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Approximate Controllability of Impulsive
Fractional Partial Neutral Quasilinear Functional
Differential Inclusions with Infinite Delay in
Hilbert Spaces

Zuomao Yan

Abstract—In this paper, we consider the controllability
problems for a class of impulsive fractional partial neutral
quasilinear functional differential inclusions with infinite delay
and (a,z)-resolvent family. In particular, a set of sufficient
conditions are derived for the approximate controllability of
nonlinear impulsive fractional dynamical systems by assuming
the associated linear system is approximately controllable. The
results are established by using the concept of resolvent family,
fractional calculations and fixed point techniques. Finally, an
example is provided to illustrate the obtained theory.

Index Terms—approximate controllability, impulsive frac-
tional partial neutral quasilinear functional differential inclu-
sions, (o, z)-resolvent family, infinite delay, fixed-point theorem.

I. INTRODUCTION

HE study of impulsive differential systems is linked

to their utility in simulating processes and phenomena
subject to short-time perturbations during their evolution.
The perturbations are performed discretely and their duration
is negligible in comparison with the total duration of the
processes and phenomena. For the basic theory of impulsive
differential equations the reader can refer to [1], [2], [3]. The
theory of impulsive partial neutral differential equations, as
well as inclusions, has become an active area of investigation
due to their applications in fields such as mechanics, electri-
cal engineering, medicine biology, ecology and so on. One
can refer to [1] and the references therein. Fractional order
models of real systems are often more adequate than the
usually used integer order models, since the description of
some systems is more accurate when the fractional derivative
is used. Also, fractional differential equations have recently
proved to be valuable tools in modeling of many physical
phenomena in various fields of science and engineering,
such as physics, mechanics, chemistry, engineering, etc. For
details, see [4], [5], [6], [7] and the papers [8], [9], [10]. In
recent years, the existence, uniqueness and other quantitative
and qualitative properties of solutions to various semilinear
fractional differential systems have been extensively studied
in Banach spaces; see [11], [12], [13]. Moreover, much atten-
tion has been paid to several interesting results for impulsive
fractional partial differential and integrodifferential systems;
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see [14], [15], [16], [17], [18], [19] and the references
therein.

Controllability is one of the fundamental concepts in
mathematical control theory and plays an important role in
control systems. The problem of the exact controllability for
some fractional differential and integrodifferential systems in
abstract spaces have generated considerable interest among
researchers [20], [21] and so on. Especially, Debbouchea and
Baleanu [22] investigated the exact controllability result of
a class of fractional evolution nonlocal impulsive quasilinear
delay integro-differential systems in a Banach space by using
fixed point techniques and the concept of («,x)-resolvent
family. As proved by Triggiani [23], the concept of exact
controllability is very limited for many parabolic partial
differential equations, the approximate controllability is more
appropriate for these control systems instead of exact control-
lability. For semilinear functional differential and evolution
control systems including delay systems in Banach spaces,
there are several papers devoted to the approximate controlla-
bility; see [24], [25], [26]. The authors in [27], [28], [29] also
established the approximate controllability for various kinds
of nonlinear impulsive differential deterministic and stochas-
tic systems. Moreover, by using fixed point strategy, Sak-
thivel et al. [30] discussed the approximate controllability of
semilinear fractional differential systems without delay. The
approximate controllability problem for nonlinear fractional
stochastic system in Hilbert spaces has been investigated
[31]. Kumar and Sukavanam [32] proved some sufficient
conditions for the approximate controllability of fractional
order semilinear systems with bounded delay. Sukavanam
and Kumar [33] obtained the approximate controllability
of a fractional order system in which the nonlinear term
depends on both state and control variables. Yan [34] studied
the approximate controllability of partial neutral functional
differential systems of fractional order with state-dependent
delay. The approximate controllability for some fractional
impulsive semilinear differential systems have been studied
in several papers. For example, Ge et al. [35] concerned
with the Approximate controllability of semilinear evolution
equations of fractional order with nonlocal and impulsive
conditions. Balasubramaniam et al. [36] derived sufficient
conditions for the approximate controllability of impulsive
fractional integro-differential systems with nonlocal condi-
tions in Hilbert space. Chalishajar et al. [37] discussed the
approximate controllability of abstract impulsive fractional
neutral evolution equations with infinite delay in Banach
spaces.
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However, many systems arising from realistic models can
be described as partial fractional differential or integro-
differential inclusions (see [38], [39], [40] and references
therein), so it is natural to extend the concept of approximate
controllability to dynamical systems represented by fractional
differential or integro-differential inclusions. Yan and Jia
[41] established the approximate controllability of nonlinear
fractional partial neutral integrodifferential inclusions with
infinite delay and impulsive effects. In this paper, we con-
sider the approximate controllability of a class of impulsive
fractional partial neutral quasilinear functional differential
inclusions with infinite delay and (v, x)-resolvent family in
Hilbert spaces of the form

(03

D(t,z:) € A(t,x(t))D(t, z+) + Bu(t)

dte
+F(t,$(t),l‘t), (1)
teJ=1[00,t#tek=1,...,m,
o= €B, 2)

Ax(ty) = Ip(ze,), k=1,...,m, 3)

where the state () takes values in a separable real Hilbert
space H with inner product (-,-) and norm || - ||, 0 < a < 1,
A(t,-) is a closed linear operator defined on a dense domain
D(A) in H into H such that D(A) is independent of ¢. It
is assumed also that A(t,-) generates an evolution operator
in the Hilbert space H, the control function u € L?(J,U),
a Hilbert space of admissible control functions. Further, B
is a bounded linear operator from U to H; the time history
x¢ : (—00,0] — H, defined by x4(s) := x(t + s) belongs
to an abstract phase space B defined axiomatically; and F :
JxHxB — P(H) is a bounded closed convex-valued multi-
valued map, P(H) is the family of all nonempty subsets of
H G:JxB — HD((v) =¢0)—Gty),yv € B
I, : B— H(k=1,...,m), are functions subject to some
additional conditions. Moreover, let 0 < t1 < --- < t,, < b,
are prefixed points and the symbol Az(ty,) = z(t]) —z(t},),
where z(t; ) and z(t;) represent the right and left limits of
x(t) at t = ty, respectively.

To the best of our knowledge, there is no work reported
on the approximate controllability of impulsive fractional
partial neutral quasilinear infinite delay differential inclusions
in Hilbert spaces, which is expressed in the form (1)-(3).
The papers [41] studied the approximate controllability of
fractional impulsive integrodifferential inclusions, besides
the fact that [41] applies to the approximate controllabil-
ity of systems with the a-resolvent operator, the class of
impulsive systems is also different from the one studied
here. Further, many control systems arising from realistic
models can be described as fractional impulsive partial
differential inclusions with (o, x)-resolvent family. So it is
natural to extend the concept of approximate controllability
to dynamical systems represented by these impulsive sys-
tems. Motivated by the previously mentioned papers, we
will study this interesting problem. Sufficient conditions for
the approximate controllability are given by means of the
nonlinear alternative of Leray-Schauder type for multivalued
maps due to D. O’Regan [42] with the concept of («,x)-
resolvent family combined with approximation techniques.
Especially, the known results appeared in [35], [36], [37],
[41] are generalized to the fractional multi-valued settings

with (a, z)-resolvent family and the case of infinite delay.
Further, the operators Iy(k = 1,...,m) are continuous
but without imposing completely continuous and Lipschitz
condition. Therefore, the obtained results can be seen as a
contribution to this emerging field.

The rest of this paper is organized as follows. In Section
2, we introduce some notations and necessary preliminaries.
Section 3 verifies the existence of mild solutions for impul-
sive fractional control system (1)-(3). Section 4 we establish
the approximate controllability of impulsive fractional con-
trol system (1)-(3). Finally in Section 5, an example is given
to illustrate our results.

II. PRELIMINARIES

In this section, we introduce some basic definitions, nota-
tions and lemmas which are used throughout this paper.

Let (H,|| - ||) be a Hilbert space. C(J, H) is the Hilbert
space of all continuous functions from J into H with the
norm || x |leo= sup{|| z(¢) ||: t € J} and L(H) denotes
the Hilbert space of bounded linear operators from H to H.
A measurable function z : J — H is Bochner integrable if
and only if || = || is Lebesgue integrable. For properties of
the Bochner integral see Yosida [43]. L'(J, H) denotes the
Hilbert space of measurable functions = : J — H which
are Bochner integrable normed by || x || 1= fob | (t) || dt
for all x € L'(J, H). Furthermore, the notation, B,.(z, H)
stands for the closed ball with center at = and radius r» > 0
in H.

Let P(H) denotes the class of all nonempty sub-
sets of H. Let Pypgci(H), Pepev(H)s Podet,eo(H) and
Pea(H) denote respectively the family of all nonempty
bounded-closed, compact-convex, bounded-closed-convex
and compact-acyclic (see [44]) subsets of H. For x € H
and Y,Z € Pyga(H), we denote by D(z,Y) = inf{||
z—yl|:y €Y} and p(Y,Z) = sup,ey D(a, Z), and the
Hausdorff metric Hy : Ppa,ci(H) X Ppa,ci(H) — R by
Hq(A, B) = max{p(4, B), p(B, A)}.

G is called upper semicontinuous (u.s.c.) on H if, for each
xo € H, the set G(zo) is a nonempty, closed subset of H
and if, for each open set S of H containing G(x¢), there
exists an open neighborhood S of z( such that G(S) C V.
F' is said to be completely continuous if G(V) is relatively
compact, for every bounded subset V' C H.

If the multivalued map G is completely continuous with
nonempty compact values, then G is u.s.c. if and only if F’
has a closed graph, i.e. , — Zs,Yn — Ys,Yn € G(zy)
imply y, € G(x.).

A multivalued map G : J — Py c1,c0o(H) is said to be
measurable if for each x € H, the function ¢t — D(x, G(t))
is a measurable function on J.

Definition 1. Let G : H — Py (H) be a multivalued map.
Then G is called a multivalued contraction if there exists a
constant x € (0, 1) such that for each z,y € H we have

Hy(G(z) -Gy) <klz-y].

The constant x is called a contraction constant of G.
Definition 2 ([6], [7]). The fractional integral of order p > 0
is defined by

" _ 1 '
IO = 55 ), o

ds, “)
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where T is the gamma function and f € L!([a,b], RT).
If a = 0, we can write I* f(t) = (g, * f)(t), where

1
gu(t) = { 6(#)

as usual, * denotes the convolution of functions, also we have
lim,, 0 g,,(t) = 6(¢), which is the delta function.
Definition 3 ([6], [7]). The Riemann-Liouville fractional
derivative of order n — 1 < a < n is defined by

DEF(t) = ——— dn/t(t—s)"_“_lds
ot - T(n—p)dtn J, ’

where f is an abstract continuous function on the interval
[a,b] and n € N.

Definition 4 ([6], [7]). The Caputo fractional derivative of
order n — 1 < o < n is defined by

DI f(t) = F(%_M) / (= )" f(s)ds.

Definition 5 ([45]). A two parameter family of bounded

linear operators U(t,s),0 < s <t < b, on H is called an

evolution system if the following two conditions are satisfied

(i) Ut,t) = LU, 7)U(r,s) = U(t,s) for 0 < s,7 <
t<b,

@) (t,s) — U(t,s) is strongly continuous for 0 < s < ¢ <
b.

Let FE be the Banach space formed from D(A) with the
graph norm. Since A(t) is a closed operator, it follows that
A(t) is in the set of bounded operators from F to H.
Definition 6. Let A(t, x) be a closed and linear operator with
domain D(A) defined on a Hilbert space H and « > 0. Let
plA(t, )] be the resolvent set of A(t,z). We call A(t, x) the
generator of an (o, x)-resolvent family if there exist w > 0
and a strongly continuous function R(q z) : Rt x Rt —
L(H) such that R, ;)(s,5) = I,0 < s < b, and {\* :
Re(\) > w} C p(A4), for 0 < s <t < oo,

(1= Als.o) = [ IR bt
0
Re(\) > w, (z,y) € H>. (5)

t>0,
t <0,

In this case, R, 4)(t, s) is called the (o, z)-resolvent family
generated by A(¢, ).
Remark 1.

(i) In the deleting case of s and z, (5) will be reduced to

the introduced concept by [46].

(i) We can deduce that (1)-(3) is well posed if and only if,
A(t, z) is the generator of (a, x)-resolvent family.
Here, R(q ,)(t,s) can be extracted from the evolution
operator of the generator A(¢,x).
The (v, x)-resolvent family is similar to the evolution
operator for nonautonomous differential equations in a
Banach space.

(iii)
(iv)

In this paper, we assume that the phase space (B, || - ||5)
is a seminormed linear space of functions mapping (—oo, 0]
into 1, and satisfying the following fundamental axioms due
to Hale and Kato (see e.g., in [47]).

(A) If 2 : (—00,0+b] — H, b> 0, is such that |9 944 €
PC([0,0+D], H) and x¢ € B, then for every ¢ € [0, 0+
b] the following conditions hold:
(i) x; is in B;

Gi) || 2(t) 1< 8 | o lss
(i) || ¢ < K(t — O)sup{|| z(s) [|: 6 <'s <t} +
Mt —0) || o ||B, where H > 0 is a constant;
K,M :[0,00) — [1,00), K is continuous and M
is locally bounded; H,K,M are independent of
(B) For the function x(-) in (A), the function ¢ — z; is
continuous from [0, 6 + b] into 5.
(C) The space B is complete.

Example 1. The phase space PC, x LP(h,H). Let 1 <p <
00,0 <r < oo and let b : (—oo, —r] — R be a nonnegative
measurable function which satisfies the conditions (h-5),
(h-6) in the terminology of Hino et al. [48]. Briefly, this
means that h is locally integrable and there is a non-
negative, locally bounded function v on (—oo, 0] such that
h(E+7) <~y(§)h(r) for all £ <0 and 0 € (—oo, —r) \ N,
where Ng C (—oo, —r) is a set whose Lebesgue measure
zero. We denote by PC, x LP(h, H) the set consists of
all classes of functions ¢ : (—o0,0] — H such that ¢ is
continuous on [—r,0], Lebesgue-measurable, and h || ¢ ||P
is Lebesgue integrable on (—oo, —r). The seminorm is given

by
I o(r) | +</__T W) || o [P d7>1/p.

oo

e lls=sup

—r<7<0
The space B = PC, x LP(h, H) satisfies axioms (A)-(C).
Moreover, when = 0 and p = 2, we can take H = 1,
M(t) = v(—t)"/2 and K (t) = 14(°, h(r)dr)"/? fort > 0
(see [48], Theorem 1.3.8 for details).
Remark 2. Let ¢ € B and ¢ < 0. The notation ¢ represents
the function defined by ¢:(7) = (¢t + 6). Consequently, if
the function z(-) in axiom (A) is such that zy = ¢, then
Ty = . We observe that ¢, is well-defined for ¢ < 0 since
the domain of ¢ is (—oo,0]. We also note that, in general,
ot ¢ B; consider, for instance, a discontinuous function in
PC, x LP(h,H) for r > 0.
Remark 3. In the rest of this paper M, and K, are
the constants defined by M, = sup,c;M(t) and K; =
supyc; K(t).

To describe appropriately our problems we say that a
function x : [u,7] — H is a normalized piecewise con-
tinuous function on [u, 7] if  is piecewise continuous and
continuous on [u, 7]. We denote by PC([u, 7], H) the space
formed by the normalized piecewise continuous from [y, 7]
into H. In particular, we introduce the space PC formed by
all functions x : [0,b] — H such that x is continuous at
t % ty, x(ty) = x(t; ) and x(t)) exists for k = 1,2,...,m.
In this paper, we always assume that PC is endowed with
the norm || 2 [} pc= supyeio ) | #(¢) || - Then (PC. | - nc)
is a Banach space.

To simplify the notations, we put tg = 0,%¢,,41 = b and
for x € PC, we denote by &, € C([tg,tp+1]; H), k =
0,1,...,m, the function given by

Fu(t) == {

Moreover, for B C PC we denote by Bk, k=0,1,...
the set By = {@, : © € B}.

Let xp(zo;u) be the state value of system (1)-(3) at
terminal time b corresponding to the control w and the initial

x(t) for
z(t))  for

t € (tr,thril,
t =ty

’m’
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value xo = ¢(t) € B. Introduce the set

B(b, x0) = {wy(wo;u)(0) : u(-) € L*(J,U)},

which is called the reachable set of system (1)-(3) at terminal
time b, its closure in H is denoted by B(b, z¢).
Definition 7. The system (1)-(3) is said to be approximately
controllable on the interval J if B(b, xo) = H.

It is convenient at this point to define operators

b
rgz/
0

S(a,I‘g) =

(b)

®
(i)

) (b, 8)BB*R{, (b, s)ds,

(al + T8~ for a > 0,
(HI)

where B* denotes the adjoint of B and R[, gﬂ)(t,s) is the
adjoint of R, ,)(t, s). It is straightforward that the operator
'} is a linear bounded operator.

(H2)

(S1) aS(a,T}) — 0 as a — 0% in the strong operator (H3)
topology.

Definition 8. A function z : (—o0,b] — H is called a

mild solution of the system (1)-(3) if z9 = ¢ € B and

Ax(ty) = Ir(xs,),k = 1,...,m, such that the following

integral equation holds

£(t) = Ria oy (1, 0)[p(0) — G(0,0)] + Gt z,)
Ayme@@ﬁww@+ﬂﬂm
0

+ Z R(avz) (t7 tk)Ik (xtk)v

(H4)
teJ,

0<tp<t
where f € Sp, = {f € L*(J,H) : f(t) € F(t,z(t), z;)
ae. teJ}.
Consider the following linear fractional differential system
dOé
Smalt) = At e(®)s() + Bu(t), teJ=[0.b, ©
r=p€eB. 7
From [24] and [25], we have the following lemma: (HS)

Lemma 1. The assumption (S1) holds if and only if the linear
fractional differential control system (6)-(7) is approximately
controllable on J.

The proof of Lemma 1 can be performed along the
direction of the proof of Theorem 2 in [25].
Lemma 2. A set B C PC is relatively compact in PC if, and
only if, the set By, is relatively compact in C([ty, tri1]; H),
forevery k =0,1,...,m
Lemma 3. Let R, ,)(t,s) be the R, ,)-resolvent family
for the fractional problem (1)-(3). There exists a constant
K > 0 such that

(Ho)

= Riay(t,s)w ||

<KHwH/Hw

(r) || dr,

® :V — P.q4(H) is a condensing map with ®(V) a
subset of a bounded set in H hold. Then either

® has a fixed point in V; or

There exist y € OV and A € (0,1) with y € A®(y) +
(L= M{wo}-

III. EXISTENCE OF SOLUTIONS FOR IMPULSIVE
FRACTIONAL CONTROL SYSTEM

In this section, we prove the existence of solutions for
impulsive fractional control system (1)-(3). We make the
following hypotheses:

The operator A(t,x) generates an («, x)-resolvent fam-
ilies R4 4)(t,s) is compact for all ¢ — s > 0.

There exist constants M, o such that || R, ) (t,5) [|<
Me?(t=9) for every s,t € J.

The multi-valued map F : J X H X B — Py ci,co(H);
for each ¢t € J, the function F(¢,-,-) : B —
Prd,ci,co(H) is ws.c. and for each (z,¢) € H x B,
the function F'(-,x,4) is measurable; for each fixed
(z,%) € B, the set

Sraw ={f € L'(J,H): f(t) € F(t,z,1)
foraete J}
is nonempty.
There exist continuous function m : J — [0,00) and

a continuous nondecreasing function © : [0,00) —
(0, 00) such that

| F(t 2, ) |=sup{|| f |: f € F(t z,v)
<m@)O(| z || + || ¥ [|5),
te JyeB

with

> 1
/1 5+@(23)d8 -

The function G : J x B — H is continuous and there
exists L > 0 such that

1 G(t, 1) = G(t,42) [ L | 1 = ¥2 |,
te J7¢17w2 S Ba
and
1G(t¥) IS LY s +1), teJyeB.

The functions I, : B — H are continuous and there
exist constants ¢ such that

I Ik() Il _

lim sup =
||| g—o0 || w ||B

for every Y € B,k=1,....,m

Lemma 5 ([49]). Let J be a compact interval and H be a

for every z,y € PC(J,H) and every w € H.

The proof is similar to the proof of Lemma 3.1 in [22],
and we omit the details here.
Lemma 4 ([42] Nonlinear alternative of Leray-Schauder type
for multivalued maps due to D. O’Regan). Let H be a Hilbert
space with V' an open,convex subset of H and y € H.
Suppose

(@) ®:V — P.q(H) has closed graph, and

Hilbert space. Let F' be a multi-valued map satisfying (H3)
and let P be a linear continuous operator from L!(.J, H) to
C(J, H). Then, the operator

Po SF : C(J, H) - Pcp,cv(H)v

z — (PoSp)(z) = P(Sr,)

is a closed graph in C(J,H) x C(J, H).
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Theorem 1. If the assumptions (H1)-(H6) are satisfied.
Further, suppose that for all a > 0, then the system (1)-
(3) has at least one mild solution on J, provided that

[Kb(|| ¢ ||l +1) + 1]M LK}, < 1 and

1 m
KyML + KyM?N, | ~(M,M;N,)* + 1} § cr <1, (8
a
k=1

where M, = M max{1,e°*}, N, = max{1l,e"7"}, M; =||
B .

Proof. Consider the space Y = {z : (—o0,b] — H;z(0) =
©(0), x|y € PC(J,H)} endowed with the uniform conver-
gence topology and define the multi-valued map ® : JV —
P(Y) by ®x the set of h € Y such that

0, t € (—00,0],

Riaa)(t, 0)[ (0) = G(0,9)] + G(t, )
—|—f0 )(t, ) Bug(s)ds
+f0 R(a,x (ta S)f( )dS
+ Z R(a»i)(tvtk)Ik(jtk)v

0<tp<t

where f € Spz = {f € L'(JH) :

ae. t€J},and T :

Z =z on J, and

h(t) =

ted,

f@t) € F(t,7,7)
(—00,0] — H is such that Zp = ¢ and

ug(s) = B*R[, ;(b,s)S(a ,TY) {xb R(a,3)(b,0)[¢(0)
b
7G(O7 ) b 'Tb / Raw b 77 ( )dn
0
- Z R(a,i:) (bv tk)Ik (mtk):| )
k=1

where f € Spz and T : (—o00,0] — H is such that 7o = ¢
and T = z on J. In what follows, we aim to show that
the operator ¢ has a fixed point, which is a solution of the
problem (1)-(3).

Let {6, : n € N} be a decreasing sequence in (0,%;) C
(0, b) such that lim,, .+, d,, = 0. To prove the above theorem,
we consider the following problem:

(o3

dt—af)(t, xy) € A(t,z(t))D(t, z;) + Bu(t)

+F(t,x(t), x¢), 9)

teJ=1[0,b,t#t,k=1,...,m,
o = ¢ € B, (10
Ax(ty) = Ria,)(0n,0)Ik(2t,,), k=1,...,m, (11)

where D(t,z;) = ©(0) — Riq.)(8,,0)G(t, ;). We shall
show that the problem has at least one mild solution z,, € ).

For fixed n € N, set the multi-valued map ®,, : JV —
P(Y) by ®,x the set of h,, € Y such that

0, t € (—00,0],
Ra,z)(t,0)[¢(0) — R(a,z)(n, 0)G(0, ¢)]
+R(0,7)(0n,0)G(t, 7)
Jrfo Rz (1, S)Buzyf(s)ds
+ [y Riaa(t5)f(s)ds
+ > Rez)(tty)

0<tp<t

XR(Q@) (57“ O)Ik (Etk )a

teJ,

where
U o(5) = B Riy oy (b 9)S(a,T%) [a:b — Rio s (5,0)[(0)
_R(a,i’) (671’ O)G(Oa QD)] - R(oz,:?) (571’ O)G(ba i‘b)

b
- / Riazy (b.) F ()

(e}

- Z R(a,a’c) (ba tk)R(a,a’c) (5na O)Ik (xtk):| 5
k=1

and f € Spz. It is easy to see that the fixed point of ®,, is
a mild solution of the Cauchy problem (9)-(11).

Let ¢ : (—00,0) — H be the extension of (—oo,0] such
that (6) = ¢(0) on J. We now show that ®,, satisfies all the
conditions of Lemma 4. The proof will be given in several
steps.

Step 1. We shall show there exists an open set V C Y
with z € A®,z for A € (0,1) and x ¢ IV.

Let A € (0,1) and let x € A®,x, then there exists an
f € Spz such that

;E(t) = AR(a,i) (t’ 0)[90(0) - R(a,i)(anv O)G(Ov 90)]
FAR(0,7)(0n, 0)G(t, T¢)

t
+A / Ria,z)(t,8)BB*R{, 3(b,5)S(a, ()
0
‘ [xb Ry (5, 0)[9(0) — Ry (6, 0)G(0, )

b
Rian (50, 0) G0, 2) — / Rias) (b,) ()
0

_ Z R(a,i) (b, tk)R(a,i) (0, 0) 1 (T, )} (s)ds

t
+)\/ R(a,iﬁ)(tvs)f(s)ds+>‘ Z R(a,i)(tvtk')
0 0<tp<t
XR(Q@)(&L,O)I}C(E%), teJ, (12)
for some A € (0,1). However, on the other hand, from
the condition (H6), we conclude that there exist positive
constants €, (k = 1,...,m),~; such that, for all || ¢ ||g> 71,

I L () 1< (cx +ex) || ¢ I8,

1
KyML+ K,M?N, [(1\4*1\411\7*)2 +1

x> ok +ex) (13)
k=1
Let
Fr={¢:[¢lls<n}t, Fa={¢:¢ls>mn}
Cy = max{|| Iy(¢) |,z € F1}.
Therefore,
| () 1< Cr+ (ex +en) | ¥ |15 - (14)
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Then, by (H2), (H4), (HS) and (14), from (12) we have for
ted,

el
< M [ || ¢ |5 +Me™ L(]| ¢ || +1)]

1
+Me? " L(|| Z; || +1) + Me”taMe”be

t
xée%{wmuMWMﬂm|
ML 5 +1)] + Mem L(|| 3 |15 +1)

b
-%Afeabjﬁ e MmO () || + || 2y ls)dn

+ Z Mea(b—tk)Meoén
k=1

MQ+@+%)%J4%
t
+Mw/eﬂm@wM@n+mwww
0

Y0 M M (O + (e + ) | )
k=1
It is easy to see that
|2 l8< My || @ |5 +EKp || @ [le, ¢ €[0,0],

where ||z [l;= supo<o<, || 2(s) [| - I C(8) = Ms || ¢ [|5
+Ky || z ||¢, we obtain that

() <My | ¢ lls +KuMe [ H | ¢ ||
+Me? " L(|| ¢ |lg +1)] + KpeMe°  L(((t) + 1)

~ 1
+e7'M + KyMe = Me®® M2N2Me°b N,
a
x Meon Z(ck + €;)C(s)
k=1

+KyMe* /t e~ 7"m(s)0(2¢(s))ds
0

+E,MeT N Me™ Ny " (cp, + e,)((s),
k=1

where
M:mMy@wﬁwpmm+Mﬂm¢mn
+e7 L(|| ¢ |15 +1)] + €7 L(|| 4 |5 +1)
.+A460bjﬁbe—aﬂnaoo<><2<on>dn

+Me®P N, Me?o mC’l] ,

M, = Mmax{l,eéb},]\f* = max{l,e_gb},Ml =| B .
Since lim,,_, o, d,, = 0, it follows that
() < My || ¢ |l +EKyMe ' [H || ¢ 15
+ML([ ¢ |8 +1)] + Ky ML(C(t) + 1)
—~ 1
+e7'M 4+ KyMe®t = Me® MZN2Me°b N,
a

m

XM (e + er)((s)

k=1

+KyMe“t /0 e~ 7°m(s)0(2¢(s))ds

+E,Me? N.M Y (cx + ex)C(s),
k=1

By L = KyML+ K,M?N,[L (M, M N2+ 1] 33 (ex +
€;) < 1, we obtain

. 1 ~
6%®S1<JMMNwM+&MWH¢w

+ML(| ¢ ls +1)] + N.KyML + M

+KbM/O e~ 7°m(s)0(2¢(s))ds|.

Denoting by w(t) the right-hand side of the above inequality,
we have

v(t) < e”fw(t) forall t € J,

and
1 -
w(0) = = |NeMy [l ¢ |5 +KoMH || ¢ |5
+ML(|| ¢ lls +1)] + NoKyML + M|,
/ _ 1 —ot
w'(t) = T KL, KyMe 7"m(t)O(v(t))
< ! ZKbMe_”tm(t)@(2e"tw(t))7 teld
Then for each t € J we have
(e w(t))
= oe”tw(t) +w' (t)e’"
< detw(t) + = K, Mm(t)O(2e” w(t))

< max {a, ~K;,Mm(t)}
1-L

x[e7fw(t) + O(2e7 w(t))], teJ

This implies that
e“tfw(t) dc
/w(O) S+ 6(2)

b
1
g/ max{o, NKme(s)}ds<oo.
0 1-L

This inequality shows that there is a constant K such that
e’'w(t) < K,t € J, and hence || = ||pc< e”'w(t) < K,
where K depends only on M, o, b and on the functions m(-)
and O(-). Then, there exists r* such that || x ||pc# r*. Set

V=A{zel:| zl|pe<r}

From the choice of V| there is no z € 9V such that x € A&z
for A € (0,1).

Step 2. ®,, has a closed graph.

Let 20 — 2% hY) € ®,20) 2) € V and hY) — Y.
From Axiom (A), it is easy to see that (z(1)), — =%
uniformly for s € (—o0,b] as n — oo. We prove that
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h* € ®,75. Now hYY) € ®,2() means that there exists -R (8,,0)G (b, (D))

_ 05
f9) e S —5y such that, for each t € J, ( )

B Z R(&,m) (b7 tk)R(a,m) (6”“ O)Ik((m)tk ):| <S>ds
k=1

R (¢)
= Riazon (6 OlP(0) = B 555 (0, 0)G 0, 0) — Y R BB (6,L,0)Ik((x<”)tk)>
+R 255 (0, 0)G (1, (2);)
' . e = h(t) = Ry 79 (£, 0)[0(0) = R, 77 (6n, 0)G(0, ©)]
+ i R, )(t:5)BB* R, 5 (b, $)S(a,TY) < (e@) (o)

— R 57 (0n, 0)G(E, (27):)

X | Ty — R ) (bv 0)[50(0)
[ (a,z()) / R(aa: )(t S)BB*R*Q r*)(b S)S(aarg)

R, 5 (5. 0)G(0,0)]
(62, )G (b, (20))y) x [w - Ria 5 (b,0)[(0)

_R(a,m)
b —
_RQF 6n,0 G 0,(p _RO(F (Sn,O G b, x* b
_/O R(ax(”)(b 77)f( )d77 n(l, )( ) ( )] (c, )( ) ( ( ))
" = 3 B0 18) R 79 G O ()| 51
_ZR (])) b tk: R(mm)(an,O) k=1
- t = Y R B = 00 O (@) )
x I, ((29)), )] (s)ds—!—/ R(am)(t,s)f(s)ds 0<tr<t PC
0 ' —0 as j— oo.
+ R, — (t,tx)R, — (04,0
o<t (a’xm)( g (a’w(]))( ) Consider the linear continuous operator ¥ : L'(J, H) —
. C(J. H)
xI((xD)y,), ted T
W o ()
e must prove that there exists f* € Sp7= such that, for ‘
each t € J, z/ Ra,5)(t, s)[f( ) + BB*R{, ;(b, $)S(a,TY)
ha(t) (/ " () )( )]d
a,T S S.
= Rio 5 (t:0)[0(0) = Rq 723, 0)G (0, ¢)] ot !
+R (5n70) (t, (%)) From Lemma 5, It follows that ¥ o Sg is a closed graph
s b operator. Also, from the definition of ¥, we have that, for
/ Ry 7)(t.5)BB' R, — (b.5)S(a,T4) overy £ € 7
x {xb — Ry 5)(5,0)[p(0) R () = R, 55, (t, 0)[e( LR(Q,W)(%,(DG(O,@)]
7R(a,?)(5”’0)G(0’90)} R (cx x(J))((S”’O) (t, ( )) )
R 500, 0)G (b, (7)) / R ) (6 ) BB R~ (b, 5)S(a,T%)
b o,z
— | Rz 0n)f(n)dn
J, e x|z~ R 5, (0.0)[(0) R =5, (5, 0)G(0, )]
- Z R(a,a?*)(b» tk)R(a,gT*)(ém O)Ik(<x*)tk):| (s)ds —R(a m)(fsm 0)G(b, (W)b)
k=1
¢ :
+/ R, 7 (t,s)f(s)ds ZR oy (0t R (6, 0) Ik ((xD)y, ) | (5)dls
0
+ Z R 7t tk) Ry 77 (60, 0) - Z R(%m)(t’fk)R(a,m)((Sn,O)Ik((w(j))tk)
O<tr<t 0<tr<t
XL ((2%)s,), €. € (S, 757):
Now, for every ¢ € .J; we have Since (@) — z, for some f* € Sy = it follows that, for

every t € J, we have

| (19260) = R 7, 0. 0000) = B G000, 00 A

—R 255 (0n, 0)g(t, (z0))y) —R (o 5(0,,0)G(t, (%))

t t
_/O R(aym)(t,s)BB*Rza}m)(b,s)S(a,Fg) —/O R,z (t,s)BB*R{, — (b, 5)S(a,TY)
X [xb — R, 55, 0:0)[p(0) = R, <55 (00, 0)G(0, ¢)] x [wb = R 7)(6,0)[(0)

(Advance online publication: 26 November 2016)



TAENG International Journal of Applied Mathematics, 46:4, IJAM 46 4 22

—R o 77)(0n,0)G(0,9)] = Ry 77 (0n, 0)G(b, (2%)s) < [KbMe? L(|| ¢ ||l5 +1) + K6, Me™ L(|| ¢ |5 +1)
b +K6,L(r" + 1) + Me® LK,

[ Riozm s
0

x sup || z%(s) — 2% (s) ||
s€[0,b]

= Ry o) (b i) Ry (8, 0) I (7)) | ()ds = [KbMe™ L(|| ¢ |5 +1) + K6, Me” L(|| ¢ ||5 +1)
= +K6,L(r' +1) + Me® L) K,
—/ Rz (L, s) f(s)ds X SZl[lopb] | *(s) —x**(s) || (since Z =x on J)
— D Rt tk) R 7 (00, 0) (@), = [KbMe” L(|| ¢ || +1) + K6, Me”' L(|| ¢ || +1)
0<ttk<t +K6,L(r" + 1) + Me®r LK,
~ [ Rzt [f( )+ BB'R, . (b,)S(a,T3) < a2 lpe
0 b Since lim,, .~ 0, = 0, it follows that
X R, — (b, dn ) (s)|ds. " -
(/ (i) (b (1) ’7>< )} | (Aua®)(t) — (Aua™)(0) |

Therefore, ®,, has a closed graph. < [Kbo(|| ¢ lls +1) + JMLEK, || " — 2™ |1pc -
Step 3. We show that the operator ®,, condensing.

: Taking supremum over ¢,
For this purpose, we decompose ®,, as A,, + I',,, where

the map A, : V — Y be defined by A, z, the set p, € Y | Anz™ — Apz™ |lpe< Lo || % — 2™ ||pe,
such that where Ly = [Kb(|| ¢ |5 +1) + 1]M LK, < 1. Thus A, is
0, t € (—00,0], a contraction on V. o
pn(t) = —Raz)(t,0) R,z (0n,0)G(0,0) Claim 2. T',, is convex for each x € V.
+R(a,7)(0n, 0)G(t,Zy) te€J, In fact, if 19,11,19% belong to I',,x, then there exist fi, fa €

_ Sr z such that
and the map I, : V' — ) be defined by ', z, the set ¥, € J ’

such that 07, ()
t
0’ te ( o0 O] = R(a,i) (ta 0)90(0) +/ R(a,i)(t7 S)BB
R, )(t 0)p —l— j;) R, x)(t s)ul Up z =(s)ds 0
ﬁn(t) = + fO f( )dS XR*a T (ba S)S(aa Fg) |:xb - R(a z) (b7 0)[@(0)
+ Z R(a,x (t tk)R(a,a?)(571;0) () ’
0<ty <t —R(o.z(0,,0)G(0, — Ria5(0n,0)G(b, T
e ey (b,)( )G(0,9)] = R(a,3) (0, 0)G(b, Zp)
We first show that A, is a contraction while T',, is a —/ Ra,z) (b,m) fi(n)dn
completely continuous operator. 0
Claim 1. A, is a contraction on V. - ZR(Q 2) (0, k) R(a,z) (On, O)Ik('rtk):l (s)ds
Lett € J and z*,2* € Y. If x € V, it follows that
| 2 lls< Mo || @ |15 +Kr® o= 1. / Ri oyt ) fi(s)ds
From (H5) and Lemma 3, we have _
) + > Rias(ttr)Ria,zs)(0n, 0)Ix(T1,),
[ (Ana™)(t) — (Anz™)(2) || 0<ti<t
<R .9 (6 0) R 579 (60, 0) = Ry o (1,0) el =12
XR(a F)(émo)} 0,) || Let 0 < XA < 1. For each t € J we have
xG t,l' * %
< Rz (t70) — R, 7 (t,0)] 0

X R 7% (0n, 0)G(0, ) ||
XR(O&,F) (t7 O)G(O7 @) ||

% 5(a,T?) [zb — Rl (5,0)[(0)
_R(Q)i) (6”7 O)G(O7 SO)] - R(aai) (5n7 O)G(b, jb)
b

+ || [Ra.77)(0n,0) = R, 77 (6n, 0)] —/0 Rz (b:m)[Afi(n) + (1 = A) f2(n)ldn
XG(t,Ft) H m
1 Riqizmm) (60, 0167 — G170 | =2 Rl (b, 11) Ry (0, O) (o) | ()1
_ k=1

< KbMe?™ L(|| ¢ || +1) [| 7% — 27 ||8 t

+K6,Me®'L(|| ¢ ||g +1) || 7% — 7 |8 +/O Riaz)(t; s)[Mf1(s) + (1 = A) fa(s)] fi(s)ds
Ko, L ) || 2% — x** _

+ 5n5(|| $tl8 +ﬂ ¥y — % |8 + Z R(a@) (t,tk)R(a,j) (57“0)[’6(%%).
+Me? L || %y — 2% |5 0<tp<t
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Since SFz is convex (because F' has convex values) we have
(AL + (1 —=N)92) € Tz

Claim 3. T',,(V) is completely continuous.

To this end, we consider the decomposition I';, by I';, =
'l + T2, where the map T’} : V — P()) be defined by

no

Fla: the set ,, € Y such that

and the map I'2 : V — P(V) be defined by I'2z, the set

42 € Y such that

)= > Rias(t:tr)Riaz)(0n, 0)Ik(Tt,)

0<ty<t

(1) TL(V) is completely continuous.
We begin by showing I'), (V) is equicontinuous. Let 0 <
71 < T9 < b. For each z € V', we have

— (1) |l
Ra,7)(12,0) — R

19 (72)

< w2)(71,0)]i2(0) |

tl €
+ A [R(a,if)(’r% S) - R(a,a’c) (7—17 5)]

x Buy, +(s)ds
T1
+ / [R(oz,i) (7.27 5) - R(a,;i) (Tla S)]
T1—€
X Buy, z(s)ds
T2
+ R(a.z) (T2, s)Bu‘fL’j(s)ds
T1

+ /0 [Ra,5)(T2,5) = Ria,z)(T1,8)]f(s)ds
+ / [Ra,z)(T2,5) —

T1—€

Ra,5)(71,5)]f(s)ds

T2
+L/1%@@Jﬁ@@
T1
R(a,z)(72,0) = R(a,z)(71,0)]p(0) |

T1—€
+/‘0 || R(a,i) (TQa 5) - R(a,i)(le 5) ||

<II

T1
XM1M2d5+2M*/ eialeMQdS

T2
+Meo™ / e~ 7 My Mads + O(r* +1')

T1
T1—€
X / | Ria,3)(72,8) — R(a,z)(71,5) || m(s)ds
0

+2M,O(r* +r’)/ e 7*m(s)ds
Me”t2@(r’)/ e~ 7°m(s)ds,

1

where

Il ugz(5) |l

1

ML M[ww+Mwnmm

+L(l ¢ lls +1)] + L(r" +1)

b
+MetO(r* +r’)/ e_”sm(s)ds] == M.
0

From the above inequalities, we see that the right-hand side
of || L (2) —4L(71) || tends to zero independent of z € V'
as 7, — 71 — 0 with ¢ sufficiently small, since R, z)(t,s)
is a strongly continuous operator and the compactness of
R(q 7 (t,s) for t —s > 0 implies the continuity in the
uniform operator topology. Thus the set {I'z : z € V}
is equicontinuous. The equicontinuities for the other cases
71 <1< 0o0rm <0< 7p <D are very simple.

Now we prove that TL(V)(t) = {71 (t) : 7L (t) e TL(V)}
is relatively compact for every t € [0, b].

Let 0 <t < s < b be fixed and let € be a real number
satisfying 0 < € < t. For x € V, we define

e (t)
t—e
=R@@mmﬂ®+/ Riooy(t, ) Buc_,(s)ds
0

+/Ot5 R(a,i)(t75)f(5)dsa

where f € Spz. Using the compactness of R, z(t,s) for
t —s > 0, we deduce that the set U(t) = {71°(t) : x € V}}
is relatively compact in H for every ,0 < ¢ < t. Moreover,
for every € V we have

I3 () = 30 =(t) |

t
< H Ra,z)(t, s)Buy, z(s)ds
t—e

t
’ H /t_a Ra,z)(t,s)f(s)ds

t
< 2M, / e~ 7° M, Msds

t
+2M*@(r*+r’)/ e~ 7 m(s)ds.
t—e

The right hand side of the above inequality tends to zero
as ¢ — 0. Since there are relatively compact sets arbitrarily
close to the set U(t) = {7} (t) : * € V}. Hence the set U(t)
is relatively compact in H. By Arzeld-Ascoli theorem, we
conclude that T'}, : V — P(Y) is completely continuous.

(2) T2(V) is completely continuous.

We begin by showing I'z (V) is equicontinuous. For each
NS V,t € (O,b) be ﬁXCd, t e [tiati+1], &Z(t) S F%(l’),
such that

o0 = D Rt ) Ria) (6 0 Ii(Er,):

0<trp<t

15)
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Next, for 11 < s < t < 79, € > 0, we have, using the
semigroup property,

I 32]i(72) — G2)i(n) |
< Z [Ra,z)(T2, k) — Ria,z)(T1, k)]
o<t <t

XR(Q@,) (671’ O)Ik (Ttk)

<m Z H [R(a,i) (7_23 tk) - R(a,;ﬁ)(’rlv tk)]
k=1

XR((X,E) (671’ O)Ik(jtk) H :

As 179 — 11 — 0, the right-hand side of the above in-
equality tends to zero independently of x due to the set
{R(0,7)(0,0)11(T,) : @ € V} is relatively compact in
H and the strong continuity of R, z)(-,-). So [;yg]z,z =
1,2,...,m, are equicontinuous.

Next, we show that T'2 (V) (¢) = {72(¢) : 72(¢) € T2(V)}
is relatively compact for every t € [0, b].

For t € [0,b] and = € V, we have that

F21:(0)
= Y Rias(ttr) Rz (0n, 0) Ik (Ts,)

0<tp<t

€Y Raa(tts)R
k=1

(e, ) (571; O)Ik (V(Ov H))

From (14), we obtain that I;(Z; ) bounded in H.
By the compactness of (R,z)(t,5))i—s>0, We see
{R(0,7)(0n, 0)I1(Zy,) : = € V k= 1,2,. m} are

relatively compact in H. Also, it follows that [vn] (t) is
relatively compact in H, for all ¢ € [tg, tx41], K = 1,.

By Lemma 2, we infer that I'2(V) is relatively compact.
Now an application of the Arzela-Ascoli theorem justifies
the relatively compactness of I'2(V). Therefore, I'2(V)
is completely continuous, and hence ®2 (V) is completely
continuous.

As a consequence of Steps 3, we conclude that ,, =
A, +T, is a condensing map. All of the conditions of Lemma
4 are satisfied, we deduce that A,, + I',, has a fixed point
x € Y, which is a mild solution of the problem (9)-(11).
Then, we have

xn(t)

= R(a,z,)(t,0)[¢(0) = R(a,z,) (0, 0)G(0, ¢)]
+R(Ué»in) (571; O)G(tv i'n,t)
t

+ / Ra o) (t:5) Bul , (s)ds
0
t
/R(az (t S)fn<8)d8

+ Z (e, Tn ) t tk)R(a z)((snvo)

0<tp<t

xjk(a_?n,tk)v t e [Ova (16)

= B*R{, z,(0,5)S(a, ) [azb — Ra,3,)(b,0)[¢(0)

—Ra,
—Ra,

o

Z R(a mn) b 173 R(a xn)(dna O)Ik(xn fk)

) (0n, 0)G(0, )]
) (00, 0)G(b, T )

oc:vn) b n fn( )

2-3|

>R
m H\

and f, € Srz,-

Next we will show that the set {x,, : n € N} is relatively
compact in ). We consider the decomposition x,, = x} +z2
where

@ (t)
= R(a.z,)(t,0)[0(0) = R(a,z,)(0r,0)G(0, ¢)]
+R(a7in) (57“ O)G(t, fn,t)
t

4 [ R t.9)Bu 2, (5105
0

t
+/ Riaz,)(t,8) fn(s)ds (17)
0

for some f,, € Sgz,, and

= Z R(a,in) (ta tk)R(a,J_zn) (5717 O)Ik: (En,tk)-(lg)
0<tp<t
Step 4. {zl(t) : n € N} is relatively compact in ).
Claim 1. {z] : n € N} is equicontinuous on .J.

For € > 0,2, € V, there exists a constant 0 < 1 < € such
that for all ¢ € (0,b] and & € (0,7n) with t +& < b, we have,

| 2 (t +€) — 2, (1) |
< [Ria,z) (t +£,0) = R(a,z,)(t,0)]
X R(a,z,)(0n; 0)G(0, ) ||
+ 1l R(aﬁ"f/’n)((snvo)[G(t + fafn,t—&-é) -

t+&
+H/ R(a@n)(t-‘rf, )Bunfn( )dS
t

G(t> jn,t)] ”

t
+H [ By 64605 = Ry 5]
0

xBuZyin(s)ds
H / Rt +£,5) fuls)ds

+ H / [R(a’j”)(t + &, 8) - R(a’in)(t, 8)]fn(s)d5
0

S” [R(a,a_:n) (t + 57 O) - R(a,in) (ta 0)]
X R(az,)(0n,0)G(0,¢) ||
+Me?on L

}

t+&
+M* / 67USM1M2dS
7t
b [ By (4 €5) = Reaan () | MaMads
0
t+§
+M.O(r* +1") / e~ 7m(s)ds + O(r* +r')
¢

t
x / | R (6 4+ €,5) — Riasy(t,5) || m(s)ds.
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Using the compact operator property, we can choose & €
(0,¢) such that

|| [R(oz,in) (t =+ fa 0) - R(a,in)(t? O)]

€
X Raz,)(0n,0)G(0,¢) ||< T (19)
and -
Me® " LI+ || Zpive — T 8] < T (20)
t+¢€ €
M*/ e 05 [O(r* + 1")ym(s) + My My]ds < T 20
t
t
L1 R 469 = R 09|
X[O(r* +r")ym(s) + M1 Ms]ds < @

4
By (19)-(22) one has
| al(t+&) —al(t)|<e.

Therefore, {z(t) : n € N} is equicontinuous for ¢ € (0, b].
Clearly {z.(0) : n € N} is equicontinuous.
Claim 2. {z}(t) : n € N} is relatively compact in H.
Let t € (0,b], ¢ > 0,z, € V, there exists £ € (0,¢) such
that

ey (t) = 25,() |

t
< / R 4:5) B, (5) I s

t
+ / R 6 5) (o) 1 s

t

< M, e 7° My Msyds
t—¢
t
+M.O(r* + r’)/ e 7 m(s)ds < e,
t—¢
where
25 (1)

= R(az,)(t,0)[0(0) = R(a,z,)(0r,0)G(0, ¢)]
+R(05756n) (57“ O)G(t, i'n,t)
t—¢
+ R(ain)(t’ S)Bu“ _

n,Tp

(s)ds

0
¢
+/ R(q.5,)(t,s)fn(s)ds
0

for some f,, € Spz,. From (HS), we obtain that G(¢, T, +)
are bounded in H. By the compactness of R, z)(t,s) for
t,s > 0, we see that the set {z5(¢) : n € N} is relatively
compact in H. Combining the above inequality, one has
{zL(t) : n € N} is relatively compact in H.

Step 5. {x2(t) : n € N} is relatively compact in ).

Claim 1. {22 : n € N} is equicontinuous on J.

For any ¢ > 0 and 0 < t < b. Since R4 3,)(0n,0)
is a compact operator, we find that the set W =
{R(0,2,)(0n,0)I;(Tps,) : @, € V} is relatively compact
in H. From the strong continuity of (R4 z,)(t,s)):>s, for
€ > 0, we can choose 0 < 1 < b —t such that

19
H [R(a’fn)(t + &, S) — R(a@n)(t, S)]I/ ||< E7 vew,

when [¢| < 7. For each x,, € V,t € (0,b) be fixed, t €
[ti,ti+1], such that

| [22)i(t +€) — [@21i(t) |
Z [R(a,i”)(t’ § - tk) - R(a,i”)(tv tk)]

0<tp<t

xR z) 8y 0) I (Tos,)

< S [Raon (86 = th) = Razny (£, 1)
k=1

XR(a,in)((sna O)Ik(fn,tk) ||< g.

<

As & — 0 and ¢ sufficiently small, the right-hand side of
the above inequality tends to zero independently of x,, so
[#2];,4=1,2,...,m, are equicontinuous.
Claim 2. {22(t) : n € N} is relatively compact in H.
Let t € (0,b], € > 0,z,, € V. Using the similar arguments
as that in Step 3, we have

[22]:(t)
= Y Rawn(ttr)Rias,) (00, 01k (,)

O<tp<t

S Z R(a,in) (tv tk)R(a,in) (671» O)Ik (V(Ov H))
k=1

for all n € N. One has [;Z]Z(t),z =1,2,...,m, is relatively
compact for every t € [t;,t;11], and {z%(t) : n € N} is
relatively compact in H.

Thus, we obtain that the set {x,,
compact in Y. We may suppose that

:n € N} is relatively

T, — Xy €)Y asn — oo.

Obviously, z, € Y, taking limits in (16) one has

x4 (t)
= R(a,z.)(t,0)[p(0) — G(0, )] + G(t, s )

t
+/ R(q,3.)(t,s)Bug (s)ds
0

+ /Ot Rioz.)(t,5) fs(s)ds

+ Y Raao(tte) k(@) teJ (23)

0<tp<t

= B*Rzka,i*) (b7 S>S(a7 FS) |:xb - R(a,i*)(bu O)[(P(O)
—G(0,9)] = G(b, Z+p)

b
_ /0 Ria,z.)(b,1) f«(n)dn

- Z Ria,z.)(b te) Iy (x*,tk)} ,
k=1
and some f, € Spz, . which implies that =, is a mild
solution of the problem (1)-(3) and the proof of Theorem
1 is complete.

(Advance online publication: 26 November 2016)
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IV. APPROXIMATE CONTROLLABILITY OF FRACTIONAL
CONTROL SYSTEMS

In this section, we present our main result on approximate
controllability of system (1)-(3). To do this, we also need the
following assumptions:

(B1) The function G : J x B — H is continuous, and there
exists a constant C; > 0 such that

I Gt 9) |I< Cy

for0<t<byeB. _
(B2) There exists a constant Cy > 0 such that

| F(t,z,9) |< Coy  (t,0) € T x B,

where

| E(t,2,4) |=sup{l| f [|: f € F(t,z,¢)}.

(B3) The functions I : B — H are continuous and there
exist constants ¢ such that

I Tk (9) [[< ek

forevery Y € Bk=1,...,m

Theorem 2. Assume that assumptions of Theorem 1
hold and, in addition, hypotheses (B1)-(B3) are satisfied
and the linear system corresponding to system (1)-(3) is
approximately controllable on J. Then the system (1)-(3) is
approximately controllable on J.

Proof. Let z%(-) be a fixed point of ® in ). By Theorem
1, any fixed point of ® is a mild solution of the system (1)-
(3). This means that there is x* € ®(z?), that is, there is
f € Spze such that

2% (t)
= R(a’ia)(t, O)[(p(o) - G<O’ (P)]
+ Ry (00, 0)G(t, 7

t
—|—/ Rq,z0)(t, s) Bug(s)ds
0
t
+/ R(a,ia)(t7s)f(s)d8
0

+ Y Raae(t te) n(3),

0<tr<t

tedJ,

where

= B*R, o) (b $)S(a,T}) [m ~ Rz (5, 0)[(0)

G( )l = G (b, Ty)

0
ZR(Q a;a) b tr [k(xt ):|
k=1

and satisfies
z*(b)
= 2 + aS(a, FO) — Ria,z0)(b,0)[(0)
—G(b,zy)
/ Rz (t,5) f(5)ds

_ZR(a za) (0, 1) I (T, )}
k=1

By the conditions (B1) and (B3), we see that G(b, Z¢) and
Z Rq,z0) (b, ty)I1.(T¢,) are relatively compact in H, so

there exist xg and zx, € H such that (by passing to a
subsequence)

m

G, 4) = va, Y Riaze) (b te)Ik(T,) — ox
k=1

in || - ||, respectively, as a — 0. On the other hand, by the
conditions (B2), we get

b
[ s 12 ds < G,
0
Consequently, the sequences { f(s)} is bounded in L?(.J, H).

Thus there are subsequences, still denoted by {f(s)} that
converge weakly to say f**(s) in L?(J, H). The operator

¢
() H/ R z)(t,s)l(s)ds
0

is also compact on L?(.J, H), so one has that

b
/o R(a@“)(bv 5)[f(3) - f**(S)]dS —0 asa—0.

Define
p(z(-))
=xp — R (,79) [0(0) — G(0, )]
~G(b,z /R(W) b.5) (s)ds
=Y Riaoan) (b, ta) In(F, ),
k=1
4= 2y = R(aze)(b,0)[p(0) = G(0, )]

b
—rq — / Rq,z0)(b,5) [ (s)ds — zx.
0

It follows that

I p(z?) —q|
< G(b, 7p) — 2q |

(b, tk)l}g(f?k) — Ty

+ [ " Ry (0, )1F(5) — £ (5

—0 asa— 0t

(24)
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Then from (24) and Lemma 1, we obtain

| 2“(b) =z ||
=] aR(a,T¢)p(z") |
<|| aR(a,TH)q || + || aR(a,TE)[p(x*) — g |
<[l aR(a,TH)q || + || p(z*) — ¢ |
—0 asa—0T.

This proves the approximate controllability of system (1)-(3).
The proof is completed.

V. EXAMPLE

Consider the following impulsive fractional partial neutral
quasilinear infinite delay differential inclusions of the form

2
€ a(x,t, 2(t, x))% [z(t, x)

_ /too ay (t)ag(s — t)z(t, m)} + fi(t, )

+w(t, z(t, x))

—i—/t as(t,s —t,x,z(s,x))ds, (25)
Og_toogb,ogxgn,
z(t,0) = z(t,m) =0, 0 <t <b, (26)
z(r,z) = p(r,x), 7<0,0<z<m, 27
ti
Az(tg,x) = / k(s — tg)z(s, x)ds, (28)

k=1,2,...,m,

where 0 < a < 1,0 < t; < -+ < t;, < b, and ¢ is
continuous. Let H = L?([0,x]) with the norm || - || and
define the operator A(t,-) : H — H by (A(t, )w)(z) =
a(z,t,-)w” with the domain

D(A(t,w)) :={we H :w" € H,w(0) = w(r) =0}

is dense in the Banach space [ and independent of ¢. Then

Aw = Zn2<w,wn>wn, w € D(A4),
n=1
where (-, -) is the inner product in L?[0, 7] and w,, = Z,, o
w is the orthogonal set of eigenvectors in A(t,w), where
Zn(t,s) = \/gsinn(t—s)",() <a<10<s<t <
b,n=1,2,.... Assume that
(a) The operator [A(t,-) + A*I]~! exists in L(H) for any
A with ReA < 0 and M,

M,

At )+ X007 |I< 2 _ te|0,b].
I1A@ )+ A1) < e re 0.
(b) There exist constants x € (0, 1] and M, such that

I TA(t, ) = Altz, )] AT (s,) ||
< Ma|t1 — 152|’<67 ti,t9 € [O,b]

Then, the operator A(s,-),s € [0,b] generates an evolution
operator exp(—t®*A(s,-)),t > 0, which is compact, analytic
and self-adjoint and there exists a constant M, such that

[| A% (s, -Jexp(—t*A(s, ) |

<

«
o’

t>0,s€[0,b],

where n = 0, 1. In particular, we conclude that the evolution
operator in fact is an («, u)-resolvent family has the form:

R(a,v)(t, )w = Y exp[—n’(t — 8)*](w,wn)wn, w € H.
n=1

In the next applications, the phase space B = PCq x
L?(h, H) is the space introduced in Example 1.
Additionally, we will assume that

(i) The functions a; : R — R,i = 1,2, are continuous

functions with
2\ 7
ey

Lg = a1 [|oo (/_OOO h(s)

(ii) The functions w : R?> — R is continuous and that there
exists a continuous function /; : R — R such that

@ty < L@l (ty) € R

The function a3 : R* — R is continuous and there exist
continuous functions by, by : R — R such that

|a3(t7 S,l‘,y)| < bl(t)bQ(S)‘yL

with Lp = (0 @ ds)} < oo,
The functions 7 : 122 — Rk =
continuous, and L, =
every k=1,2,...,m,
(v) The function [ : [0,b] x [0, 7] — [0, 7] is continuous.

(iii)

(t’ S’ Jj’ y) e R4

(iv)

...,m, are
2 < oo for

For the phase space B, we have identified p(0)(z) =
v(0,z) € B, defining the maps G : [0,b] x B — H,F :
[0,b] x H x B— P(H) by

F(t,y,¢)(x) )
=w<t7y(t,ar))+/_ as(t, s,z p(s,z))ds,
0
Ik(‘?)(x):[ Nk (8)(s, x)ds.

and
Bu(t)(x) = a(t, z).

Using these definitions, we can represent the system (25)-
(28) in the abstract form (1)-(3). Moreover, F,G, I} are
bounded linear operators on B with || F ||< Lp,]|
G ||§ Lg,H Ik ||§ Lk,k‘ = 1,2,...7’[77,, where LF =
maxogtgb{f{ll(t) + lpbi(t)}. Thus, the assumptions (H1)-
(H6) and (B1)-(B3) all hold, the associated linear system of
(25)-(28) is not exactly controllable but it is approximately
controllable. Hence by Theorems 1, 2, the system (25)-(28)
is approximately controllable on [0, b].

(Advance online publication: 26 November 2016)
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