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Global Asymptotic Stabilization for a Class of
High-Order Nonholonomic Systems with
Time-Varying Delays

Yanling Shang and Ye Yuan

Abstract—This paper addresses the global asymptotic sta-
bilization for a class of high-order nonholonomic systems
with time-varying delays. By employing input-state-scaling,
and adding a power integrator techniques, and by choosing
an appropriate Lyapunov-Krasoviskii functional, a state feed-
back controller is constructed. Based on switching strategy
to eliminate the phenomenon of uncontrollability, the pro-
posed controller ensures that the closed-loop system is globally
asymptotically regulated at the origin. A simulation example
is provided to demonstrate the effectiveness of the proposed
scheme.

Index Terms—high-order nonholonomic systems, time-
varying delays, state feedback, adding a power integrator
nonholonomic systems, global asymptotic stabilization.

I. INTRODUCTION

In this paper, we consider the following high-order non-
holonomic systems with time-varying delays

To(t) = do(t)ub® (t) + fo(t,zo(t))
(1) = di(t)al, (ug (1)

+fi (1t, zo(1), x(f), x(t —d(t)))
() = do (£)u" (1)

+fn(ta l‘o(t), l‘(t)7 l‘(t - d(t»)

)T

e))

where z9 € R and © = (z1,-+-,z,)" € R" are system
states, ug and w; are control inputs, respectively; p; > 1,7 =
0,1,---,n are odd integers, and q;, > 1, k=1,2,--- ,n—1
are integers; d;(t) are disturbed virtual control coefficients;
fo and f;, ¢ = 1,---,n are unknown continuous functions
with fo(¢,0) =0 and f;(¢,0,0,0) = 0; d(t) : Ry — [0,d] is
the time-varying delay satisfying d(t) < n < 1 for a known
constant 7;

As an important class of nonlinear systems, nonholonomic
systems have attracted a great deal of attention over the past
decades because they can be used to model numerous me-
chanical systems, such as mobile robots, car-like vehicle and
under-actuated satellites, see, e.g., [1-4] and the references
therein. However, from Brockett necessary condition [5], it
is well known that no smooth (or even continuous) time-
invariant static state feedback exists for the stabilization of
nonholonomic systems. To overcome this difficulty, with the
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effort of many researchers a number of intelligent approaches
have been proposed, which can mainly be classified into
discontinuous time-invariant stabilization[6,7], smooth time-
varying stabilization[8,9] and hybrid stabilization[10], see the
recent survey paper [11] for more details. Using these valid
approaches, the robust issue of nonholonomic systems has
been extensively studied [12-16]. More meaningly, the high-
order nonholonomic systems in power chained form, which
can be viewed as the extension of the classical nonholonomic
systems, have been achieved investigation[17-19].

However, the aforementioned results do not consider the
effect of time delay. As a matter of fact, time-delay is
actually widespread in state, input and output due to sen-
sors, calculation, information processing or transport, and
its emergence is often a significant cause of instability
and serious deterioration in the system performance [20].
Therefore, how extending these methods to the systems with
time delays is naturally regarded as an interesting research
topic. Recently, [21] and [22] investigated the state-feedback
stabilization problem for delayed nonholonomic systems
with different structures. However, the control design for
high-order delayed nonholonomic system (1) is extremely
challenging because on the one hand, some intrinsic features
of system (1), such as its Jacobian linearization being neither
controllable nor feedback linearizable, lead to the existing
design tools being hardly applicable, and on the other hand,
the existence of time-delay effect will make the common as-
sumption on the high-order systems nonlinearities infeasible
and what conditions should be imposed on system (1) remain
unanswered. To the best of the authors’ knowledge, there are
few results on the high-order delayed nonholonomic system
(1).

Motivated the above observation, in this paper we focus
our attention on solving the problem of global asymptotic
stabilization by state feedback for high-order nonholonomic
system (1) with time-varying delays. The contribution of
this paper is highlighted as follows. First, motivated by
the work in [23] and flexibly using the methods of adding
a power integrator, a recursive design procedure for the
time-delay independent state-feedback controller is given.
Then, by employed an appropriate Lyapunov- Krasovskii
functional, we show that the controller designed guarantees
global asymptotic regulation of the resulting closed-loop
system.

The rest of this paper is organized as follows. In Section
II, preliminary knowledge and the problem formulation are
given. Section III presents the input-state-scaling technique
and the recursive design procedure, while Section V provides
the switching control strategy and the main result. Section 5
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gives a simulation example to illustrate the theoretical finding
of this paper. Finally, concluding remarks are proposed in
Section VI.

II. PROBLEM FORMULATION AND PRELIMINARIES

The control objective is to construct robust control laws
of the form

uy = pifxo, x) 2

such that all signals of the closed-loop system are bounded.
Furthermore, global asymptotic regulation of the states are
achieved, i.e.tgrg(|xo(t)| + |z(¢)]) = 0.

In order to achieve the above control objective, throughout
the paper, the following assumptions regarding system (1) are
imposed.

Assumption 1. For ¢ = 0,1,---,n, there are positive
constants ¢;; and c;o such that

ug = pio(o),

ci1 < di(t) < cio

Assumption 2. For fj, there is a positive constant cyg
such that

| fo(t, zo(t))| < cos|zol

For i =1,---,n, there are F functions a; such that

O] < aitwo(®) (I + it — d(t))])

i—1 ) )
tai(wo() Y (les 017 + (e — ()| 7T )
j=1

To make the paper self-contained, we recall that a con-
tinuously differential function f : R™ — R is called a F
function if it is nonnegative and monotone-nondecreasing on
[0, 400). It is worthwhile to point out that there exist many
functions such as fi(xz) = ¢ > 0 and fa(z) = 2™ ,where
m > 0 being F functions. Furthermore, it can be showed
that if f and g are F functions, then f+ g, f-gand fog
are also F functions.

Remark 1. Assumption 1 is common and similar to
the ones usually imposed on the nonholonomic systems
[12,13,19]. It is worth pointing out that Assumption 2 is
somewhat stringent, and when a;(x0(t)) = a (a is a positive
constant) and d(¢) = 0, it is the same as that in [24].
Particularly, p; = 1,6 = 1, - - -, n the assumption is equivalent
to that in [20,25].

The following two lemmas can be found in [19,25], which
serve as the basis of the key tools for the adding a power
integrator technique.

Lemma 1. For x € R, y € R, and p > 1 is a constant,
the following inequalities hold:

|z +yP <27 2P 4P|
(J] + [P < [P + |y[/P < 207 D/P(|z] + [y[) /P
If p > 1 is odd, then
[z —y|P <277 2P —y?|

|zt/P — /P < 2= D/P | gy 1/P

Lemma 2. Let ¢, d be positive real numbers and 7(z, y) >
0 be a real-valued function. Then,

c+d dﬂ'_c/d(LU, y>|y‘c+d

c+d

cr(z,y)||
c+d

j|°ly|* <

III. ROBUST CONTROLLER DESIGN

In this section, we focus on designing robust controller
provided that xo(¢p) # 0. The case where the initial condi-
tion zq(tp) = 0 will be treated in Section IV. The inherently
triangular structure of system (1) suggests that we should
design the control inputs ug and u; in two separate stages.

A. Design ug for xo-subsystem

For xy—subsystem, the control ug can be chosen as
ug? (t) = —Xowo(t) 3)
where )\g is a positive design constant and satisfies Ay >
1+ (603/601).

As a result, the following lemma can be established by
considering the Lyapunov function candidate V; = x3/2 and
by applying directly the Gronwall-Bellman inequality[10].

Lemma 3. For any initial ¢, > 0 and any initial condition
xo(to) € R, the corresponding solution z () exists for each
t > to and satisfies
(Moco2+-co3)(t—to)

xo(to) > 0= xo(tg)e”
(Moco1—co3)(t—to) S

(to)
< xo(t) < zolto)e™
(o)

X0 ( ) < 0= x(to e~ (Xoco1—cos)(t—to)

< wo(t) < wo(tg)e Pocozteos)(t=to) ®

Remark 2. From Lemma 3, we can see that xo(t) can
be zero only at ¢ = t5, when z(tg) = 0 or t = oc.
Consequently, it is concluded that xy does not cross zero
for all ¢ € (tg,00) provided that zo(t9) # 0. Furthermore,
from (3), it follows that the ug exists, does not cross zero for
all ¢ € (o, 00) independent of the x-subsystem and satisfies
lim;_, o0 ug(t) = 0 provided that zo(to) # 0.

B. Input-state-scaling transformation

From the above analysis, we can see the xp-state in (1) can
be globally exponentially regulated to zero via ug(t) in (3)
as t — oo. It is troublesome in controlling the x-subsystem
via the control input u; (¢) because, in the limit (i.e. uo(t) =
0), the x-subsystem is uncontrollable. This problem can be
avoided by utilizing the following discontinuous input-state-
scaling transformation

ug' (1)
$i(t)7 to—d<t<ty
where r; = ¢; + piri+1,1 <i<n—1and r, = 0.
Remark 3. Note that (6) is a modified version of input-
state-scaling transformation[18,19], and is used to deal with
time delay terms. Because of the particular choice (6), for
1=1,---,m, z;(t — d(t)) are well-defined.
Under the new z-coordinates, the z-subsystem is trans-
formed into

Zi(t) = di(t)z7 (1) + gi(t, 2o (t), x(t),

zi(t) = i=1,---.n (6)

(t —d(t)))

i1=1,---,n—1
Zn(t) = dn(t) pn( )+ gn(t, zo(t), z(t), z(t — d(t)))(7)
where
i) = fi(t,xo(t),xg),x(t —d(t)))
o o (t) ®
+1i2(t) U’ (t) + fo(t, 2o(t))
Pozo(t)
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In order to obtain the estimation for the nonlinear function
gi, the following lemma can be derived by the assumption
before.

Lemma 4. Fori = 1,-- -,
such that

19:0)1 < Gilao(®) (1240 + [zt — d(1))])
i—1
i)Y (I 7= o)

Jj=

2t — ()| 7T )

n, there exist F functions ¢;

Proof. In view of (3)-(6), (8)and Assumption 2, we get

|gi(t7 xo‘(t)(vtl)‘l(t% .’L“(t (_t d(tl)()t))l)‘
<ai( O T ) )
+M|2i(t)|

Zl(%

y )\ lug' ()]
< (ai + M)m(m
lug' (t — d(t))|
+{a; - it —d(t
( SN0 Izt = d(t))
a3 (1205 fuo() 7
=1 )
2 |ug(t —d(t))|7 i1
Hlz (t — d(t))| 7 &
25t~ d(E)) PO
< b11|ZZ( )‘ + bia|zi(t — d(t))]
o S 0T
+bi4Z|Zj(t*d(t))\m
=
< i (Jz(0)] + |zt — d(®))])
i—1
i 3 (15177 + |zt — dw)| 7T
i=1
’ (10)
where  ¢; = max{b;1, bi2, bz, bia},  bin =
a; + (ri(ho + co3)/po), biz = azexpirid(Aocor —
003)/230}, bis = ai|Xowo(t)|rttriciTrad/poe and

bia = ai| oz (t)| it tricimrd/po max{l,

exp{r;d(r1 + -+ + ri.1 — r;)(Aocor — 003)/p0}} are
F functions. Thus, the inequality (9) follows.

C. Design uy for x-subsystem

In this subsection, we proceed to design the control input
u1 by using adding a power integrator technique. To simplify
the deduction procedure, we sometimes denote () by x, for
any variable x(t).

Step 1. Introduce the Lyapunov Krasoviskii functional
Vi = Zad 4+ $2 + ft a(t) 21 (s)ds. With the help of

(7) and (9), it can be verified that

Vi < —nad + dyz 25

+1(0) 2] (J21] + 21 (¢ - d(0)])

n o, n(l=d) 5,
Jrl_nzl 1= zi(t —d(t)) (11
< —nad +dyz 25
n 1
23 (77 + 61 (20) + 763(x0))
—(n—1)21(t —d(t))
Obviously, the first virtual controller
1 1
*p1 =42
2zt = o (n—i— i + ¢1(zo) + 4¢1(x0)>z1 (12)
= —ay(x0)21
leads to
Vl S n($3+zl) (TL— 1)z%(t_d(t)) (13)

erlzl( pr Z;pl)

Step i (¢ = 2,---,n). Suppose at step ¢ — 1, there is a
positive-definite and proper Lyapunov functional V;_;, and
a set of virtual controllers 27, - -, 2’ defined by defined by
(14) shown at the top of the next page, with a;(zg) > 0,

-, a;—1(xo) > 0, being F function, such that

i1
Viei < *(n*i+2)252

. i 15)
—(n—i+1) Z &t —d(1))
1
+d7, 15 P1 Pi—2 (Zipzfl _ Z;kpi—l)
here we let £y = x¢ for the simplicity of expression.
We intend to establish a similar property for (z1,---,2;)-

subsystem. Consider the following Lyapunov-Krasoviskii
functional candidate

—i+1 rt
Vi= Vi 4 Wit u/ E(s)ds  (16)
1—n t—d(t)
where
Wi(217"'72i)

i

— (Spl“‘pi—l _ Z’_"pl"'pi—l)(Q_m)ds (17

N
Zi

For W;, some useful properties are given by the following
proposition whose proof can be found in [25] and hence
omitted here.

Proposition 1. W;(z, - -

ow; _ E?—ﬁ
({)Zi ¢

aw, 9z PP
aVZ[J/ ,_<2p1"%]9¢1) : Ay

- (=)
X/ (Spl'--pia 722‘171"'101‘—1) pipii1) g
z

*
i

,z;) is C''. Moreover

(18)

where y is an argument of W, except z;.
Proposition 2. There is a positive constant m such that
awz aszl“'pi—l

dy dy

Using Proposition 1, it is deduced from (16) that

< mléi 19)
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2} =0 &1 = z21—2
e = —ai(z0) & = & -z
2 . 2 2 (14)
Z’_“Pl"'pi—l : _a;l(xo)g;l g — Z1_71"'Pi71 _ Z’_kpl'”pi—l
and hence by Lemma 2
i—1
. _ 1
Vi<-(n-i+2)y & gy,
S 2= et =
~(n—i+1) X &t - d(t)) < |6 by (Ies 17
g7t ‘ =1 (23)
+d;— 15 R A ) e (¢ — d(t ))|m)
erié R 2 — 14
é( o “)+ (20) <> 8+ ZEQ t—d(t)) + lin€?
+d§ PLPi—1 %P +€ Pl pi_lg' 4 —
z+1 1 J
+Z i j+1 +95) where l;2(x) is a F function.
) For the seventh term, noting that
aW(du +f)+n—z+1£2
dzg 0 ) 1—n Z PP = —y 16
n—1i+1)(1—d(t i—1  i—1
_( : 3(77 ( ))gf(t —d(1)) S ( 1 ah) s (24)
= =k

Similarly, to give the explicit form of z},,, we should
estimate each term on the righthand side of (20). First, from By this, (14), Proposition 2 and Lemma 2, we obtain
(14), Assumption 1 and Lemma 2, it follows that

1

2-—L i (‘)Wz ;
dim1& " (T =2 ‘Z 0z (42751 + 95)
. J
R T T B N
< cic12|6i 1‘ BN o Oz .
| R <> mlgl| = ezl + g )
N I = J
i—1
1 2= | P py—1
=2 gy, fi—l’ 11 < Zmpl pj71‘§i|(HO[j)‘Z;)1 Pt
Lo 2 h=j
< 151_1 +1i&; x(lcjg\zj+1| + g5
2D =
where /;; is a positive constant. <> mpr-pialél ( H Olj> 25)
From (9) and (14), there are F functions pg(xo), k = j=1 =J
1,---,4 such that x|&; + Oéj_1§j_1| R
% |:Cj2 §j+1 +Oéj€j P1Pj—1
961 < on (126(0)] + |2t - d(1))]) ) 1
S ;Y (e
5 (o > (o
=1 1 lén(t = d@)| 7T ) |
+|Zj(t_d(t))\m) = L
1 1 < Z 24 - 2t —d) + 1; f
< 00 (1660 46t — d(0)] T ) 126+ Gt
k—1 2 )
+ér Z (1 + a;r”p’“’l>|§j(t)|p1"")’“*1 where I;3(z0) is a F function.
-Zj i According to Proposition 2 and Lemma 2, we easily get
ton Y (1+a) 1>|£j(t —d(t))| OWs 1o 4 f)
= Oxg 0 0

Pl ‘Pi—1

26
(co2Ao + co3) |0 (20)

HM»

( [ < mlgi

8330
< 2 + 1147

et <t>)|m)

(22)  where l;4(x0) is a F function.
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Substituting (21), (23), (25)and (26) into (20) yields

n—i)ka(t—dt

Vi < —(n—i+1) Z{k

2= 1 _*p —1 + 1
dig, VT = 2P+ (le )52
2_ 1
i T L - D)
27)
Now, it easy to see that the virtual controller
PP (n—z+1+Zlm )é}- 28)
= —ay(r0)&;
renders
Vi< —(n—i+1) ka (n—i kat—
91
3 plp“lwﬁlfzﬁn
(29)
As i = n, the last step, we can construct explicitly a
change of coordinates (£1,---,&,), a positive-definite and
proper Lyapunov-Krasoviskii functional V;,(&y,---,&,) and

a state feedback controller 23, ,; of form (28) such that

. " 2— 1
Vo =D & tdngn ™ (Wl = 50)

(30)
k=0
Therefore, by choosing the actual control u; as
1
Uy = Z;ﬁerl = _(O‘n(xo)fn) i Pm (31)
we get
-y & 32)
k=0

Thus far the controller design procedure for xo(tg) # 0 has
been completed.

IV. SWITCHING CONTROLLER AND MAIN RESULT

In the preceding section, we have given controller design
for z(tp) # 0. Now, we discuss how to select the control
laws ug and u; when the initial 2¢(tg) = 0. Without loss of
generality, we can assume that ¢o = 0. In the absence of the
disturbances, most of the commonly used control strategies
use constant control ug = uf # 0 in time interval [0, ;). In
this paper, we also use this method when z¢(0) = 0, with
ug chosen as follows:

uy = ug, upy > 0. (33)

Since fo(t, zo(t)) in this paper satisfies the linear growth
condition, the x-state does not escape and x(ts) # 0, for
any given finite time ¢; > 0. Thus, input-state-scaling for the
control design can be carried out.

During the time period [0, %), using uo defined in (33),
new control law u; = u} (o, ) can be obtained by the con-
trol procedure described above to the original z—subsystem
in (1). Then we can conclude that the x—state of (1) cannot
blow up during the time period [0,%s). Since z(ts) # 0 at
ts, we can switch the control inputs ug and u; to (3) and
(31), respectively.

We are now ready to state the main theorem of this paper.

Theorem 1. Under Assumptions 1-2, if the proposed
control design procedure together with the above switching
control strategy is applied to system (1), then, for any initial
conditions in the state space (z¢,7) € R"*! | the closed-
loop system is globally asymptotically regulated at origin .

Proof. According to the above analysis, it suffices to prove
the statement in the case where x((0) # 0.

Since we have already proven that zy can be globally
exponentially regulated to zero as ¢ — oo in Section 3.1,
we just need to show that lim;_, ., x(t) = 0. In this case,
choose the Lyapunov functional

V= fxo—i— 252

n ir1 [t (34)
+ 7/ £2(s)ds
kz::l 1-n t—d(t)
from (32), we obtain
V< —(af+&++&) (35)

Then by Lyapunov-Krasovskii stability theorem [20], we
have lim; o, £(t) = 0. This together with the definitions
of z;’s and the input-state-scaling transformation(6) directly
concludes that lim;_, . z(t) = 0. This completes the proof
of Theorem 1.

Remark 4. From the above design procedure, we can see
that the upper bound of the change rate of time delays have
important impact on the control effort. To keep the control
effort within the certain range, the upper bound of the change
rate of time delays cannot be arbitrarily close to 1, which
should be considered in practical engineering design.

Remark 5. It should be mentioned that the control law
uy may exhibit extremely large value when xg(tg) # 0 is
sufficiently small. This is unacceptable from a practical point
of view. It is therefore recommended to apply (33) in order
to enlarge the initial value of xy before we appeal to the
converging controllers (3) and (31).

V. SIMULATION EXAMPLE

To verify the proposed controller, we consider the follow-
ing low-dimensional system

Io(t) = ( S5 +0. 5COSt)U0(t)
w1 (t) = 2 (uo (t) + sinwo (o (t = d(t))  (36)
d(t) = ui(t)

where d(t) = (1 + sint). It is very easy to verify that

Assumptions 1-2 holds. Hence the controller proposed in this
paper is applicable.

If 2(0) = 0, controls ug and u; are set as in Section 4 in
interval [0,t), such that z(ts) # 0, then we can adopt the
controls developed below. Therefore, without loss of gener-

ality, we assume that z(0) # 0. Noting that d(t) = 1cost <

% < 1, we define the control law ug(t) = —Aozo(t) and
introduce the state scaling transformation
1 ()
, t>0
a(t) =< w(t) T ; 22(t) = x2(t)  (37)

z1(t), —1<t<0
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In new z—coordinates, the (x1,xs)—subsystem of (36) is
rewritten as

+91 (ta IO“)? .%‘(t), .I‘(f, - d(t))) (38)
Zo(t) = ui(t)
+92(t, wo(t), x(t), z(t — d(1)))
where
gi(t, zo(t), x(t), x(t — d(1)))
filt, xo(t), x(t), z(t — d(t)))
B pmey)
+ 0 t Zo t
+7’i2’i(t) poxo(t)

Similar to (10), it is very easy to verify that Lemma 4 is
satisfied with ¢1 = 1+ e and ¢ =1

Obviously, the (z1, z2)— subsystem of (48) with nonlinear
parameter ¢. Define y; = —1.5¢g, © = 142, this subsystem
satisfies Lemma 4, i.e. |g0(1 —0.5e%) 21| < |21/71©O. Now
consider Vi = z% + 227 + 4ft at) 22(s)ds. A simple
calculation yields

Vi < —2x3 + 2125

w2 (4ot 10) ~Ae—awy
Hence, the virtual controller
5= —(6+ o1+ ob) (1)
=0z
renders
Vi < —(af +27) — 22 (t = d(t)) + 21(28 - 3%)  (42)

Next, define & = 25 — 233

Lyapunov-Krasoviskii functional

and construct Lypunov

t
Vo=Vo+ Wy + 2/ £2(s)ds (43)
t—d(t)
where .
Wom [ (0= 25y (44)
z3
Clearly
Vo < —(af + 22) — 2 (t - d(t))
ta( - 50+ Gl + &g
oWy 4 oW, (45)
+—=— (25 +g1) + ——Zdoug
8%1 9 6370
+287 — & (t—d(2))
By Lemma 2, we have
1
zl(zS’ -2 ) < 1 12155 (46)
3 L, 2
52 g2 < 121 + 12252 (47)
OW- 1
o (B 4g) < JAHE(E—d) 1t (49)
Z1 4
oWw-
ag%wé?%ﬁg (49)

where ly;, 7 = 1,2, 3,4 are known F functions

It is easy to verify that the controller

4 1
- —(3+Zzij)9 (50)
j=1
renders

Vo < —a3 — 22 — €2 (51)

thus achieving global stability with asymptotic state regula-
tion.

0.8

0.6

0.41

0.2

. . . .
2 4 6 8 10
Time(s)

(a) State xg

. . . .
2 4 6 8 10
Time(s)

(b) State x1

. . . .
0 2 4 6 8 10
Time(s)

(c) State z2

Fig. 1. The responses of system states.
In the simulation, by choosing design parameter as Ay = 1,

the responses of the closed-loop system for initial conditions
(20(0),21(0),22(0)) = (1,—1,1) are shown in Figs. 1 and
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0.4 T T T T

0.2 1

—0.4} 4

-0.8F 4

Time(s)

(a) Input ug

Time(s)

(b) Input uq

Fig. 2. The responses of control inputs.

2. From the figures, we can see that under the constructed
controller, the solution process of the closed-loop system
asymptotically converges to zero.

VI

In this paper, a state-feedback stabilization controller in-
dependent of time-delays is presented for a class of high-
order nonholonomic systems with time-varying delays. It
should be mentioned that the stabilization approaches in
literature may fail be applied for the existence of time
delays. In order to overcome the difficulty, a novel Lyapunov-
Krasovskii functional is introduced to deal with time delays.
The controller design is developed by using input-state-
scaling and adding a power integrator techniques. Based
on switching control strategy, global asymptotic regulation
of the closed-loop system is achieved. It should be noted
that the proposed controller can only work well when the
whole state vector is measurable. Therefore, a natural and
more interesting problem is how to design output feedback
stabilization controller for the systems studied in the paper
if only partial state vector are measurable, which are now
under our further investigation.

CONCLUSION
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