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Operational Matrix Method for the Variable
Order Time Fractional Diffusion Equation
Using Legendre Polynomials Approximation

Nanyu Chen, Jun Huang*, Yacong Wu, Qian Xiao

Abstract—In this paper, a numerical method based on
Legendre polynomials is proposed for solving the variable
order time fractional diffusion equation. We adopt the
Coimbra variable order time fractional operator, which can be
viewed as a Caputo-type definition. Operational matrix of
differentiation is also introduced. Combining this matrix with
the properties of Legendre polynomials, we transform the
initial problem into a Sylvester equation. Numerical example is
provided to demonstrate the validity and applicability of the
technique. Moreover, comparing the methodology with the
known method shows that our approach is more efficient and
more convenient.
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l. INTRODUCTION

n science and engineering, many dynamical systems can

be described by fractional-order equation [1-3]. These
dynamical systems generally originates in the fields of
electrode-electrolyte  [4], dielectric polarization [5],
electromagnetic waves [6] and viscoelastic systems [7] etc.
Various materials and processes have been found to be
described using fractional calculus. Anomalous diffusion
has been discussed in various physical fields [8-10]. The
features of anomalous diffusion include history dependence,
long-range, correlation and heavy tail characteristics. These
features can be accommodated well by using fractional
calculus. In order to deal with the diffusion processes in
which the diffusion behaviors depend on time evolution,
space variation, the variable-order diffusion models were
proposed. The concept of variable order operator was first
introduced by Samko[11-12] in 1993 and received much
attention in the fields of viscoelasticity, viscoelastic
deformation, viscous fluid. Nowadays, it has been employed
as a powerful tool in complex anomalous diffusion
modeling.

Up until now, to the best of the authors knowledge, the
main approach for solving the variable order time fractional
diffusion equation is finite difference method. Lin et al. [13]
applied an explicit finite difference method to investigate
stability and convergence of approximation for the variable
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order nonlinear fractional diffusion equation. Zhuang et al.
[14] proposed explicit and implicit Euler method for the
variable order fractional advection-diffusion equation. Chen
et al. [15] used two numerical methods to solve the variable
order anomalous sub-diffusion equation.

Legendre polynomials play a prominent role in various
areas of mathematics. These polynomials have frequently
used in both the solution of differential equations and
approximation theory [16-17]. Abbasbandy et.al. [18]
presented the operational matrix method based on fractional
order Legendre polynomials for the time fractional
convection diffusion equations. Islam and Hossain [19] used
the Bernstein and Legendre polynomials to solve the eighth
order boundary value problem.

In this study, we consider the following variable order
time fractional diffusion equation:

d%u(x,t
DI Vu(x,t) = —a>(<2 )+ fx.b)

@)
(x,t) e Q =[0,1]x[0,1]
with initial and boundary conditions
u(x,0)=g(x), 0<x<1 2
u(0,t)=u@@,t)=0, 0<t<1 3)

where 0<q(xt)<l, f(xt) and g(x) are the known

functions. DA™ denotes the variable order time fractional
derivative defined by Coimbra [20]:

D utx ) = F(l—;(x 0) J -

L (U(x,07) —u(x, 07 )t ™"
I1-q(x1))
For the sake of simplicity, assuming u(x,0")=u(x,07),
then the Coimbra definition can be viewed as the following
Caputo-type definition:

1 te \qx) OU(X0)
l“(l—q(x,t))-[o(t o) e 4o O

U)iq(x’t) aU(X, G) do
oo
4)

DI®Vy(x,t) =

Il. LEGENDRE POLYNOMIALS AND THEIR SOME
PROPERTIES

The Legendre basis polynomials of degree n in
[0,1] are defined by [16]

X) = (2i +%)(2x—l)
(i+1)
where P,(x) =1 P,(x)=2x-1. The Legendre polynomials

Pl Pi(X)—iiTlPi_l(x), i=12,... (6)

of degree i can be also given by
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k)t x¥ oM ux,t| -
P (x i+k (' + (7 |=———"22<M, then we have
()= z< Sl PV
Let
. ®  |Put) U (x, t)|| M(r'(n-05))
X) =[Py (x),P(X), Py (x) ] G ox? T(n—05)
The Legendre polynomials given by Eq.(6) can be expressed - 2
in the matrix form where [lu(x.t)[ =(I 1.|‘ 1uz(x,t)dxdt) and
9) o
®(x)= A4, (x) 2i+1)( 2 «
j+1 10 u(x t)
where uij—( > j( jj [, R (x)P; (t)dxt .
1 0 0 Proof. The property of the {Pi(x)}on [-1,1] implies that
-1 (-1)%2! 0 2 o
1 —, =]
(1) (-1)° _! 0 |7, ROOP; () =1 20 +1 o
A= (10) 0, i ]
: : g then
n+1)! 2n » « p a 2
(D" (-1)”“% SNE )2"( ) le®ux ) o°u (x o B o A M G0l o
L ' - | o e - ox“
Obviously )
Al
A, (x)=A"D(x) (11) :Ill.fl { 3 z u; P ()P, (t)} dxdt
A function u(x,t) e L*([0,1]x[0,1]) can be expressed in i=n+l j=n+l
terms of the Legendre basis. In practice, only the first il e - 2p2 2
(n+12) x (n+1) term of Legendre polynomials are considered. _-[ 1-[ 1|§11§1U”P' ()Py (axdt
Hence w  ®
2
= us P (x)dx P (t)dt
U = 3 6P 0P () = @7 (ICa() (12) .:nzﬂ,;ﬂ ! I,
i=0 j=0
0 o0 2
ces = U::
Coo  Co1 Con I:nz+lj§rl ” 2|+1 2j+1
where ¢ =|%0 Gt 7 Gn c; are called Legendre
o The Legendre polynomials coefficients of function
Cho Cru - Cpn aau(x t)
coefficients. ———" are expressed as

ox“

Theorem 1. Forany x;,t; €[0,1], suppose that the function U = (2|2+1j(2] +1j_[ .[1 MP(X)P (axt

* t . . .
alg‘—(mx')obtamed by using Legendre polynomials are the ~ Therefore, we get
X
approximation of a;_(;(t) a=4q(x.t;), and u(x,t) has
X

bounded mixed fractional partial derivative

a a+l
< 2y T dt—z“lj e GIOEL R IO

(R () =R (0]P; ()

a+l
- 2J+1I J-la u(xt)[ P10~ B OOIP, ()t

X a+l

__2isp amlu(xt)[ P2 (0-R() R~ z(x)}p(t)l i
4 -1 pyatl 2i+3 2i— ! .
2] +1¢1 1 0% u(xt)[ P,(X)-P () R)-P,(¥
r J X+ { 2i+3 21 }Pi(t)d)(dt
2]+l 13" Pu(x,)[ B () -R(¥) R(X)-R,(x)
J j X2 { 2i+3 2i 1 }Pi(t)d)(dt
Now, let then, we obtain

7,(X) =i -)P,, () -22i + DR (x) + (2i +3)P_,(x)
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2j+1 1 0% u(
—1)(2i+3)I I axM

U = e T (x) P; (t)dxdt

By solving this equation, we get
1
“D2i+3)(2]-D(2j+3)
a4+a+ﬁu X, t
,[ .[ 1 aX2+0!at2+ﬂ
So we have

u.:. =
o4i

1' (X)z; (t)dxdt

4(2i —1)(2| +3)(2] —1)(2] +3)

|f (x)||; (©)]dxat

2+aat2+[;’

A

M
S @ -D@+32]-102j+3)
ﬁl|ri ()] dx fl|rj (0t

Moreover, it is obtained that

1 2i+3
[ e @t <24 Nt

thus, we have
|u” | p 24M (2i+3) (2j+3)
YT 42i-DQ2i+3)(2)-D(2j+3) V2i -3 2] -3

- 6M
- (2| _ 3)3/2 (2J _3)3/2
Namely
72
| ) |2 < 36M
ij

S (2i-3°(2j-3)°
Therefore, we have

lo®u(xt) @ (x,t)" 2
|| ox* 82(”‘ || ,Zn;ljzn‘il i 2|+12]+1

Z Z 144M?

i=n+l j= n+l(2|_3) (2J 3) (2|+1)(21+1)
2
[M(r(h-05))
| 8 r(n-0.5)
thus

||8“u(x,t)_6“un(x,t)|| <M r'(n-05)Y
- 8\ I(n-05))

| o |
E
I1l. THE OPERATIONAL MATRIX OF THE DERIVATIVE

This completes the proof.

3.1 The Legendre polynomials operational matrix of integer
order differentiation Figures

The differentiation of vector ®(x) in EQ.(9) can be
expressed as

D' (x) = DD(x) (13)
where D is the (n+1)x(n+1) operational matrix of

derivatives for Legendre polynomials.
From Eq.(9), we have

@'(x) = A-[0,1,2%,---,nx"']" (14)

Define the (n+1)xnmatrix V and vector A’ as
00 -0
1 0 --- 0

V=[0 2 - 0, A =[Lxx2,...x"T (15)
0 0 --- n

Eq.(14) may then be restated as

@'(x) = AVA, (16)

Because XX _Atkﬂ]cb(x) where Atkﬂ] is the k+1th row

of Alfor k=0,1...,n, sowe have

A, =B'®(x) 17)
where B™ =[Ag, Az Agp--- Al -
Therefore

@'(x) = AVB ®(x) (18)
and we have the operational matrix of the derivative as
D= AVB’ (19)

If we approximate g(x)=g'®(x), then for N>2(Nis
the order of derivatives), we obtain

g (x) = g’ @™ (x) = g'D"D(x) (20)

3.2 The Legendre polynomials operational matrix of
fractional order differentiation

Now, we derive Legendre polynomials operational matrix
of fractional order differentiation.
Let

DIV (@(t)) = DYV eb(t) (21)
where matrix DI*Y is called Legendre polynomials

operational matrix of fractional order differentiation.

For this purpose, we use EQ.(9) and the definition of
Caputo-type Eq.(5), as following
DY (@(t)) = DIV (AA, (1))

= ADIOY (A, (1))
= A¥(x,1)

where W(x,t) =[y, (X, 1), 1 (X, 1), (X, 1),...

(22)

v (01,

1 |
(Xt =————[ (t-0) " ™ic"Ndo.
vi(%1) m_q(x,t»jo( o) “*Vicdo
When i>1,let o =st, then
t' a(x,t) )
' X,t —q(x,t) |—1d
Vi) = S i t))j( £) Vg

D@ +tae
CT(i+1-q(xt)
is the beta function which is defined as follows
B(m,n) = j;rm—l(l—r)"-ld 7, Re(m)>0, Re(n) >0
when =0, w,(x,t)=0, W(x,t) can be expressed as
¥(x,t) =TI(x, t)A, (t)

where

where B

(23)
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0 0 0 0
1-q(x.t)
rEe 0
[(2-qa(x,t))
2-q(x,t)
I(t)=|0 M 0
r@E-a(xt)
n—q(x,t)
0 0 0 C(n+pt"d
L C(n+1-q(x,t)) |
Eq.(22) will be

DICD ((t)) = ALI(X,t)A, (t) = ALI(x, t) A AA, (1)

= ATI(x,t) A"d(t)
From Eq.(21) and Eq.(24), the Legendre polynomials
operational matrix of fractional order differentiation

DY s given by
DIV — ATI(x,t)AL

(24)

(25)

IV. 4. LEGENDRE MATRICES FOR THE NUMERICAL
SOLUTION OF THE VARIABLE ORDER TIME
FRACTIONAL DIFFUSION EQUATION.

Consider Eq.(1), Eq.(2) and Eq.(3), by previous section,
the function u(X,t) can be approximated as Eq.(12). Then
we get
DIy (x, t) = DI*Y (cpT (X)Cd)(t)) = @' (x)CDI) (B(1))

=@" (x)CDI*V(t)
(26)
62U(X,t) 82 (q)T (X)C(I)(t)) d ZCI)(X) T
= > = > Co(t)
OX OX dx
2 T
= (D CD(x)) Ca(t) 27)
=" (9(D?) co)
Similarly, the function f (X,t) can be given by
f(x,t) = ®" (X)Fd(t) (28)
foo f01 fOn
flO f11 fln PR
where F = : . : Substituting Eq.(26),
an 1:nl o fnn

Eq.(27) and Eq.(28) into Eq.(1), we obtain
" ()CDY V() =07 (x)(D?)' CO(t) + DT ()F D)

(29)
Dispersing Eq.(29) by the points (x;,t;), i=0,12,--,n

and j=0,1,2,---,n, we have
(0?) ¢ -cpwe0 = —F (30)
Eq.(30) is a Sylvester equation. Solving it, we can get the
matrix of C.

From the Eq.(2), we have @' (x)C®(0) = g(x) , then we
may calculate ¢;, i=0,12...,n.

According to the condition Eq.(3), we can take ¢;; =0,
j=012...,n.

V. NUMERICAL EXAMPLE

Example 1: Consider the following variable order time
fractional diffusion equation [21]

2
DI*Yu(x,t) = Fuien u()z(’t) +f(x1)

oX
u(x,0)=10x*(1-x) 0<x<1 (31)
u(0,t)=u(,t)=0 O<t<1

where q(x,t):2++n()(t)(satisfies 0<qg(x,t)<1)and

tZ—q(x,t)
+ p—
F@-q(x,t) T'(2-q(xt)) (32)
20(t +1)* (1-3x)

The exact solution is
u(x,t) =10x2 (1— x)(t +1)? (33)
We applied the Legendre polynomials method to solve
this problem for various values of N . The absolute errors of
the numerical solutions and the exact solution for n=3,
n=4, n=4are shown in Table I. The numerical solutions

for n=3 and the exact solution are shown in Fig. 1 and
Fig. 2.

tl—q(x,t)
f(x,t) = 20x*(1—x)

Table 1.
THE ABSOLUTE ERRORS FOR DIFFERENT N

Present method

(x.)

Method in [21]

n=3 n=4 n=5

(0,2) 0 0 0 0

(0.1,1) 1.0954e-013  7.4496e-012  2.0938e-011  2.9962e-005
(0.2,1) 2.9088e-013  4.5400e-011  5.8094e-010  5.9723e-005
(03,1) 3.3595e-013  1.2077e-010  3.0756e-009  8.8035e-005
(0.4,1) 4.7518e-014  2.2054e-010  1.1654e-008  1.1251e-004
(05,1) 7.7360e-013  3.0961e-010  3.8213e-008  1.2981e-004
(0.6, 1) 2.3288e-012  3.2339e-010  1.1230e-007  1.3595e-004
(0.7,1) 4.8051e-012  15515e-010 2.9866e-007  1.2705e-004
(0.8,1) 8.3951e-012  3.6181e-010 7.2617e-007  1.0048e-004
(0.9,1) 1.3241e-011  1.4777e-009  1.6334e-006  5.6431e-005

Fig.1. The numerical solutions forn =3 .

In Table I, we list the results obtained by the Legendre
polynomials method proposed in this paper together with the
finite difference method [21] results. The displayed results
show that our method is more convenient and more accurate
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than the finite difference method. From Fig. 1 and Fig. 2, we
can see clearly that the numerical solutions are very good
agreement with the exact solution.

Fig.2. The exact solution.
Example 2: Consider the following

2
Dt(l’x)mu(x,t) _ U g)(()z(’t) +f(xt)

u(x,O):Sx(x2 —1) (34)
u(0,t)=0,

(X,t) eQ= [O,l]x[O,l]

where

3(5+t2 +t3)(—1+ X) x 3 (40+53x)

(8+x)(5+x)(2+x)l“(g'+;xj
The exact solution of the above equation s
u(x,t)= x(x2 —1)(5+t2 +t3) .The absolute errors between

—6x(5+t2 +t3)

f(xt)=

the exact solution and the numerical solution are displayed
as follows:

0.0 +
Fig. 3. The absolute error for Example 2of Nn=3.

From Fig. 3, we can find that the absolute errors are very
tiny and only a small number of Legendre polynomials are
needed whenn>3.

V1. CONCLUSION

In this paper, we have proposed a numerical approach for
solving the variable order time fractional diffusion equation
by using Legendre operational matrix. The operational

matrix of differentiation Dand D" have been used for
transforming the variable order time fractional diffusion
equation into a Sylvester equation that can be solved easily.
Finally, numerical example reveals that the present method

is very accurate and convenient for solving this problem.
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