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Range-Based Threshold Spot Volatility Estimation
for Jump Diffusion Models

Jingwei Cai, Ping Chen and Xia Mei

Abstract—We consider level-dependent volatility estimation
for jump diffusion models and propose a range-based threshold
spot volatility estimator with high frequency discrete obser-
vations. Under some weak conditions, the consistency and
asymptotic normality of our estimator are provided. By our
theoretical inferences, we find that the precision of our statistic
is five times greater than that of pure threshold estimator.

Index Terms—Range-based spot volatility estimation, Thresh-
old, Precision, Consistency, Asymptotic normality, Jump diffu-
sion models.

I. INTRODUCTION

HE jump diffusion models are widely used in a variety
of financial applications, such as interest rate modeling
([1], [2], [3]), bond pricing ([4]), derivative pricing ([5], [6]),
risk management and hedging ([7], [8]), among others.
A state variable (an integrate rate, an exchange rate or
a logarithmic asset price) {X:},., may be evolved by the
following common jump diffusion process

t t Ny
Xt =Xo +/ w(Xs)ds +/ J(XS)dWS—&—Z Ji, t€[0,T], (1)
0 0 i=1

with initial condition X, = zo, where {W:;},>( is a standard
Brownian motion defined on a filtered probability space
(2,9, (St)>0, P) and adapted to the filtration (S¢):>0, namely,
for any 0 < s < ¢t < oo, it has 3, C S C Q. Functions
w(:) and o () are, respectively, drift term and diffusion term
of the process {X:};>0. N = (Ni);>0 1S a poisson process
with constant intensity ), jumping at times denoted by
(Ti)iz1,2, 0 Npo> and each J; is the size of jump occurred at
7;. The random variable J; are i.i.d. and independent of N.

Suppose the process {X:};>o is observed discretely at
equidistant time points {t = t1,t2, - ,t,} With § = T/n =
t;—t;—1(i =1,2,---,n) which is a time distance between two
consecutive observations. For ease of discussion, we denote
the process {X:};>0 by X = Y + J, where Y and J are the
continuous part and the jump part respectively.

In view of the fundamental role of the volatility term in
financial applications, a great many scholars dedicate their
interest and passion to estimate the volatility (integrated
volatility or spot volatility) by disentangling the contributions
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due to the jumps and those due to the diffusion part from
state variable with a exercisable mathematical or economet-
ric technique, such as realized approach ([9]), maximum
likelihood approach ([10]), power, bipower and multipower
variation approach ([11], [12], [13]) and threshold-based
approach ([2], [14], [15], [16]), among others.

Threshold method (or truncation-based method) for an-
alyzing jump diffusion models was originally proposed in
[17], it is a simple yet powerful methodology to identify
jump. When the squared increment of the state variable is
larger than a suitably defined threshold, the jump occurs.
Using this technique, with low or moderate frequency data,
[2] proposed an efficient spot volatility estimator with

n Xt —T
S K (T ) A s x<ro)
62 (z) = = ( ) -

X, 1 x)(s

n =
ZK( h
i=1

where h is bandwidth, K (-) is kernel function, A; X is denoted
by the increment (X;, — X, ,) and r(5) is a deterministic
function of the lag & between two adjacent observations
(Xt;_1,Xt;). Under a set of conditions, they obtain a stable
convergence result. It is worth noting that this threshold
technique is usually not suitable to be used in high frequency
data directly due to well-known microstructure noise. In
order to ignore the noise, people often sample sparsely at
some lower frequency, which inevitably leads to the lack of
information and efficiency.

Along with the rapid development of information tech-
nology and the increasing perfection of financial market,
obtaining high frequency financial data (intraday data, hour
data, minute data, even real time data) is becoming easier and
easier. Exploring appropriate models and effective approach
to analyze these high frequency data has become an im-
portant issue that mathematical scholars, statistical scholars
and econometric scholars have to face and solve. The recent
related works include but not limit to [18], [19], [20].

Realized range-based variance (developed in [21], [22],
[23]) is formed from entire price process, so this technique
for volatility estimation reveals more information than the
realized method in which returns are sampled at fixed
intervals. Its another advantage is that the high frequency
financial data are not easy to be contaminated by the market
microstructure noise. Unfortunately, there are few range-
based works done on volatility estimation for jump diffusion
models so far. Presenting a realized range-based multi-power
variation theory, [24]drew a jump-robust inference about the
diffusion volatility with high frequency data and reflected
their estimators’ significant efficiency.

Motivated by the literatures in [2], [23], [24], combin-
ing the range-based technique with the threshold idea, we
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present a range-based threshold volatility estimator for jump
diffusion models when high frequency data are available. In
contrast with integrate volatility estimation in [24], in this
paper, the object we want to estimate is spot volatility. Our
estimator proposed has the advantages of the two methods
combined, such as the former’s estimation precision and the
latter’s powerfulness.

II. PRELIMINARIES

The following assumptions will be used in the work.

Al. The functions u(-),o(:) are time homogeneous and at
least twice differentiable, and satisfy the local Lipschitz’s
condition

ln(z) — p)| +lo(@) — o) < Clz —yl.

A2, u(-),0(), 1 (-),a'(-), " (-) and &(-) are all bounded.
1
A3. b satisfies (210eQ/2 — o (1),

Ad. K(-) is twice differential, symmetrical, nonnegative
bounded function with support set [—1, 1], satisfies

/711 K(z)de = 1,

K® (z)‘ < oo (i=0,1,2)

and

1 1
T x| axr 21‘1’ 0.
/_1|K<>||\d,/_11<(>d <

Define

1
Ly (tva) = EIE}I})E

t
o I[a,a+e] (YS) d [YS} (Va, t)

where I(-) is indicator function, [Y]; is the quadratic variation
process of the process {Y:i};>o, then we can define the
chronological local time by

— 1.1t 5
Ty (t,0) = 3 lim - [ tar ) (vas

:U%@Ly(t,a) a.s. (Va,t).

Lemma 2.1. (The Occupation Time Formula) ([25]) Let
Y; be a continuous semi-martingale with quadratic variation
process [Y]: , and let Ly (¢,a) be the local time at a , then

/Otf(ys,s)d[Y]s - /: da/otf(a, )Ly (5, ),

for every positive Borel measurable function f. Especially, if
f is time homogeneous, then the expression can be simplified
by

/ o= [ " H@Ly . a)da

We extend Theorem 1 in [26] to the case for jump diffusion
models.

Lemma 2.2. Under the conditions A3, A4, given n — oo,
T fixed, and b — 0 (as n — oo ), then the quantity
%;K (%) converges to Ly (T, z) with probability one.

Proof. For each n, define the following random sets

Ioﬂn:{ie{l,Q,--- ,n}: A;N =0},

and

Lin={ie{1,2,--- ,n}: A;N #0}.

then

The second term above is dominated by NT? (a—§ 0) , where
Nr is the jumps in [0,T]. For the first term, in view of
Theorem 1 in [26], we have

6 " Xt,v — X a.s. =
- E K|—— ) = Ly(T,z).
b ( b ) v(T,2)
i€lo,n
III. MAIN RESULTS

For any partition sequence 0 = tg <t1 < - < tp, =T, We
define the range of the process {X:};>o between the sampling
time t;_, and ¢; as

sup
ti—1<s,t<t;

thi’(s’i = {thxs}

Similarly, we define the range of a standard Brownian motion
between the sampling time ¢;,_, and ¢; as

sup
ti—1<s,t<t;

thi’(si = {Wt - Ws}

[22] derived the moment generating function of the range
of a scaled Brownian motion X; = ¢W;. The rth moment
generating function can be expressed as

Elyk, , 1= (r>1),

where X\ = E[yy,, ] In the situation of equidistant sampling,
we abbreviate the range Yx,, 5, 10 yx,, (yw, ;. tO ywti).

We propose a range-based spot volatility threshold estima-
tor as

Xf,i —x

, K ( ) v%., Lz, <r(o)}
82(x) = TR : 3)
e 3 K (Z5)
i=1

1=

where r(§) is a deterministic function of the lag between two
adjacent observations (X¢,, X¢, _,), such that Jim r(6) = 0 and
—
. 1 _
gg% (6log 5)/r(6) = 0.
Let

§ & X —
7§:K 22 = D(T

then the estimator 62 (x) can also be denoted by
L Xt~ 2 .
@; K ( b ) Yxe, I{yifti <r(8)}

(@) = X2bD(T, z) ' @)
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N,
Lemma 3.1. ([27]) Suppose that Ef J; is a finite activity
i=1
jump process, where N is a non-explosive counting process
and the random variable J; satisfy, vt € [0,1], P{AN; #
0,Jn, = 0} = 0. 7(6) is a deterministic function of the lag
between two adjacent observations (X, X, ,), such that
lim 7(6) = 0 and lim (§log 1)/7(6) = 0. Then for P-almost all
§—0 _ §—0
w, 33(w) >0, V& < §(w), we have

I{yg(ti <ro)3(@) =Ia,n=03(w) (Vi=1,..,n). (5)

Theorem 3.2. Under the conditions A1-A4, given n — oo, T
fixed and b — 0 (as n — oo ), then

62(z) = o (2).

Proof. To prove this theorem, it is enough to prove the
following two results:

zd
. = Xy, —x
(1) 6* @)> A2bD (T, z) ;K( b )UQ(X”*l)yEVn '

Next, we prove the above two results in sequence.
Result (7) Define

,
DT E)o (X0 v, B o)

1

G = EUZ(Xti,1)y€Vti ’ (6)
B ) Xti -z .
_ é = Xt —x\

V, = DTS ;K ( . ) Si- (8)

We can easily obtain

Elsi|Si—1] = 0*(Xe,_,),

then

> Bl&l S

) n X —x
= — FIK | —— AT
bD(T, ) ; [ ( b )g‘ > 1}
— ipor oK () e )
bD(T ) = b '

=bDTx > 1/ (X“_f >‘72(Xu)du

bD(T ) Zz 1/ (X"_ - )(UQ(Xti,l)faz’(Xu))du
+mz/ ) (K (Xtib_ x)_K (Xu;,_ m))dua'Q(Xtifl)

=1
= A + Az + Az. 9

The third term As in (9) coincides with

bD (1T,z), > /il(K (Xtibi x)*K (Xu_bi

i€l n

ot o () (B

= A3+ A3z2.

”“’))dWZ(XtH)

(10)

For A;; in (10), it is

s [ (K)o X
bD (T, z). ti 1 b b

i€lp,n
where X, is a value on the line segment connecting X;, ,
to Xu.
Using the property of uniform boundedness of the incre-
ments of X paths when J = 0 (UBI property for short), we
have

duc? (Xt

1)

(1)

max
i<n t;

Xul = Ous. (10 (1/0))%)

sup
—1<u<t;

|Xti -

and then

K, <X1u —27) :K/ <Xu — T + Xiu —Xu>
b b b
1
_x (Xu_ -, <<610g<1/5>)2 ))
b a.s. b

:K/<Xu;_x+0p(1)>, (12)

it follows from (11) and (12) that As; is bounded by

bD (T, b Jo K/(Xuib_m‘ﬂp(l))

Mb/_w (25 ror )

)

(

D (T, z)

(( / |K c+op (1)) |0’ chtatop (1))Ly(T, cb+x)dc

1 (olog(1/6)% (T

|a2(Xu+0p (1)) ‘du

o*(prop (1))Ly(T, x)p

(510g 1/6))
WD (T, x)

_op <(6log (;/6))2) 2o,

the first equality above uses Lemma 2.1, the last equality
above uses Lemma 2.2 and boundness of K’ and o. Using
Taylor expansion for kK, UBI property and boundness of K’,
we obtain

!
(NTK*‘S> L
bD(T, )

Similarly, using the assumption A1, UBI property and Lem-
ma 2.1, 2.2, it is easy to see that

As 2 =op

Ay < Op ((5log(1/5))%) Lo.

For the first term A; in (9), using Lemma 2.1 and Taylor
expansion for 2, we have

1 T Xu_ —
A1:7/ K(Z2ue=—2
D (T, z) Jo b

L T (Xu- —x 02 (2)+(o2 o2 (n "
_bD(T,x)/OK( b )( (2)+(0? (Xu)—0? (2))) d

+oo _x _
5/ K (550 @ (o @) T i

too - ’ =
=2 (x)—}-WlT’z)/_oo K (p 5 )(02) (e) (p—=x) Ly(T, p) dp,
(13)

) 0% (Xu) du

where ¢ is a value on the line segment connecting p to z, the
second term of the last equality above is

(Advance online publication: 23 February 2017)



TAENG International Journal of Applied Mathematics, 47:1, [JAM 47 1 07

a.s. (% /7;00 |K ()| |e| Ly (T, be + x) dc) ,

using the assumption A4 and Lemma 2.2, it tends to Zero,
therefore,

Al =02 (2).

Combing with A4, A2 and A3, we have

S E[&]Sii1] 5o (@)

1=1

By setting
5 Xt. — X
0; = K . i — Bl Si-1]),
D (T, ) ( b ) (5 = Elal Si-a)
we obtain

52
b2D2 (T, x
where A, = (Ay — A3) /2.
Using the same steps to (9), we obtain

E[07|Si-1] =

K (wa‘ ) Aoo (Xiy),  (14)

n Ao 62 n Xt —x
E[0?]S 1] = —— K2( i >4X.
; [1|\S 1] szQ(T7I); b a* (Xt,)
(paa)
P\ bD (T, z)
Eo,
then

n
;ZK (M) o (Xo,_ ) vy
A2bD (T, ) 2 b i-1) Yy,
=V, 502 (z).

Result (17) Using Lemma 3.1, write

&2 (x

~

s Xt —x
XK (55 ) v, Lran=o)
= i

52o i K (Xum)

1=

iK(Xt 795) sup

i=1 ti_1<s,t<t;

(f p (V) du+ [To(Ya) qu)

Sha 30 K(X* ’z)

i=1

2
sup (1 (Ya) dukf! o (VoW T(a, 0}
ti—1<s,t<t;

5Ao ijlK (%)

SR(5)

L X, —x
> K (X570 )43, Tianso)

Sha S K (*572)

1=1 =1

15)

For y3, in D3, using Triangle inequality, it is dominated by

2

2
t t
2 sup /;L(Xu)du +2 sup /U(Xu)qu
ti—1<s,t<t; Js ti—1<s,t<t; Js

= Fq + FEs.

Obviously,
E =

Ous. (62).

For E», using Burkholder-Davis-Gundy inequality (hereafter
indicated as BDG inequality), there exists a constant C (> 0)
to make

t;
Es < c/ 02 (Xu)du = Oqs. (8).
i—1

Therefore,

IR A
Do = Og.s. (bD T, x)) —0. (16)
By (15) and (16), we have
oD T m) ;K( ) (Xt 1) i,
- S X¢; — ) _
=D1 - /\QbD (T, x) ~ K ( ) g (th‘,—l) Ywy, Do

" Xt —x
“XabD TmZK< : ) F, 70" (Xt 2) v, )op (1)

= (17)

For the main part in the second equality of (17), it can be
decomposed as Fy + F», where

-2
Fi= )\QbD ZK( s )U ti— 1)thi@thU (th‘,—l)thi)7

and

1 = Xt — 2 2
B2 = 50D (T, 0) ZK( b ) (v, = (Xt ) o, )

i=1

By the define of Yvi, and yw,,» We have

1
Fo < ———x
? = \2bD (T, z)

zj‘zK(Xbx)(;lp@ / n (s (7 (Xu)-a (X, )W, )2

E]

2
2 Xt *l“) /t
K z sup Xu) du
_)\QbD (T I)zz:l ( b <til<s,t<ti s IJ( )
+ #X
A2bD (T, z)
n 2
t; — &
z ( )( sup / (0 (Xu) — 0 (Xt,;))dWy )
= ti_1<s,t<t;
= Fo1 + Fao,

the second inequality above uses Triangle inequality. It is
easy to see Fb1 = Oq.s. (§). For Fa, using UDG inequality,
the assumption A1, UBI property and Lemma 2.1, 2.2, there
exists a constant C(> 0) to make

(Advance online publication: 23 February 2017)
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2C n Xti —x ts
E [FQQ]SW ;K(T)/ﬁi,l(a (Xu)—0o (Xti))z du
= Oaq.s. (01og (1/9)),

thus, F; = o4.5. (1). For I, we have

F X
VS an 2K () 7 K,
where
t t
Gi= s | [t [ o) -o)am),
ti—1<s,t<t; |Js s

using Holder’s inequality with counting measure, we obtain

S W I] <,1,2n2 ( )UQ(Xti)y‘Q/Vti>§X

1

1
( S (B)er)
using Holder’s inequality with probability measure, we have

n

2 1 X —x 2
i< gt (5 % (M) v |)

= x)G?D;

1o Xy, —
(e[ (™
as,( D(T,x))x

< 2C
~ XD (T, x)
(Oa.s. (6D (T, x)) + Oa.s. (81og (1/6)
= Ou.s. ((6108(1/9))7)
the second inequality above uses the similar decomposition
and method to . Combining with Fy, F» and (17), it has

D(T,)))?

n

) 1
6% (z) = A2bD (T, z) 2

i=1

K (Xtib_ m) o2 (Xt¢71) ythi £> 0.
These complete the proof of the whole theorem 3.2.

Theorem 3.3. Assume that the conditions of Theorem 3.2
hold and

v3D (T, x)
19
then the asymptotic distribution of the volatility estimator
&2 (x) is of the form

= OP(l))

bD (T, z)
5

~2 2 d, 4 ! 2 ) de
(U () —0o (m))ﬁ\N(O,AQJ (:Jc)/lK ()d>7
where Ay = (Mg — A2) /A3,

Proof. 42 (z) — o2 (z) can be decomposed as

R n ) " Xy~ o
az(x)fvﬁ; 9¢+<bD (T,x); K( ; )E (] Si_1]—02 (z)) .

First, by the proof in Theorem 3.2, we have

&2 (z) — Vo = Op ((510g(1/5))%) .

Secondly,

bD (T, x)
) " X¢, —
~ 5D (T, ) ;K b ) (0% (Xt,_y) —0° (2))

=0p (b).
then
bD (T, x) ,.
5 (0% @) =0 (@)
_ bD(éT 2) < 6: +Op ((810g(1/9))% ) +Op (b)>
i=1
_ bD(;“,ac) Zéi+OP(1) (18)

Next, we consider the distribution of \/% -21 ;. The
sum of the conditional second moment can be calculated as

A2é DL o (X, —x\
~ oD (T,2) z_‘: ( b )J (Xt:1)
Asd o ([ Xt;, —x 4
- K i X
A25 2 Xt xr 4
K i X
e 2 < () )
= Hy + H»

For the term H., it tends as to zero obviously. For 1, then,
we have

Asd y
bD (T, x)

E KQ(Xt m) (Xti )_04(1:))_&_(04()(“‘71) 4(Xii)) 4(I)) 7
1€1o,n
(19)

Hy =

by the assumption Al, UBI property and Lemma 2.1, 2.2,
we obtain that H; converges to Azo* (z) [*, K2 (c)dc in prob-
ability. We verify Liapounov’s condition as follows

(Advance online publication: 23 February 2017)
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b3 D(Tx %z":

= %( 6(; )3 12035(3 X 7m>E [(CrE[Ci|3i71])3)§i71]
53 Xt, —x o 3| o
T v B G Gl R RE B

Obviously, Ls — 0. For L1, we have

—x A6 34 6
Llf )(Ag ¥ +2)0' (Xt;1)

; ZKS(Xt

(D (1, 1))21610

If the Liapounov’s condition is satisfied, then the Lindeberg’s
condition is also satisfied, hence, by the Corollary 3.1 in [28],
we obtain

further, we have

w (62 (z) — 02 (z)) 4N (O, Aso? () /jl K2 (c) dc) .

(20)

Remark 3.1. The equation w = op (1) in Theorem 3.3

guarantees that the term 1/ WO p (b) in (18) is asymptot-
ically negligible.

Remark 3.2. Given the different definition of the local time
of X, [2] proposed a similar asymptotic variance with (20).
Notice that the constant appearing in [2] is 2, in contrast, the
number in (20) is A, ~ 0.4, therefore, the precision of our
estimator is five times greater than that of the estimator in

[2].

IV. CONCLUSIONS

This paper proposes range-based threshold spot volatility
estimation for jump diffusion models. It is formed from
entire high frequency data and reduce the influence of
microstructure noise effectively. Comparing with the general
pure threshold estimator, our method improves the estimation
precision by 5 times.
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