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Adjacent Vertex Distinguishing Proper Edge
Colorings of Bicyclic Graphs®
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Abstract—An adjacent vertex distinguishing proper
edge coloring of a graph G is a proper edge coloring
of G such that no pair of adjacent vertices meets the
same set of colors. Let x,.(G) be the minimum num-
ber of colors required to give G an adjacent vertex
distinguishing proper edge coloring. In this paper,
we show that x.,(G) < A(G) + 1 for bicyclic graphs G,
where A(G) is the maximum degree of G.
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1 Introduction

Let G = (V(G), E(G)) be a simple graph with vertex set
V(G) and edge set E(G). A proper edge coloring of G
is a mapping ¢ : E(G) — {1,2,...,k} such that no two
adjacent edges meet the same color. Denote by C,(v)
= {p(uv)|uv € E(G)} the color set of the vertex v. We
say that a proper edge coloring ¢ of G is adjacent vertex
distinguishing, or an avd-coloring, if Cy,(u) # Cy,(v) for
any pair of adjacent vertices v and v. It is obvious that an
avd-coloring exists provided that G contains no isolated
edge. A k-avd-coloring of G is an avd-coloring of G using
at most k colors. Let x/(G) be the minimum number of
colors in an avd-coloring of G. We use dg(u) to denote
the degree of the vertex u of G, and A(G) denotes the
maximum degree of G. Clearly, x.(G) > A(G), and
Xo(G) > A(G) + 1 if there exist two adjacent vertices u
and v with dg(u) = dg(v) = A(G).

The adjacent vertex distinguishing proper edge coloring
was first introduced by Zhang et al., and the following
conjecture was proposed [17].

Conjecture 1. (AVDPEC Conjecture) If G is a simple
connected graph on at least 3 vertices and G # Cs (a
5-cycle), then A(G) < x2(G) < A(G) + 2.
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In [2], Balister et al. proved that Conjecture 1 holds for
bipartite graphs and for graphs with A(G) < 3. Ed-
wards et al. [6] showed that x/(G) < A(G) +1if G is
a planar bipartite graph with A(G) > 12. Hornék et
al. [12] showed that x.(G) < A(G) + 2 for all planar
graphs G with A(G) > 12. Akbari et al. [1] obtained
X2 (G) < 3A(G) for all graphs G without isolated edges.
This bound was recently improved to 3A(G)—1 by Zhu et
al. [19]. The best general result is due to Hatami [10] who
bounded (by a probabilistic method) x.(G) from above
by A(G) + 300 provided that A(G) > 10%°. For more on
the avd-colorings of graphs, see [3-5, 7-9, 11, 13-16, 18].

A bicyclic graph is a connected graph in which the num-
ber of edges equals the number of vertices plus one. In
this paper, we investigate the avd-coloring of bicyclic
graphs and show that x/.(G) < A(G) + 1 for bicyclic
graphs G. This implies that Conjecture 1 holds for all
bicyclic graphs.

The rest of the paper is organized as follows. In Section 2,
we obtain x/(G) for bicyclic graphs G without pendant
vertex. This plays an important role in Section 3 where
we obtain the exact value of x/(G) for bicyclic graphs G
with at least one pendant vertex. In Section 4, we give
the conclusion of this paper.

2 Bicyclic graphs without pendant ver-
tex

In this section, we obtain the exact value of x.(G) for
bicyclic graphs G without pendant vertex.

It is easy to see that if G is a bicyclic graph without
pendant vertex, then G must be some H; for 1 <i <5
(see Figure 1).

The following lemma is obvious.

Lemma 1. Let P be a path of G whose internal vertices
are all of degree 2 in G. If ¢ is a 3-avd-coloring of G,
then the colors of any three consecutive edges of P are
pairwise distinct.

In what follows, we say that two vertices v and v are
distinguished from each other in a given coloring if the
set of colors incident to u is not equal to the set of colors
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Figure 1: Bicyclic graphs without pendant vertex.

incident to v. We also say that the coloring distinguishes
uw and v in this case, or that v and v are distinguishable.

From Lemma 1 we can immediately obtain the following
result.

Lemma 2. If a graph G has a cycle C of length r so that
there exists exactly one vertex of C whose degree is greater
than 2 in G, where r =1 (mod 3), then x.(G) > 4.

Let P = ujus---u, be a path of G. We say that “P
is cyclically colored by colors 1, 2 and 3” if the colors
assigned to ujus, ugus and uguy are 1, 2 and 3 respec-
tively, and uqus, usug and uguy are colored by 1, 2 and
3 respectively, and the remaining edges are colored in a
similar manner until the last one u,_ju, is colored. We
may similarly give a definition of “s distinct edges ey, ea,

-+, eg are cyclically colored by colors 1, 2 and 3”. We
use [(P) to denote the length of P.

Lemma 3. Let C be a cycle of G of length r, wherer =1
(mod 3). If C has exactly two vertices of degree 3 in G
such that these two 3-vertices are not adjacent in G and
their respective adjacent vertices not belonging to C are
also not adjacent in G, and the rest of r — 2 wvertices of
C are all of degree 2 in G, then the edges incident to the
vertices of C can be properly colored using 3 colors such
that any two consecutive vertices of C are distinguished
from each other.

Proof. Suppose that C' = xyxg -+ x,z1, where dg(x1) =
da(z;) =3,3<j<r—1;and dg(z;) =2,7# 1,j. Let
e1 and e; be the edges incident to x; and x;, respectively,
where e; and e; are not the edges of C. Let P; and P, be
the two paths connecting x; and x; in C, respectively. We

CyCliC&Hy color €1, T1T2, T3, ***, Tj—1Tj, €5, TjTj41,

Tj41Tj42, ~**y Tr_1Tyr, TpT1 by colors 1, 2 and 3. It
is easy to verify that the resulting coloring satisfies the
conditions of the lemma. O

We call the coloring method used in the proof of Lemma
3 the &-coloring of C' U {e1,e;}. Let ¢ be a ¢-coloring of
CU{e1,¢e;}. It is obvious that ¢ is a partial avd-coloring
of G. Clearly, we can obtain a £-coloring such that the
color of ey is 2 or 3 by permuting the order of colors.

Proposition 1.

4, if there are exactly two numbers of r, s
and t both congruent to 1 modulo 3;
3, otherwise.

X;(Hl) =

Proof. Set P = xujus -+ Ur_1y, Po = xv1v9 Vs 1Y,
and Py = zwiws - --wi_1y. Clearly x.(H;) > 3. By the
symmetry of P;, P, and Ps3, we only describe 10 cases in
which we can find a suitable corresponding edge coloring
(see Table 1).

Table 1. Avd-coloring of u,

Conditions Py Py Ps
7 ] T
r=s=t=0 (mod 3) (123)3 (231)% (312)3
£ t
r=1,s=t=0 (mod 3) (123) 3 1 (213)% (312)3
r—2 t
r=2s=t=0 (mod 3) (123)73 12 (213)3 (321)3
r—1 s—1 t—3
r=s=1,t=0 (mod 3) (123)73 1 (231) 3 2 (312) 3 314
r—2 5—2 t
r=s=2t=0 (mod 3) (123)73 12 (231) 3 23  (321)3
r—2 s—1 t
r=2s=1,t=0 (mod 3) (312) 3 31 (231) 3 2 (123)3
r—2 s—2 t—2
r=s=t=2 (mod 3) (231) 3 23  (312) 3 31  (123) 3 12
r—2 5—2 t—1
r=s=2t=1 (mod 3) (231) 73 23  (321) 3 32 (123) 3 1
r—2 s—1 t—1
r=2s=t=1 (mod 3) (123)73 14  (231) 3 2 (312) 3 3
r—1 s—1 t—1
r=s=t=1 (mod 3) (231)" 3 2 (312) 3 3 (123) 3 1

It remains to show that there exists no 3-avd-coloring
when r = s =1t =0 (mod3)orr =2,s=t=1
(mod 3). We consider the latter case only. Suppose
that ¢ is a 3-avd-coloring of H; when r = 2 (mod 3),
s =t =1 (mod 3). Clearly the colors of zu;, zv; and
zw; are pairwise distinct. Without loss of generality, we
assume that ¢(zuy) = 1, ¢(zv;) = 2 and p(zw;) = 3.
It follows from Lemma 1 and s = ¢t = 1 (mod 3) that
p(vs—1y) = 2 and p(wi—1y) = 3. Clearly, the coloring

r

of P, must be (123)"5 12 or (132)"5 13, which result-

s in that p(ur—1y)=¢(vs—1y) or p(ur—1y)=p(wi-1y), a
contradiction. O

Proposition 2. x/(H;) =4,i=2,3,4.

Proof. Since H; has a 4-vertex or two adjacent 3-vertices,
we have x.(H;) > 4, i =2,3,4. Tt remains to prove that
H; has a 4-avd-coloring, i = 2, 3,4. For Hs, we assign col-
ors 4, 2 and 3 to xy, u,_1y and vs_1y, respectively. Then
we cyclically color zui, ujus, -+, ur—_our—1 by colors 1,
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3 and 4; and we cyclically color zvy, vivs, --
by colors 2, 4 and 1.

©y Us—2Us—1

For Hj, we assign colors 1, 2, 3 and 4 to zuy, Tu,—1,
zv; and xvs_1, respectively. The path uwjug---u,—1 is
cyclically colored by colors 3, 4 and 1; and the path
V1V - - - Vs_1 is cyclically colored by colors 1, 2 and 3.

For H4, we assign colors 2, 4 and 4 to xy, u,_1y and
vs_1Y, respectively. Then the path zujus - - - u,_1 is cycli-
cally colored by colors 1, 2 and 3; and path yvivg -+ v5_1
is cyclically colored by colors 3, 2 and 1.

It is easy to see that the resulting coloring is a 4-avd-
coloring in each case. O

Proposition 3.

4, ifr=1

X;(H5)={3 (mod 3) ors=1

otherwise.

(mod 3);

Proof. When r =1 (mod 3) or s =1 (mod 3), it follows
from Lemma 2 that x/(Hs) > 4. So it is sufficient to give
Hj a 4-avd-coloring. We cyclically color xwy, wiws, - -,
wy_ow_1 by colors 1, 2 and 3; and we cyclically color
Wi—1Y, YU1, V12, -+, Vs_2Us—1 by colors 4, 3 and 2. We
assign colors 1 and 4 to vs_1y and w,_jx, respectively.
Finally zuy, ujug, -+, ur_ou,_1 are cyclically colored
by colors 3, 2 and 1. Clearly, the resulting coloring is a
4-avd-coloring of Hj.

When r £ 1 (mod 3) and s £ 1 (mod 3), it is sufficient
to give Hs a 3-avd-coloring. We cyclically color zw,
wiwsg, -+, wy_1y by colors 1, 2 and 3. Assume that
the color of w;_1y is a. Set {1,2,3}\{a}={b,c}. We
cyclically color yvi, vive, ---, vs—_1y by colors “c, a and
b’ or “b, c and a” with respect to s = 0 or 2 (mod 3).
The edges of xuy, ujusg, -+, u._1z can be colored in a
similar manner. O

3 Bicyclic graphs with pendant vertices

In this section, we investigate the avd-coloring of bicyclic
graphs with at least one pendant vertex.

Let G be a bicyclic graph, and let G; be the graph ob-
tained from G by deleting all the pendant vertices of G
(if G contains no pendant vertex, then G; = G). Similar-
ly, G2 is the graph obtained from G by deleting all the
pendant vertices of G (if Gy contains no pendant vertex,
then Gy = G1). This process continues, and we finally
obtain a graph H such that H has no pendant vertex.
Denote H by H(QG).

Fact. If G is a bicyclic graph, then H(G) € {H;, Ha,
Hs, Hy, Hs} (see Figure 1).

We will classify all bicyclic graphs with at least one pen-
dant vertex into three classes: a-type, S-type and ~y-type.

Let G be a bicyclic graph containing a pendant vertex.
We use Ga to denote the subgraph of G induced by all
the vertices of maximum degree of G.

We call G an a-type graph, if all the following conditions
hold:

(1) A(G) = 3 and Ga is an empty graph (i.e. a graph
without edges).

(2) G has a cycle C of length r (r =1 (mod 3)) such that
there exists exactly one vertex of C' whose degree is 3 in

G.

We call G a S-type graph, if all the following conditions
hold:

(1) A(G) = 3 and Ga is an empty graph.

(2) H(G) is Hy, and there exist exactly two numbers of
r, s and t which are both congruent to 1 modulo 3, and
the other is congruent to 2 modulo 3.

(3) There exists an internal vertex zo of one (z,y)-path
P in H; whose length is congruent to 2 modulo 3, and
dp (20, ) and dp(z9,y) are both congruent to 1 modulo
3, where dp(zg, ) denotes the distance between z, and
xin P.

(4) dg(v)=dgm, (v) for v € V(Hi)\zo.

If G is neither a-type nor S-type, then we call G a ~-type
graph.

Theorem 1. Let G be a bicyclic graph on n vertice. If
G is a-type or B-type, then x.(G) = 4; if G is vy-type,
then

A(G),

, _ if GA is an empty graph;
Xa(G) —{ A(G) +1,

otherwise.
Proof. We divide the proof into three cases.
Case 1. G is an a-type graph.

It follows from Lemma 2 that x.(G) > 4. We prove by
induction on the number of vertices of G that there is a
4-avd-coloring of G.

When n = 10, G must be the graph illustrated in Fig-
ure 2, and a 4-avd-coloring of G is also presented.

1 2 3 1

Figure 2: Basis step in Case 1.

Suppose that the theorem is true for a-type graphs with
fewer than n vertices, and let G be an a-type graph with
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n > 11 vertices. In fact, H := H(G) = Hs. Let C be the
cycle of Hy of length r such that there exists exactly one
vertex of C' whose degree is 3in G and r = 1 (mod 3).

When G has a pendant vertex v such that the neighbor of
v is not in H. Let vy be a pendant vertex of G such that
d(vg, H) is maximum, where d(v, H) = min{dg (v, u)|u €
V(H)}. Clearly, d(vo, H) > 2. Let w be the neighbor
of vy, and u the exactly one neighbor of w in G which
is not a pendant vertex. Set G’ = G — vg. It is easy to
see that G’ is an a-type graph with n — 1 vertices. By
induction hypothesis, G’ has a 4-avd-coloring . There
are at least 2 colors missing from the edges incident to w
(since A(G) = 3 and wvy has not been colored). Hence
we can assign one missing color to wvg such that w and
u are distinguishable.

When the neighbor of each pendant vertex of G is in H.
Let v be any pendant vertex of GG, and w the neighbor
of v. Set G’ = G — v. It is obvious that G’ is an a-type
graph with n — 1 vertices. By induction hypothesis, G’
has a 4-avd-coloring. We assign a color missing from the
edges incident to w to wv such that the coloring is proper.
Note that Ga is an empty graph, it is easy to verify that
the resulting coloring is a 4-avd-coloring of G.

Case 2. @ is a S-type graph.

Without loss of generality, we assume that » = 2 (mod 3)
and s =t =1 (mod 3), and zg = u; for some 2 < j <
r — 2. Clearly, x.(G) > 3. We first show that x,(G) > 4
by contradiction. Suppose that ¢ is a 3-avd-coloring of G.
Then the colors of zuy, xv; and zw; are pairwise distinct.
Without loss of generality, we assume that p(zu;) = 3,
o(zv1) = 2 and p(zw1) = 1. From Lemma 1 it follows
that p(yvs—1) = 2 and p(ywi—1) = 1. Thus p(yu,—1) =
3. Since the lengths of zujus - - - u; and wjujq4q -+ - Ur—1y
are both congruent to 1 modulo 3, it follows from Lemma
1 that o(uj_1u;)=¢(uju,11)=3, a contradiction.

It remains to show that G has a 4-avd-coloring. By in-
duction on the number of vertices of G.

When n = 16, G must be the graph illustrated in Fig-
ure 3, and a 4-avd-coloring of G is also presented.

Figure 3: Basis step in Case 2.

Suppose that the theorem is true for S-type graph with
fewer than n vertices, and let G be a S-type graph with
n > 17 vertices. We have H(G) = H;.

When G has a pendant vertex v such that the neighbor of
v is not in H(G). Let vy be a pendant vertex of G such
that d(vg, H(G)) is maximum. Clearly d(vo, H(G)) >
2. Let w be the neighbor of vy, and u the exactly one
neighbor of w in G which is not a pendant vertex. Set
G’ = G —vg. It is easy to see that G’ is a S-type graph
with n — 1 vertices. By induction hypothesis, G’ has a
4-avd-coloring. If dg(w) = 3, then dg(u) = 2 (since
A(G) = 3 and G is an empty graph). We assign a color
missing from the edges incident to w to wvg. If dg(w) =
2, then there are at least 3 colors missing from the edges
incident to w. Therefore we can always assign one missing
color to wvg such that w and u are distinguishable.

When the neighbor of each pendant vertex of G is in
H(G). In this case G has exactly one pendant vertex,
denoted by v, and the neighbor of v is u;. The color-
ings of zwiwsy - - - W1y, TV1V2 - - Vs_1Y, TULU2 - - - U; and
Uity - up_ 1y are (123)5 1, (231) 75 2, (321)"% 3 and
4(123)%7 respectively. Finally we assign color 1 to
vu;. Clearly, the resulting coloring is a 4-avd-coloring of
G.

Case 3. (G is a y-type graph.

Set,
A(G),
k(G) = { AG) +1,

Clearly x!(G) > k(G). So there remains to show that G
has a k(G)-avd-coloring. By induction on the number of
vertices of G.

if GA is an empty graph;
otherwise.

When n = 5, G must be one of the two graphs illustrated
in Figure 4, and 4-avd-colorings are also presented.

4

Figure 4: Basis step in Case 3.

Suppose that the theorem is true for y-type graph with
fewer than n vertices, and let G be a vy-type graph with
n > 6 vertices. Let H := H(G).

Now we divide the rest of the proof into four subcases.

Subcase 3.1.G has a pendant vertex v such that the
neighbor of v is not in H.

Let vg be the pendant vertex of G such that d(vg, H) is
maximum. Clearly, d(vg, H) > 2. Let w be the neighbor
of v, and u the only neighbor of w which is not a pendant
vertex. Set G’ = G — vy. Note that G’ has at least one
pendant vertex.

(a) Ga is an empty graph.
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If G’ is a-type or B-type, then A(G) =4 and A(G') =3
From Case 1, Case 2 or induction hypothesis, it follows
that G’ has a A(G)-avd-coloring.

If w is the vertex of maximum degree in G, then w is
not the vertex of maximum degree. We assign a color
missing from the edges incident to w to wwvg such that
the resulting coloring is proper.

If w is not the vertex of maximum degree in G, then w
meets at most A(G) — 2 colors, i.e., there are at least 2
colors missing from the edges incident to w. Hence there
is at least one remaining color with which to color wug
such that w and w are distinguished from each other.

(b) Ga is not an empty graph.

If G’ is a-type or B-type, then A(G')=A(G)=3. From
Case 1, Case 2 or induction hypothesis, it follows that G’
has a (A(G) + 1)-avd-coloring. Clearly, w meets at most
A(G) — 1 colors (since wuvg has not been colored), thus
there are at least 2 colors missing from the edges incident
to w. Therefore there is at least one remaining color with
which to color wvy such that w and w are distinguished
from each other.

Subcase 3.2. The neighbor of each pendant vertex of
G is in H, and H has a vertex z of degree two in H
and degree at least three in G such that dg(z) # dg(2),
where 2’ is one neighbor of z in H.

Let 2" be the other neighbor of z in H, i.e. Ny(z) =
{#/,2"}, where Ny (z) denotes the neighborhood of z in
H. Set v € Ng(2)\{#,7"} and G’ =G —v.

(a) G is not an empty graph.

Note that A(G")=A(G). If G’ has no pendant vertex,
then G’ has a (A(G) + 1)-avd-coloring from Proposi-
tions 1-3. If G’ has a pendant vertex, then G’ has a
(A(G) + 1)-avd-coloring from Case 1, Case 2 or induc-
tion hypothesis. Since there are at least two colors miss-
ing from the edges incident to z, there is at least one
remaining color with which to color vz such that the re-
sulting coloring distinguishes z and z”. Clearly, z and 2’
are distinguishable (z and 2’ have distinct degree in G).
Therefore G has a (A(G) 4 1)-avd-coloring.

(b) Ga is an empty graph.

Type 1: G’ has no pendant vertex. It is easy to see that
G' = H;, where i = 1,3, 5.

When G’ = Hs, let ¢ be a 4-avd-coloring of H3z obtained
from the proof of Proposition 2, and we assign one color
missing from the edges incident to z to zv. Clearly, the
resulting coloring is a 4-avd-coloring of G.

When G’ = Hy, let ¢ be a 3-avd-coloring of H; obtained
from the proof of Proposition 1 except the casesr = s =1

(mod 3), t =0 (mod 3) and r = 2 (mod 3), s=t =1
(mod 3). We assign one color missing from the edges
incident to z to zv such that the coloring obtained is
proper. Clearly the resulting coloring is a 3-avd-coloring
of G (since dg(2')=dg(2")=2 and dg(z) = 3). So there
remains to consider the cases r = s =1 (mod 3), t =0
(mod 3) and r =2 (mod 3), s=¢t =1 (mod 3).

(i) r=s=1 (mod 3),t =0 (mod 3).

Ifz=u; 2<j<r-—2), then the colorings of P, and
P are (231)°5 2 and (123)
of P is (312)%1(321) (ifj=0 (mod 3)), (312) =3
(231)"5" (if j = 1 (mod 3)) or (312)5°3 1(312)~ %31
(if 5 = 2 (mod 3)), where Py, P, and P3 are defined as
Proposition 1. Then we properly color u;v, and we obtain
a 3-avd-coloring of G.

respectively. The coloring

The case that z = v; (2 < j < s —2) can be disposed by
a similar manner.

If z=w; 2<j<t-2), then the colorings of P
and P are (123)%11 and (321) 33, respectively. The
colormg of Ps 1s (231) (312) 5 (if j = 0 (mod 3))
(231)* 2(123) 212 (if j = 1 (mod 3)) or (231)%5° 23
(231) 2 (if j =2 (mod 3)). Then we properly color
w;v, and we obtain a 3-avd-coloring of G.

(ii) r=2 (mod 3), s=¢t =1 (mod 3).

If 2z=wu; (2 <j < r—2), then the colorings of P,
and P3 are (231)5;312 and (123) 311 respectively. The
coloring of P is (312) (132)° (if 7 = 0 (mod 3))

or (312)"5 31(213) * (if j = 2 (mod 3)). Note that
G is not a fS-type graph, thus j # 1 (mod 3). Then we
properly color u;v.

Ifz=v; (2<j<s-2), then the colorings of P; and Ps
are (231)%223 and (123) 1, respectively. The colormg
of Py is (321) 5(231) 52 (if j = 0 (mod 3)), (321)"5 3
(132)%5* (if j = 1 (mod 3)) or (321)5°32(123) "+ 12
(if =2 (mod 3)). Then we properly color v;v.

The case that z = w; (2 < j <t —2) can be disposed by
a similar manner.

When G’ = Hj, then r =1 (mod 3) and s = 1 (mod 3)
cannot both hold.

(i) r=1 (mod 3) and s #1 (mod 3).

Clearly that z = u; (2 < j <r—2). We cyclically color
Twy, wiwse, - -+, wy_1y by colors 1, 2 and 3. Suppose that
the color of w;_1y is a, where a € {1,2,3}.

If s = 0 (mod 3), then the coloring of yvi, viva, ---,
vs—1y is [(a + 2)a(a + 1)]5; if s = 2 (mod 3), then the

coloring of yv1, v1vg, -+, ve_1yis [(a+1)(a+2)a] T (a+
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1)(a + 2), where addition is taken modulo 3.

The coloring of zui, uiue, -+, Up_1Up, UT IS

(231)5(321) 5 3, (312)5 3(132)5" or (231)°5 23
(231) %= 23 depending on j = 0,1, or 2 (mod 3). Then

we properly color vu;, and we obtain a 3-avd-coloring of

G.
(ii) r# 1 (mod 3) and s 1 (mod 3).

Let ¢ be a 3-avd-coloring of Hg obtained from the proof
of Proposition 3. Then we properly color vz, and we
obtain a 3-avd-coloring of G.

Type 2: G’ has a pendant vertex and G’ is an a-type
graph.

In this case it is obvious that 3 < A(G) <4 and H(G) =
Hs. Without loss of generality, we assume that » = 1
(mod 3). Set C = zujus - - Up_12.

When A(G) = 3, we have z = u; (2 < j <r—2). Note
that C' U {vu;, zw:} satisfies the conditions of Lemma
3. It follows from Lemma 3 that C' U {vu;,zw;} has a
&-coloring ¢ such that the color of zw; is 1. We cycli-
cally color wyws, wows, ---, wy_1y by colors 2, 3 and 1.
Assume that the color of w;_1y is a, where a € {1, 2, 3}.

If s = 0 (mod3), then the coloring of " =
yvrvg - vs_1y is [(a + 2)a(a + 1)]3 (starting from yv;
in clockwise), where addition is taken modulo 3.

If s =1 (mod 3), then there exists some vertex v, of C’
such that dg(v;) = 3. Let e be the pendant edge incident
to v;. By Lemma 3, C' U{e, w;_1y} has a &-coloring such
that the color of w;_1y is a.

If s =2 (mod 3), then the coloring of C" is [(a + 1)(a +
2)(1}%2(& + 1)(a + 2) (starting from yv; in clockwise),
where addition is taken modulo 3.

Finally we properly color all the uncolored pendant edges
and obtain a 3-avd-coloring of G.

When A(G) = 4, then G has exactly one vertex of max-
imum degree. Clearly z is just the vertex of maximum
degree in GG, and any two 3-vertices are not adjacent in G.
We cyclically color the edges of xujusg---u,.—1 by colors
1, 2 and 3, and assign color 4 to u,_ixz. Starting from
rwy, we cyclically color the edges of zwiws -+ - wy_1y by
colors 2, 3 and 1. Assume that the color of w;_1y is a,
then we cyclically color the edges of yvivs - - - vs_1 by col-
ors a + 1, a, a + 2, and assign color 4 to vs_1y, where
addition is taken modulo 3. Finally we properly color all
the pendant edges. It is not difficult to verify, whether
z=w; 1<j<t—1)orz=uw; (1<j<s—1), that
the resulting coloring is a 4-avd-coloring of G.

Type 3: G’ has a pendant vertex and G’ is a 3-type graph.

Without loss of generality, we assume that » = 2 (mod 3)
and s = ¢ =1 (mod 3), and zy = u; for some 1 < j <
r — 1. Clearly 3 < A(G) < 4. Set P, = zujug - Up_1Yy,
Py = zv1v9 - - vs_1y and Py = zwiws - - - wi—1Yy.

When A(G) = 4, then z = u; is the only vertex of
maximum degree. The colorings of Py, P3 and P are
(123)°2° 1, (231) 22 and (312)"5 3(412) 5 4, respec-
tively. Two pendant edges incident to u; are assigned
colors 1 and 2. It is obvious that the resulting coloring is

a 4-avd-coloring of G.

When A(G) = 3, let e be the pendant edge incident to
u;. There are four cases to consider.

If 2z =w; (2 <i<j—2), then the colorings of P, and P;
are (123)°z 1 and (231)"= 2, respectively. Set P/= zu;
U+ - Uj, P{’:uiuiH c Uy and le =UjUjg1 - Ur—1Y-
The colorings of P, P;’ and P/" are given as follows (see
Table 2):

Table 2. The colorings of P;, P;’ and P;".

Conditions P/ P/ P

i=0 (mod 3) (312)% (123)" 51  (312)" % 3
i=1 (mod3) (312)5°3 (231)% (312) %3
i=2 (mod 3) (312)5°12 (321)" %32 (312)" %3

Finally we properly color e and w;v, and we obtain a
3-avd-coloring of G.

The case that z = u; (j +2 < i < r —2) can be dealt
with in a similar manner as the above case.

If 2 = (2 <i < s—2), then the colorings of P,
and Py are (123)"3° 12 and (312)"F 3, respectively. Set
Pj=zvivy - --v; and Py=v;v;41---vs_1y. Then the col-
orings of Pj and PJ are given as follows (see Table 3):

Table 3. The colorings of Ps, P3.

Conditions The coloring of P{  The coloring of Py
i=0 (mod 3) (213)3 (123) 1

i=1 (mod 3) (231)F 2 (321)°5

i=2 (mod 3) (231)5°23 (213) 521

Finally we properly color e and v;v, and we obtain a 3-
avd-coloring of G.

The case that z = w; (2 < j <t —2) can be dealt with
in a similar manner as the above case.

Type 4: G’ has a pendant vertex and G’ is a y-type graph.

By induction hypothesis, G’ has a A(G)-avd-coloring. If
z is the vertex of maximum degree, then we properly color
zv. If z is not the vertex of maximum degree, then there
are at least two colors missing from the edges incident
to z. Hence we can assign one missing color to zv such
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that z and z” are distinguishable. Clearly the resulting
coloring is a A(G)-avd-coloring of G.

Subcase 3.3. The neighbor of each pendant vertex of
G is in H, and H has a vertex z of degree two in H and
degree at least 3 in G. For any such z, dg(z') = dg(z") =
dg(z), where Ny (z) = {2/, 2" }.

(i) H = H.

In view of the symmetry of three paths from z to y in
H, G must be one of the following three graphs, where
A(G)=k+2and k > 1 (see Figure 5).

(a) G, )G,

©) Gy,

Figure 5: Tllustrations in Subcase 3.3(i).

We just show that G1;1 (see Figure 5(a)) has a (A(G)+1)-
avd-coloring. The other cases can be dealt with in a
similar manner. Note that in (Gy; the number of pendant
edges incident to x or y is kK — 1, and the number of
pendant edges incident to each of the other vertices of
H, is k. Suppose that k > 2.

If » + s is even, then we alternately color the edges of
cycle zujug -+ Up_1yvs_1- - - Vo1 x starting from xu; by
colors k+2 and k+ 3. The uncolored edges incident to z,
UL, Uy~ Ur_1, Y, Us—1, - -+, U1 are alternately colored
by {1,2,--- ,k} and {2,3,--- , k4 1} such that the colors
of zwy and yw;_1 are 1 and 2 respectively.

If r + s is odd, the coloring of cycle zujug -+ Ur_1Yy Vs—1
. vyuix starting from zuy is [(k + 2)(k + 3)] 77 2.
The uncolored edges incident to wy, wus, -+, Ur_1, Y,
Vs—1, * -+, v1 are alternately colored by {1,2,---,k} and
{2,3,---,k + 1} such that the color of w; 1y is 2.
The uncolored edges incident to x or v; are colored by
{1,3,4,--- ,k + 1} such that the color of zw; is 1.

Then we cyclically color wywsg, wows, -+, Wi_oWi_1 S-
tarting from wyws by colors 3, 4 and 1. The pendant
edges incident to w;_1, wy_so, -+, wa are colored such
that the missing color of these vertices are alternately

k + 3 and 2. We color the pendant edges incident to w;
such that the missing color of wy is k+2. It is not difficult
to verify that the resulting coloring is a (A(G) + 1)-avd-
coloring of G11.

When A(G) = 3 (i.e. k = 1), we assign colors 1, 3
and 4 to xuy, xw; and zv, respectively. The edges of
UTU - - - Upr_1YVUs—1 - - - V2v71 are cyclically colored starting
from ujus by 2, 3 and 1. The pendant edge incident to
eachu; (2<i<r—1)orwv; (3<j<s—1)iscolored by
4, and the pendant edge incident to w; is colored by 3. If
the colors of v3ve and vouy are 1 and 2 respectively, then
we assign colors 4 and 3 to the pendant edges incident to
vo and vy, respectively. If the colors of vzvs and vovy are
2 and 3 respectively, then we assign colors 1 and 2 to the
pendant edges incident to vo and vy, respectively. If the
colors of v3ve and vev; are 3 and 1 respectively, then we
assign colors 4 and 2 to the pendant edges incident to vo
and vy, respectively. Denote by c¢(e) the color that has
been assigned to e.

If t = 2, then there are three cases to consider. When
c(yur—1) = 2 and c(yvs—1) = 3, we exchange the colors
of u,_1y and the pendant edge incident to u,_1 (i.e. we
recolor u,_1y by color 4, and the pendant edge incident
to ur—1 by 2). Then we assign colors 2 and 1 to wyy
and the pendant edge incident to wy, respectively. When
c(yur—1) = 3 and ¢(yvs—1) = 1, we assign colors 2 and 4
to wyy and the pendant edge incident to w1, respectively.
When c(yu,—1) = 1 and e(yvs—1) = 2, we assign colors
4 and 2 to wyy and the pendant edge incident to wi,
respectively.

If t > 3, then there are three cases to consider. When
c(yur—1) = 2 and c(yvs—1) = 3, we assign color 1 to
w¢—1y and cyclically color wyws, wows, -« -, wi_sws_1 by
2, 4 and 3. If the colors of w;_szw;_o and wy_sw;_1 are
2 and 4 respectively, then the pendant edge incident to
each w; (1 < i <t —2) is colored by 1, and the pendant
edge incident to wy_; is colored by 3. If the colors of
wy_swi_o and wy_owy_1 are 4 and 3 respectively, then
the pendant edge incident to each w; (1 <1i <t —3) is
colored by 1, and the pendant edge incident to w;_o or
wy—1 is colored by 2 or 4, respectively. If the colors of
wy_3w_o and wy_owy_1 are 3 and 2 respectively, then
the pendant edge incident to each w; (1 <@ <t —2) is
colored by 1, and the pendant edge incident to w;_1 is
colored by 4.

When c¢(yu,—1) = 3 and ¢(yvs_1) = 1, we assign color 2
to wy—1y and cyclically color wyws, wows, -+, Wi_ows_1
by 1, 4 and 3. If the colors of w;_gw;_o and wy_sw;_1 are
1 and 4 respectively, then the pendant edge incident to
each w; (1 < i <t—2)is colored by 2, and the pendant
edge incident to w;_1 is colored by 3. If the colors of
wy_3zwy_o and wy_owy_1 are 4 and 3 respectively, then
the pendant edge incident to each w; (1 <14i <t —3) is
colored by 2, and the pendant edge incident to w;_o or
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wy_1 is colored by 1 or 4, respectively. If the colors of
wy_3wi_o and wy_owy—1 are 3 and 1 respectively, then
the pendant edge incident to each w; (1 <1i <t —2) is
colored by 2, and the pendant edge incident to w;_; is
colored by 4.

When c(yur—1) = 1 and c(yvs—1) = 2, we assign color 3
to w;_1y and cyclically color wyws, waws, -+, Wr_swi_1
by 2, 1 and 4. Suppose that ¢ > 4. If the colors of
wy_3wi_o and wi_owy—1 are 2 and 1 respectively, then
the pendant edge incident to each w; (2 <i <t —2) is
colored by 3, and the pendant edge incident to wy or wy_1
is colored by 4. If the colors of w;_sw;_o and wy_ows_1
are 1 and 4 respectively, then the pendant edge incident
to each w; (2 < i < t —2) is colored by 3, and the
pendant edge incident to w; or wy_; is colored by 4 or 2,
respectively. If the colors of w;_sw;_o and w;_owy_1 are
4 and 2 respectively, then the pendant edge incident to
each w; (2 < i <t—3)is colored by 3, and the pendant
edge incident to wy or wy_1 is colored by 4. The pendant
edge incident to w;_g is colored by 1. If ¢ = 3, then the
pendant edge incident to w; or ws is colored by 1 or 4,
respectively.

It is not difficult to see that the resulting coloring is a
4-avd-coloring of G11.

(ii) H = H,.

In view of the symmetry of graph, G must be one of the
following two cases, where A(G) =k +2 and k > 1 (see
Figure 6).

(a) G,, ) Gy,

Figure 6: Illustrations in Subcase 3.3(ii).

We just show that Ga; (see Figure 6(a)) has a (A(G)+1)-
avd-coloring, and the case Gaa (see Figure 6(b)) can be
dealt with in a similar manner. Note that in Gg; the
number of pendant edges incident to x or y is k — 1, and
the number of pendant edges incident to each of the other
vertices of H is k.

When A(G) > 4 (i.e. k > 2), then we alternately col-
OF TU1, UIU2, "+, Upr—2Y, YVUs—2, Vs—2Vs—1, ="+, Va1 Dy
colors k + 3 and k + 2 starting from xu;. Assign color
1 to zv;. We alternately assign colors {1,2,--- ,k} and
{2,3,--+ ,k+ 1} to the pendant edges incident to uq, us,
cet Up_9, Y, Us_2, -+, Ug. Note that the number of pen-
dant edges incident to y is kK — 1, so we consider here
that xy is a “pendant edge” incident to y and color it
by 2. The pendant edges incident to = are colored by

{3,4,---,k +1}. If r + s is even, then the pendant edges
incident to vy are colored by {2,3,--- k.k +2}. Ifr+s
is odd, then the pendant edges incident to vy are colored
by {2,3,---,k + 1}. Tt is not difficult to verify that the
resulting coloring is a (A(G) + 1)-coloring of Ga;.

When A(G) = 3 (i.e. k= 1), we assign colors 1, 2, 3,
2 and 4 to xui, xv1, TY, Yur,—o and yvs_o, respectively.
The edges of ujus - - - u,._o are cyclically colored by colors
4, 3 and 1 starting from ujue. We assign color 3 to the
pendant edge incident to u;. If the color of u,_4u,_3 is
3 and the color of u,_3u,_o is 1, then the pendant edge
incident to u,_3 is colored by 2 and the pendant edge
incident to u,_s is colored by 4. If the colors of u,_4u,_3
and u,_3u,_o are 1 and 4 respectively, then the pendant
edges incident to u,_3 and u,_o are colored by 3 and 1,
respectively. If the colors of u,_4u,_3 and u,_3u,._o are
4 and 3 respectively, then the pendant edges incident to
uy_3 and u,_o are colored by 2 and 1, respectively. Then
each pendant edge incident to us, us, - -+, u,._4 is colored
by 2, respectively. The edges incident to vy, v, « -, Vs_2
are colored in a similar manner. It is not difficult to see
that the resulting coloring is a 4-avd-coloring of G.

(iii) H = Hs.

By the symmetry of graph, G must be one of the following
two cases, where A(G) = k+2 and k > 2 (see Figure 7).

(a) Gy,

(b) Gy,

Figure 7: Illustrations in Subcase 3.3(iii).

We just show that G3; (see Figure 7(a)) has a (A(G)+1)-
avd-coloring. The case G = G335 (see Figure 7(b)) can be
dealt with in a similar manner. Note that in G3; the
number of pendant edges incident to x is k — 2, and the
number of pendant edges incident to each of the other
vertices of Hs is k.

We assign colors 1, 2, 3 and 4 to the edges zuy, zv1, TUq—1
and zv,_1, respectively. We alternately color the edges
of ujus - u,—1 starting from wyus by colors k 4+ 3 and
k + 2. If the color of u,_su,_1 is k4 3, then the pendant
edges incident to u,_; are clored by {1,2/4,5,--- .,k + 1};
if the color of u,_su,_1 is k + 2, then the pendant edges
incident to w,_; are clored by {1,4,5,---,k + 1,k + 3}.
We alternately color the pendant edges incident to g,
us, -+, Up_o starting from wus by colors {1,2,---,k} and
{2,3,---,k + 1}. The pendant edges incident to u; are
colored by {2,3,---,k + 1}. Assign colors {5,6, - - ,k + 2}
to the pendant edges incident to x (if k = 2, then G has
no pendant edge incident to x).
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We alternately color the edges of vivy---vs_1 starting
from vyvs by colors 1 and 2. The pendant edges inci-
dent to v; and vs_; are colored by {4,5, -,k + 3} and
{3,5,6,- -,k + 3} respectively. We alternately color the
pendant edges incident to vo, v3, -+, vs_o starting from
vg by colors {3,4,-- - ,k+2} and {4,5,-- - ,k+3}. It is not d-
ifficult to verify that the resulting coloring is a (A(G)+1)-
avd-coloring of Gg;.

(iv) H = H,.

By the symmetry of graph, G must be one of the following
two cases, where A(G) = k+2 and k > 1 (see Figure 8).

(@) Gy, (b) Gy,

Figure 8: Illustrations in Subcase 3.3(iv).

We just show that G4 (see Figure 8(a)) has a (A(G)+1)-
avd-coloring. The case that G = G4z (see Figure 8(b))
can be dealt with in a similar manner. Note that in G4
the number of pendant edges incident to x and y are
k—1and [—1, respectively. The number of pendant edges
incident to each of u; (1 <7 <r—1) is k, and the number
of pendant edges incident to each v; (1 <j<s—1)isl.
We assume that & > [.

If » and s are both even, then we alternately color the
edges of cycle zujus - - - ur—_1x by colors k 4+ 3 and k + 2.
The pendant edges incident to uy, ug, - - -, u,_1 are alter-
nately colored by {1,2,--- ,k} and {2,3,---,k+ 1}. Assign
color 2 to xy and color the pendant edges incident to x
by {34, -,k + 1}. Then we alternately color yv, viva,
-+, Vg_oVs_1 by colors [ + 2 and [ + 3. Assign color 1 to
yvs—1. The pendant edges incident to vy, vo, -+, Vs_2
are alternately colored by {1,2,--- 1} and {2,3,---,l + 1}.
The pendant edges incident to vs_; and y are colored by
{2,3,---,l,l + 3} and {34, --,l + 1}, respectively.

If r is even and s is odd, then the edges incident to x, uy,
-+, u,_1 are colored as the same as the above case. The
edges of yvivs---vs_1 are alternately colored by [ + 2
and [ + 3, and assign color 1 to yvs_;. The pendant
edges incident to vy, ve, - - -, vs_o are alternately colored
by {2,3,---,0 + 1} and {1,2,---,l}. The pendant edges
incident to vs_; and y are colored by {2,3,-- - l,l4+2} and
{3,4,---,l + 1}, respectively.

If r is odd and s is even, then the edges of xujus -+ - up—1
are alternately colored by k+ 3 and k+ 2. Assign color 1
to xu,_1. The pendant edges incident to uy, ug, - -+, Ur_o
are alternately colored by {1,2,---,k} and {2,3,--- ,k+1}.
The pendant edges incident to u,_; and x are colored
by {2,3,--,k + 1} and {3,4, -,k + 1}, respectively. We

assign color 2 to zy. The edges of cycle yvivs - - - v5_1y are
alternately colored starting from yv; by colors [ 4+ 2 and
I+ 3. The pendant edges incident to vy, ve, - -+, vs_1 are
alternately colored by {1,2,---,l} and {2,3,---,l4+ 1}, and
the pendant edges incident to y are colored by 3,4,--- .l +
1.

If » and s are both odd, then the edges incident to z,
uy, +-, U._1 are colored as the same as the above case
(i.e. the case that r is odd and s is even). The edges of
Yyu1vs - - - Vs_1 are alternately colored by [ + 2 and [ + 3.
Assign color 1 to yvs_1. The pendant edges incident to
vy, Vg, -+, Us_o are alternately colored by {2,3,---,l +
1} and {1,2,---,l}. The pendant edges incident to vs_;
and y are colored by {3,4,---,l + 2} and {3,4,--,l + 1},
respectively.

It is not difficult to verify that the resulting coloring is a
(A(G) + 1)-avd-coloring of Gy;.

(V) H= H5.

By the symmetry of graph, G must be one of the following
six cases, where A(G) =k +2 and k > 1 (see Figure 9).

(a) Gy,

() Gy,

(c) G5,

(d) G,

(e) Gss

() Gsg

Figure 9: Tllustrations in Subcase 3.3(v).
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We just show that Gs; has a (A(G) +1)-avd-coloring, the
other cases can be dealt with in a similar manner. Note
that in G5 the number of pendant edges incident to x or
y is k — 1, and the number of pendant edges incident to
each of the other vertices of Hy is k. Suppose that k > 2.

We alternately color the edges of ujus -« ur_12 wiws

- Wp_1Y V1Vg - - - Vg1 starting from ujug by colors k+ 2
and k + 3. The pendant edges incident to ug, ug, - -,
Up_1, T, W1, * -, W1, Y, V1, -, Us_o are alternately
colored by {1,2,---,k} and {2,3,---,k + 1}. Note here
that the number of pendant incident to x or y is k — 1,
we consider zuy or yvs_1 the “pendant edges” incident
to x or y, respectively. The colors of xu; and yvs_q are
both equal to 2. The pendant edges incident to u; or
vs—1 are colored by {1,3,4,--- k+ 1}.

When A(G) = 3 (i.e. k = 1), we assign colors 3, 2
and 1 to zuy, xu,—1 and zwi, respectively. The edges
of ujusg - - - u,_1 are cyclically colored by 4, 1 and 3, and
the pendant edge incident to each u; (1 < i <r —3)is
colored by 2. If the colors of u,_su,_2 and u,_su,_1 are
4 and 1 respectively, then we assign colors 3 and 4 to the
pendant edges incident to u,_o and wu,_1, respectively. If
the colors of u,_3u,_o and u,_su,_1 are 1 and 3 respec-
tively, then we assign colors 2 and 4 to the pendant edges
incident to u,_o and w,_1, respectively. If the colors of
Upr_3Ur_o and u,_ou,_1 are 3 and 4 respectively, then we
assign colors 1 and 3 to the pendant edges incident to
Uur_o and u,_1, respectively. We assign colors 2, 3 and 1
to wiws, waws, -+, wi_1y cyclically, and color 4 to the
pendant edge incident to each w; (1 < ¢ <t—1). We
assign two colors in {1,2,3}\{c(w¢—1y)} to yv; and yvs_;.
Then we color the edges incident to vy, va, --+, vs_1 by
a similar manner and obtain a 4-avd-coloring of Gs;.

Subcase 3.4. The neighbor of each pendant vertex of G
is in H, and the degree of every vertex of degree 2 in H
is 2 in G. Clearly, G must be one of the following graphs
illustrated in Figure 10.

Here we assume that the pendant vertices adjacent to x

are x1, Ta, -+, T and the pendant vertices adjacent to
y are yi, Y2, -, Yy, where k > 1 > 1.
(i) G =G

Clearly A(G) = k + 3. From Proposition 1, H; has
a 4-avd-coloring ¢ using colors 1, 2, 3 and 4. Then
we assign colors 5, 6, ---, kK + 3 to zxo, zx3, ---,
xxy, respectively. Similarly, we assign clors 5, 6, -,
l 4+ 3 to yy2, yys, -+, yyi, respectively. Then we as-
sign colors in {1,2,3,4}\{p(zu1), ¢(zv1), ¢(zwi)} and
{1,234\ {p(yur—1), p(yvs—1), @(ywi-1)} to zx1 and
yy1, respectively. Clearly the resulting coloring is a
A(G)-avd-coloring of G.

(i) G = Go.

Figure 10: Illustrations in Subcase 3.4.

If k # [, then without loss of generality we assume that
k > 1. We color G in a similar manner as (i) and obtain a
A(G)-avd-coloring of G. If k = [, then from Proposition
2 that H, has a 4-avd-coloring using colors 1, 2, 3 and
4. Note here that = and y are distinguishable in Hs.
We assign colors 5, 6, ---, k + 4 to zx1, xxo, -+, TTYK,
respectively. Similarly, we assign clors 5, 6, ---, k + 4 to
YY1, YY2, - -+, Yy, respectively. It is obvious that z and
y are distinguished from each other, and the resulting
coloring is a (A(G) + 1)-avd-coloring of G.

(iii) G = Gs.

By Proposition 2, Hs has a 4-avd-coloring using colors 1,
2, 3 and 4. We assign colors 5, 6, ---, k + 4 to the edges
rxy, T, -+, TIE, respectively. It is obvious that the
resulting coloring is a A(G)-avd-coloring of G.

(iv) G = G4. This case can be dealt with in a similar
manner as (ii), and we may obtain a A(G)-avd-coloring
(k #1) or (A(G) + 1)-avd-coloring of G (k =1).

(v) G = G5. This case can be dealt with in a similar
manner as (i), and we may obtain a A(G)-avd-coloring
of G.

Since we have dealt with all cases, the theorem is proved.
O

4 Conclusion and Future Work

From Propositions 1-3 and Theorem 1, we prove that
Xo(G) < A(G) 4+ 1 for bicyclic graphs G. This implies
that Conjecture 1 holds for all bicyclic graphs. We will in-
vestigate the AVDPEC Conjecture for other graphs (such
as tricyclic graphs) in the future.
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