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The Boundary Value Problems of Higher Order
Mixed Type of Delay Differential Equations

Meiyu Fang, Bo Du

Abstract—In this paper, by using a fixed-point theorem
in cones to study the boundary value problem for a class
of higher order mixed type of delay differential equations
with singularity. The sufficient condition of existence of their
solutions is derived. Some examples are included to illustrate
the results.

Index Terms—Boundary value problem, higher order mixed
type of delay differential equations, positive solution, fixed point.

I. INTRODUCTION

N this paper, we consider the existence of positive
solutions to the following higher order mixed-type of
delay differential equations

—u™(t) = Ap(t) fIt, 7), Jo k(t,s)u(s)ds],

0<t<17'>0

u(t) = ' (1) = - = w9 () = ur=(1) = 0,
—r<t<0, (1.1)
w2 (1) = (n — Dlau(n).

where )\ is a positive real parameter; n > 2 is an integer.

In equation (1.1), we assume that the following conditions

(Hl) — (H5) hold

(H)f€C(Jx Rx R, R),J=[0,1,0<a<1,
0<n<10<7<4i

(Hg)p(s) S C(Jl,R+), J1 = (0, 1).

fo s)ds,D ={(t,s) € J x J :

t > s} k(t, s) e C(D RT).
ko = min{k(s,t) : (s,t) € D},
k1 = max{k(s,t) : (s,t) € D}

(Hy)u € C[-7,1]NC™]0, 1];

(Hs) fo s(1 = s)p(s)ds < o0, 30[F, 157)
such that fl T Go(s, )p(s)ds > 0.

u(t) > 0,t € [, 1].

Boundary value problems(BVPS) for higher-order delay
differential equations arise naturally in various applications
to physical, biological, and chemical processes. Frequently,
these occur in the form of a multipoint boundary value
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problem for an n!’-order ordinary differential equations,
such as an n-degrees of freedom in which n states are
observed at n times[2,3]. In recent years, many researchers
have done a great deal of research works upon lower
order differential equations with delay, and some good
results were produced, see, for example [4-22]. But higher
order cases haven not been focused. BVPS of higher-order
differential equations have received a few of attention (see
[23,24,25,26]).

For n = 2,v = 0, in the case of ordinary differential
equations, BVPs analogous to (1.1) with singularity has been
widely studies by many authors, see,for example, [12,15-17].
For the case 7 = 0,v = 0, and a = 0, Graef and Yang [23]
obtain respectfully the existence of positive solutions to two-
point and multi-point BVPs (1.1) when u(™ = \p(t) f (u(t)).
In the case v = 0,a = 0, Shen and Dong [24]have applied a
fixed-point theorem to derive the sufficient conditions which
assure that the equation (—u(™ = A\p(t)f(t,u(t — 7)),0 <
t < 1) with the boundary conditions (u(0) = «/(0) = --- =
w3 = (=2 = 0, —7 <t < 0;u"?)(1) = 0) have the
positive solutions, and p(t) has some suitable singularity at
the ends of (0,1).

In the paper, we prove that the existence of positive
solutions of the more general BVPs for n-order (n > 2)
differential equations (1.1).

For the existence of positive solutions of the boundary
value problem of two or higher order differential equations,
we mainly adopt the scheme which transforms it into integral
equations. During the process of transformation, several
kinds of Green functions play important roles. Here Green
functions are defined as follows

1-1)s5,0<s<t<1,
Galtys) = { E(l —.)9),0 <t<s<l.

For n > 3, we define

t
Gn(t,s):/ Gr-1(v, s)dv.
0

Lemma 1.1. G, (¢, s) satisfies:

(i) Gn(t,s) < Ga(s,s), (t,s)€[0.1] x [0,1],
n>2n¢€N.
Let 0<0<1-0<1—71, Jy=1[0,1—0]
for ¢t € Jy,s € [0,1], one has
Ga(t,s) > min{t,1 — t}Ga(s,s) > 0Ga(s,s), (1.2)
Gn(t,s) > 0" 1Gy(s,s),t € Jg, n>2,n€N. (1.3)

Proof At first, we prove the conclusion (i) of Lemma
1.1 by induction.
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Clearly, Ga(t,s) < Ga(s, s).
Assuming that when n = k, Gi(t,s) < Ga(s, s).
Then n =k + 1, for (¢,s) €

[0.1] x [0,1]

Grt1 (tv S) -

< /Ggss

= Ga(s,s).

Therefore the conclusion (i) of Lemma 1.1 holds.

For the conclusion (ii) of Lemma 1.1, the relation formula
(1.2) is clear. We prove the relation formula (1.3) in the
following.

For t € Jy, by (1.2) we have G(t,s) > 0Ga(s, s).

Assuming when n = k, Gy (t,s) > 021Gy (s, s).

Then when n=k+1,t € Jy

Gk+1(t7 S) =
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Therefor (1.3) holds.

Let
E={ueC[-7,1]:u(t) >0, for telJ; ut)=
W(6) = = urD (1) = u=2(p) =,
for t € [-1,0); w2 (1) = (n — 1lau(n)}.

With the norm || - || given by [|u|| = sup{|u(t)] : —7 <
t < 1}, then (E, | -||) is a Banach space. It is obvious
that[| - | = || - [|j0,1) for u € E.

Define a cone K € F by

K={uecFE:u(t)>0,fort €l0,1]; %relbnu(t) > v||ul|},
6

07171(1_(17777,71)

where v = TTa—an™1

II. SOME PRELIMINARIES

For convenience of the reader, in the section, we also
present some definitions and some lemmas.

Definition 2.1. Let X be a real Banach space and K € X
be a closed, convex set. K is a cone if only if the following
conditions are satisfied

i MeKifAdA>0andue K.

(i) if u € K and —u € K,then u = 0.

Definition 2.2. u(t) is the positive solution of BVP(1.2)
if and only if it satisfies the following conditions:
(i) u C C[-7,1]NC™;u(t) > 0,t € (0,1).

(i) When t € [—7,0], u(t) = u' (t) = --- = " 3)(t) =
w2 (t) = 0, and u(1) = W*U M)m<n<n

(b)), vt € (0,1).

If u(t) is the solution of BVP (1.1), then w(¢) can be
represented as

(iii) ™ () = —Ap(s) f(t, u(t — 7),

0,—7<t<0.
u(t) = )‘fo n(t, $)p )f(s u, v)ds+
n—1
1a/\afn” T fo 1, 8)p(s) f(s,u,v)ds,0 <t < 1.
We define the operator ® : C[—7,1] — C[—T,1] by
0,—7 < t g 0.
Pu(t) =4 A, Gn V@uw@+

1”’\;;n 11 fo n,8)p(s) f(s,u,v)ds, 0 < t < 1.

Based on the above, we derive the following lemmas.

Lemma 2.1. The fixed-point of the map @ is the solution
of equation (1.1).
Proof It’s easy to get

du(t) = ®'u(t) = ---
0,—7<t<0,

= (P(n_?’)u(t) = @(n_2)u(t) =

®(=2y(1) = (n — 1)la®u(n).

We prove by reduction that ®(™u(t) = —\p(t) f(t,u,v)
also hold.

For n = 2, calculate easily ®"u(t) = —Ap(t) f (¢, u,v).
Assuming that when n = k, ®®u(t) = —\p(t)f(t,u,v).

Then n = k + 1, from

1
Du(t) = )\/ Gr41(t, s)p(s)f(s,u,v)ds
aXt”
+ 1—a77 / Grt1(n, s)p(s) f(s,u,v)ds

+ / Gr+1(n,5)p(s
1—ank ank

one has that

®'u(t) = )\fol Ci’fgt’ s)p(s)f(s,u,v)ds
+AEE fo Groaa (0, 9)p(s) (s, u, 0)ds,
= (@u(t)™® = —Ap(t) f(t,u,0).

Therefore the fixed point of @ is the solution of the equation
(1.1). The proof is complete.

(p(kJrl)u(t)
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Lemma 2.2. & : K — K is a completely continuous
operator.

Proof Clearly, we have ||Pu|| =
0,Vu(t) € K, and

AAZ%@»mwv

a\ 1
+ W/O Ga(s, s)p(s)f (s, u,v)ds,

[ @ulljo,1), Pu(t) >

[[@ul| < (s,u,v)ds

o n—1 1
- AL [ (s, s)ple) s, 0)ds.
for t € Jy, we have
1
Su(t) > /\/ G (t,s)p(s)f(s,u,v)ds
> N 1/ Ga(s,s)p(s)f(s,u,v)ds,
" (1 —ant)
= e ¢ > @ .
= o 2 ol

Then & : K — K. Because ® is a sequential compact set,
we can conclude that @ is a completely continuous operator
by Arzela-Ascoli Theorem.

Lemma 2.3 [1] . Let X be a Banach space, K a conic in
X, Q1,5 two open subsets in X, and 0 € Q; C Q; C Qo. If
d: KN (22\21) — K is a completely continuous operator
and satisfies

@) ||Pu]| < ||ull,uv € KNIy and ||Pu|| > ||ull,u €
K NoNy, or

@) ||Pul| < ||u|],u € K NOQs and ||Pul| > ||u]|,u €
K NoQy,
then 2 has a fixed point in K N (Q2\Q4).

Let «, 3, and ¢ be non-negative continuous concave
functional on K. Then for positive real numbers b, ¢, d and
m, we define the following convex sets:

P(B,m) = {x € K|B(z) <m},
P(B,a,b,m) = {z € K|b < (), B(z) < m},

P(B,p,a,b,d,m) {z € Kb < a@),p(z) <
d, (z) < m}, and a closed set
R(B,¢,c,;m) = {x € K|c < ¢(x), B(z) < mj}.

Lemma 2.4 [4]. Let K be a cone in a real Banach space X.
Let 8 and ¢ be non-negative continuous convex functionals
on K, o be a non-negative continuous concave functional
on K, and ¢ be a non-negative continuous functional on K
satisfying ¢(Au) < A¢(u) for 0 < A < 1, such that for some
positive numbers M and m,

afu) < ¢(u), |ul| < MB(u), for all uw € P(B,m).

Suppose ® : P(3,m) — P(f, m) is completely continuous
and there exist positive numbers b, ¢ and m with b > ¢ such
that

Si{u € P(B,p,a,b,d,m)|o(u)

( > b} # 0, and
a(Pu) > b for u € P(B,p,a,b,d,m).

(S2)a(®(u)) > b for P(B, a,b,m) with o(®(u)) > d.

(S5)0 ¢ R(B,¢,¢,m) and ¢(P(u)) < ¢ for u €
R(B,¢,b,m) with ¢(P(u)) = c.
then ® has at least three fixed points u; us, ug € P(83,m),
such that

B(u;) <m, fori=1,2,3;

b < afuy);

¢ < ¢(uz), with aug) < b;

o(us) < c.

III. THE CASE OF NO LESS THAN ONE SOLUTION

Let
f(t u,v)
My = lltlgg) mftenu?l] T
. f(t7 u? U)
M., = lim inf FAULIL)N
wtroo " elor) VaZ £ 0
f(t,u,0)
M° = lim sup max L.
u=0 pte[ > 1] Vu? + v?
St uv)
M = lim sup ma .
wtroo” P Se i 02
1-0
Ly =Mo"t Ga(s,s)p(s)(1 + kos)ds.
0+1
1
Ly = —|—a / Ga(s,8)p(s)(1 + kys)ds.

In the following, we discuss the existence of at least the
positive solutions for all kinds of values and compositions of
My, Mo, M and M®°. In the theorem 3.1 and theorem 3.2,
we take £ > 0, such that satisfy (My—¢) > 0, (Mo —¢) > 0.

Theorem 3.1 If the conditions(H;) — (Hs)and the follow-
ing conditions

0 < My < 400, (3.1)
0< M%< 400, (3.2)

1 1
L 3.3
Li(My —€) = 7 La(MO +¢) (3:3)

hold, then the equation (1.2) has at least one solution.

Proof By (3.2),(3.3), for a given € > 0,3r; > 0, when
0 < Vu2+0v2 <r, f(t,u,v) < (M°+e)vVu? + v2. Let

IV u? + 03| <}y

O ={te[-
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for u,v € K N 04, we have
[|Du|| < / Gn(s,8)f(s,u(s —7),v)ds

W/ Gn(s,8)f(s,u(s —7),v)ds,
AMl4+a—an™t)

B 1 —ann-t 8

/Gss

MM +e)(1+a—ant)
1 —ann-t

A%h@$M@

MM +e)(1+a—an 1)
1—ann—1
A(b@$ﬂ®h@fﬂ+ﬂ@,

AMO +e)(l1+a—an" )
1—ann1

(Svu(s - T)a 'U)ds,

IN

X

u?(s — 1) + v2ds,

X

IN

X

IN

{ ; Ga(s,s)p(s)u(s — 7)ds

1 s
+/O Ga(s, s)p(s)/o Ek(t, s)u(t)dtds],
MM +e)(1+a—ant)

1— Cl'f]n_l
{/I_TG (s+7,8+7)p(s+ 7)u(s)ds

+k:1/ Ga(s,8)p / (t)dtds],

Mo—i—s)(l—i—a—an" b
1—ann—1

IA

X

IN

X
1—71
{ Ga(s+ 71,8+ 7)p(s+ 7)ds

+k1/ Ga(s, s)p 5ds]||u|

AMO +e)(1+a—an 1)
1—0/17” 1 X

e

= M0+6)L2IIUH < ]

IN

)(1+ kls)ds} |||

For the same above ¢ > 0, from (3.1) and (3.3), ARy > r,

when Vu2 +v2 > Ry, f(t,u,v) > (My — )Vu2 + 02

Since v < 1*77, then v+ 7 <1 —. Let
IV u? + 03| < Ry}

={te[-

for u,v € K N0y, we get

1
ull = xsup [ Gt p(s)f(s.u.0)ds,
teg Jo
> MMy —e)sup/ P(s)vVu? + v2ds,
teg Jo
1
> )\(Moofs)sup/ Gn(t,s)P(s)u+Uds,
tes Jo 2

—E)

= —=qup s)u(s — 7)ds

r 1
/ Go(t, )P
2 teg LJo

/Gnts s /OSK(t,s)u(t)dtds}

1—7
> = qup | [ Gutts s+
2 teJ —T
1 s
u(s)ds—l—ko/ Gn(ts)p(s/ ko)u(t)dtds},
0 0
A Moo _ 1-6
> (5%m{/' Gultys +7)p(s + )7
2 ted LJo
1-6
lulds + ko | Gmmmmwwwﬂ,
9
M _ 1—0+1
> =D | [ Gttt lulas
2 teJ 0+1
1-6
+kol|ul| Gn(t, s)p(s)sds} ,
0
_ n—1
S (My —e)M\y0 y
- 2
1-6
[ et a+ rmsas|
O+71
=AM — )Ly 2 [full.
Therefore, by Lemma 2.3, ® has a fixed point

u € K N (Q2\Q1), and u(t) is a positive solution of
equation (1.2), completing the proof of Theorem 3.1

Theorem 3.2 If the conditions (H;) — (Hs) and the
following conditions

0< My < 400, (34)
0 < M < +o0, (3.5)

1 1
A< 3.6
Ll(Mo—E) - LQ(MOO+E) ( )

hold, then the equation (1.2) has at least one solution.

Proof By (3.4) and (3.6), for a given ¢ > 0,3ry > 0,
when Vu? +v2 < rq, f(t,u,v) > (Mo — e)Vu? + v2. Let

Q= {te[-71]:|[Vu*+02|| <ra},

for u,v € K N 01, we have

1
lull = Asup [ Gult)p(s)f (s 0)ds,
ted Jo
> )\(Mo—s)sup s)vVu? 4 v2ds,
teJ
> My —¢) sup/G t,s)p U—H}d
teJ
Mo —
= AMMo =€) sup[/G (t,s)p(s)u(s — 7)ds
teJ
+/G( /Kts()dtds
0
o 1—7
> )\(M)g)sup[ Gn(t,s+71)p(s+ 1)
2 teJ —T

(Advance online publication: 24 May 2017)
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For the same above ¢ > 0, from (3.5) and (3.6), dRy >

v

Y

Y

kl/ Ga(s, 8)p sds} [|ull,

AM®>® +¢e)(1+a—an™ )

1 s
u(s)ds + ko/ Gn(t, s)p(s/ ko)u(t)dtds}, +
0 0
B 1-0
MMo —¢) sup [ Gn(t,s+71)p(s+ 1) <
2 ted L Jo
1-0
~||ul|ds + ko Gn(t, s)p(s)sv|u||dtds] ,
0
(Mo =€) { /”*T -
———————3su Gn(t,s)p(s)||ullds
2 te? 0+7 n(t; 8)p(s)llul Therefore,

1-6
+ko||ull Gn(t, s)p(s)sds} ,
0

(M — €)Ay0m—1

(84p =Pt
1—6

[ G (s, 8)p(s) (1 + kos>ds} all,

0+7
A(Mo — &)Ly = [[ul].

Proof Since M,
M > 0 such that f(¢t,u,v) > M = aRz(a > 0) for any

X

1—ann—1

[ oieo

)(1+ kls)ds} [|ul]

MM + &) Lolful] < [[ul]..

7by Lemma 2.3, & has
u € K N (2\Q1), and u(t) is a positive solution of
equation (1.2), completing the proof of Theorem 3.2.

X Theorem 3.3 If the conditions(H;) —
My, = 00, M® = 0. Then there exists two positive numbers
A1, A2, when Ay < A < Ay, BVP (1.2) has at least a
positive solution.

T2, when Vu? +v? > Ry, f(t,u,v) > (M™ +e)Vu? +v2. /42 142 > Ry t € J. Let
1 -1
A= {a@”l/ Gz(s,s)p(s)ds] .
0
|[Vu? 4+ 02| > Rs},

Let

for u,v € K N0y, we get

|| @ull

<

IN

IN

IN

IN

IA

={te[- IV u? + 03| < Ra},

/G (s,9)f(s,u(s —71),v)ds

O ={te]-

for u,v € K N 9Ny, A > A1, we have

a fixed point

(Hs) satisfy and

= 00, we can choose a positive constant

1
du|l| > Asu / G(t,s)f(s,u,v)ds
W/ Gn(s,s)f(s,u(s —7),v)ds, 1Pul] = teI:I) o (¢, s)f( )
1
A1+a—an"?) v > AM sup/ Gn(t, s)p(s)ds
1—ann1! teJ Jo
1
/ Gn(s,8)p(s)f(s,u(s — 7),v)ds}, > AM SUP/ Gh(t, s)p(s)ds
tedg JO
00 _ —1 1
AM> +e)l+a—an") X > )\MG”A/ Ga(s, s)p(s)ds,
1—ann1
A
/ Ga(s, s)p(s)\/u?(s — 1) + v3ds, > AaRs0"” 1/ Ga(s, s)p(s)ds = N — R3,
AM> +&)(1+a—an™ 1) y > Va? + 02| > |ul.
1— n—1
o Because M = 0, we choose a value small enough for ¢ > 0,
/ Ga(s, 8)p(s)[u(s — 7) + v]ds, so that .
"le(l+a—an™ ! 1
A +E)(1+a_ann Y Ay = {”’ ta—en® ) ) Gg(s,s)(lJrkls)p(s)ds}
1—ann1 > A, and 30 < r3 < Rs, such thatf(t,u,v) < ev/u2 + v2
1 for any vu? + v? <rj3. Let
[/ Ga(s, 8)p(s)u(s — 7)ds
= {t € (7] IV + oRl] < rs),

/ Galsts) | Sk(t&)u(t)dtds],

MM +¢e)(1+a—an™t)

o x Ioul| <
1—7
{/ Gao(s+ 7,5+ 7)p(s + T)u(s)ds +
0
1 s
k1 / Ga(s, s)p(s)/ u(t)dtds], <
0 0
[e’¢) _ n—1
AM>®+e)1+a—an™t) " <

1—ann—1
1—7
[/ Gao(s+ 1,5+ 7)p(s + T)ds =
0

for u,v € K N OS2, we have

A / G5, )p(s) f

(s,u,v)ds

Aa !
m/o Gn(s, s)p(s) f(s,u,v

Ae(l4+a—an"1) / Gn(s,s)p(s)

1—ann—1

Ae(1 _ n— 1
e(l+a anl /G 5. 8)p
1—ann—

Ae (1+a

1—

(Advance online publication: 24 May 2017)
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+/G s, 8)p /Kts dtds}

_ n— 1
< e(l+a—an y
- 1—ann—1
1—7
[/ Gn(s+ 1,8+ 7)p(s+ 17)u(s)ds
+k1/ Gn(s,s)p / (t)dtds],
n—1 _ n—1
< A" le(l4+a—an™ ) y
- 1—ann—1

i Ga(s,s)(1+ kys)p(s)ds||ul|

u ul|.
I )\2 I
Therefore, by Lemma 23, ® has at least one fixed point

u € KN(£22\Q1), and u(t) has at least one positive solution
of equation (1.2), completing the proof of Theorem 3.3.

Remark 3.1 If My = oo, M*> = 0, similarly we can
verify that BVP (1.2) has at least one positive solution.

IV. THE CASE OF NO LESS THAN THREE SOLUTIONS

In this section, by Lemma (2.4), we prove that BVP (1.1)
has at least three solutions when f(¢,u,v) satisfies some
certain conditions. First, we define four the non-negative
continuous concave functions in K «, 3, ¢ and ¢

o(u) = min fu(t)], fu) = max fu(t)],
plu) = ¢(u) = max_|u(t)]- (4.1)
Set T

(1) wi(t), wa(t) are two non-negative characteristic func-
tions and wy (t) € C[0,1],ws(t) € C[0+ 7,1 —4].
n—1
(2) Ly = St [ [ Ga(s, s)p(s)wn (s)(1 + krs)ds].
(3) N1 = .
1

ALz(m+c)’
Ny = =
2 A0 =1\/Eq f'ler: VG2 (s,s)p(s)wa(s)ds

As we know, some researchers [27,28] had discussed
BVPs with at least three solutions. In these papers, the
relative conclusions were based on the assumption that
f(t,u(t)) be more than or less than a given constant.
In fact, it’s very difficult to find such functions. In our
paper, f(t,u,v) is assumed to be a function which
satisfies the conditions f(t,u,v) < Nwi(u + v)
or  f(t,u,v) > Nows+/uv.  Meanwhile, we
introduce two characteristic wi,w2. The conditions
ft,u,v) < Nywy(u+v) or f(t,u,v) > Nawsy/uv can be
easily satisfied for some equations when we choose suitable
characteristic functions. The conclusion is described in
Theorem 4.1. In section 5, we give example 2 to illustrate
our conclusion.

Theorem 4.1 If the conditions (H;) — (Hs) hold and
there exist positive numbers b,c,m with m > b > ¢ > 0
such that the following conditions are satisfied

(i)f(ta U,U) < lel(t)(u + U), (tvu) €
where N;

[0,1] % [0, m],

c
< ALs(m+c)?

(ii)f(zt,u,v) > Nows(t)y/uv, (t,u) € [0 + 71,1 — 0] x
[b (0+1) b]
b) py 9
where N, > )\Wlff ) G(s,s)y/sds] !

Then BVP(1.2) has at least three solutions wq ug2,us €
P(3,m), such that

Bu;) <m, fori=1,2,3,;

b < afur);

¢ < ¢(uz), with a(uz) < b;

o(us) < c.

Proof By Lemma 2.1, we can derive that & : K — K
is completely continuous. It is easy to verify that
d(Au) = Ap(u) for 0 < A < 1 and a(u) < o(u).
According to the definition of norm and (4.1), if taking
M > 1, then we have that ||u|| = S(u) and ||u|| < MB(u)
for all w € P(B,m). Therefore if u € P(8,m), then
B(u) = ||u|| < m, in addition

t— = t)| = t)| <
g e =l = e Ol = e O <
max lu(t)] < m.
t€[0,1]

From the conditions () of theorem 4.1, we have

1
Bld) = tgl[gﬁﬂ( WO < [ Gus,9p(5) (5. 0)ds
o 1/ Gn(s,8)p(s)f(s,u,v)ds,
< )\Nl( +a—an" 1)
- 1—anpn—1
1
/ Gr(s,8)p(s)wi(s)(u+ v)ds,
0
AN1(1+a—an™!
- Milirear,
[/ G (s, s)p(s)wi(s)u(s — T)ds
/G 3, 8)p(s)wi (s /Kts dtds]
S )\Nl 1i_zn;a1nn 1 X
1 s
/ Gz(s,s)p(s)wl(s)(m—i—k‘lm/ dt)ds
0 0
_ ANi(I+a—an)m
N 1—an
1
/ (L4 k15)Ga(s, s)p(s)wi(s)ds
0
me
= ANimLy < (m+c) <m.
So @ : P(B,m) — P(5,m).

If one choosing

uo(t) = —2(t - %9)2 + W% 4 e o,1],

+6)2b

we have that ¢(ug) and a(ug) =

i t)| = 429 > b, th
clin |uo(t)] = uo(0) = en
o € P(B, p,,b, 10 )

(Advance online publication: 24 May 2017)
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Therefore {u € P(3, ¢, m)|a(u) > b} # 0.

On the other hand, if u € P(8, ¢, a,b, X2 ), then

: . ) :
et lu(t — )] e u(t)|

(146)%b
b —

9
min
telf,1-0]

min
te[0+7,1-0]

u(t)] >

From the conditions (i) of theorem 4.1 and Lemma 1.1,
we have

a(Pu) =

lu(t)] = b.

w) ()] = ~l[(@w)(®)]],

min |(®
te(0,1—0]

)\vsup/G t,s)f(s,u,v)ds

tedy

Ay Ny sup/ Gn(t, s)p(s)wa(s)yuvds,

teJg JO

vV

Y%

= Aszfgg/o Gn(t, s))p(s)wa(s)

\/u(t -7) /0 k(t, s)u(t)dtds,
AyNy sup

1-6
s)p(s)wa(s)
teJo JO+1

G (t,
\/u(t -7) /OS k(t, s)u(t)dtds,

1-6
[)\Hn_l’}/NQV ko GQ(S,S)
0+7
p(s)ws

(s)v/sds]b > b.

So the condition (S7) of Lemma 2.4 is satisfied.

Y

Y

For all u € P(B,«,b,m) with
one has

b(1+6)>
(Pu) > ===

, then

a(Pu) > yp(Pu) > v

b(146)?
— > b.

So the condition (S3) of Lemma 2.4 is also satisfied.

Finally, we verify the condition (S3) of Lemma 2.4 holds.
Obviously, 0 ¢ R(8,¢,c,m). As if 0 € R(3, ¢, c,m), then
it is conflicts wit ¢(0) = 0 < ¢. For all © € R(8, ¢,c,m)
with ¢(u) = ¢, then

max_|u(t)] < m,

te[0,1]
t—7)| = < t)| =c.
g T g O = e Ol =

From the conditions (¢) of theorem 4.1, we have

G@w) = mar |[(@u)(H)] < maz (@),

te[0—r,1]

1
AAc%@$M$ﬂ&mmm

IN

a 1
+W/o Gn(s, s)p(s)f (s, u, v)ds,

AN;(1+a—an™ 1)
1—ann—1

/Gss

)(u +v)ds,

_ )\N1(1+a—a77"_ )[/0 Gn(s,s)p(s)u(s—T)ds

1—anpn—1
—|—/0 Gn(s,s)p(s)/ K(t, s)u(t)dtds],

_ AN (14+a—an™1) [/G 5, 8)p
1—anpn—1

Ju(s — 7)ds

—|—/0 Gn(s,s)p(s)u(s — 7)ds

0—r1 s
+/0 Gn(s, s)p(s)/ K(t, s)u(t)dtds

1

[ Guss)p /Kts ()dtds}

0—T1
1
[/Gss

AN (1 +
1

—|—c/ G (s, s)p(s)ds
0

1—annt
0—T1
+mky / G (s, s)p(s)sds
0

1

a—an™~

IN

+k1c Gn(s, s)p(s)sds} ,
0—1

ANi(m +c)(14+a—an™ 1)
1—ann!

/Ggss

= ANi(m+c¢)Ly <ec.

IN

]. —+ kls)d

Therefore, by Lemma 2.4, ® has at least three fixed
points uy ug,us € P(, m), then u; us, ug are three positive
solution of equation (1.2), and u; u2, ug satisfy that

Bu;) <m, fori=1,2,3,;

b < a(uy);

¢ < ¢(uz), with aug) < b;

V. EXAMPLE

Consider the equation

5) () 1000 7 =)+ @) 4ul—g)+v(t)]
—u® (1) = £+ 24 u(t— ) +o(t) )

0<t<1,u():07—7§t§0, (5.1)
u(1) = 413u(d).
) [u? (t— )+ (O] [1+u(t—F)+o(t)]
Where f(t,u,v) =Vt?2+1 g 2+u(t_%)+v(t)6 ;

fO (t + s+ Du(s)ds, k(s,t) =t + s + 1, then
k1 = 3;p(t) = 1, = 0 is its singularity. Here we have
My = o0, MO = 0.If we choose M = 100,60 = %,)\ =
1000,n = %,a = %,a = %. Then when vu2 +v2 > 11,

flt,u,v) > M. We can calculate that \; = 2222;8 If we
choose ¢ = 0.01, Calculations show that \, = 12672600
From Theorem 3.3, we have that if % =X <A<

__ 12679600
A2 - 4T
solution.

, the problem (5.1) has at least one positive

Example 2 Consider the boundary value problem

—u () = B JuR(t = 1)+ 02(t) + u(t — Ho()
€ (0,1),u(t)=0, —7<t<0, (5.2)
u(1) = 315u(3).
where A = 1;7 = Lik(t,s) = 2ts + Lu(t) =
[kt s)yu(s)ds, (t,s) € [0,1] x [0,1); f(t,u,0) =

(Advance online publication: 24 May 2017)
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1024min(1—t)

Vet =3+ o) +ut = He@ip) =

271
.t = 1 is its singularity; u(t) satisfies the definition
of (4.1). If setting m = 2,¢ = 1,0 = i, such that

) < m, = t)| > ¢, we can easil
fax [u(t)] < m. ¢(u) = max [|u(t)] > c w ily

derive that

11 6
Ly = —,N; = —, Ny = 60857.88.
2 R TR

Obviously, we have that
1
ftu,v) < E(u—i—v) < Ni(u+w),t €[0,1],
10%v/3uv
3

13
f(t,u,v) > > NZVuU,t € [5’1]

From Theorem 4.1, the problem (5.2) has at least three
positive solutions.
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