5)

A:((EA

(xoT) or)T® > 0. (4.6)

If 0 < 8 < 1, then by taking F' = z o 7 and by Lemma 3.4
(1) and (4.6) we get

[(wo7)’] > Blzor?)Hzor)®

= B(zo77)P L (z® o)A, 4.7
From (4.5) and (4.7), it follows that
A pﬁ o
w= < —pq+ ——w
P
((p(azAnil)D‘)g -B(xo T”)ﬁfl(a:A o T)TA
’ (wor)P(wor)?
o2
= —pq+ p%w"
A"\ o\B
A (o )*)" (@orn)P A
— BT (;U S To)ﬂ-i-l . @o 7—)/3 ( oT). (4.8)

If 5 > 1, then by taking F' = x o 7 and by Lemma 3.4 (ii)
and (4.6) we have

(4.9)

(Advance online publication: 26 November 2016)
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It follows from (4.5) and (4.9) that
A
wh < —pq + piw”
pO'

((p(xAnfl)o‘)U BlzoT) Y ar oT)rA

P (zoT)B(xoTo)P
o2
= —pq + p%wa
AP=1\ o\ O s
s o

From (H4) we see that 7(¢) is increasing on T. Since ¢ <
o(t), we have 7(t) < 79(t). Since 2(t) > 0, we obtain
(xoT)(t) < (xo77)(t). Thus, for all 8 > 0, from (4.8) and
(4.10) we get

A AN\ O
A < _ pi o_ A (QD(Z' ) )
w pq+—w’ —pt pi(x S

= o

(z%07). (4.11)

Since p(t) (2" (£))” is decreasing on [t,, 00) and 7(t) <
t < o(t), we have

(por) (@ o)) () > (p(a®" )7 (1)
and
@ o 7)(t) > [(p(x”
Thus, from (3.6) we have
(@ o 7)(t)
> (@ o) () hn_a(r(t), L)
(o)) (O (7 (), ta)

—1

)OI/ 1o 1) (1)),

. (oot @
From (4.11) and (4.12), we conclude
WA (1) < —plt)a(t) + Zﬁ((;) w? () — Br (1) plt)
(@ )7 OIS hnoa(r(0) 1) o

(xor7) () (por)t/e(t)
From (4.4) and (4.13) there exists tg € [t5,00) such that

WA < o000+ 25 @) - 51 00t
B2 (T(1), t2) (z 0 77) B/ 1(t) <w"(t) 1+1/a
(por)t/e(t) p°(t)
4.14)

for t € [tg,00)r. Next, we consider respectively the three
cases: > a, =« and < a.

Case (i). Let § > «. Since 7(t) is increasing on T and
o(t) >t > te on [tg, 00)T, we get 77(t) > 7(tg) and (z o
To)(t) > (z o T)(ts) := ¢4 for t € [tg, 00)1. Therefore, for
t € [ts, 00)T we conclude

(wor?)a l(t) >/ i=e>0. (4.15)
Case (ii). Let 8 = . Then we have
(zor)a 1(t) =1 fort € [tg, 00)r. (4.16)

Case (iii). Let 8 < a. From (3.5), we see that 2" (t)
is strictly decreasing on [tg, c0)t. Take t; € [tg, 00)T such

that 7(t) > tg for t € [t7, 00)T. Since 7(¢) is increasing and
o(t) >t on T, we obtain

T(T(t) > T(t) >tg forte [t7,00)']1‘ “4.17)

and

22" () <22 (tg) for t € [tg, 00)T. (4.18)

Integrating both sides of (4.18) from tg to ¢, we get

t
") | As

te
= 22" (te) + 22" (o) (t, t)

22770 < 22" (tg) + 22

for ¢ € [tg, 00)T, where h; is defined as in (3.3). Similarly,
Integrating both sides of (4.18) twice from tg to t, we
conclude

27 < 2B (te) + 2B (o) (8, to)
+ 22" (te) ha(t, o)

for t € [tg, 00)T. Integrating both sides of (4.18) (n-1)-times
from tg to t, we find

2(t) < z(te) + 22 (te)hi(t, o) + 2™ (t)ha(t, te) + - - -
+ 22" (t6) hn_1 (t, 6)
=¢c0 + E1h1(t,t6) =+ €2h2(t,t6) + -

+ Enflhnfl(t,t(;) for t € [tﬁ, OO)’[[‘, 4.19)

where &; := 22" (tg)(i = 0,1,2,--- ,n — 1). From (4.17)
and (4.19), it follows that for ¢ € [t7, c0)T,

.Z'(Tg(t» <eg+ Elhl(TJ(t),tG) + EQhQ(TU(t)7t6) + .-
+ en—1hn-1(77(t), t6)-

Therefore, we derive for ¢ € [t7,c0)T,

(wep)
> [50 Ferhy (77 (1), t6) + eaha (77 (1), bg) + - -

o B/a—1
tenothn1( (t),tﬁ)} . (4.20)
Combining (4.15), (4.16) and (4.20), we conclude
B/a—1
(CE(TU(t))) > B(t,tg) > 0 @21

for t € [ty,00)r and for all «, 3, where ® is defined as
in Theorem 4.3. Hence, from (4.14) and (4.21) we find for
te [t7, OO)T,

p2(t) A
w(t) < —p(t)q(t) + pj(t) w? (t) — BT (t)p(t) %
hn_2<f<t>,tx>q><t,t6>(wﬂ<t>)1“/“ az
orow  \prw) @
Since t, < tg and h;(t, s) are decreasing in s provided that
e

t > s and ¢ € Ny (see [33, Corollary 2.3] and [43, Property
2.1]), we get

hn72(7-(t)ata:) > hn72(7'(t),t6) >0 forte [t7, OO)'JI‘.
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Therefore, it follows from (4.22) that for ¢ € [t7, 00)T,

wA<t>_—p<t><>+po(t) 7 (1) — BT (B)p(t) X
h_a(T(1), t6)B(t, t6) (w () T/
(por/at) (pff(t)) @2

Taking A =14 1/a,
¥ = [0 aatrl)

t6)D(t, to) } A we (1)

(por)t/e(t) 7 (t)
and
v = RO [5r2 A0l )00 0) e
A% (por)t/e(t)
for t € [t7,00)T, by Lemma 3.5 and (4.23) we have
(a/B)*(7(1))
wA(t) S 7p(t)q(t) + @(t,tg)(a + 1>a+1
(PR (1)
[T2(#)p(t)hn—2(7(t), t6)]*
for t € [t7, 00)T. Integrating both sides of the last inequality
from t7 to t (t > ty), we obtain
wlt) = wltr) < = [ |o(olate) - ot A
()" .
ST T
Since w(t) > 0 for ¢t € [t5,oo) , we have
! (a/B)p(7(s))
[7 |:p(5)q(3) - CD(S tg)(()é—F 1)a+1
Lol .
o
S w(tr) —w(t) < W(t7)
for t € [t7, 00)T. Therefore, we get
. ‘ (a/B)*(7(s))
s [ |o(s)a(s) - AT
(0 ()" .
EoErrr Tk

< w(ty) < o0,

which yields a contradiction to (4.1). The proof is complete.

Theorem 4.4. Assume that (Hy)—(Hs) and (1.4) hold and
that there exist a positive function p € C([to, o), R) and
a function G € Cq(D,R), where D := {(t,s) e TxT:¢t >
s > to}, such that

G(t,t) =0 fort € [tg,00)r and G(t,s) >0

for (t,s) € Do, where Dy := {(t,s) € TxT :¢t > s >
to}. Furthermore, suppose that G has a rd-continuous delta
partial derivative G*+(t, s) on D with respect to the second
variable and that there exists a function g € Cyq(D,R) such
that

p3(s)  g(t,s)
p7 (s

G2+ (t,5) + G(t, )

TI(t,s)  (4.24)

S—
B
)
—
»
S~—

for (t.s) € D and

| Lo (/) o(r(s)
msup oot / 2 [G(t,sm(s)q(s)—(s’ﬂ <
(941, 5))™+"

)
@+ DF 75 (s)p(s)ha(r(s), T | 7

(4.25)

=0

for all sufficiently large Ty, Ty € [to, 00)T, where Ty satisfies
7(s) > Ty for s € [Tr,00)1, p2(s) := max{p®(s),0},
g+(t,s) = max{g(t, s),0}, ® is defined as in Theorem 4.3
and h,,_o is defined as in (3.3). Then (1.1) is oscillatory.

Proof. Let z be a nonoscillatory solution of (1.1). Without
loss of generality, we may assume that x is an eventually
positive solution of (1.1). Then there exists ¢, € [tg,00)r
such that (3.4)—(3.6) hold. Proceeding as in the proof of
Theorem 4.3, we get (4.2)—(4.23). Multiplying (4.23) by
G(t, s) and then integrating from t7 to ¢, we conclude

/Gts q(s)As

G(t,s) A(s)As + tG(t,s) 3

tr tr P 5)
t w (s 1+1/a
G(ts)é(s,te)( ”) As

p7(s)
00), where
B2 (5)p(8)hn—2(7(5), t6)P(s, t6) '

(por)H/(s)

By the integration by parts formula (2.4), we obtain
t

(4.26)

tr
for t € [tr,

5(53 tﬁ) =

G(t, s)w™(s)As
:[ G(t,s) / G2+ (t,5)w’ (s)As
= G(t, tr)w(tr) + GAS (t,s)w’ (s)As. (4.27)

tr
It follows from (4.26) and (4.27) that for ¢ € [t7,c0),

/t G(t, 5)p()a(s) As

< G(t, tr)w(ty) + /tj { [GAS (t,s) + G(t, s)pf((j))]w"(s)
— Gt 9)E(s, t6) (I;’:((s)) ) e }As.
In view of (4.24), we have
/ G(t, 5)p(s)q(s)As
< Gt tr)w +/t: [iﬁfes S+ (t, s)w (s)
o >1*”°‘]As
G(t, t)w +/tj{p S (t, s)w (s)
1+1/cx
(s, t5) (1:0_ j;) ]As (4.28)
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for t € [t7,00), Where g+ is defined as in Theorem 4.4.
Taking A = 1+ 1 X = [G(t, s)g(s tG)]l/“:U((j)) and

Y = [g+(t,s) Gﬂ+1 t, 5} J{r G (s,t6)] a/)‘} for
€ [t7,00)T, by Lemma 3.5 and (4. 28) we get
t

/ G(t, 5)p(s)a(s) As

<Gttt
<[ (/B plr(s)) (9 (t,5)" !
by 85, 6) o+ DT (s) ) (75, o)

for t € [t7, 00)T. Therefore, we obtain

As

1 t
o / [G(t,sm(s)q(s)
) (0/ 8o (5)) (g (8, £))°*! } N
(5, 1a)(a + LT3 (3)p(s)om—a(7(3). o)
< w(tr)

and

s ot 7 [G(t, p(s)a(s)
) (/8o (5)) (g (8, £))°+! } N
505, 1a)(a + Lo 73 (3)p(s)om—a(7(3) )7
< w(ty) < o0,

for t € (t7, OO)T

which contradicts (4.25). The proof is complete.

Remark 4.1. From Theorems 4.3 and 4.4, we can get
a lot of different sufficient conditions for the oscillation
of (1.1) with different choices of the functions p and G.
For example, let p(s) = s, then Theorem 4.3 yields the
following result.

Corollary 4.1. Assume that (H1)—(Hs), (1.4) and the follow-
ing condition hold:

t
limsup/ [sq(s)
t—o00 Ty

=0

Sor all sufficiently large Ty, Ty € [to, 00)T, where Ty satisfies
7(s) > T4 for s € [Ty, 00)1, © is defined as in Theorem 4.3
and h,,_o is defined as in (3.3). Then (1.1) is oscillatory.

V. EXAMPLES
In this section, we give some examples to illustrate our

main results.

Example 5.1. Consider the nonlinear functional dynamic
equation

i)

for t € [tg, 00)r, where n > 4 is even, a and b are arbitrary

positive real numbers, T = R, ; := |J [k(a+b), k(a+b)+a]
kEZ

5/91A
} —0 (5.1)

1 3/13
+E[:v"(t+a+b)

and to = a + .

In 5.1, a = 976 = 137 (t) = \/E,Q(t) =

t+a+b. By Lemma 3.6, we have

o0 o0 1
-1/« _
/ o /(t)At_/ 7 At = 00
to

and ft u)Au = f;jb LAu = oo. Therefore, the
condrtlons (Hl), (Hs) and (1.2) are satisfied. By Theorem

4.1, every solution of (5.1) is oscillatory.

L) =

Example 5.2. Consider the nonlinear functional dynamic
equation

[t2 (xA"’l(t))ll/g} g 153% [z"(t - c)r/g —0 (52

for ¢ € [tg, 00)r, where n > 4 is even, ¢ > 0 is a constant,
T=cZ:={ck:keZ} toeTand ty) > 1.

In (52), a = 4,8 =1 0@) =?qt) = 55,7(t) =
t — c. From Lemma 3.6, we see [~ ¢ '/*(1)At =
) tzo 757 At = oo. Therefore, the conditions (H;) and (Hy)
are satisfied. To apply Theorem 4.2, it remains to satisfy the
condition (1.3). From Lemma 3.7 (ii) and the definition of
improper integrals, we conclude

00 © 1
/tO q(u)Au: /;O u3/2

o

Z T

=to

=12 Z W<oo (5.3)
}{):to/c
Furthermore, we find
/OO()A /oo 1A>/OO L A
u)Au = ——Au —Au
e
s u
1o 1
=——| =- fors>tg
Uls S
Hence, we obtain
o 0o 1/«
[ (e [ atwan) as
t S
’ s 1\ 3/ s
> —_ As = ——As = o0. 5.4
_/t0 (52,9) s /to i As =00 (5.4)

In view of (5.3) and (5.4), we see that the condition (1.3)
is satisfied. Therefore, by Theorem 4.2, every bounded
solution of (5.2) is oscillatory.

Example 5.3. Consider the nonlinear functional dynamic
equation

5 \T/371A 1 13/5
(= w) =0 [l 0] =0
for t € [ty,00)T, where go > 1 is a constant, T = ¢~ :=
q% U {0} = {qé€ ke Z} @] {O} and ty = qo.

In (55, n=4a=28=2L8 ot =194t =
wl(t),T(t) = q It 1t follows from Lemma 3.6 that
fto “e)At = fqo tw/SSAt = oo. It is easy to see
that the forward jump operator o(t) = got on T. Hence, the
conditions (H;)—(Hs) are satisfied. We will apply Corollary

(5.5)
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4.1. It remains to satisfy the conditions (1.4) and (4.29). We
see

Since u(t) = o(t) —t = (go — 1)t on T, by Lemma 3.7 (i)
and the definition of improper integrals, we conclude

00 oo 1/
/ <<,9_1(s)/ q(u)Au) As
to S
<1\ |
/qo <89/5s) AS/q’O MAS

[ee] 1 o0 s 3
k=1 o k=1
qgo—1
= 175 < 00.
9 —1
We also get

/°° /OO L
to v S

> 1
/ 2A8:| AU
LJv S

/ 1 As} Av = Qo [ 1A8:| Av
LJv S4oS to v SJ(S)

Thus, the condition (1.4) is satisfied. Next, we will verify
that the condition (4.29) is satisfied. For all sufficiently large
T, Ty € [tg,00)T, where Ty satisfies 7(s) > T for s €
[T2,00)T, by Lemma 3.6 we have

t t

1
li As=1i ——As = —A
oo T sq(s)As = e Tzssa(s) /T2 o(s) °
:/ LAs:oo. (5.6)
T, 4oS

By Lemma 3.8, we obtain h,_o(t,s) = ha(t,s) = (1 +
qo) "1 (t — 5)(t — qos) for all t, s € T. From the definition of
® in Theorem 4.3, we have ®(s,T}) = &, where ¢ > 0 is a

given arbitrary constant. Consequently, we conclude

S (@/8)"0(r(6) A
t=oo Jp, ®(s,T1)(a + 1)oetlsTA(s )hn o(7(s), T1)]™
o (35/39)1%(g5 5)°"
e =1 773
T £(10/3) 10/3[5(1 (14 qo0) " Hag 's —T1)]

As
(qO s — C]0T1)7/d

/OO 9/5
— As
T [s(gpts — To)(gy s — a0T1)] "

0 9/5
= > (@0-1g e (40) 75
k=T2/q0 [qo (qo ab — Tl)(qo a5 — QOTl)]
oo 7k/15

_ 7737
h=Tarao (@0 'af —T1) (g0 'af — qoTh)]

where e, = (35/39)7/3¢, %% /{e(10/3)1/3]g; (1 +
q0)~47/3} > 0. Since

. (QO - 1) *qg’“/“ —21/5 k
khm -1 K 7/3 o
el [(qo 4o — Tl)(Qo Qb — QOTl)]
(qO - 1)5*
=" i 7 0
do

and 3.7 /o ( 721/‘)) < 00, it follows that

00 e, 7k/15
- (q() )6 q() 7/3 < 0. (58)
k=T5/qo [(QO ‘0 _Tl)(% QO - QOTl)}
From (5.6)—(5.8), we get
t
limsup/ {sq(s)
t—00 Ts
3 (a/B)*o(7(s)) }AS
(s, Ty) (o + 1)*H 572 () hn—2(7(s), T1)]*
t
= lim {sq(s)
t—o00 Ty
) (a/8)"¢(7(5)) } N
D(s,T1)(a+ 1)t [s72(8) hy—2(T(s), T1)]*
— (5.9)
which implies that the condition (4.29) is satisfied.

Therefore, all the conditions of Corollary 4.1 are satisfied.
By Corollary 4.1, (5.5) is oscillatory.
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