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Abstract—The Hamiltonian path problem on general graphs
is well-known to be NP-complete. In the past, we have proved
it to be also NP-complete for supergrid graphs. A graph is
called Hamiltonian connected if there exists a Hamiltonian path
between any two distinct vertices in it. Determining whether a
supergrid graph is Hamiltonian connected is clear to be NP-
complete. Recently, we proved the Hamiltonian connectivity of
some special supergrid graphs, including rectangular, triangu-
lar, parallelogram, and trapezoid. In this paper, we will study
the Hamiltonian connectivity of alphabet supergrid graphs.
There are 26 types of alphabet supergrid graphs in which every
capital letter is represented by a type of alphabet supergrid
graphs. We will prove L-, C-, F-, E-, N-, and Y-alphabet
supergrid graphs to be Hamiltonian connected. The Hamil-
tonian connectivity of the other alphabet supergrid graphs
can be verified similarly. The Hamiltonian connected property
of alphabet supergrid graphs can be applied to compute the
minimum stitching trace of computerized embroidery machines
during the sewing process.

Index Terms—Hamiltonian connectivity, alphabet supergrid
graphs, shaped supergrid graphs, computerized embroidery
machines.

I. I NTRODUCTION

A Hamiltonian path(resp.,cycle) of a graph is a simple
path (resp., cycle) in which each vertex of the graph

appears exactly once. TheHamiltonian path(resp.,cycle)
problem is to determine whether or not a graph contains a
Hamiltonian path (resp., cycle). A graphG is said to be
Hamiltonianif it contains a Hamiltonian cycle, and is called
Hamiltonian connectedif for each pair of distinct vertices
u and v of G, there exists a Hamiltonian path between
u and v in G. The Hamiltonian path and cycle problems
have numerous applications in different areas, including
establishing transport routes, production launching, the on-
line optimization of flexible manufacturing systems [1], com-
puting the perceptual boundaries of dot patterns [40], pattern
recognition [2], [42], [45], DNA physical mapping [14],
fault-tolerant routing for 3D network-on-chip architectures
[9], etc. It is well known that the Hamiltonian path and
cycle problems are NP-complete for general graphs [11],
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[28]. The same holds true for bipartite graphs [35], split
graphs [12], circle graphs [8], undirected path graphs [3],
grid graphs [27], triangular grid graphs [13], and supergrid
graphs [17]. In the literature, there are many studies for
the Hamiltonian connectivity of interconnection networks,
including WK-recursive network [10], recursive dual-net
[37], hypercomplete network [5], alternating group graph
[29], arrangement graph [39], augmented hypercube [16],
generalized base-b hypercube [23], hyercube-like network
[41], twisted cube [25], crossed cube [24], Möbius cube
[7], folded hypercube [15], and enhanced hypercube [38].
In this paper, we will verify the Hamiltonian connectivity of
alphabet supergrid graphs.

The two-dimensional integer grid graphG∞ is an infinite
graph whose vertex set consists of all points of the Euclidean
plane with integer coordinates and in which two vertices are
adjacent if the (Euclidean) distance between them is equal
to 1. Thetwo-dimensional triangular grid graphT∞ is an
infinite graph obtained fromG∞ by adding all edges on the
lines traced from up-left to down-right. Agrid graph is a
finite, vertex-induced subgraph ofG∞. For a nodev in the
plane with integer coordinates, letvx andvy represent itsx
andy coordinates, respectively, denoted byv = (vx, vy). If v
is a vertex in a grid graph, then its possible adjacent vertices
include(vx, vy−1), (vx−1, vy), (vx+1, vy), and(vx, vy+1).
A triangular grid graph is a finite, vertex-induced sub-
graph of T∞. If v is a vertex in a triangular grid graph,
then its possible neighboring vertices include(vx, vy − 1),
(vx − 1, vy), (vx +1, vy), (vx, vy +1), (vx − 1, vy − 1), and
(vx + 1, vy + 1). Thus, triangular grid graphs contain grid
graphs as subgraphs. For example, Fig. 1(a) and Fig. 1(b)
depict a grid graph and a triangular graph, respectively. The
triangular grid graphs defined above are isomorphic to the
original triangular grid graphs in [13] but these graphs are
different when considered as geometric graphs. By the same
construction of triangular grid graphs obtained from grid
graphs, we defined a new class of graphs, namelysupergrid
graphs, in [17]. Thetwo-dimensional supergrid graphS∞ is
an infinite graph obtained fromT∞ by adding all edges on
the lines traced from up-right to down-left. That is,S∞ is the
infinite graph whose vertex set consists of all points of the
plane with integer coordinates and in which two vertices are
adjacent if the difference of theirx or y coordinates is not
larger than 1. Asupergrid graphis a finite, vertex-induced
subgraph ofS∞. We will color vertexv white if vx+vy ≡ 0
(mod 2); otherwise,v is coloredblack. The possible adjacent
vertices of a vertexv = (vx, vy) in a supergrid graph hence
include(vx, vy − 1), (vx − 1, vy), (vx +1, vy), (vx, vy + 1),
(vx − 1, vy − 1), (vx + 1, vy + 1), (vx + 1, vy − 1), and
(vx − 1, vy +1). Then, supergrid graphs contain grid graphs
and triangular grid graphs as subgraphs. For instance, Fig.
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1(c) shows a supergrid graph. Notice that grid and triangular
grid graphs are not subclasses of supergrid graphs, and the
converse is also true: these classes of graphs have common
elements (vertices) but in general they are distinct since
the edge sets of these graphs are different. Obviously, all
grid graphs are bipartite [27] but triangular grid graphs and
supergrid graphs are not always bipartite. An edge(u, v) in
a supergrid graph is said to behorizontal (resp.,vertical) if
uy = vy andux 6= vx (resp.,ux = vx anduy 6= vy), and is
calledskewedif it is neither a horizontal nor a vertical edge.
In the figures we will assume that(1, 1) are coordinates of
the up-left vertex, i.e. the leftmost vertex of the first row, in
a supergrid graph.

The Hamiltonian cycle and path problems for grid and
triangular grid graphs were known to be NP-complete [13],
[27]. In [17], we have showed that the Hamiltonian path and
cycle problems on supergrid graphs are also NP-complete.
Thus, it is NP-complete for determining whether a supergrid
graph is Hamiltonian connected. In the past, we have veri-
fied the Hamiltonian and Hamiltonian connected properties
of some special supergrid graphs. The Hamiltonian cycle
problem on linear-convex supergrid graphs can be solvable
in linear time [18]. Recently, we verified the Hamiltonicity
and Hamiltonian connectivity of some special supergrid
graphs, including rectangular [19], triangular, parallelogram,
trapezoid [20], andL-shaped [22].

Rectangular, parallelogram, and alphabet supergrid graphs
first appeared in [17], in which they are proved to be
Hamiltonian. An alphabet supergrid graph is a finite vertex-
induced subgraph of the rectangular supergrid graph. There
are 26 types of alphabet supergrid graphs in which the shape
of each type of alphabet supergrid graphs forms a capital
letter. In this paper, we first proveL-, C-, F -, andE-alphabet
supergrid graphs to be Hamiltonian connected by decom-
posing them into disjoint rectangular supergrid subgraphs.
However, many other alphabet supergrid graphs can not be
decomposed into only rectangular supergrid subgraphs, e.g.,
N - andY -alphabet supergrid graphs. We observe that these
alphabet supergrid graphs can be decomposed into disjoint
rectangular, triangular, parallelogram, and trapezoid super-
grid subgraphs. In [20], we provided a constructive proof to
show that triangular, parallelogram, and trapezoid supergrid
graphs are Hamiltonian and Hamiltonian connected. Based
on the Hamiltonian connectivity of triangular, parallelogram,
trapezoid, and rectangular supergrid graphs, we will prove
N - andY -alphabet supergrid graphs to be Hamiltonian con-
nected. The Hamiltonian connectivity of the other alphabet
supergrid graphs can be verified similarly.

The possible application of the Hamiltonian connectivity
of alphabet supergrid graphs is presented as follows. Con-
sider a computerized embroidery machine which will sew
a k-letters string into object. Its computerized embroidery
software is used to compute the sewing track of the input
string. First, the software producesk sets of lattices in which
every set of lattices represents a letter in the string. It then
computes a path to visit the lattices of the sets such that each
lattice is visited exactly once and the sum of lengths between
any two disconnected sets of lattices is minimum. Finally, the
software transmits the stitching track of the computed path
to the computerized embroidery machine, and the machine
then performs the sewing work along the track on the

object, e.g., clothes. For example, given a string “CYUT” the
computerized embroidery software first produces a series of
sets of lattices in which each set forms an alphabet supergrid
graph, as depicted in Fig. 2(a). It then computes a path to visit
the lattices of the sets such that each lattice is visited exactly
once, as shown in Fig. 2(b). Since each stitch position of a
embroidery machine can be moved to its eight neighboring
positions (left, right, up, down, up-left, up-right, down-left,
and down-right), one set of neighboring lattices forms a
connected alphabet supergrid graph. Note that each lattice
will be represented by a vertex of a supergrid graph. The
desired sewing track of each set of adjacent lattices is a
Hamiltonian path of the corresponding alphabet supergrid
graph. Note that if the corresponding alphabet supergrid
graph contains no Hamiltonian path, then the sewing track
in it contains more than one path and these paths must be
concatenated by jump lines. In this paper, we will show that
alphabet supergrid graphs are always Hamiltonian connected
and hence there exists no jump line on the inside of an
alphabet supergrid graph. By the Hamiltonian connectivity
of alphabet supergrid graphs, we can seek the end vertices
of Hamiltonian paths in the corresponding alphabet supergrid
graphs so that the total length of jump lines connecting two
alphabet supergrid graphs is minimum. For an example, Fig.
2(b) shows such a minimum sewing track for the sets of
lattices in Fig. 2(a).

Previous related works are summarized as follows. Itai
et al. [27] showed that the Hamiltonian path and cycle
problems for grid graphs are NP-complete. They also gave
the necessary and sufficient conditions for a rectangular grid
graph to be Hamiltonian connected. Thus, rectangular grid
graphs are not always Hamiltonian connected. Zamfirescu
et al. [46] gave the sufficient conditions for a grid graph
having a Hamiltonian cycle, and proved that all grid graphs
of positive width have Hamiltonian line graphs. Later, Chen
et al. [6] improved the Hamiltonian path algorithm of [27]
on rectangular grid graphs and presented a parallel algorithm
for the Hamiltonian path problem with two given end ver-
tices in rectangular grid graph. Also Lenhart and Umans
[36] showed the Hamiltonian cycle problem on solid grid
graphs, which are grid graphs without holes, is solvable in
polynomial time. Recently, Keshavarz-Kohjerdiet al. [31]
presented a linear-time algorithm to compute the longest
path between two given vertices in rectangular grid graphs.
Reay and Zamfirescu [43] proved that all 2-connected, linear-
convex triangular grid graphs contain Hamiltonian cycles
except one special case. The Hamiltonian cycle and path
problems on triangular grid graphs were known to be NP-
complete [13]. In addition, the Hamiltonian cycle prob-
lem on hexagonal grid graphs has been shown to be NP-
complete [26]. Alphabet grid graphs first appeared in [44],
in which Salman determined the classes of alphabet grid
graphs containing Hamiltonian cycles. Keshavarz-Kohjerdi
and Bagheri [30] gave the necessary and sufficient conditions
for the existence of Hamiltonian paths in alphabet grid
graphs, and presented a linear-time algorithm for finding
Hamiltonian path with two given endpoints in these graphs.
Recently, Keshavarz-Kohjerdi and Bagheri [32] verified the
Hamiltonian connectivity ofL-shaped grid graphs. Very
recently, Keshavarz-Kohjerdi and Bagheri presented a linear-
time algorithm to find Hamiltonian(s, t)-paths in rectangular
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Fig. 1. (a) A grid graph, (b) a triangular grid graph, and (c) a supergrid graph, where circles represent the vertices and solid lines indicate the edges in
the graphs.

(a)

(b)

Fig. 2. (a) Four sets of lattices for string “CYUT” in which eachletter is represented as a set of connected lattices, and (b) a possible sewing trace for
the sets of lattices in (a), where solid lines indicate the computed trace and dashed lines indicate the jump lines connecting two continuous letters.

grid graphs with a rectangular hole [33], [34]. The supergrid
graphs were first introduced in [17], in which we proved
that the Hamiltonian cycle and path problems on supergrid
graphs are NP-complete, and every rectangular supergrid
graph is Hamiltonian. Recently, we proved that linear-convex
supergrid graphs, which form a subclass of supergrid graphs,
always contain Hamiltonian cycles [18]. In [19], we have
proved that rectangular supergrid graphs (with one trivial
exception) are always Hamiltonian connected. Very recently,
we verified the Hamiltonicity and Hamiltonian connectivity
of some shaped supergrid graphs, including triangular, par-
allelogram, and trapezoid [20].

The rest of the paper is organized as follows. In Section
II, some notations and background results are introduced.
By using the Hamiltonicity and Hamiltonian connectivity of
rectangular supergrid graphs in [19], Section III provesL-,
C-, F -, andE-alphabet supergrid graphs to be Hamiltonian
connected. Based on the Hamiltonicity and Hamiltonian
connectivity of shaped supergrid graphs in [20], we verify the

Hamiltonicity and the Hamiltonian connectivity ofN - and
Y -alphabet supergrid graphs in Section IV. The other types
of alphabet supergrid graphs can be verified to be Hamilto-
nian and Hamiltonian connected by similar arguments as in
Sections III–IV. Finally, we make some concluding remarks
in Section V.

II. N OTATIONS AND BACKGROUND RESULTS

In this section, we will introduce terminology and sym-
bols. Some observations and previously established results
for the Hamiltonicity and Hamiltonian connectivity of shaped
supergrid graphs are also presented. For graph-theoretic
terminology not defined in this paper, the reader is referred
to [4].

A. Notations

Let G = (V,E) be a graph with vertex setV (G) and
edge setE(G). Let S be a subset of vertices inG, and let
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u and v be two distinct vertices inG. We write G[S] for
the subgraph ofG inducedby S, G − S for the subgraph
G[V − S], i.e., the subgraph induced byV − S. In general,
we writeG − v instead ofG − {v}. If (u, v) is an edge in
G, we say thatu is adjacentto v. A neighbor of v in G

is any vertex that is adjacent tov. We useNG(v) to denote
the set of neighbors ofv in G. The subscript ‘G’ of NG(v)
can be removed from the notation if it has no ambiguity.
The degreeof vertex v, denoted bydeg(v), is the number
of vertices adjacent to vertexv. The notationu ∼ v (resp.,
u ≁ v) means that verticesu andv are adjacent (resp., non-
adjacent). A vertexw adjoins edge (u, v) if w ∼ u and
w ∼ v. Two nonincident edgese1 and e2 are parallel if
each end vertex ofe1 is adjacent to some end vertex of
e2, denote this bye1 ≈ e2. A path P of length |P | in G,
denoted byv1 → v2 → · · · → v|P |−1 → v|P |, is a sequence
(v1, v2, · · · , v|P |−1, v|P |) of vertices such thatvi 6= vj for
i 6= j, and (vi, vi+1) ∈ E(G) for 1 6 i < |P |. The first
and last vertices visited byP are denoted bystart(P ) and
end(P ), respectively. We will usevi ∈ P to denote “Pvisits
vertexvi” and use(vi, vi+1) ∈ P to denote “P visits edge
(vi, vi+1)”. A path from v1 to vk is called a(v1, vk)-path.
In addition, we useP to refer to the set of vertices visited
by pathP if it is understood without ambiguity. A pathP is
a cycle if |V (P )| > 3 and end(P ) ∼ start(P ). Two paths
(or cycles)P1 andP2 of graphG are calledvertex-disjointif
and only ifV (P1)∩V (P2) = ∅. Two vertex-disjoint pathsP1

andP2 can be concatenated to a path, denoted byP1 ⇒ P2,
if end(P1) ∼ start(P2).

Rectangular supergrid graphs first appeared in [17],
in which the Hamiltonian cycle problem was solved.
Let R(m,n) be the supergrid graph whose vertex set
V (R(m,n)) equals to{v = (vx, vy) | 1 6 vx 6 m and
1 6 vy 6 n}. That is,R(m,n) containsm columns andn
rows of vertices inS∞. A rectangular supergrid graphis
a supergrid graph which is isomorphic toR(m,n). Thenm
andn, thedimensions, specify a rectangular supergrid graph
up to isomorphism. The size ofR(m,n) is defined to bemn,
andR(m,n) is called ann-rectangle. Letv = (vx, vy) be a
vertex inR(m,n). The vertexv is called theup-left (resp.,
up-right, down-left, down-right) corner of R(m,n) if for
any vertexw = (wx, wy) ∈ R(m,n), wx > vx andwy > vy
(resp.,wx 6 vx and wy > vy, wx > vx and wy 6 vy ,
wx 6 vx andwy 6 vy). There are four boundaries (borders)
in a rectangular supergrid graphR(m,n) with m,n > 2.
An edge in any boundary ofR(m,n) is called boundary
edge. For example, Fig. 3(a) shows a rectangular supergrid
graphR(10, 10) which is called a 10-rectangle and contains
2(9 + 9) = 36 boundary edges. Fig. 3(a) also indicates the
types of corners.

Next, we will introduce some shaped supergrid graphs,
including triangular, parallelogram, and trapezoid, defined
in [20]. The triangular supergrid graphs are subgraphs of
rectangular supergrid graphs and are defined as follows.

Definition 1. Let ℓ be a diagonal line ofR(n, n) with
n > 2 from the up-left corner to the down-right corner. Let
∆(n, n) be the supergrid graph obtained fromR(n, n) by
removing all vertices underℓ. A triangular supergrid graph
is a supergrid graph that is isomorphic to∆(n, n).

For instance, Fig. 3(b) depicts a triangular supergrid graph

n = 10

m = 10

(a) (b)

n = 10

n = 10

horizontal
boundary

vertical
boundary

skewed
boundary

triangular
corner

(1, 1)

down-right
corner

boundary
edges

(c)

m = 5

n = 4

parallel
corner

vertical edge

horizontal edge

skewed edge

skewed
boundary

horizontal
boundary

m = 5

n = 4

(1, 1)

(1, 1)

(1, 1)

(d)

m = 9

n = 4

(1, 1)

(1, 1)

m = 6

n = 4
T1(6, 4)

T2(9, 4)

trapezoid
corner

trapezoid
corner

boundary path

Fig. 3. (a) A rectangular supergrid graphR(10, 10), (b) a triangular
supergrid graph∆(10, 10), (c) two types of parallelogram supergrid graph
P (5, 4), and (d) two types of trapezoid supergrid graphsT1(6, 4) and
T2(9, 4), where solid arrow lines in (a) indicate a boundary path on
R(10, 10) and dashed line in (c) indicates a vertical separation.

∆(10, 10). Each triangular supergrid graph contains three
boundaries, namelyhorizontal, vertical, and skewed, and
these boundaries form a triangle, as illustrated in Fig. 3(b).
The triangular supergrid graph∆(n, n) is called ann-
triangle, and the vertexv in ∆(n, n) is called triangular
corner if deg(v) = 2 and it is the intersection of horizontal
(or vertical) and skewed boundaries.

Parallelogram supergrid graphs are defined similar to rect-
angular supergrid graphs as follows.

Definition 2. Let P (m,n) be the supergrid graph withm >

n whose vertex setV (P (m,n)) equals to{v = (vx, vy) |
1 6 vy 6 n andvy 6 vx 6 vy +m− 1} or {v = (vx, vy) |
1 6 vy 6 n and −vy + 2 6 vx 6 m − (vy − 1)}. A
parallelogram supergrid graphis a supergrid graph which is
isomorphic toP (m,n).

In the above definition, there are two types of parallelo-
gram supergrid graphs. We can see that they are isomorphic
although they are different when considered as geometric
graphs. In this paper, it suffices to consider the parallelo-
gram supergrid graphP (m,n) with V (P (m,n)) = {v =
(vx, vy) | 1 6 vy 6 n and vy 6 vx 6 vy + m − 1}. Each
parallelogram supergrid graph contains four boundaries, two
horizontalboundaries and twoskewedboundaries, and these
boundaries form a parallelogram, as illustrated in Fig. 3(c).
The size ofP (m,n) is defined to bemn, and P (m,n)
is called ann-parallelogram. The vertexw of P (m,n) is
calledparallelogram cornerif deg(w) = 2. We can see that
a parallelogram supergrid graph contains two parallelogram
corners and it can be decomposed into disjoint triangular
or rectangular supergrid subgraphs. For instance, Fig. 3(c)
depicts a parallelogram supergrid graphP (5, 4) which can
be partitioned into two triangular supergrid graphs∆(4, 4).

We then introduce trapezoid supergrid graphs. Let
R(m,n) be a rectangular supergrid graph withm > n > 2.
A trapezoid graphT1(m,n) or T2(m,n) is obtained from
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R(m,n) by removing one or two triangular supergrid graphs
∆(n − 1, n − 1) from its corners. The trapezoid supergrid
graphsT1(m,n) andT2(m,n) are defined as follows.

Definition 3. Let R(m,n) be a rectangular supergrid graph
with m > n > 2. A trapezoid supergrid graphT1(m,n)
with m > n + 1 is obtained fromR(m,n) by removing
a triangular supergrid graph∆(n − 1, n − 1) from the
corner ofR(m,n). A trapezoid supergrid graphT2(m,n)
is constructed fromR(m,n) with m > 2n by removing
two triangular supergrid graphs∆(n − 1, n − 1) from the
up-left and up-right corners ofR(m,n). Fig. 3(d) illustrates
these two types of trapezoid graphs. Atrapezoid supergrid
graph is a supergrid graph which is isomorphic toT1(m,n)
or T2(m,n).

In a trapezoid supergrid graph, a vertexv is said to be
trapezoid cornerif deg(v) = 2. We can see thatT1(m,n)
contains a trapezoid corner,T2(m,n) contains two trapezoid
corners,T1(m,n) contains two horizontal boundaries, one
vertical boundary and one skewed boundary, andT2(m,n)
contains two horizontal boundaries and two skewed bound-
aries. By definition, each boundary ofT1(m,n) andT2(m,n)
contains at least two vertices. On the other hand,T1(m,n)
and T2(m,n) are called annT1

-trapezoid and annT2
-

trapezoid, respectively. For instance, Fig. 3(d) showsT1(6, 4)
andT2(9, 4) that are a4T1

- and a4T2
-trapezoid, respectively.

In [30], the authors studied the Hamiltonian path problem
on alphabet grid graphs. We extend their definition of alpha-
bet grid graphs to alphabet supergrid graphs and prove that
alphabet supergrid graphs are Hamiltonian connected. An
alphabet supergrid graphis a finite vertex-induced subgraph
of the rectangular supergrid graph of a certain type, as
follows. Let R(3m − 2, 5n − 4) be a rectangular supergrid
graph such thatm > n+ 1 and5n− 4 > 3m− 2. For each
letter of the alphabet, a corresponding alphabet supergrid
graph is an induced subgraph ofR(3m− 2, 5n− 4). TheL-
, C-, F -, E-, N -, andY -alphabet supergrid graphs studied
in the paper are denoted byL(m,n), C(m,n), F (m,n),
E(m,n), N(m,n), andY (m,n), respectively. These studied
alphabet supergrid graphs are shown in Fig. 4, wherem = 4
andn = 3.

Every alphabet supergrid graphA(m,n) satisfies that
5n − 4 > 3m − 2 > 3(n + 1) − 2 = 3n + 1, and hence
n > 3 andm > 4. There are 26 types of alphabet supergrid
graphs in which each type of alphabet supergrid graph forms
a capital letter. In this paper, it suffices to consider the
alphabet supergrid graphs shown in Fig. 4. The other types of
alphabet supergrid graphs can be verified to be Hamiltonian
connected similarly. LetA(m,n) be an alphabet supergrid
graph. Then, it can be embedded into a rectangular supergrid
graph R(3m − 2, 5n − 4), wherem > n + 1 > 4 and
5n − 4 > 3m − 2. The parametersm and n are used to
adjust the width and height of the alphabet supergrid graph.
By the structure of alphabet supergrid graphs, we can see that
they can be decomposed into disjoint rectangular, triangular,
parallelogram, or trapezoid supergrid subgraphs. In proving
our results, we need to partition a supergrid graph into two
disjoint parts. The partition is defined as follows.

Definition 4. Let S(m,n) be a triangular, parallelogram,
trapezoid, or alphabet supergrid graph, and letZ be a subset

m
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4 4n-
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2 2m-
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(5 4n- )-
(2 1)m-
³ 3

m

(f)

m-2 m

m-1m

Fig. 4. Alphabet supergrid graphs studied in the paper, where (a) an
L-alphabet supergrid graphL(4, 3), (b) an C-alphabet supergrid graph
C(4, 3), (c) an F -alphabet supergrid graphF (4, 3), (d) an E-alphabet
supergrid graphE(4, 3), (e) anN -alphabet supergrid graphN(4, 3), and
(f) an Y -alphabet supergrid graphY (4, 3).

of the edge setE(S(m,n)). Z is called anedge separator
of S(m,n) if the removal ofZ from S(m,n) results in two
disjoint supergrid subgraphsS1 andS2. An edge separator
Z is called vertical (resp., horizontal) if Z is a set of
horizontal (resp., vertical) edges and it separatesS(m,n) into
S1 andS2 so thatS1 is to the left (resp., upper) ofS2. The
vertical (resp.,horizontal) separation operation onS(m,n)
is to compute avertical (resp.,horizontal) edge separator of
S(m,n).

For instance, the bold dashed line in Fig. 3(c) shows a
vertical separation onP (5, 4) that is to partition it into two
disjoint triangular supergrid subgraphs∆(4, 4).

Let S(m,n) be a triangular, parallelogram, trapezoid, or
alphabet supergrid graph. LetC be a Hamiltonian cycle or
path ofS(m,n) and letH be a boundary ofS(m,n), where
H is a subgraph ofS(m,n). The restriction ofC to H is
denoted byC|H . If |C|H | = 1, i.e. the number of paths in
C|H equals to one, thenC|H is called flat face on H . If
|C|H | > 1 and C|H contains at least one boundary edge
of H , then C|H is called concave faceon H . In proving
our result, we will construct a Hamiltonian cycle (path) of
a triangular, parallelogram, trapezoid, or alphabet supergrid
graph. The constructed Hamiltonian cycle (path) is called
canonicaldefined below.

Definition 5. Let S(m,n) be a triangular, parallelogram,
trapezoid, or alphabet supergrid graph withκ boundaries, and
let s andt be two distinct vertices ofS(m,n). A Hamiltonian
cycle of S(m,n) is called canonical if it contains κ − 1
flat faces onκ − 1 boundaries, and it contains at least one
boundary edge in the other boundary. A Hamiltonian(s, t)-
path ofS(m,n) is calledcanonicalif it contains at least one
boundary edge of each boundary inS(m,n).

B. Background results

In [17], we have shown that rectangular supergrid graphs
always contain canonical Hamiltonian cycles except 1-
rectangles.
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(a)

s t

(b)

s

t

Fig. 5. Rectangular supergrid graph in which there exists no Hamiltonian
(s, t)-path for (a)R(m, 1), and (b)R(m, 2), where solid lines indicate the
longest path betweens and t.

Lemma 1. (See [17].) LetR(m,n) be a rectangular super-
grid graph withm > n > 2. Then, the following statements
hold true:
(1) if n = 3, thenR(m, 3) contains a canonical Hamiltonian
cycle;
(2) if n = 2 or n > 4, thenR(m,n) contains four canonical
Hamiltonian cycles with concave faces being located on
different boundaries.

Let (G, s, t) denote the supergrid graphG with two given
distinct verticess and t. Without loss of generality, we will
assume thatsx 6 tx, i.e., s is to the left of t, in the rest
of the paper. We denote a Hamiltonian path betweens and
t in G by HP (G, s, t). We say thatHP (G, s, t) does exist
if there is a Hamiltonian(s, t)-path of G. It is clear that
there exists a Hamiltonian(s, t)-path of graphG if edge
(s, t) is in a Hamiltonian cycle ofG. In [19], we proved that
HP (R(m,n), s, t) always exists form,n > 3 as follows.

Lemma 2. (See [19].) For(R(m,n), s, t) with m > n > 3,
R(m,n) contains a canonical Hamiltonian(s, t)-path, and
henceHP (R(m,n), s, t) does exist.

Recently, we verified the Hamiltonian connectivity of
rectangular supergrid graphs except one condition [19]. The
exception forHP (R(m,n), s, t) holds only for 1-rectangles
or 2-rectangles. To describe the exception condition, we
define the vertex cut and cut vertex of a graph as follows.

Definition 6. Let G be a connected graph and letV1 be a
subset of the vertex setV (G). The setV1 is called avertex
cut of G if G−V1 is disconnected. A vertexv of G is said to
be acut vertexof G if {v} is a vertex cut ofG. For example,
in Fig. 5(b){s, t} is a vertex cut and in Fig. 5(a)t is a cut
vertex.

The following condition implies thatHP (R(m, 1), s, t)
andHP (R(m, 2), s, t) do not exist.

(F1) s or t is a cut vertex ofR(m, 1), or {s, t} is a
vertex cut ofR(m, 2) (see Fig. 5(a) and Fig. 5(b)).
Notice that, here,s or t is a cut vertex ofR(m, 1)
if either s or t is not a corner vertex, and{s, t} is
a vertex cut ofR(m, 2) if 2 6 sx = tx 6 m− 1.

Obviously, the following lemma, showing that
HP (R(m,n), s, t) does not exist if (R(m,n), s, t)
satisfies condition (F1), holds true.

Lemma 3. Let R(m,n) be a rectangular supergrid graph
with two verticess andt. If (R(m,n), s, t) satisfies condition
(F1), thenR(m,n) contains no Hamiltonian(s, t)-path.

In [20], we have verified the Hamiltonicity of triangular,
parallelogram, and trapezoid supergrid graphs as follows.

(a) (b)

s

t

s

t

w

(c)

s t

(d)

s

t

w
s

t

(e)

parallelogram
corner

(f)

s

t

s

t

(g)

trapezoid
corner

trapezoid
corner

s

t

s

t

Fig. 6. The conditions for thatHP (S(m,n), s, t) does not exist, where
(a)–(b) S(m,n) = ∆(n, n), (c)–(e) S(m,n) = P (m,n), and (f)–(g)
S(m,n) = T (m,n), where dashed lines indicate the forbidden edges(s, t)
andT (m,n) = T1(m,n) or T2(m,n).

Lemma 4. (See [20].) LetS(m,n) be a triangular, paral-
lelogram, or trapezoid supergrid graph withm > n > 2.
Then,S(m,n) contains a canonical Hamiltonian cycle.

For a triangular, parallelogram, or trapezoid supergrid
graph S(m,n), HP (S(m,n), s, t) does exist except
some trivial conditions [20]. These conditions for that
HP (S(m,n), s, t) does not exist are stated as the following
seven conditions:

(F2) ∆(n, n) is a 3-triangle, and(s, t) is a nonboundary
edge of∆(n, n) (see Fig. 6(a)).

(F3) ∆(n, n) satisfiesn > 3, and (s, t) is an edge
of ∆(n, n) such thats and t are adjacent to a
triangular cornerw of ∆(n, n), i.e., {s, t} is a
vertex cut of∆(n, n) (see Fig. 6(b)).

(F4) P (m,n) is a 1-parallelogram, ands or t is a cut
vertex ofP (m,n) (see Fig. 6(c)).

(F5) P (m,n) is a 2-parallelogram withm > 2, and
{s, t} is a vertex cut ofP (m,n) (see Fig. 6(d)).

(F6) P (m,n) satisfiesm > n > 2, and(s, t) is an edge
of P (m,n) such thats ∼ w and t ∼ w for any
parallelogram cornerw of P (m,n), wheres 6= w,
t 6= w, anddeg(w) = 2, i.e., {s, t} is a vertex cut
of P (m,n) (see Fig. 6(e)).

(F7) T (m,n) is a 2T1
-trapezoid or2T2

-trapezoid, and
(s, t) is a vertical and nonboundary edge of
T (m,n), i.e.,{s, t} is a vertex cut ofT (m,n) (see
Fig. 6(f)).

(F8) T (m,n) is a trapezoid supergrid graph forn > 2,
w is a trapezoid corner ofT (m,n), s, t 6= w,
s ∼ w, and t ∼ w, i.e., {s, t} is a vertex cut of
T (m,n) (see Fig. 6(g)).

In [20], we verified the Hamiltonian connectivity of tri-
angular, parallelogram, and trapezoid supergrid graphs as
follows.

Lemma 5. (See [20].) LetS(m,n) be a triangular, parallel-
ogram, or trapezoid supergrid graph, and lets and t be two
distinct vertices ofS(m,n). If (S(m,n), s, t) does not satisfy
conditions (F2)–(F8), then S(m,n) contains a canonical
Hamiltonian (s, t)-path, and henceHP (S(m,n), s, t) does
exist.
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(d)
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P1

e1 e2
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Fig. 7. A schematic diagram for (a) Statement (1), (b) Statement (2), (c)
Statement (3), and (d) Statement (4) of Proposition 6, where bold dashed
lines indicate the cycles (paths) and⊗ represents the destruction of an edge
while constructing a cycle or path.

In the past, we have obtained some observations on the
relations among cycle, path, and vertex [18], [19]. They will
be used in verifying the Hamiltonian connectivity of alphabet
supergrid graphs.

Proposition 6. (See [18], [19].) LetC1 and C2 be two
vertex-disjoint cycles of a graphG, let C1 andP1 be a cycle
and a path, respectively, ofG with V (C1)∩V (P1) = ∅, and
let x be a vertex inG − V (C1) or G − V (P1). Then, the
following statements hold true:
(1) If there exist two edgese1 ∈ C1 and e2 ∈ C2 such that
e1 ≈ e2, thenC1 and C2 can be combined into a cycle of
G (see Fig.7(a)).
(2) If there exist two edgese1 ∈ C1 and e2 ∈ P1 such that
e1 ≈ e2, thenC1 andP1 can be combined into a path ofG
(see Fig.7(b)).
(3) If vertexx adjoins one edge(u1, v1) of C1 (resp.,P1),
then C1 (resp., P1) and x can be combined into a cycle
(resp., path) ofG (see Fig.7(c)).
(4) If there exists one edge(u1, v1) ∈ C1 such that
u1 ∼ start(P1) and v1 ∼ end(P1), thenC1 and P1 can
be combined into a cycleC of G (see Fig.7(d)).

III. T HE HAMILTONIAN CONNECTIVITY OF L-, C-, F -,
AND E-ALPHABET SUPERGRIDGRAPHS

In this section, we will show thatL-, C-, F -, and E-
alphabet supergrid graphs are Hamiltonian connected. Let
A(m,n) be anL-, C-, F -, or E-alphabet supergrid graph,
and lets andt be two distinct vertices inA(m,n). We will
provide a constructive proof to show thatHP (A(m,n), s, t)
does exist. Our basic idea is described as follows. First,
we perform a series of separation operations onA(m,n)
to obtain k disjoint rectangular supergrid subgraphsA1–
Ak. Consider the relative positions ofs and t. We then
use Lemmas 1 and 2 to construct canonical Hamiltonian
cycles or paths ofA1–Ak. By using Proposition 6, we finally
combine these cycles and paths into a Hamiltonian(s, t)-path
of A(m,n). Our constructed Hamiltonian(s, t)-path contains
at least one boundary edge in each boundary ofA(m,n) and
hence is canonical.

Lemma 7. Let L(m,n) be anL-alphabet supergrid graph
with m > n+1 > 4, and lets and t be two distinct vertices
ofL(m,n). Then,L(m,n) contains a canonical Hamiltonian
(s, t)-path, and henceHP (L(m,n), s, t) does exist.

Proof: We prove this lemma by constructing a canonical
Hamiltonian(s, t)-path ofL(m,n). Note thatsx 6 tx, i.e.,
s is to the left of t. We first make a series of separation
operations onL(m,n) as follows:
1© a vertical separation onL(m,n) to partition it into two

(a)
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Fig. 8. (a) The separations onL(m,n), where bold dashed lines
indicate the separation operations, and (b)–(c) the construction of
HP (L(m,n), s, t), where⊗ represents the destruction of an edge while
constructing a Hamiltonian(s, t)-path.

disjoint rectangular supergrid subgraphsL1 = R(2m− 2, n)
andL∗ = R(m, 5n− 4);
2© a horizontal separation onL∗ to partition it into two

disjoint rectangular supergrid subgraphsL2 = R(m,n) and
L3 = R(m, 4n− 4).

Fig. 8(a) depicts the above separation operations. Since
m > n + 1 > 4, L1 = R(2m − 2, n), L2 = R(m,n), and
L3 = R(m, 4n − 4) satisfy that2m − 2, n > 3, m,n > 3,
andm, 4n− 4 > 3. Depending on the locations ofs and t,
there are the following two cases:

Case 1: s, t ∈ Li for 1 6 i 6 3. In this case,s and
t are located in the same partitioned rectangular supergrid
subgraph. There are two subcases:

Case 1.1: s, t ∈ L2. SinceL2 = R(m,n) satisfies
m,n > 3, by Lemma 2 there exists a canonical Hamiltonian
(s, t)-pathP2 of L2. Then,P2 visits at least one boundary
edge in each boundary ofL2. On the other hand,L1 =
R(2m − 2, n) and L3 = R(m, 4n − 4) satisfy that2m −
2, n > 3 andm, 4n− 4 > 3. By Lemma 1, there exist two
canonical Hamiltonian cyclesHC1 andHC3 of L1 andL3,
respectively. We can place one flat face ofHCi, i = 1 or
3, to face its neighboring rectangular supergrid subgraphL2.
Thus, there exist four edgese∗1, e

∗
3 ∈ P2, e1 ∈ HC1, and

e3 ∈ HC3 such thate∗1 ≈ e1 and e∗3 ≈ e3. By Statement
(2) of Proposition 6,P2, HC1, andHC3 can be combined
into a (s, t)-pathP . Clearly,P is a canonical Hamiltonian
(s, t)-path ofL(m,n). The construction of such a canonical
Hamiltonian(s, t)-path is depicted in Fig. 8(b).

Case1.2: s, t ∈ L1 or L3. Suppose thats, t ∈ L1.
By Lemma 2, there exists a canonical Hamiltonian(s, t)-
pathP1 of L1. Then,P1 visits at least one boundary edge
of each boundary inL1. Let L∗ = L2 ∪ L3. Then,L∗ =
R(m, 5n − 4) satisfies thatm, 5n − 4 > 3. By Lemma 1,
there exists a canonical Hamiltonian cycleHC∗ of L∗. Then,
HC∗ contains a flat face that is placed to faceL1. Thus,
there exist two edgese1 ∈ P1 and e∗ ∈ HC∗ such that
e1 ≈ e∗. By Statement (2) of Proposition 6,P1 andHC∗

can be combined into a canonical Hamiltonian(s, t)-pathP
of L(m,n). The case ofs, t ∈ L3 can be proved by the same
construction.

Case2: s ∈ Li andt ∈ Lj for i 6= j. In this case,s andt
are located in the different partitioned rectangles. There are
two subcases:

Case2.1: exactly one ofs andt is inL2. By symmetry,
it suffices to consider thats ∈ L2 and t ∈ L1. Let p ∈ L2

andq ∈ L1 such thatp 6= s, q 6= t, andp ∼ q. By Lemma 2,
L2 contains a canonical Hamiltonian(s, p)-pathP2, andL1
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Fig. 9. (a) A series of separation operations onC(m,n), where
bold dashed lines indicate the separation operations, (b) the construc-
tion of HP (C(m,n), s, t) for s, t ∈ C1, and (c) the construction of
HP (C(m,n), s, t) for s, t ∈ C4, where⊗ represents the destruction of
an edge while constructing a Hamiltonian(s, t)-path.

contains a canonical Hamiltonian(q, t)-pathP1. By Lemma
1, there exists a canonical Hamiltonian cycleHC3 of L3

in which one flat face ofHC3 is placed to faceL2. Then,
there exist two edgese2 ∈ P2 and e3 ∈ HC3 with e2 ≈

e3. By Statement (2) of Proposition 6,P2 and HC3 can
be combined into a canonical Hamiltonian(s, p)-pathP ∗

2 of
L2∪L3. Therefore,P ∗

2 ⇒ P1 forms a canonical Hamiltonian
(s, t)-path ofL(m,n). The construction of such a canonical
Hamiltonian(s, t)-path is shwon in Fig. 8(c).

Case2.2:s andt are not inL2. In this subcase,s ∈ L3

and t ∈ L1. Let p ∈ L3, q ∈ L1, and r∗3 , r
∗
1 ∈ L2 such

that p 6= s, q 6= t, r∗3 ∼ p, and r∗1 ∼ q. By Lemma 2,
L3, L2, and L1 contain canonical Hamiltonian(s, p)-path
P3, (r∗3 , r

∗
1)-pathP2, and(q, t)-pathP1, respectively. Then,

P3 ⇒ P2 ⇒ P1 forms a canonical Hamiltonian(s, t)-path
of L(m,n).

We have considered any case to construct a canonical
Hamiltonian(s, t)-path ofL(m,n). Thus,HP (L(m,n), s, t)
does exist.

We next considerC- and F -alphabet supergrid graphs.
By the structures of considered alphabet supergrid graphs in
Fig. 4, L(m,n) forms a subgraph ofC(m,n) or F (m,n).
We first prove the Hamiltonian connectivity ofC(m,n) as
follows.

Lemma 8. Let C(m,n) be anC-alphabet supergrid graph
withm > n+1 > 4, and lets andt be two distinct vertices of
C(m,n). Then,C(m,n) contains a canonical Hamiltonian
(s, t)-path, and henceHP (C(m,n), s, t) does exist.

Proof: We prove this lemma by constructing a canon-
ical Hamiltonian(s, t)-path of C(m,n). We first partition
C(m,n) into two disjoint supergrid subgraphsC1 and
L(m,n) by a vertical separation, as depicted in Fig. 9(a),
where the circled number1© indicates the separation op-
eration andC1 = R(2m − 2, n) satisfies2m − 2, n > 3.
Depending on the positions ofs andt, there are the following
three cases:

Case1: s, t ∈ C1. By Lemma 2, there exists a canonical
Hamiltonian(s, t)-pathP1 of C1. We next make a vertical
separation onL(m,n) to obtain two disjoint rectangular su-
pergrid subgraphsC2 = R(2m−2, n) andC∗ = R(m, 5n−
4), where2m−2, n > 3 andm, 5n−4 > 3, as depicted in the
separation2© of Fig. 9(a). By Lemma 1,C2 andC∗ contain
canonical Hamiltonian cyclesHC2 andHC∗, respectively.
SinceHC∗ is a canonical Hamiltonian cycle ofC∗, we can
place one flat face ofHC∗ to face its neighboring rectangular

supergrid subgraphsC1 andC2. Then, there exist four edges
e1 ∈ P1, e2 ∈ HC2, ande∗1, e

∗
2 ∈ HC∗ such thate1 ≈ e∗1

and e2 ≈ e∗2. By Statements (1) and (2) of Proposition
6, P1, HC2, andHC∗ can be combined into a canonical
Hamiltonian(s, t)-path ofC(m,n). The construction of such
a Hamiltonian(s, t)-path is depicted in Fig. 9(b).

Case2: exactly one ofs and t is in C1. Without loss of
generality, assume thats ∈ C1 andt ∈ L(m,n). Let p ∈ C1

and q ∈ L(m,n) such thatp 6= s, q 6= t, and p ∼ q. By
Lemma 2, there exists a canonical Hamiltonian(s, p)-path
P1 of C1. By Lemma 7, there exists a canonical Hamiltonian
(q, t)-pathPL of L(m,n). Then,P1 ⇒ PL forms a canonical
Hamiltonian(s, t)-path ofC(m,n).

Case 3: s, t 6∈ C1. In this case,s, t ∈ L(m,n). We
then perform a vertical separation onL(m,n) to obtain two
disjoint rectangular supergrid subgraphsC2 = R(2m− 2, n)
and C∗ = R(m, 5n − 4) such that2m − 2, n > 3 and
m, 5n− 4 > 3, as shown in the separation2© of Fig. 9(a). If
{s, t}∩C2 6= ∅, then, by symmetry, a canonical Hamiltonian
(s, t)-path ofC(m,n) can be constructed by using the same
construction of Case 1 or Case 2. In the following, suppose
that s, t 6∈ C2. We then make two horizontal separations on
C∗ to partition it into three disjoint rectangular supergrid
subgraphsC3 = R(m,n), C4 = R(m, 3n − 4), and
C5 = R(m,n), wherem,n > 3 and m, 3n − 4 > 3, as
depicted in the separations3©– 4© of Fig. 9(a). There are
three subcases:

Case3.1: s, t ∈ C3 or C5. By symmetry, it suffices to
consider thats, t ∈ C3. By Lemma 2, there exists a canonical
Hamiltonian (s, t)-path P3 of C3. Then, P3 contains two
boundary edgese∗1 and e∗4 that are to faceC1 and C4,
respectively. LetC45 = C4∪C5. Then,C45 = R(m, 4n−4).
By Lemma 1,C45 contains a canonical Hamiltonian cycle
HC45. We can place two flat faces ofHC45 to face its two
neighboring rectangular supergrid subgraphsC2 andC3. By
Lemma 1, there exist canonical Hamiltonian cyclesHC1

andHC2 of C1 andC2, respectively. Then, there exist four
edgese1 ∈ HC1, e2 ∈ HC2, ande4, e5 ∈ HC45 such that
e1 ≈ e∗1, e4 ≈ e∗4, ande2 ≈ e5. By Statements (1) and (2) of
Proposition 6,P3, HC1, HC2, andHC45 can be combined
into a canonical Hamiltonian(s, t)-path ofC(m,n).

Case3.2: exactly one ofs andt is inC3 orC5. Without
loss of generality, assume thats ∈ C3 andt 6∈ C3. Consider
that t ∈ C4. Let p ∈ C3 and q ∈ C4 such thatp 6= s,
q 6= t, and p ∼ q. By Lemma 2,C3 contains a canonical
Hamiltonian (s, p)-path P3. By Lemma 1,C1 contains a
canonical Hamiltonian cycleHC1 whose one flat face is
placed to faceC3. Then, there exist two edgese∗3 ∈ P3

and e1 ∈ HC1 such thate∗3 ≈ e1. By Statement (2) of
Proposition 6,P3 andHC1 can be combined into a canonical
Hamiltonian(s, p)-pathP ∗

3 of C1 ∪C3. Let C25 = C2 ∪C5.
Then, C25 = R(3m − 2, n) satisfies3m − 2, n > 3. By
Lemma 1, there exists a canonical Hamiltonian cycleHC25

of C25 such that one flat face ofHC25 is placed to faceC4.
By Lemma 2, there exists a canonical Hamiltonian(q, t)-
path P4 of C4. Then, there exist two edgese5 ∈ HC25

and e∗5 ∈ P4 such thate5 ≈ e∗5. By Statement (2) of
Proposition 6,P4 andC25 can be combined into a canonical
Hamiltonian (q, t)-pathP ∗

4 of C25 ∪ C4. Then,P ∗
3 ⇒ P ∗

4

forms a canonical Hamiltonian(s, t)-path of C(m,n). On
the other hand, consider thatt ∈ C5. Let p ∈ C3, q ∈ C5,

IAENG International Journal of Applied Mathematics, 49:1, IJAM_49_1_10

(Advance online publication: 1 February 2019)

 
______________________________________________________________________________________ 



(a) (b) (c)

n

n

n-2

2 2n-

m 2 2m-

s t
F5

F234

m 2 2m-

m

j

F2
F3

F4

F5

k

l

m

n F1

F6

m 2 2m-

s
t

F23 e3

e1

e6

F
*

5

m m

Fig. 10. (a) A series of separations onF (m,n), (b) the construction
of HP (F (m,n), s, t) under thats, t ∈ F4 andF4 is a 1-rectangle, and
(c) the construction ofHP (F (m,n), s, t) under thats, t ∈ F5, where
bold dashed lines indicate the separation operations and⊗ represents the
destruction of an edge while constructing a Hamiltonian(s, t)-path.

andr∗3 , r
∗
5 ∈ C4 such thatp 6= s, q 6= t, p ∼ r∗3 , andq ∼ r∗5 .

By the same construction in proving the case oft ∈ C4,
C1 ∪ C3 contains a canonical Hamiltonian(s, p)-path P ∗

3 ,
andC2∪C5 contains a canonical Hamiltonian(q, t)-pathP ∗

5 .
By Lemma 2, there exists a canonical Hamiltonian(r∗3 , r

∗
5)-

pathP ∗
4 of C4. Then,P ∗

3 ⇒ P ∗
4 ⇒ P ∗

5 forms a canonical
Hamiltonian(s, t)-path ofC(m,n).

Case 3.3: s, t 6∈ C3 ∪ C5. In this subcase,s, t ∈
C4. Let C13 = C1 ∪ C3 and C25 = C2 ∪ C5. Then,
C13 = R(3m− 2, n) andC25 = R(3m − 2, n) satisfy that
3m − 2, n > 3. By Lemma 1,C13 and C25 respectively
contain canonical Hamiltonian cyclesHC13 and HC25 in
which their one flat face is placed to faceC4. By Lemma
2, there exists a canonical Hamiltonian(s, t)-pathP4 of C4.
Then, there exist four edgese3 ∈ HC13, e5 ∈ HC25, and
e∗3, e

∗
5 ∈ P4 such thate3 ≈ e∗3 and e5 ≈ e∗5. By Statement

(2) of Proposition 6,P4, HC13, andHC25 can be combined
into a canonical Hamiltonian(s, t)-path of C(m,n). The
construction of such a Hamiltonian path is depicted in Fig.
9(c).

We have considered any case to construct a canonical
Hamiltonian(s, t)-path ofC(m,n). Thus, the lemma holds
true.

By similar arguments in proving the Hamiltonian con-
nectivity of C(m,n), we proveF (m,n) to be Hamiltonian
connected as follows.

Lemma 9. Let F (m,n) be anF -alphabet supergrid graph
withm > n+1 > 4, and lets andt be two distinct vertices of
F (m,n). Then,F (m,n) contains a canonical Hamiltonian
(s, t)-path, and henceHP (F (m,n), s, t) does exist.

Proof: We first make a vertical separation onF (m,n)
to partition it intoL(m,n) andF1 = R(m,n), as depicted
in separation1© of Fig. 10(a). Then,F1 = R(m,n) satisfies
m,n > 3. If {s, t} ∩ F1 6= ∅, then a canonical Hamiltonian
(s, t)-path of F (m,n) can be constructed by the same
construction in Case 1 or Case 2 of Lemma 8. In the
following, assume thats, t 6∈ F1. Then, s, t ∈ L(m,n).
We next perform a series of separation operations, including
one vertical separation and three horizontal separations,
on L(m,n) to obtain five disjoint rectangular supergrid
subgraphsF2 = R(2m − 2, n), F3 = R(m,n), F4 =
R(m,n−2), F5 = R(m,n), andF6 = R(m, 2n−2), where
2m− 2, n > 3, m,n > 3, andm, 2n− 2 > 3, as shown in
separations2©– 5© of Fig. 10(a). Consider the following two
cases:

Case1: s, t ∈ Fi for 2 6 i 6 6. In this subcase,s and t

are in the same partitioned rectangular supergrid subgraph.
There are four subcases:

Case 1.1: s, t ∈ F2. By Lemma 2,F2 contains a
canonical Hamiltonian(s, t)-path P2. Then,P2 contains a
boundary edgee2 that is placed to face its neighboring
subgraphF3. Let F ∗ = F3 ∪ F4 ∪ F5 ∪ F6. Then,F ∗ =
R(m, 5n− 4) andF1 = R(m,n) satisfy thatm, 5n− 4 > 3
andm,n > 3. By Lemma 1,F ∗ andF1 contain canonical
Hamiltonian cyclesHC∗ and HC1, respectively. We can
place one flat face ofHC∗ to faceF1 andF2. Thus, there
exist four edgese∗1, e

∗
2 ∈ HC∗, e1 ∈ HC1, and e2 ∈ P2

such thate∗1 ≈ e1 and e∗2 ≈ e2. By Statements (1) and (2)
of Proposition 6,P2, HC∗, andHC1 can be combined into
a canonical Hamiltonian(s, t)-path ofF (m,n).

Case1.2: s, t ∈ F3. Let F ∗ = F4 ∪ F5 ∪ F6. Then,
F ∗ = R(m, 4n−4), F1 = R(m,n), andF2 = R(2m−2, n)
satisfy thatm, 4n−4 > 3, m,n > 3, and2m−2, n > 3. By
Lemma 1,F ∗, F1, andF2 contain canonical Hamiltonian
cyclesHC∗, HC1, and HC2, respectively. We can place
two flat faces ofHC∗ to respectively faceF1 andF3. Thus,
HC∗ andHC1 can be combined into a Hamiltonian cycle
HC of F ∗ ∪ F1 such thatHC contains a flat face ofF4 to
faceF3. By Lemma 2,F3 contains a canonical Hamiltonian
(s, t)-pathP3. Then,P3 contains two boundary edgee∗4 and
e∗2 that are placed to face its neighboring subgraphsF2 and
F4, respectively. Thus, there exist two edgese4 ∈ HC and
e2 ∈ HC2 such thate4 ≈ e∗4 ande2 ≈ e∗2. By Statement (2)
of Proposition 6,P3, HC2, andHC can be combined into
a canonical Hamiltonian(s, t)-path ofF (m,n).

Case1.3: s, t ∈ F4. If HP (F4, s, t) does exist, then
a canonical Hamiltonian(s, t)-path can be constructed by
similar construction in Case 1.2. Suppose thatHP (F4, s, t)
does not exist. Then,F4 is either a 1-rectangle or 2-rectangle
(see [19]). Consider thatF4 is a 1-rectangle. LetF ∗

5 = F5 ∪
F4 and F23 = F2 ∪ F3. Then,F ∗

5 = R(m, 2n − 2) and
F23 = R(3m− 2, n) satisfy thatm, 2n− 2 > 3 and3m −
2, n > 3. By Lemma 2, there exists a canonical Hamiltonian
(s, t)-path P ∗

5 of F ∗
5 . By Lemma 1, there exist canonical

Hamiltonian cyclesHC23, HC1, andHC6 of F23, F1, and
F6, respectively. Then, there exists edgese∗1, e

∗
6, e

∗
3 ∈ P ∗

5 ,
e3 ∈ HC23, e1 ∈ HC1, ande6 ∈ HC6 such thate∗1 ≈ e1,
e∗6 ≈ e6, and e∗3 ≈ e3. By Statement (2) of Proposition 6,
P ∗
5 , HC23, HC1, andHC6 can be combined into a canonical

Hamiltonian(s, t)-path ofF (m,n). The construction of such
a canonical Hamiltonian(s, t)-path is depicted in Fig. 10(b).
On the other hand, consider thatF4 is a 2-rectangle. Then,
(s, t) is a vertical and nonboundary edge inF4 (see [19]) and
hencesx = tx. We then make a horizontal separation onF4

to obtain two 1-rectanglesF41 andF42 such thatF41 is to the
upper ofF42. Without loss of generality, assume thatsy 6 ty.
Then,s ∈ F41 and t ∈ F42. Let F ∗

3 = F3 ∪ F41 andF ∗
5 =

F5 ∪F42. Then,F ∗
3 = R(m,n+ 1) andF ∗

5 = R(m,n+ 1).
Let p ∈ F ∗

3 andq ∈ F ∗
5 such thatp 6= s, q 6= t, andp ∼ q.

By Lemma 2,F ∗
3 and F ∗

5 contain canonical Hamiltonian
(s, p)-pathP ∗

3 and(q, t)-pathP ∗
5 , respectively. By Lemma 1,

F1, F2, andF6 contain canonical Hamiltonian cyclesHC1,
HC2, andHC6, respectively. Then, there exist edgese∗2 ∈
P ∗
3 , e∗1, e

∗
6 ∈ P ∗

5 , e2 ∈ HC2, e1 ∈ HC1, ande6 ∈ HC6 such
that e∗2 ≈ e2, e∗1 ≈ e1, and e∗6 ≈ e6. By Statement (2) of
Proposition 6,P ∗

3 andHC2 can be combined into a canonical
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Hamiltonian(s, p)-pathP3 of F ∗
3 ∪ F2, andP ∗

5 , HC1, and
HC6 can be combined into a canonical Hamiltonian(q, t)-
pathP5 of F ∗

5 ∪F1 ∪F6. Then,P3 ⇒ P5 forms a canonical
Hamiltonian(s, t)-path ofF (m,n).

Case1.4: s, t ∈ F5 or F6. This subcase can be proved
by similar arguments in proving Case 1.2. For example, Fig.
10(c) shows a canonical Hamiltonian(s, t)-path ofF (m,n)
under thats, t ∈ F5.

Case2: s ∈ Fı and t ∈ F for 2 6 ı,  6 6 and ı 6= .
Without loss of generality, assume thatı < . There are the
following two subcases:

Case2.1: F4 = R(m,n − 2) satisfiesn − 2 > 3, i.e,
n > 5. Let sı = s and t = t. For ı 6 τ 6 , let sτ and tτ
be two distinct vertices ofFτ so thattk ∼ sk+1 for ı 6 k 6

− 1. Since everyFτ = R(mτ , nτ ), ı 6 τ 6 , satisfies that
mτ , nτ > 3, Fτ contains a canonical Hamiltonian(sτ , tτ )-
pathPτ by Lemma 2. Then,Pı ⇒ Pı+1 ⇒ · · · ⇒ P forms
a canonical Hamiltonian(s, t)-pathP of ∪ı6τ6Fτ . For2 6

k 6 ı−1, there exists a canonical Hamiltonian cycleHCk of
Fk by Lemma 1, and one boundary ofFk is adjacent to one
boundary ofFk+1. By Statements (1) and (2) of Proposition
6, P and∪26k6ı−1HCk can be combined into a canonical
Hamiltonian(s, t)-pathP ∗ of ∪26k6Fk. For the subgraphs
Fk ’s,  + 1 6 k 6 6, their canonical Hamiltonian cycles
can be also merged intoP ∗ by the same construction. In
addition, a canonical Hamiltonian cycleHC1 of F1 contains
a flat face that is placed to faceF5 and hence it can be
combined into the canonical Hamiltonian(s, t)-pathP ∗ of
∪26k66Fk by Statement (2) of Proposition 6. Thus,F (m,n)
contains a canonical Hamiltonian(s, t)-path.

Case2.2:F4 = R(m,n−2) does not satisfyn−2 > 3,
i.e, n 6 4. In this subcase,F4 is either a 1-rectangle or 2-
rectangle. By the same arguments in proving Case 1.3, let
F ∗
5 = F5 ∪ F4 if F4 = R(m, 1), and letF ∗

3 = F3 ∪ F41 and
F ∗
5 = F5 ∪ F42 if F4 = R(m, 2) in which F4 = R(m, 2) is

partitioned into two 1-rectanglesF41 andF42 such thatF41

is to the upper ofF42. Then, each partitioned subgraphFτ =
R(m′, n′) satisfies thatm′, n′ > 3. By the same construction
in Case 2.1, a canonical Hamiltonian(s, t)-path ofF (m,n)
can be constructed.

It follows from the above cases that a canonical Hamil-
tonian(s, t)-path ofF (m,n) can be constructed, and hence
HP (F (m,n), s, t) does exist.

Based on Lemmas 8 and 9, we verify the Hamiltonian
connectivity ofE(m,n) as follows.

Lemma 10. LetE(m,n) be anE-alphabet supergrid graph
withm > n+1 > 4, and lets andt be two distinct vertices of
E(m,n). Then,E(m,n) contains a canonical Hamiltonian
(s, t)-path, and henceHP (E(m,n), s, t) does exist.

Proof: We first make three vertical separations on
E(m,n) to obtain four disjoint rectanglesE1 = R(2m −
2, n), E2 = R(m,n), E3 = R(2m − 2, n), and E∗ =
R(m, 5n− 4), as shown in Fig. 11(a). Sincem,n > 3, we
get thatEi = R(mi, ni), 1 6 i 6 3, andE∗ = R(m∗, n∗)
satisfymi, ni > 3 andm∗, n∗ > 3. Consider the following
three cases:

Case 1: s, t ∈ Eı for some 1 6 ı 6 3. In this
case,s and t are in the same rectangleEı. Suppose that
ı = 1. Then, s, t ∈ E1. By Lemma 2, there exists a
canonical Hamiltonian(s, t)-pathP1 of E1. By Lemma 1,
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Fig. 11. (a) Three vertical separations onE(m,n) to obtainE1, E2, E3,
and E∗, (b) four horizontal separations onE∗, and (c) the construction
of HP (E(m,n), s, t) under thats ∈ E∗

1
, t ∈ E∗

5
and E∗

2
, E∗

4
are 1-

rectangles, where bold dashed lines indicate the separation operations and
⊗ represents the destruction of an edge while constructing a Hamiltonian
(s, t)-path.

E∗, E2, andE3 contain canonical Hamiltonian cyclesHC∗,
HC2, andHC3, respectively. We can place one flat face of
HC∗ to faceE1, E2, andE3. Then, there exist six edges
e∗1, e

∗
2, e

∗
3 ∈ HC∗, e1 ∈ P1, e2 ∈ HC2, and e3 ∈ HC3

such thate∗1 ≈ e1, e∗2 ≈ e2, and e∗3 ≈ e3. By Statements
(1) and (2) of Proposition 6,P1, HC∗, HC2, and HC3

can be combined into a canonical Hamiltonian(s, t)-path
of E(m,n). The other cases ofı = 2 and ı = 3 can be
proved by the same arguments.

Case2: exactly one ofs andt is in Eı for some1 6 ı 6 3.
Without loss of generality, assume thats ∈ Eı. Let E′ =
E(m,n)−Eı. Then,E′ is eitherC(m,n) or F (m,n), and
t ∈ E′. Let p ∈ Eı andq ∈ E′ such thatp 6= s, q 6= t, and
p ∼ q. By Lemma 2, there exists a canonical Hamiltonian
(s, p)-pathPı of Eı. By Lemma 8 or Lemma 9,E′ contains a
canonical Hamiltonian(q, t)-pathP ′. Then,Pı ⇒ P ′ forms
a canonical Hamiltonian(s, t)-path ofE(m,n).

Case3: s, t ∈ E∗. In this case, we make four horizontal
separations onE∗ to partition it into five disjoint rectangles
E∗

 for 1 6  6 5, as depicted in Fig. 11(b). By similar
constructions in Cases 1–2 of Lemma 9, a canonical Hamilto-
nian(s, t)-path ofE(m,n) can be constructed. For example,
whens ∈ E∗

1 , t ∈ E∗
5 , andn = 3, the constructed canonical

Hamiltonian(s, t)-path ofE(m,n) is shown in Fig. 11(c).
In any case, a canonical Hamiltonian(s, t)-path of

E(m,n) is constructed. Thus,HP (E(m,n), s, t) does exist.

It immediately follows from Lemmas 7–10 that we con-
clude the following theorem.

Theorem 11.LetA(m,n) be anL-alphabet,C-alphabet,F -
alphabet, orE-alphabet supergrid graph withm > n+1 >

4, and lets and t be two distinct vertices ofA(m,n). Then,
A(m,n) contains a canonical Hamiltonian(s, t)-path, and
henceHP (A(m,n), s, t) does exist.

By the proofs of Lemmas 7–10, we can see that if an
alphabet supergrid graph can be decomposed into disjoint
rectangular supergrid subgraphs by a series of vertical and
horizontal separations, then it contains a canonical Hamilto-
nian path between any two vertices. Thus, we conclude the
following corollary.

Corollary 12. Let A(m,n) be an alphabet supergrid graph
with m > n+1 > 4 such that it can be partitioned into dis-
joint rectangular supergrid subgraphs by a series of vertical
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and horizontal separations, and lets and t be two distinct
vertices ofA(m,n). Then,A(m,n) contains a canonical
Hamiltonian (s, t)-path, and henceHP (A(m,n), s, t) does
exist.

We can constructG-, H-, I-, J-, O-, P -, S-, T -, and
U -alphabet supergrid graphs to satisfy the above corollary.
However, many other alphabet supergrid graphs can not
be partitioned into only disjoint rectangular supergrid sub-
graphs. For example,N - and Y -alphabet supergrid graphs
are such alphabet supergrid graphs. However, they can be
separated into some disjoint shaped supergrid subgraphs,
including rectangle, triangle, parallelogram, and trapezoid.
In the following section, we will verify the Hamiltonian
connectivity ofN - andY -alphabet supergrid graphs.

IV. T HE HAMILTONIAN CONNECTIVITY OF N - AND

Y -ALPHABET SUPERGRIDGRAPHS

In this section, we will verify the Hamiltonian connectivity
of N - and Y -alphabet supergrid graphs. LetB(m,n) be
either anN - or Y -alphabet supergrid graph. We can see from
the structures of these two types of alphabet supergrid graphs
that they can be decomposed into disjoint shaped supergrid
subgraphs, including rectangles, triangles, parallelograms,
and trapezoids. By the Hamiltonicity and Hamiltonian con-
nectivity of shaped supergrid graphs (see Lemmas 1–2 and
4–5), we will construct a Hamiltonian(s, t)-path ofB(m,n)
through Statements (1)–(4) of Proposition 6.

We first verify the Hamiltonian connectivity ofN -alphabet
supergrid graphs. LetN(m,n) be anN -alphabet supergrid
graph withm > n+1 and5n−4 > 3m−2, as shown in Fig.
4(e). Then,m > 4 andn > 3. We first make two vertical
separations onN(m,n) to partition it into three disjoint
subgraphsN1 = R(m, 5n−4), N2 = P (5n−4−m,m−2),
andN3 = R(m, 5n− 4), as illustrated in Fig. 12(a). Since
m > n + 1 > 4 and 5n − 4 > 3m − 2, we get that
N1 and N3 satisfy thatm > 4 and 5n − 4 > 11, and
N2 = P (5n− 4−m,m− 2) satisfies that5n− 4−m > 6
andm−2 > 2. The following lemma shows the Hamiltonian
connectivity ofN(m,n), wherem > 4 andn > 3.

Lemma 13. LetN(m,n) be anN -alphabet supergrid graph
with m > n+1 > 4 and5n−4 > 3m−2, and lets andt be
two distinct vertices ofN(m,n). Then,N(m,n) contains a
Hamiltonian(s, t)-path, and henceHP (N(m,n), s, t) does
exist.

Proof: In this lemma,N2 = P (5n − 4 − m,m − 2)
satisfies5n−4−m > 6 andm−2 > 2, andN1 = R(m, 5n−
4) andN3 = R(m, 5n− 4) satisfym > 4 and5n− 4 > 11.
Without loss of generality, assume thatsx 6 tx. Depending
on the relative locations ofs and t, there are four cases:

Case 1: s, t ∈ N1 or N3. By symmetry, it suffices to
consider thats, t ∈ N1. By Lemma 4, N2 contains a
canonical Hamiltonian cycleHC2 whose two flat faces are
respectively placed to faceN1 and N3. By Lemma 1,N3

contains a canonical Hamiltonian cycleHC3 such that its
one flat face is placed to faceN2. By Lemma 2,N1 contains
a canonical Hamiltonian(s, t)-path P1. Then, there exist
four edgese1 ∈ P1, e∗1, e

∗
3 ∈ HC2, and e3 ∈ HC3 such

that e1 ≈ e∗1 and e3 ≈ e∗3. By Statements (1) and (2) of
Proposition 6,P1, HC2, and HC3 can be combined into

a Hamiltonian(s, t)-path ofN(m,n). Fig. 12(b) depicts a
such constructed Hamiltonian(s, t)-path.

Case2: s, t ∈ N2. By Lemma 1, there exist canonical
Hamiltonian cyclesHC1 andHC3 of N1 andN3, respec-
tively. We can place two flat faces ofHC1 andHC3 to face
N2. Consider the following two subcases:

Case2.1:(N2, s, t) does not satisfy conditions (F5) and
(F6). By Lemma 5, there exists a Hamiltonian(s, t)-pathP2

of N2 such thatP2 contains at least one boundary edge of
each horizontal or skewed boundary inN2. Then, there exist
four edgese1 ∈ HC1, e∗1, e

∗
3 ∈ P2, and e3 ∈ HC3 such

that e1 ≈ e∗1 and e3 ≈ e∗3. By Statement (2) of Proposition
6, P2, HC1, andHC3 can be combined into a Hamiltonian
(s, t)-path ofN(m,n).

Case 2.2: (N2, s, t) satisfies condition (F5) or (F6).
Suppose that(N2, s, t) satisfies condition (F5). Then,N2

is a 2-parallelogram,(s, t) is a horizontal edge ofN2, and
HP (N2, s, t) does not exist. LetP2 be the longest(s, t)-
path ofN2 computed in [20], and letN ′

2 = N2 − P2. Then,
for every vertexv ∈ N ′

2, v adjoins one edge inHC1 or
HC3. By Statement (3) Proposition 6, all of vertices ofN ′

2

can be merged intoHC1 or HC3. Let the above combined
cycles ofHC1 and HC3 be HC ′

1 and HC ′
3, respectively.

Then, there exist four edgese1 ∈ HC ′
1, e∗1, e

∗
3 ∈ P2, and

e3 ∈ HC ′
3 such thate1 ≈ e∗1 ande3 ≈ e∗3. By Statement (2)

of Proposition 6,P2, HC ′
1, andHC ′

3 can be combined into
a Hamiltonian(s, t)-path of N(m,n). Fig. 12(c) shows a
such constructed Hamiltonian(s, t)-path. On the other hand,
suppose that(N2, s, t) satisfies condition (F6). LetP2 be the
longest(s, t)-path of N2 computed in [20], and letN ′

2 =
N2 − P2. Then,V (N ′

2) = {w}, wherew is a parallelogram
corner ofN2 such thats ∼ w andt ∼ w. Sincew adjoins an
edge ofHC1 or HC3, w can be merged intoHC1 or HC3.
Then,P2 and these two above combined Hamiltonian cycles
can be merged into a Hamiltonian(s, t)-path ofN(m,n) by
the same arguments.

Case3: (s ∈ N1 andt ∈ N2) or (s ∈ N2 andt ∈ N3). By
symmetry, we can only consider thats ∈ N1 andt ∈ N2. Let
p ∈ N1 and q ∈ N2 such thatp 6= s, q 6= t, (N2, q, t) does
not satisfy conditions (F5) and (F6), andp ∼ q. By Lemma
2, there exists a canonical Hamiltonian(s, p)-pathP1 of N1.
By Lemma 1, there exists a canonical Hamiltonian cycle
HC3 of N3 such that one flat face ofHC3 is placed to face
N2. By Lemma 5, there exists a Hamiltonian(q, t)-pathP2

of N2 such thatP2 contains at least one boundary edge in
each horizontal or skewed boundary ofN2. Then, there exist
two edgese3 ∈ HC3 and e2 ∈ P2 such thate3 ≈ e2. By
Statement (2) of Proposition 6,P2 andHC3 can be combined
into a Hamiltonian(q, t)-pathP ′

2 of N2∪N3. Then,P1 ⇒ P ′
2

forms a Hamiltonian(s, t)-path ofN(m,n).
Case4: s ∈ N1 and t ∈ N3. Let p ∈ N1, q ∈ N3, and

r1, r2 ∈ N2 such thatp 6= s, q 6= t, p ∼ r1, q ∼ r2, and
(N2, r1, r2) does not satisfy conditions (F5) and (F6). By
Lemma 5,N2 contains a Hamiltonian(r1, r2)-pathP2. By
Lemma 2, there exist canonical Hamiltonian(s, p)-pathP1

and (q, t)-pathP3 of N1 andN3, respectively. Then,P1 ⇒
P2 ⇒ P3 forms a Hamiltonian(s, t)-path ofN(m,n). Fig.
12(d) depicts such a constructed Hamiltonian(s, t)-path.

We have considered any case to construct a Hamiltonian
(s, t)-path of N(m,n). This completes the proof of the
lemma.
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Fig. 12. (a) Two vertical separations onN(m,n) to obtain two rectangular supergrid subgraphs,N1 andN3, and one parallelogram supergrid subgraph
N2, (b) the construction ofHP (N(m,n), s, t) under thats, t ∈ N1, (c) the construction ofHP (N(m,n), s, t) under thats, t ∈ N2 and (N2, s, t)
satisfies condition (F5), and (d) the construction ofHP (N(m,n), s, t) under thats ∈ N1 and t ∈ N3, where bold dashed lines indicate the separation
operations and⊗ represents the destruction of an edge while constructing a Hamiltonian(s, t)-path.

Finally, we will considerY -alphabet supergrid graphs. Let
Y (m,n) be anY -alphabet supergrid graph withm > n+1 >

4 and 5n − 4 > 3m − 2, as illustrated in Fig. 4(f). Then,
m > 4 andn > 3. We first make three horizontal separations
on Y (m,n) to obtain three rectanglesY1 = Y2 = R(m,m),
Y3 = R(m, (5n− 4)− (2m− 1)), two parallelogramsY4 =
Y5 = P (m, ⌈m

2
⌉−2), and one trapezoidY6 = T2(2m, ⌊m

2
⌋+

1) or T2(2m−1, ⌊m
2
⌋+1) depending on whetherm is even,

as depicted in Fig. 13(a). Since5n − 4 > 3m − 2, m > 4,
andn > 3, we get that(5n− 4)− (2m− 1) > m− 1 > 3,
⌈m

2
⌉ − 2 > 0, 2m − 1 > 7, and ⌈m

2
⌉ + 1 > 3. Let Yι =

R(m′, n′) or T2(m
′, n′) for 1 6 ι 6 6 and ι 6= 4, 5. Then,

Yι satisfies thatm′ > 3 and n′ > 3. On the other hand,
Y4 = Y5 = P (m, ⌈m

2
⌉ − 2) satisfies that⌈m

2
⌉ − 2 > 0,

and hence,Y4 andY5 may be empty. We first consider that
Y4 = Y5 = ∅, i.e., ⌈m

2
⌉ − 2 = 0, in Lemma 14.

Lemma 14. Let Y (m,n) be anY -alphabet supergrid graph
such thatm > n+1 > 4 and5n−4 > 3m−2, and lets and
t be two distinct vertices ofY (m,n). LetYi’s, 1 6 i 6 6, be
partitioned subgraphs ofY (m,n) as defined in Fig.13(a). If
Y4 = Y5 = ∅, thenY (m,n) contains a Hamiltonian(s, t)-
path, and henceHP (Y (m,n), s, t) does exist.

Proof: By the separation operations onY (m,n), as
depicted in Fig. 13(a),Yι = R(m′, n′) or T2(m

′, n′) for
1 6 ι 6 6 and ι 6= 4, 5 satisfiesm′ > 3 andn′ > 3. Since
Y4 = Y5 = ∅ andm > 4, we get that⌈m

2
⌉ − 2 = 0 and

hencem = 4. Sincem > n+ 1 > 4 and5n− 4 > 3m− 2,
we obtain thatn = 3. Thus, Y (m,n) = Y (4, 3). Then,
Y1 = Y2 = R(4, 4), Y3 = R(4, 4), Y4 = Y5 = ∅, and
Y6 = T2(8, 3), as shown in Fig. 13(b). Depending on the
relative locations ofs and t, there are the following two

cases:

Case1: s, t ∈ Yi for 1 6 i 6 6. In this case,s and t are
in the same partitioned subgraph. Note thatY4 = Y5 = ∅.
There are two subcases:

Case1.1: s, t ∈ Y1, Y2, or Y3. Suppose thats, t ∈ Y1.
By Lemma 2,Y1 contains a canonical Hamiltonian(s, t)-
pathP1. Then,P1 visits at least one boundary edge of each
boundary inY1 = R(4, 4). By Lemma 1,Y2 andY3 contain
canonical Hamiltonian cyclesHC2 andHC3, respectively.
We can place the flat faces ofHC2 and HC3 to face to
their neighboring separated supergrid subgraphs. By Lemma
4, Y6 = T2(2m, ⌊m

2
⌋ + 1) = T2(8, 3) contains a canonical

Hamiltonian cycleHC6 whose two flat faces are placed
to faceY1 ∪ Y2 and Y3. Then, there exist edgese1 ∈ P1,
e2 ∈ HC2, e3 ∈ HC3, and e61, e62, e63 ∈ HC6 such that
e1 ≈ e61, e2 ≈ e62, ande3 ≈ e63. By Statements (1) and (2)
of Proposition 6,P1, HC2, HC3, andHC6 can be combined
into a Hamiltonian(s, t)-path of Y (m,n) = Y (4, 3). The
case of s, t ∈ Y2 or Y3 can be proved by the same
construction.

Case1.2: s, t ∈ Y6. In this subcase, we first perform a
vertical separation onY6 to obtain two trapezoid subgraphs
Y61 andY62, as depicted in Fig. 13(b). Then,Y61 = Y62 =
T1(m, ⌊m

2
⌋ + 1) = T1(4, 3). By Lemma 1,Y1, Y2, andY3

contain canonical Hamiltonian cyclesHC1, HC2, andHC3,
respectively. We can place the flat faces ofHC1, HC2 and
HC3 to face to their neighboring trapezoidY6. Consider the
following subcases:

Case 1.2.1: s, t ∈ Y61 or Y62. Without loss of
generality, assume thats, t ∈ Y61. By Lemma 4,Y62 contains
a canonical Hamiltonian cycleHC62. We can place the
flat faces ofHC62 to face to their neighboring separated
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subgraphsY2, Y3, Y61. Suppose that(Y61, s, t) does not sat-
isfy condition (F8). By Lemma 5,Y61 contains a canon-
ical Hamiltonian (s, t)-path P61. Then, there exist edges
e1 ∈ HC1, e2 ∈ HC2, e3 ∈ HC3, e62, e′66 ∈ HC62, and
e61, e63, e66 ∈ P61 such thate1 ≈ e61, e2 ≈ e62, e3 ≈ e63,
and e′66 ≈ e66. By Statements (1) and (2) of Proposition 6,
HC1, HC2, HC3, HC62, andP61 can be combined into a
Hamiltonian(s, t)-path ofY (m,n) = Y (4, 3). On the other
hand, suppose that(Y61, s, t) satisfies condition (F8). Letw
be a trapezoid corner ofY61 such thatw ∼ s andw ∼ t.
Then, there exists one edgee = (u, v) of HC1 such that
w ∼ u andw ∼ v. By Statement (3) Proposition 6,HC1

and w can be merged into a Hamiltonian cycleHC ′
1 of

Y1 ∪ {w}. By the construction in [20], we can construct a
canonical Hamiltonian(s, t)-pathP ′

61 of Y61 − {w}. Then,
P ′
61, HC′

1, HC2, HC3, andHC62 can be combined into a
Hamiltonian(s, t)-path ofY (m,n) = Y (4, 3) by Statements
(1) and (2) of Proposition 6. The construction of a such
Hamiltonian(s, t)-path is shown in Fig. 13(b).

Case1.2.2: s ∈ Y61 and t ∈ Y62. Let p ∈ Y61

and q ∈ Y62 such thatp ∼ q, (Y61, s, p) and (Y62, q, t)
do not satisfy condition (F8). The verticesp and q can
be easily computed. By Lemma 5,Y61 and Y62 contain
canonical Hamiltonian(s, p)-path P61 and (q, t)-path P62,
respectively. Then,P6 = P61 ⇒ P62 forms a canonical
Hamiltonian(s, t)-path ofY6. By Statements (1) and (2) of
Proposition 6,P6, HC1, HC2, andHC3 can be combined
into a Hamiltonian(s, t)-path ofY (m,n) = Y (4, 3).

Case2: s ∈ Yi and t ∈ Yj for 1 6 i, j 6 6 and i 6= j.
Depending on whetherYi andYj are adjacent subgraphs, we
consider the following subcases:

Case2.1: Yi andYj are adjacent, i.e. they are neigh-
boring partitioned subgraphs. In this subcase,Yi or Yj is
Y6. Without loss of generality, assume thatYj = Y6. Then,
s ∈ Yi for 1 6 i 6 3, and t ∈ Y6. Let p ∈ Yi − {s}
and q ∈ Y6 − {t} such thatp ∼ q and (Y6, q, t) does not
satisfy condition (F8). By Lemma 2,Yi contains a canonical
Hamiltonian(s, p)-pathPi. By similar construction in Case
1.2, Y6 contains a canonical Hamiltonian(q, t)-path P6.
Then,P = Pi ⇒ P6 forms a canonical Hamiltonian(s, t)-
path of Yi ∪ Y6. Let Yα, Yβ be the partitioned subgraphs
different fromYi andYj . Then,Yα andYβ are rectangles. By
Lemma 1,Yα andYβ contain canonical Hamiltonian cycles
HCα andHCβ , respectively, such that their flat faces are
placed to faceY6. By Statements (1) and (2) of Proposition
6, P,HCα, andHCβ can be combined into a Hamiltonian
(s, t)-path ofY (m,n) = Y (4, 3).

Case2.2: Yi andYj are not adjacent. In this subcase,
Yi, Yj 6= Y6. Let p ∈ Yi − {s}, q ∈ Yj − {t}, and
r1, r2 ∈ Y6 such thatp ∼ r1, q ∼ r2, and (Y6, r1, r2) does
not satisfy condition (F8). By Lemma 2,Yi andYj contain
Hamiltonian (s, p)-pathPi and (q, t)-pathPj , respectively.
By similar construction in Case 1.2,Y6 contains a canonical
Hamiltonian (r1, r2)-pathP6. Then,P = Pi ⇒ P6 ⇒ Pj

is a Hamiltonian(s, t)-path ofYi ∪ Yj ∪ Y6. Let Yα be the
partitioned subgraph different fromYi, Yj , and Y6. Then,
Yα is a rectangle. By Lemma 1,Yα contains a canonical
Hamiltonian cycleHCα whose one flat face is placed to
faceY6. Then, there exist two edgese ∈ P andeα ∈ HCα

such thate ≈ eα. By Statement (2) of Proposition 6,P
andHCα can be combined into a Hamiltonian(s, t)-path of

Y (m,n) = Y (4, 3). Fig. 13(c) depicts the construction of a
such Hamiltonian(s, t)-path.

It immediately follows from the above cases that the
lemma holds true.

We have considered the case ofY4 = Y5 = ∅. Next, we
will considerY4(= Y5) 6= ∅. Then,Y4 = P (m, ⌈m

2
⌉−2) 6= ∅,

and hence⌈m
2
⌉ − 2 > 0. Thus,m > 5. Whenm = 5 or 6,

⌈m
2
⌉ − 2 = 1 and henceY4 and Y5 are 1-parallelograms.

The following lemma shows the Hamiltonian connectivity
of Y (m,n) under that6 > m > 5.

Lemma 15. Let Y (m,n) be anY -alphabet supergrid graph
such thatm > n+1 > 4 and5n−4 > 3m−2, and lets and
t be two distinct vertices ofY (m,n). LetYi’s, 1 6 i 6 6, be
partitioned subgraphs ofY (m,n) as defined in Fig.13(a).
If Y4 andY5 are 1-parallelograms, thenY (m,n) contains a
Hamiltonian(s, t)-path, and henceHP (Y (m,n), s, t) does
exist.

Proof: SinceY4 is a1-parallelogram, we get thatm = 5
or 6. The partitioned subgraphs ofY (5, n) is depicted in
Fig. 14(a). By Lemmas 1 and 4,Y1, Y2, Y3, andY6 contain
canonical Hamiltonian cyclesHC1, HC2, HC3, andHC6,
respectively, such that their flat faces are placed to face their
neighboring partitioned subgraphs. Consider the following
cases:

Case 1: s, t ∈ Yi for 1 6 i 6 6. In this case,s and
t are in the same partitioned subgraph. Ifs, t 6∈ Y4 andY5,
then the case can be verified by similar arguments in proving
Case 1 of Lemma 14. Suppose thats, t ∈ Y4 or Y5. Without
loss of generality, assume thats, t ∈ Y4. By visiting every
vertex of Y5, we can obtain a Hamiltonian pathP5 of Y5.
By Statements (1), (2), and (4) of Proposition 6,HC2, P5,
HC6, andHC3 can be combined into a Hamiltonian cycle
HC ′ of Y2 ∪ Y5 ∪ Y6 ∪ Y3. Consider the following subcases:

Case 1.1: (Y4, s, t) satisfies condition (F4). In this
subcase,Y4 contains no Hamiltonian(s, t)-path. LetP4 be
the longest(s, t)-path ofY4. Let e41 and e46 be two edges
in Y4 such thate41 ∈ P4 and, e46 ∈ P4 if |V (P4)| > 3,
ande46 ∈ Y4 − P4 otherwise. Sincem > 5, e46 does exist.
Let W = Y4 − P4 − e46. By Statement (3) of Proposition
6, each vertex ofW can be embedded into cycleHC1 or
HC ′. Let the combined cycles to beHC ′

1 and HC∗. Let
e1 ∈ HC ′

1 ande∗ ∈ HC∗ such thate41 ≈ e1 ande46 ≈ e∗.
By Statement (2) of Proposition 6,P4, e46, andHC ′

1 can
be merged into a pathP ∗. Then, there exist two edges
e46 ∈ P ∗ ande∗ ∈ HC∗ such thate46 ≈ e∗. By Statement
(2) of Proposition 6,P ∗ andHC∗ can be combined into a
Hamiltonian(s, t)-path of Y (m,n) with m = 5 or 6. The
construction of such a Hamiltonian(s, t)-path is shown in
Fig. 14(b).

Case1.2: (Y4, s, t) does not satisfy condition (F4). In
this subcase,Y4 contains a Hamiltonian(s, t)-pathP4. By
Statement (2) of Proposition 6,P4, HC1, andHC ′ can be
easily combined into a Hamiltonian(s, t)-path of Y (m,n)
with m = 5 or 6.

Case2: s ∈ Yi and t ∈ Yj for 1 6 i, j 6 6 and i 6= j. In
this case,s and t are in the different partitioned subgraphs.
We only consider the case ofs ∈ Y1 and t ∈ Y4. The other
case can be verified similarly. Letp ∈ Y1 and q ∈ Y4 such
that p ∼ q and q is a corner ofY4. Let P4 be the longest
(q, t)-path ofY4 and letW = Y4 − P4. Then, every vertex
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Fig. 13. (a) Three horizontal separations onY (m,n) to obtain three rectanglesY1–Y3, two parallelogramsY4–Y5, and one trapezoidY6, (b) the
construction ofHP (Y (4, 3), s, t) under thats, t ∈ Y61 and (Y61, s, t) satisfies condition (F8), and (c) the construction ofHP (Y (4, 3), s, t) under
that s ∈ Y1 and t ∈ Y2, where bold dashed lines indicate the separation operations and⊗ represents the destruction of an edge while constructing a
Hamiltonian(s, t)-path.

of W can be merged intoHC6, as depicted in Fig. 14(c).
Let HC ′

6 be the embedded Hamiltonian cycle ofY6∪W . By
Lemma 2,Y1 contains a Hamiltonian(s, p)-pathP1. Then,
P ′ = P1 ⇒ P4 forms a canonical Hamiltonian(s, t)-path of
Y1 ∪ (Y4 −W ). By Statement (2) of Proposition 6, we can
construct a canonical Hamiltonian cycleHC ′

2 of Y2∪Y5. By
Statement (1) of Proposition 6,HC ′

2, HC ′
6, andHC3 can

be combined into a cycleC∗. Then, there exist two edges
e′ ∈ P ′ and e∗ ∈ C∗ such thate′ ≈ e∗. By Statement
(2) of Proposition 6,P ′ and C∗ can be combined into a
Hamiltonian(s, t)-path of Y (m,n) with m = 5 or 6. The
construction of such a Hamiltonian(s, t)-path is shown in
Fig. 14(c).

In any case, we have constructed a Hamiltonian(s, t)-path
of Y (m,n), where6 > m > 5. Thus,HP (Y (m,n), s, t)
does exist under thatY4 andY5 are1-parallelograms.

For the case thatY4 and Y5 are 2-parallelograms, we get
that ⌈m

2
⌉ − 2 = 2, and hencem = 7 or 8. The following

lemma shows the Hamiltonian connectivity ofY (m,n) under
that8 > m > 7, and can be verified by similar arguments in
proving Lemma 15.

Lemma 16. Let Y (m,n) be anY -alphabet supergrid graph
such thatm > n+1 > 4 and 5n− 4 > 3m− 2, and lets, t
be two distinct vertices ofY (m,n). Let Yi’s, 1 6 i 6 6, be
partitioned subgraphs ofY (m,n) as defined in Fig.13(a).
If Y4 andY5 are 2-parallelograms, thenY (m,n) contains a
Hamiltonian(s, t)-path, and henceHP (Y (m,n), s, t) does
exist.

Proof: By similar arguments in proving Lemma 15, the
lemma can be proved.

Finally, we consider thatm > 9. Then, Y4 = Y5 =
P (m, ⌈m

2
⌉− 2) is aκ-parallelogram withκ > 3. By similar

arguments in proving Lemma 14, we verify the Hamiltonian
connectivity ofY (m,n) underm > 9 as follows.

Lemma 17. Let Y (m,n) be anY -alphabet supergrid graph
such thatm > n+1 > 4 and5n−4 > 3m−2, and lets and
t be two distinct vertices ofY (m,n). LetYi’s, 1 6 i 6 6, be
partitioned subgraphs ofY (m,n) as defined in Fig.13(a).
If m > 9, thenY (m,n) contains a Hamiltonian(s, t)-path,
and henceHP (Y (m,n), s, t) does exist.

Proof: By Lemmas 1 and 4,Yi, 1 6 i 6 6, contains

a canonical Hamiltonian cycleHCi such that its flat faces
are placed to face its neighboring partitioned subgraphs. By
Lemmas 2 and 5,HP (Yi, si, ti) does exist andYi contains
a canonical Hamiltonian(si, ti)-path Pi for 1 6 i 6 6,
if (Yi, si, ti) does not satisfy conditions (F6)–(F8), where
si and ti are any two distinct vertices ofYi. On the other
hand,HC1 andHC4 (resp.,HC2 andHC5) can be easily
combined into a canonical Hamiltonian cycleHC ′

1 (resp.,
HC ′

2) of Y1 ∪Y4 (resp.,Y2 ∪Y5). By the same arguments in
proving Lemma 14, we consider the following cases:

Case1: s, t ∈ Yi for 1 6 i 6 6. Let s, t ∈ Yγ . Then,Yγ

contains a canonical Hamiltonian(s, t)-pathPγ if (Yi, s, t)
does not satisfy conditions (F6)–(F8). For the partitioned
subgraphYι, ι 6= γ, Yι contains a canonical Hamiltonian
cycle HCι such that its flat faces are placed to face its
neighboring partitioned subgraphs. Note that ifYγ = Y6 is a
trapezoid, we can construct a canonical Hamiltonian(s, t)-
path of Y6 by the same arguments in proving Case 1.2 of
Lemma 14. There are two subcases:

Case 1.1: (Yγ , s, t) satisfies condition (F6), (F7), or
(F8). In this subcase,Yγ = Y4, Y5, or Y6. In [20], we can
construct a canonical Hamiltonian(s, t)-pathP ′

γ of Yγ−{w},
wherew is a corner ofYγ with s ∼ w and t ∼ w. Let Yı

be a neighboring partitioned subgraph ofYγ . Then, there
exists one edge(u, v) in HCı such thatu ∼ w and v ∼

w. By Statement (3) of Proposition 6,HCı andw can be
merged into a canonical Hamiltonian cycleHC ′

ı of Yı∪{w}.
Then, we can find some parallel edges inP ′

γ , HC ′
ı, and

HC’s, where 6= γ and 6= ı. By Statements (1) and (2) of
Proposition 6,P ′

γ , HC ′
ı, andHC’s can be combined into a

Hamiltonian(s, t)-path ofY (m,n).
Case1.2: (Yγ , s, t) does not satisfy conditions (F6)–

(F8). In this subcase, we can easily compute some parallel
edges inPγ andHCι’s, where1 6 ι 6 6 and ι 6= γ. By
Statements (1) and (2) of Proposition 6,Pγ andHCι’s can
be combined into a Hamiltonian(s, t)-path ofY (m,n).

Case2: s ∈ Yi and t ∈ Yj for 1 6 i 6 6 and i 6= j.
Depending on whetherYi andYj are adjacent neighbors, we
consider the following subcases:

Case2.1:Yi andYj are adjacent partitioned subgraphs.
Let p ∈ Yi and q ∈ Yj such thatp ∼ q, and (Yi, s, p) and
(Yj , q, t) do not satisfy conditions (F6)–(F8). The vertices
p, q can be easy to compute. By Lemmas 2 and 5,Yi
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Fig. 14. (a) The partitioned subgraphs ofY (m,n) for m = 5, (b) the construction ofHP (Y (5, n), s, t) under thats, t ∈ Y4 and (Y4, s, t) satisfies
condition (F4), and (c) the construction ofHP (Y (5, n), s, t) under thats ∈ Y1 and t ∈ Y4, where bold dashed lines indicate the separation operations
and⊗ represents the destruction of an edge while constructing a Hamiltonian(s, t)-path.

and Yj contain canonical Hamiltonian(s, p)-path Pi and
Hamiltonian (q, t)-path Pj . Then,P = Pi ⇒ Pj forms a
canonical Hamiltonian(s, t)-path ofYi ∪ Yj . Let Yγ be the
partitioned subgraph such thatYγ 6= Yi andYγ 6= Yj . Then,
we can easily find some parallel edges inP andHCγ ’s. By
Statements (1) and (2) of Proposition 6,P andHCγ ’s can
be combined into a Hamiltonian(s, t)-path ofY (m,n).

Case2.2:Yi andYj are not adjacent. LetY ′
1 = Y1∪Y4

and Y ′
2 = Y2 ∪ Y5. By the constructions in [19] and

[20], we can construct a canonical Hamiltonian(p1, q1)-
path and(p2, q2)-path of Y ′

1 and Y ′
2 , respectively, where

p1, q1 ∈ Y ′
1 and p2, q2 ∈ Y ′

2 . Let s ∈ Y ′
ı and t ∈ Y ′

 ,
whereY ′

ı , Y
′
 ∈ {Y ′

1 , Y
′
2 , Y3, Y6}. If Y ′

ı andY ′
 are adjacent,

thenHP (Y (m,n), s, t) can be constructed by the same ar-
guments in proving Case 2.1; otherwise, it can be constructed
by the same arguments in proving Case 2.2 of Lemma 14.

We have considered any case to construct a Hamiltonian
(s, t)-path of Y (m,n) for m > 9, and hence the lemma
holds true.

It immediately follows from Lemmas 14–17 that the
following lemma holds true.

Lemma 18. Let Y (m,n) be anY -alphabet supergrid graph
such thatm > n+1 > 4 and5n−4 > 3m−2, and lets andt
be two distinct vertices ofY (m,n). Then,Y (m,n) contains
a Hamiltonian (s, t)-path, and henceHP (Y (m,n), s, t)
does exist.

By Lemmas 13 and 18, we conclude the following theo-
rem.

Theorem 19. LetB(m,n) be anN -alphabet orY -alphabet
supergrid graph withm > n + 1 > 4, and let s and t be
two distinct vertices ofB(m,n). Then,B(m,n) contains a
Hamiltonian(s, t)-path, and henceHP (B(m,n), s, t) does
exist.

We have verified the Hamiltonian connectivity ofL-, C-,
F -, E-, N -, andY -alphabet supergrid graphs. The structures
of the other alphabet supergrid graphs are shown in Fig. 15,
and their Hamiltonian connectivity can be verified similarly.
We finally conclude the following corollary.

Corollary 20. Let AB(m,n) be an alphabet supergrid
graph which is an induced subgraph ofR(3m− 2, 5n− 4),
wherem > n+1 > 4 and5n−4 > 3m−2, and lets andt be
two distinct vertices ofAB(m,n). Then,AB(m,n) contains

a Hamiltonian (s, t)-path, and henceHP (AB(m,n), s, t)
does exist.

V. CONCLUDING REMARKS

Based on the Hamiltonicity and Hamiltonian connectivity
of rectangular supergrid graphs, we prove thatL-, C-, F -,
andE-alphabet supergrid graphs are Hamiltonian connected.
These types of alphabet supergrid graphs can be partitioned
into disjoint rectangular supergrid subgraphs. In addition,
many other alphabet supergrid graphs can not be decomposed
into disjoint rectangles. However, they can be partitioned
into disjoint shaped supergrid subgraphs, including rectan-
gles, triangles, parallelograms, and trapezoids. By using the
Hamiltonicity and the Hamiltonian connectivity of shaped
supergrid graphs, we verify the Hamiltonian connectivity
of N - and Y -alphabet supergrid graphs in which they can
be partitioned into disjoint rectangles, parallelograms, and
trapezoids. The other types of alphabet supergrid graphs can
be verified to be Hamiltonian connected similarly. We leave
their proofs to interested readers. On the other hand, the
Hamiltonian cycle problem on solid grid graphs was known
to be polynomial solvable. However, it remains open for solid
supergrid graphs in which there exists no hole.
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