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Abstract— This paper is devoted to the study on
linearization of sixth-order ordinary differential equa-
tions by fiber preserving transformations. The nec-
essary and sufficient conditions for linearization are
obtained. The procedure for obtaining the linearizing
transformations and the coefficients of linear equation
are provided in explicit form. Examples demonstrat-
ing the procedure of using the linearization theorems
are presented.
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1 Introduction

Nonlinear problems are considered to be a core part in
many branches of sciences. The exact solutions to these
problems are most required. However, it is evidently hard
to analyze such problems directily. Precisely, in the non-
linear regime, many of the most basic questions remain
unanswered: existence and uniqueness of solutions are
not guaranteed; explicit formulae are difficult to come by;
linear superposition is no longer available; numerical ap-
proximations are not always sufficiently accurate; linear
superposition is no longer available; etc. One method to
avoid these difficulty is transforming them into the linear
differential equations, which is called the ”linearization”.

The linearization, that is, mapping a nonlinear differen-
tial equation into a linear differential equation, is an im-
portant tool in the theory of differential equations. The
problem of linearization of ordinary differential equations
attracted attention of mathematicians such as S. Lie and
E. Cartan. It was admitted that Lie [1] is the first per-
son who solved linearization problem for ordinary differ-
ential equations in 1883. He found the general form of
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all ordinary differential equations of second-order that
can be reduced to a linear equation by point transfor-
mations. He found the conditions for linearization. The
linearization criterion is written through relative invari-
ants of the equivalence group. Liouville [2] and Tresse [3]
attacked the equivalence problem for second-order ordi-
nary differential equations in terms of relative invariants
of the equivalence group of point transformations. There
are other approaches for solving the linearization prob-
lem of a second-order ordinary differential equation. For
example, one was developed by Cartan [4], the idea of his
approach was to associate with geometric structure.

For the third-order ordinary differential equations,
Bocharov, Sokolov and Svinolupov [5] considered the lin-
earization problem with respect to point transformations.
Grebot [6] studied the linearization by means of a re-
stricted class of point transformations, namely fiber pre-
serving transformation. However, the problem was not
completely solved. Complete criteria for linearization by
means of point transformations were obtained by Ibragi-
mov and Meleshko [7].

The linearization problem of third-order ordinary differ-
ential equations under point transformations were solved
by Ibragimov, Meleshko and Suksern [8]. They found
the necessary and sufficient conditions for a complete lin-
earization problem.

Later, Suksern and Pinyo [9] solved the linearization
problem of fifth-order ordinary differential equations by
means of fiber preserving transformations. It turns out
that not every differential equation of this order can be
transformed in that way. Giving a new transformation
still be needed and useful.

One of main problem in linearization is the complicate
calculations. Because of this task, there is no one try
to solve the linearization problems for sixth and higher
order yet.

By the helps of computer algebra system Reduce, we can
offer the necessary and sufficient conditions of this type
of linearization. Some examples are provided to illus-
trate the condition. Linearizing transformation and coef-
ficients of linear equation are obtained. A program used
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for checking the linearity is also produced.

2 Point Transformations

Definition 2.1 A transformation

t = ϕ(x, y),
u = ψ(x, y)

(1)

where ϕ and ψ are sufficiently smooth functions is called
a point transformation. If ϕy = 0, a transformation (1)
is called a fiber preserving transformation.

Let us explain how a point transformation maps one func-
tion into another. Assume that y0(x) is a given function,
then the transformed function u0(t) is defined by the fol-
lowing two steps. On the first step one has to solve with
respect to x the equation

t = ϕ(x, y0(x)).

Using the Inverse Function Theorem we find x = α(t) is
a solution of this equation. The transformed function is
determined by the formula

u0(t) = ψ(α(t), y0(α(t))).

Conversely, if one has the function u0(t), then for finding
the function y0(x) one has to solve the ordinary differen-
tial equation

u0 (ϕ(x, y0(x)) = ψ(x, y0(x)).

3 Necessary Conditions

We begin with investigating the necessary conditions for
linearization. Recall that according to the Laguerre the-
orem, a linear sixth-order ordinary differential equation
has the form

u(6) + α(t)u′′′ + β(t)u′′ + γ(t)u′ + ω(t)u = 0. (2)

Here we consider the sixth-order ordinary differential
equations

y(6) = f
(
x, y, y′, y′′, y′′′, y(4), y(5)

)
, (3)

which can be transformed to the linear equation (2) by
the fiber preserving transformation

t = ϕ (x) ,
u = ψ (x, y) .

(4)

So we arrive at the following theorem.

Theorem 3.1 Any sixth-order ordinary differential
equations linearizable by a fiber preserving transforma-

tion has to be in the form

y(6) + (A1y
′ +A0)y

(5) + (B3y
′′ +B2y

′2 +B1y
′

+ B0)y
(4) + C0y

′′′2 + ((D5y
′ +D4)y

′′

+ D3y
′3 +D2y

′2 +D1y
′ +D0)y

′′′ + E0y
′′3

+ (F2y
′2 + F1y

′ + F0)y
′′2 + (G4y

′4 +G3y
′3

+ G2y
′2 +G1y

′ +G0)y
′′ +H6y

′6 +H5y
′5

+ H4y
′4 +H3y

′3 +H2y
′2 +H1y

′ +H0 = 0,

(5)

where

A1 =(6ψyy)/ψy, (6)

A0 =− 3(5ϕxxψy − 2ϕxψxy)/(ϕxψy), (7)

B3 =(15ψyy)/ψy, (8)

B2 =(15ψyyy)/ψy, (9)

B1 =− 15(5ϕxxψyy − 2ϕxψxyy)/(ϕxψy), (10)

B0 =5(3(7ϕ2
xxψy − 5ϕxxϕxψxy + ϕ2

xψxxy)

− 4ϕxxxϕxψy)/(ϕ
2
xψy), (11)

C0 =(10ψyy)/ψy, (12)

D5 =(60ψyyy)/ψy, (13)

D4 =− 30(5ϕxxψyy − 2ϕxψxyy)/(ϕxψy), (14)

D3 =(20ψyyyy)/ψy, (15)

D2 =− 30(5ϕxxψyyy − 2ϕxψxyyy)/(ϕxψy), (16)

D1 =20(3(7ϕ2
xxψyy − 5ϕxxϕxψxyy + ϕ2

xψxxyy)

− 4ϕxxxϕxψyy)/(ϕ
2
xψy), (17)

D0 =− (30(14ϕ2
xxψy − 14ϕxxϕxψxy

+ 5ϕ2
xψxxy)ϕxx − (ϕ3

xψyα+ 20ψxxxy)ϕ
3
x

− 10(21ϕxxψy − 8ϕxψxy)ϕxxxϕx

+ 15ϕxxxxϕ
2
xψy)/(ϕ

3
xψy), (18)

E0 =(15ψyyy)/ψy, (19)

F2 =(45ψyyyy)/ψy, (20)

F1 =− 45(5ϕxxψyyy − 2ϕxψxyyy)/(ϕxψy), (21)

F0 =15(3(7ϕ2
xxψyy − 5ϕxxϕxψxyy + ϕ2

xψxxyy)

− 4ϕxxxϕxψyy)/(ϕ
2
xψy), (22)

G4 =(15ψyyyyy)/ψy, (23)

G3 =− 30(5ϕxxψyyyy − 2ϕxψxyyyy)/(ϕxψy), (24)

G2 =− 30(4ϕxxxϕxψyyy − 21ϕ2
xxψyyy

+ 15ϕxxϕxψxyyy − 3ϕ2
xψxxyyy)/(ϕ

2
xψy), (25)

G1 =− 3(30(14ϕ2
xxψyy − 14ϕxxϕxψxyy

+ 5ϕ2
xψxxyy)ϕxx − (ϕ3

xψyyα+ 20ψxxxyy)ϕ
3
x

+ 15ϕxxxxϕ
2
xψyy − 10(21ϕxxψyy

− 8ϕxψxyy)ϕxxxϕx)/(ϕ
3
xψy), (26)
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G0 =− (6ϕxxxxxϕ
3
xψy − 105ϕxxxxϕxxϕ

2
xψy

+ 45ϕxxxxϕ
3
xψxy − 70ϕ2

xxxϕ
2
xψy

+ 840ϕxxxϕ
2
xxϕxψy − 630ϕxxxϕxxϕ

2
xψxy

+ 120ϕxxxϕ
3
xψxxy − 945ϕ4

xxψy

+ 1260ϕ3
xxϕxψxy − 630ϕ2

xxϕ
2
xψxxy

+ 3ϕxxϕ
6
xψyα+ 150ϕxxϕ

3
xψxxxy

− ϕ8
xψyβ − 3ϕ7

xψxyα

− 15ϕ4
xψxxxxy)/(ϕ

4
xψy), (27)

H6 =(ψyyyyyy)/ψy, (28)

H5 =− 3(5ϕxxψyyyyy − 2ϕxψxyyyyy)/(ϕxψy), (29)

H4 =− 5(4ϕxxxϕxψyyyy − 21ϕ2
xxψyyyy

+ 15ϕxxϕxψxyyyy − 3ϕ2
xψxxyyyy)/(ϕ

2
xψy), (30)

H3 =− (15ϕxxxxϕ
2
xψyyy − 210ϕxxxϕxxϕxψyyy

+ 80ϕxxxϕ
2
xψxyyy + 420ϕ3

xxψyyy

− 420ϕ2
xxϕxψxyyy + 150ϕxxϕ

2
xψxxyyy

− ϕ6
xψyyyα− 20ϕ3

xψxxxyyy)/(ϕ
3
xψy), (31)

H2 =− (3((420ϕ3
xx − ϕ6

xα)ψxyy − 5ϕ3
xψxxxxyy)

− 70ϕ2
xxxϕxψyy + 3(ϕ3

xψyyα

+ 50ψxxxyy)ϕxxϕ
2
x + 30(28ϕ2

xxψyy

− 21ϕxxϕxψxyy + 4ϕ2
xψxxyy)ϕxxx)ϕx

− ((945ϕ4
xx + ϕ8

xβ)ψyy + 630ϕ2
xxϕ

2
xψxxyy

− 6ϕxxxxxϕ
3
xψyy + 15(7ϕxxψyy

− 3ϕxψxyy)ϕxxxxϕ
2
x)/(ϕ

4
xψy), (32)

H1 =− (315(3ϕ2
xxψy − 6ϕxxϕxψxy

+ 4ϕ2
xψxxy)ϕ

3
xx − (ϕ5

xψyγ + 2ϕ4
xψxyβ

+ 3ϕ3
xψxxyα+ 6ψxxxxxy)ϕ

5
x

+ ϕxxxxxxϕ
4
xψy − 3(ϕ3

xψyα

+ 140ψxxxy)ϕ
2
xxϕ

3
x + (ϕ4

xψyβ + 6ϕ3
xψxyα

+ 75ψxxxxy)ϕxxϕ
4
x + 140(2ϕxxψy

− ϕxψxy)ϕ
2
xxxϕ

2
x − 3(7ϕxxψy

− 4ϕxψxy)ϕxxxxxϕ
3
x − 5(7ϕxxxϕxψy

− 42ϕ2
xxψy + 42ϕxxϕxψxy

− 9ϕ2
xψxxy)ϕxxxxϕ

2
x − (210(6ϕ2

xxψy

− 8ϕxxϕxψxy + 3ϕ2
xψxxy)ϕxx

− (ϕ3
xψyα+ 80ψxxxy)ϕ

3
x)ϕxxx)ϕx))/(ϕ

5
xψy), (33)

H0 =− (ϕxxxxxxϕ
4
xψx − 21ϕxxxxxϕxxϕ

3
xψx

+ 6ϕxxxxxϕ
4
xψxx − 35ϕxxxxϕxxxϕ

3
xψx

+ 210ϕxxxxϕ
2
xxϕ

2
xψx − 105ϕxxxxϕxxϕ

3
xψxx

+ 15ϕxxxxϕ
4
xψxxx + 280ϕ2

xxxϕxxϕ
2
xψx

− 70ϕ2
xxxϕ

3
xψxx − 1260ϕxxxϕ

3
xxϕxψx

+ 840ϕxxxϕ
2
xxϕ

2
xψxx − 210ϕxxxϕxxϕ

3
xψxxx

+ ϕxxxϕ
7
xψxα+ 20ϕxxxϕ

4
xψxxxx

+ 945ϕ5
xxψx − 945ϕ4

xxϕxψxx

+ 420ϕ3
xxϕ

2
xψxxx − 3ϕ2

xxϕ
6
xψxα

− 105ϕ2
xxϕ

3
xψxxxx + ϕxxϕ

8
xψxβ

+ 3ϕxxϕ
7
xψxxα+ 15ϕxxϕ

4
xψxxxxx

− ϕ11
x ωψ − ϕ10

x ψxγ − ϕ9
xψxxβ

− ϕ8
xψxxxα− ϕ5

x. (34)

Proof. Applying a fiber preserving transformation (4),
one obtains the following transformation of derivatives

u′ (t) =
Dxψ

Dxϕ
=

ψx + y′ψy

ϕx
= P (x, y, y′),

u′′ (t) =
DxP

Dxϕ
=

Px + y′Py + y′′Py′

ϕx

=
1

ϕ3
x

[(ϕxψy)y
′′ + (ϕxψyy)y

′2 + (2ϕxψxy

−ϕxxψy)y
′ − ϕxxψx + ϕxψxx]

= Q(x, y, y′, y′′),

u′′′ (t) =
DxQ

Dxϕ
=

Qx + y′Qy + y′′Qy′ + y′′′Qy′′

ϕx

=
1

ϕ5
x

[(ϕ2
xψy)y

′′′ + (3ϕ2
xψyy)y

′y′′

+3ϕx(ϕxψxy − ϕxxψy)y
′′ + ...]

= R(x, y, y′, y′′, y′′′),

u(4) (t) =
DxR

Dxϕ

=
Rx + y′Ry + y′′Ry′ + y′′′Ry′′ + y(4)Ry′′′

ϕx

=
1

ϕ7
x

[(ϕ3
xψy)y

(4) + (4ϕ3
xψyy)y

′y′′′

+2ϕ2
x(2ϕxψxy − 3ϕxxψy)y

′′′ + ...]

= S(x, y, y′, y′′, y′′′, y(4)),

u(5) (t) =
DxS

Dxϕ

= (Sx + y′Sy + y′′Sy′ + y′′′Sy′′Sy′′′ + y(4)Sy′′′

+y(5)Sy(4))/ϕx

=
1

ϕ9
x

[(ϕ4
xψy)y

(5) + (5ϕ4
xψyy)y

′y(4)

+5ϕ3
x(ϕxψxy − 2ϕxxψy)y

(4) + ...]

= V (x, y, y′, y′′, y′′′, y(4), y(5)),

u(6)(t) =
DxV

Dxϕ

= (Vx + y′Vy + y′′Vy′ + y′′′Vy′′ + y(4)Vy′′′

+y(5)Vy(4) + y(6)Vy(5))/ϕx

=
1

ϕ11
x

[(ϕ5
xψy)y

(6) + 3(2ϕ5
xψyy)y

′y(5)

+3ϕ4
x(2ϕxψxy − 5ϕxxψy)y

(5) + ...],
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where

y(6) + ((
6ψyy

ψy
)y′ − (

3(5ϕxxψy−2ϕxψxy)
(ϕxψy)

))y(5)

+((
15ψyy

ψy
)y′′ + (

15ψyyy

ψy
)y′2 − (

15(5ϕxxψyy−2ϕxψxyy)
(ϕxψy)

)y′

+...)y(4) + (
10ψyy

ψy
)y′′′2 + (((

(60ψyyy)
ψy

)y′

+
(−30(5ϕxxψyy−2ϕxψxyy))

(ϕxψy)
)y′′ + (20ψyyyy)

ψy
y′3 + ...)y′′′

+(
15ψyyy

ψy
)y′′3 + ((

45ψyyyy

ψy
)y′2 + (

−45(5ϕxxψyyy+...)
(ϕxψy)

)y′

+
15(3(7ϕ2

xxψyy−5ϕxxϕxψxyy+ϕ2
xψxxyy)−4ϕxxxϕxψyy)

(ϕ2
xψy)

)y′′2

+((
15ψyyyyy

ψy
)y′4 + (

−30(5ϕxxψyyyy−2ϕxψxyyyy)
(ϕxψy)

)y′3

+(
−30(4ϕxxxϕxψyyy−21ϕ2

xxψyyy+...)
(ϕ2

xψy)
)y′2 + ...)y′′

+(
ψyyyyyy

ψy
)y′6 + (

−3(5ϕxxψyyyyy−2ϕxψxyyyyy)
(ϕxψy)

)y′5

+(
−5(4ϕxxxϕxψyyyy−21ϕ2

xxψyyyy+...)
(ϕ2

xψy)
)y′4 + ... = 0.

Denoting Ai, Bi, Ci, Di, Ei, Fi, Gi and Hi as equations
(6)-(34), so we obtain the necessary form (5). These prove
the theorem.

4 Sufficient Conditions and Linearizing
Transformations

We have shown the previous section that every lineariz-
able sixth-order odinary differential equation belong to
the class of equation (5). In this section, we formulate
the main theorems containing sufficient conditions for lin-
earization as well as the methods for constructing the
linearizing transformations.

Theorem 4.1 Sufficient conditions for equation (5) to
be linearizable via a fiber preserving tranformation are
as follows:

A0y =A1x, (35)

B3 =(5A1)/2, (36)

A1y =(−5A2
1 + 12B2)/30, (37)

A1x =(−5A0A1 + 6B1)/30, (38)

C0 =(5A1)/3, (39)

D5 =4B2, (40)

D4 =2B1, (41)

B2y =(−2A1B2 + 9D3)/12, (42)

B2x =(−2A0B2 + 3D2)/12, (43)

B0y =(−2A1B0 + 3D1)/12, (44)

E0 =B2, (45)

D3 =(4F2)/9, (46)

F1 =(3D2)/2, (47)

F0 =(3D1)/4, (48)

F2y =(−A1F2 + 18G4)/6, (49)

F2x =(−2A0F2 + 9G3)/12, (50)

D1y =(−A1D1 + 4G2)/6, (51)

D1x =(−150A0xA0A1 + 180A0xB1 + 180B0xA1

− 25A3
0A1 + 30A2

0B1 + 90A0A1B0

− 45A0D1 − 135A1D0 − 72B0B1

+ 270G1)/270, (52)

G4y =(−A1G4 + 90H6)/6, (53)

G4x =(−A0G4 + 15H5)/6, (54)

G2y =(−A1G2 + 36H4)/6, (55)

G1y =(−A1G1 + 18H3)/6, (56)

G1x =(150A0xA
2
0A1 − 180A0xA0B1 − 180A0xA1B0

+ 270A0xD1 − 180B0xA0A1 + 216B0xB1

+ 270D0xA1 + 25A4
0A1 − 30A3

0B1 − 120A2
0A1B0

+ 45A2
0D1 + 180A0A1D0 + 108A0B0B1

− 90A0G1 + 72A1B
2
0 − 360A1G0 − 108B0D1

− 162B1D0 + 2160H2)/540, (57)

λ1y =λ2y = λ3y = λ4y = λ5y = λ6y, λ7y = λ8y = 0,
(58)

where

λ1 =− 30A0x − 5A2
0 + 12B0, (59)

λ2 =− 72B0x − 3λ1x − 12A0B0 − 2A0λ1 + 54D0, (60)

λ3 =− 108B0x − 18A0B0 − 3A0λ1 + 81D0 − 5λ2, (61)

λ4 =28350D0x + 210λ2x + 210λ3x + 4725A0D0

+ 875A0λ2 + 175A0λ3 + 630B0λ1

− 37800G0 + 3λ2
1, (62)

λ5 =396900D0x + 2100λ3x + 66150A0D0

+ 12250A0λ2 + 2450A0λ3 + 8820B0λ1

− 529200G0 + 150λ2
1 − 21λ4, (63)

λ6 =113400D0xA0 − 226800G0x + λ4x + λ5x

+ 18900A2
0D0 + 3500A2

0λ2 + 700A2
0λ3

+ 2520A0B0λ1 − 189000A0G0 − 4200B0λ2

− 840B0λ3 − 3780D0λ1 + 567000H1

− 360λ1λ2 − 60λ1λ3, (64)

λ7 =283500D0xA0 − 567000G0x − 15λ4x

+ 47250A2
0D0 + 8750A2

0λ2 + 1750A2
0λ3

+ 6300A0B0λ1 − 472500A0G0 − 10500B0λ2

− 2100B0λ3 − 9450D0λ1 + 1417500H1

− 1075λ1λ2 − 250λ1λ3 − 6λ6, (65)

λ8 =83349000D0xA
2
0 − 100018800D0xB0

− 9525600D0xλ1 − 166698000G0xA0

− 3000564000H0y + 500094000H1x

+ 252λ7x + 13891500A3
0D0 + 2572500A3

0λ2

+ 514500A3
0λ3 + 1852200A2

0B0λ1

− 138915000A2
0G0 − 16669800A0B0D0
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− 6174000A0B0λ2 − 1234800A0B0λ3

− 4365900A0D0λ1 + 500094000A0H1

− 294000A0λ1λ2 − 58800A0λ1λ3

− 500094000A1H0 − 2222640B2
0λ1

+ 133358400B0G0 − 211680B0λ
2
1

+ 4630500D0λ2 + 926100D0λ3

+ 18257400G0λ1 − 1260λ3
1 − 147λ1λ4

+ 3λ1λ5 + 171500λ2
2 + 107800λ2λ3

+ 14700λ2
3. (66)

Proof.For obtaining sufficient conditions, one has to
solve the compatibility problem. Considering the repre-
sentations of the coefficients Ai, Bi, Ci, Di, Ei, Fi, Gi and
Hi through the unknown functions ϕ and ψ. We first
rewrite the expressions (6) and (7) for A1 and A0 in the
following forms

ψyy = (ψyA1)/6, (67)

ψxy = (ψy(15ϕxx + ϕxA0))/(6ϕx). (68)

The mixed derivative (ψyy)x = (ψxy)y provides the con-
dition (35). From equations (8)-(10), one gets the con-
ditions (36)-(38). The relation (A1x)y = (A1y)x provides
the condition

B1y = (12B2x + 2A0B2 −A1B1)/6.

From equation (11), we have

ϕxxx = (−30A0xϕ
2
x+315ϕ2

xx−5ϕ2
xA

2
0+12ϕ2

xB0)/(210ϕx).
(69)

Since ϕy = 0, then differentiating (69) with respect to y,
one arrives at the condition

B1x = (30A0xA1 + 72B0y + 5A2
0A1 − 6A0B1)/36.

The relation (B1x)y = (B1y)x provides the condition

B0yy = (−B0yA1 + 3B2xx +B2xA0)/3.

From equations (12)-(16), one gets the conditions (39)-
(43). The relation (B2x)y = (B2y)x provides the condi-
tion

D2y = (18D3x + 3A0D3 −A1D2)/6.

From equation (17), one gets the conditions (44). The
relation (B0y)y = B0yy provides the condition

D2x =(60A0xB2 + 90D1y + 10A2
0B2 − 15A0D2 + 15A1D1

− 24B0B2)/90.

The relation (D2x)y = (D2y)x provides the condition

D1yy =(−5D1yA1 + 45D3xx + 15D3xA0 + 3B0D3 −B2D1)/15.

One can determine α from equation (18). Since ϕ = ϕ(x),
then αy = 0, which yields the condition

D0y =(150A0xA0A1 − 180A0xB1 − 180B0xA1

+ 270D1x + 25A3
0A1 − 30A2

0B1 − 90A0A1B0

+ 45A0D1 + 72B0B1)/810.

From equations (19)-(24), one finds the conditions (45)-
(50). The relation (F2x)y = (F2y)x provides the condition

G3y =(24G4x + 4A0G4 −A1G3)/6.

From equation (25), one gets the conditions (51). The
relation (D1x)y = (D1y)x provides the condition

G2x =(−60A0xA0B2 + 90A0xD2 + 72B0xB2 + 270G1y

− 10A3
0B2 + 15A2

0D2 + 36A0B0B2 − 30A0G2

+ 45A1G1 − 36B0D2 − 54B2D0)/180.

From equation (26), one obtains the condition (52). One
can determine β from equation (27). Since ϕ = ϕ(x),
then βy = 0, which yields the conditiion

G0y =− (150A0xA
2
0A1 − 180A0xA0B1 − 180A0xA1B0

+ 270A0xD1 − 180B0xA0A1 + 216B0xB1

+ 270D0xA1 − 540G1x + 25A4
0A1 − 30A3

0B1

− 120A2
0A1B0 + 45A2

0D1 + 180A0A1D0

+ 108A0B0B1 − 90A0G1 + 72A1B
2
0 − 108B0D1

− 162B1D0)/2160.

Equations (28) and (29) provide the conditions (53) and
(54). The relation (G4x)y = (G4y)x provides the condi-
tion

H5y =(36H6x + 6A0H6 −A1H5)/6.

From equation (30), one gets the condition (55). The
relation (G2y)x = (G2x)y provides the condition

G1yy =(60A0xA0F2 − 270A0xG3 − 72B0xF2 − 270G1yA1

+ 3240H4x + 10A3
0F2 − 45A2

0G3 − 36A0B0F2

+ 540A0H4 + 108B0G3 − 54B2G1 + 54D0F2)/810.

From equation (31), one gets the condition (56). The
relation (G1y)x = (G1x)y provides the condition

H3y =(60A0xA0F2 − 270A0xG3 − 72B0xF2 + 3240H4x

+ 10A3
0F2 − 45A2

0G3 − 36A0B0F2 + 540A0H4

− 405A1H3 + 108B0G3 + 54D0F2)/2430.

From equation (32), one finds the condition (57). The
relation (G1x)y = (G1y)x provides the condition

H3x =(300A0xA
2
0B2 − 450A0xA0D2 − 360A0xB0B2

+ 900A0xG2 − 360B0xA0B2 + 540B0xD2

+ 540D0xB2 + 10800H2y + 50A4
0B2 − 75A3

0D2

− 240A2
0B0B2 + 150A2

0G2 + 270A0B0D2

+ 360A0B2D0 − 1350A0H3 + 1800A1H2

+ 144B2
0B2 − 360B0G2 − 720B2G0

− 405D0D2)/8100.
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The relation (H3x)y = (H3y)x provides the condition

H2yy =(90A0xxA0F2 − 405A0xxG3 − 30A0xA
2
0F2

+ 135A0xA0G3 + 72A0xB0F2 − 3240A0xH4

− 108B0xxF2 − 162B0xG3 − 1620H2yA1

+ 4860H4xx + 1620H4xA0 − 10A4
0F2 + 45A3

0G3

+ 48A2
0B0F2 − 540A2

0H4 − 162A0B0G3

− 54A0D0F2 − 36B2
0F2 + 1620B0H4

− 324B2H2 + 243D0G3 + 108F2G0)/4860.

One can determine γ from equation (33). Since ϕ = ϕ(x),
then γy = 0, which yields the condition

H1y =(750A0xA
3
0A1 − 900A0xA

2
0B1 − 1800A0xA0A1B0

+ 1350A0xA0D1 + 1350A0xA1D0 + 1080A0xB0B1

− 2700A0xG1 − 900B0xA
2
0A1 + 1080B0xA0B1

+ 1080B0xA1B0 − 1620B0xD1 + 1350D0xA0A1

− 1620D0xB1 − 2700G0xA1 + 16200H2x

+ 125A5
0A1 − 150A4

0B1 − 750A3
0A1B0

+ 225A3
0D1 + 1125A2

0A1D0 + 720A2
0B0B1

− 450A2
0G1 + 900A0A1B

2
0 − 2250A0A1G0

− 810A0B0D1 − 1080A0B1D0 + 2700A0H2

− 1350A1B0D0 − 432B2
0B1 + 1080B0G1

+ 2160B1G0 + 1215D0D1)/40500.

One can determine ω from equation (34). Since ϕ = ϕ(x),
then ωy = 0, which yields the derivative ψxxxxxx. Form-
ing the mixed derivative (ψxxxxxx)y=(ψxy)xxxxx, one ob-
tains the condition

H0yy =(1125A0xxA
3
0A1 − 1350A0xxA

2
0B1

− 2700A0xxA0A1B0 + 2025A0xxA0D1

+ 2025A0xxA1D0 + 1620A0xxB0B1

− 4050A0xxG1 − 1125A0xA
4
0A1

+ 1350A0xA
3
0B1 + 4500A0xA

2
0A1B0

− 2025A0xA
2
0D1 − 4725A0xA0A1D0

− 3780A0xA0B0B1 + 4050A0xA0G1

− 2160A0xA1B
2
0 + 5400A0xA1G0

+ 3240A0xB0D1 + 3240A0xB1D0

− 32400A0xH2 − 1350B0xxA
2
0A1

+ 1620B0xxA0B1 + 1620B0xxA1B0

− 2430B0xxD1 + 900B0xA
3
0A1

− 1080B0xA
2
0B1 − 2700B0xA0A1B0

+ 1620B0xA0D1 + 2430B0xA1D0

+ 1944B0xB0B1 − 4860B0xG1

+ 2025D0xxA0A1 − 2430D0xxB1

− 675D0xA
2
0A1 + 810D0xA0B1

+ 1620D0xA1B0 − 2430D0xD1

− 4050G0xxA1 − 1620G0xB1

− 60750H0yA1 + 24300H2xx + 8100H2xA0

− 250A6
0A1 + 300A5

0B1 + 1800A4
0A1B0

− 450A4
0D1 − 2475A3

0A1D0 − 1800A3
0B0B1

+ 900A3
0G1 − 3330A2

0A1B
2
0 + 4275A2

0A1G0

+ 2160A2
0B0D1 + 2430A2

0B1D0 − 5400A2
0H2

+ 6345A0A1B0D0 − 10125A0A1H1 + 2268A0B
2
0B1

− 3240A0B0G1 − 4050A0B1G0 − 2835A0D0D1

+ 10125A2
1H0 + 972A1B

3
0 − 6210A1B0G0

− 2430A1D
2
0 − 1458B2

0D1 − 3402B0B1D0

+ 14580B0H2 + 12150B1H1 − 24300B2H0

+ 4860D0G1 + 5670D1G0)/364500.

One can rewrite the expression of equation (69) as

ϕxxx = (315ϕ2
xx + ϕ2

xλ1)/(210ϕx), (70)

where λ1 is in the form of equation (59). Rewriting the
representation of the derivative ψxxxxxx as

ψxxxxxx =(67512690000ϕ5
xxψx

− 337563450000ϕ4
xxϕxψxx

+ 450084600000ϕ3
xxϕ

2
xψxxx

− 2143260000ϕ3
xxϕ

2
xψxλ1

+ 416745000ϕ3
xxϕ

2
xλ2ψ

− 225042300000ϕ2
xxϕ

3
xψxxxx

+ 4286520000ϕ2
xxϕ

3
xψxxλ1

+ 238140000ϕ2
xxϕ

3
xψxλ3

+ 396900ϕ2
xxϕ

3
xλ4ψ

+ 45008460000ϕxxϕ
4
xψxxxxx

− 2143260000ϕxxϕ
4
xψxxxλ1

+ 59535000ϕxxϕ
4
xψxx(−7λ2 − 4λ3)

+ 56700ϕxxϕ
4
xψxλ5 + 13230ϕxxϕ

4
xλ6ψ

+ 285768000ϕ5
xψxxxxλ1

+ 15876000ϕ5
xψxxx(7λ2 + 3λ3)

+ 11340ϕ5
xψxx(−60λ2

1 − 7λ4 − 2λ5)

+ 1512ϕ5
xψxλ7 + 3000564000ϕ5

xψyH0

+ ϕ5
xλ8ψ)/(3000564000ϕ

5
x), (71)

where λ2, λ3, ..., λ8 are in the form of equations (60)-(66).
The relations (A0x)y = (A0y)x, (λ1x)y = (λ1y)x, (B0x)y
= (B0y)x, (λ2x)y = (λ2y)x, (λ3x)y = (λ3y)x, (λ5x)y =
(λ5y)x, (λ4x)y = (λ4y)x and (λ7x)y = (λ7y)x provide the
conditions (58).
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Finally, the representations for α, β, γ and ω become

α =λ2/(54ϕ
3
x), (72)

β =(−3150ϕxxλ2 − ϕxλ4)/(37800ϕ
5
x), (73)

γ =(94500ϕ2
xxλ2 + 60ϕxxϕxλ4

+ ϕ2
xλ6)/(567000ϕ

7
x), (74)

ω =(−416745000ϕ3
xxλ2 − 396900ϕ2

xxϕxλ4

− 13230ϕxxϕ
2
xλ6 − ϕ3

xλ8)/(3000564000ϕ
9
x). (75)

This completes the proof of Theorem 4.1.

Corollary 4.2 Provided that the sufficient conditions in
Theorem 4.1 are satisfied, the transformation (4) map-
ping equation (5) to a linear equation (2) is obtained by
solving the compatible system of equations (67), (68),
(70) and (71) for the functions ϕ(x) and ψ(x, y). Finally,
the coefficients α, β, γ and ω of the resulting linear equa-
tion (2) are given by equations (72), (73), (74) and (75).

5 Illustration of the Linearization Theo-
rems

Example 5.1 Consider the nonlinear sixth-order ordi-
nary differential equation

24y′2x+ 12y′y′′x2 + 240y′y′′′ + 120y′y(4)x+ 12y′y(5)x2

+ 24y′y + 180y′′2 + 240y′′y′′′x+ 30y′′y(4)x2 + 24y′′xy

+ 20y′′′2 + 4y′′′x2y + 60y(4)y + 24y(5)xy + x2y(2y(6)

+ y) = 0. (76)

It is an equation of the form (5) in Theorem 3.1 with the
coefficients

A1 =
6

y
, A0 =

12

x
, B3 =

15

y
, B2 = 0, B1 =

60

xy
,

B0 =
30

x2
, C0 =

10

y
, D5 = 0, D4 =

120

xy
, D3 = 0,

D2 = 0, D1 =
120

x2y
, D0 = 0, E0 = 0, F2 = 0,

F1 = 0, F0 =
90

x2y
, G4 = 0, G3 = 0, G2 = 0,

G1 =
6

y
, G0 =

12

x
, H6 = 0, H5 = 0, H4 = 0,

H3 = 0, H2 =
12

xy
, H1 =

12

x2
, H0 =

y

2
, λ1 = 0,

λ2 = 180, λ3 = −378, λ4 = 0, λ5 = 0, λ6 = 0,

λ7 = 0, λ8 = 300056400.

One can check that these coefficients obey the conditions
in Theorem 4.1. Hence an equation (76) is linearizable
via a fiber preserving transformation. Applying Corollary
4.2, the linearizing transformation is found by solving the

following equations

ψyy =ψy/y, (77)

ψxy =ψy(5ϕxxx+ 4ϕx)/(2ϕxx), (78)

ϕxxx =(3ϕ2
xx)/(2ϕx), (79)

ψxxxxxx =(45ϕ5
xxψx − 225ϕ4

xxϕxψxx + 300ϕ3
xxϕ

2
xψxxx

+ 30ϕ3
xxϕ

2
xψ − 150ϕ2

xxϕ
3
xψxxxx − 60ϕ2

xxϕ
3
xψx

+ 30ϕxxϕ
4
xψxxxxx + 30ϕxxϕ

4
xψxx − 4ϕ5

xψxxx

+ ϕ5
xψyy − 2ϕ5

xψ)/(2ϕ
5
x). (80)

Consider equation (79), one can choose the particular
solution

ϕ =x.

So that system of equations (77), (78) and (80) are writ-
ten as

ψyy =
ψy

y
, (81)

ψxy =
2ψy

x
, (82)

ψxxxxxx =
−4ψxxx + ψyy − 2ψ

2
. (83)

Consider equations (81) and (82), we have

ψy =Kx2y, K = constant.

Hence,

ψ =
Kx2y2

2
+ f(x).

Since one can use any particular solution, we set K =
2, f(x) = 0 and take ψ = x2y2. One can readily verify
that this function solves equation (83) as well. Hence,
one obtains the linearizing transformation

t = x, u = x2y2. (84)

From Corollary 4.2 the coefficients α, β, γ and ω of the
resulting linear equation (2) are

α = 0, β = 2, γ = 0, ω = 1.

Hence, the nonlinear equation (76) can be mapped by
transformation (84) into the linear equation

u(6) + 2u′′′ + u = 0. (85)

The solution of equation (85) is

u(t) =e−t(C0 + C1t) + e
t
2 ((C2 + C3t) cos(

√
3

2
t)

+ (C4 + C5t) sin(

√
3

2
t)), (86)
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where C0, C1, C2, C3, C4 and C5 are arbitrary constants.
Substituting equation (84) into equation (86), we get the
solution

x2y2 =e−x(C0 + C1x) + e
x
2 ((C2 + C3x) cos(

√
3

2
x)

+ (C4 + C5x) sin(

√
3

2
x)).

Example 5.2 Consider the nonlinear sixth-order ordi-
nary differential equation

y′6 − 15y′5 + 15y′4y′′ + 85y′4 − 150eyy′3y′′ + 20y′3y′′′

+ y′3(e3x − 225) + 45y′2y′′2 + 510y′2y′′ − 150y′2y′′′

+ 15y′2y(4) + y′2(−3e3x + 274)− 225y′y′′2 + 60y′y′′y′′′

+ 3y′y′′(e3x − 225) + 340y′y′′′ − 75y′y(4) + 6y′y(5)

+ 2y′(e3x − 60) + 15y′′3 + 255y′′2 − 150y′′y′′′

+ 15y′′y(4) + y′′(−3e3x + 274) + 10y′′′2

+ y′′′(e3x − 225) + 85y(4) − 15y(5) + y(6) = 0. (87)

It is an equation of the form (5) in Theorem 3.1 with the
coefficients

A1 = 6, A0 = −15, B3 = 15, B2 = 15, B1 = −75,

B0 = 85, C0 = 10, D5 = 60, D4 = −150, D3 = 20,

D2 = −150, D1 = 340, D0 = e3x − 225, E0 = 15,

F2 = 45, F1 = −225, F0 = 255, G4 = 15, G3 = −150,

G2 = 510, G1 = 3(e3x − 225), G0 = −3e3x + 274,

H6 = 1, H5 = −15, H4 = 85, H3 = e3x − 225,

H2 = −3e3x + 274, H1 = 2(e3x − 60), H0 = 0,

λ1 = −150, λ2 = 54e3x, λ3 = −189e3x,

λ4 = −170100e3x, λ5 = 1190700(e3x + 1),

λ6 = 5103000e3x, λ7 = −18852750e3x,

λ8 = −22504230000e3x.

One can check that these coefficients obey the conditions
in Theorem 4.1. Hence an equation (76) is linearizable
via a fiber preserving transformation. Applying Corollary
4.2, the linearizing transformation is found by solving the
following equations

ψyy =ψy, (88)

ψxy =5ψy(ϕxx − ϕx)/(2ϕx), (89)

ϕxxx =(3ϕ2
xx − ϕ2

x)/(2ϕx), (90)

ψxxxxxx =(45ϕ5
xxψx − 225ϕ4

xxϕxψxx + 300ϕ3
xxϕ

2
xψxxx

+ 150ϕ3
xxϕ

2
xψx + 15e3xϕ3

xxϕ
2
xψ

− 150ϕ2
xxϕ

3
xψxxxx − 300ϕ2

xxϕ
3
xψxx

− 30e3xϕ2
xxϕ

3
xψx − 45e3xϕ2

xxϕ
3
xψ

+ 30ϕxxϕ
4
xψxxxxx + 150ϕxxϕ

4
xψxxx

+ 15e3xϕxxϕ
4
xψxx + 45e3xϕxxϕ

4
xψx

+ 45ϕxxϕ
4
xψx + 45e3xϕxxϕ

4
xψ

− 20ϕ5
xψxxxx − 2e3xϕ5

xψxxx

− 9e3xϕ5
xψxx − 23ϕ5

xψxx − 19e3xϕ5
xψx

− 15e3xϕ5
xψ)/(2ϕ

5
x). (91)

Consider equation (90), one can choose the particular
solution

ϕ =ex.

So that system of equations (88), (89) and (91) as rewrit-
ten as

ψyy =ψy, (92)

ψxy =0, (93)

ψxxxxxx =15ψxxxxx − 85ψxxxx − e3xψxxx

+ 225ψxxx + 3e3xψxx − 274ψxx

− 2e3xψx + 120ψx. (94)

Consider equation (92) and (93), we have

ψy =Key, K = constant.

Hence,

ψ =Key + f(x).

Since one can use any particular solution, we set K =
1, f(x) = 0 and take ψ = Key. One can readily verify
that this function solves equation (94) as well. Hence,
one obtains the linearizing transformation

t = ex, u = ey. (95)

From Corollary 4.2 the coefficients α, β, γ and ω of the
resulting linear equation (2) are

α = 1, β = γ = ω = 0.

Hence, the nonlinear equation (87) can be mapped by
transformation (95) into the linear equation

u(6) + u′′′ = 0. (96)

The solution of equation (96) is

u(t) =(C0 + C1t+ C2t
2) + C3e

−t (97)

+ e
t
2 (C4 cos(

√
3

2
t) + C5 sin(

√
3

2
t)),

where C0, C1, C2, C3, C4 and C5 are arbitrary constants.
Substituting equation (95) into equation (97), we get the
solution

ey =(C0 + C1e
x + C2e

x2) + C3e
−ex

+ e
ex

2 (C4 cos(

√
3

2
ex) + C5 sin(

√
3

2
ex)).
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