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Permanence, Almost Periodic Oscillations and
Stability of Delayed Predator-Prey System with
General Functional Response

Ting Yuan, Liyan Pang and Tianwei Zhang

Abstract—By using some new analytical techniques and
Mawhin’s continuous theorem of coincidence degree theory,
some new sufficient conditions for the existence of positive
almost periodic solutions to a class of predator-prey system
with general functional response and time delays are estab-
lished. Secondly, by using the comparison theorem, we give
a permanence result for the model. By using the Lyapunov
method of differential equations, sufficient conditions which
guarantee uniform asymptotical stability of the model are
obtained. Finally, two examples and simulations are given to
illustrate the main result of this paper.

Index Terms—Almost periodic oscillation; Coincidence de-
gree; Predator-prey; Functional response.

I. INTRODUCTION

T is well-known that the theoretical study of predator-

prey systems in mathematical ecology has a long history
starting with the pioneering work of Lotka and Volterra [1-
2]. The principles of Lotka-Volterra model, conservation of
mass and decomposition of the rates of change in birth and
death processes, have remained valid until today and many
theoretical ecologists adhere to these principles. This general
approach has been applied to many biological systems in
particular with functional response. In population dynamics,
a functional response of the predator to the prey density
refers to the change in the density of prey attached per
unit time per predator as the prey density changes. During
the last ten years, there has been extensively investigation
on the dynamics of predator-prey models with the differ-
ent functional responses in the literature, (see [1-15] and
references therein). In particular, the existence of positive
periodic solutions of the predator-prey system with some
monotone or non-monotone functional responses has been
studied extensively in the literature.

In [7], Wang and Li considered the following system with
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Holling III type functional response:

it) = Na(t) [ 0) — an (DN (e - pa ()
- OO N - (1),

Ny(t) = Na(t) { — by(t) — az(t)Na(t)
_‘_az(t)Nf(t—us(t))} _

(1.1)

1+mNZ(t—ps(t))

Xu et al. [9] studied the following system with Holling II
type functional response:

B0 = 31(0)|ta(0) = ()N 0 = 1)

1(H) N1 (t)
- (f+mN1 (®) Na(t)],

. (1.2)
Raft) = Na(0)| = balt) = aa(t)Nalt ~ (o)

+a<t>N<t—u<t>>]
1+mN1(t7u3(t)) :

By using Mawhin’s continuation theorem of coincidence
degree theory, the authors [7, 9] obtained sufficient conditions
which guarantee the existence of positive periodic solution
of systems (1.1)-(1.2).

However, in real world phenomenon, if the various con-
stituent components of the temporally nonuniform environ-
ment is with incommensurable (nonintegral multiples, see
Example 1) periods, then one has to consider the environ-
ment to be almost periodic[10] since there is no a priori
reason to expect the existence of periodic solutions. Hence,
if we consider the effects of the environmental factors, almost
periodicity is sometimes more realistic and more general than
periodicity.

Example 1. Let us consider the following simple population
model:

N(t) = N(1) [| sin(v/2t)| — \sin(\/Et)|N(t)] )
In Eq.(1.3), |sin(v/2t)| is @-periodic function and
|sin(v/3t)| is Y37 -periodic function, which imply that E-
g.(1.3) is with incommensurable periods. Then there is no
a priori reason to expect the existence of positive periodic
solutions of Eq.(1.3). Thus, it is significant to study the
existence of positive almost periodic solutions of Eq. (1.3).

In view of this, now we consider the following almost pe-
riodic predator-prey system with general functional response
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and time delays:
Nl(t) = Ny (¢) [bl(t) —ay ()N (t — pa(t))

oy (b)NP~L
- ONE O N (s u(t))} ,

. (1.4)
Na(t) = Na(t) [ ~ba(t) — an(t)NE (¢ — o))

+a2(t)Nf(t—M3(t))
1+mN7 (t—ps(t)) |°

where N1 and N, represent the densities of the prey popu-
lation and predator population, respectively, p is a positive
constant and p > 1, m is a nonnegative constant and
q1,qo are positive constants. From systems (1.1)-(1.2), we
know that the prey population and predator population obey
the logistic growth. But many authors have suspected the
reasonableness of the logistic equations [16,17]. Hence,
some of them proposed single growth population models in
succession, such as Gilpin model [16], Smith model [17]
etc. Therefore, we consider system (1.4), which are more
general and reasonable. Let R, Z and Nt denote the sets
of real numbers, integers and positive integers, respectively.
Related to a continuous function f, we use the following
notations:

seR

= inf f(s),

_ 1T
o = suplf@) = Jim 7 [ (o)

Throughout this paper, we always make the following
assumption for system (1.4):

(F1) All the coefficients of system (1.4) are nonnegative
almost periodic functions with a; > 0 and b; > 0,
i=1,2.

The initial conditions of system (1.4) are of the form

N’L(S) = QZ}Z(S)’ s € [_N70]7 %(0) >0,

'(/Ji € C([_Ma O]’ [07 +OO));

where i 1= max;—1 2 3{puM, vM}.

It is well known that Mawhin’s continuation theorem
of coincidence degree theory is an important method to
investigate the existence of positive periodic solutions of
some kinds of non-linear ecosystems (see [7-14]). However,
it is difficult to be used to investigate the existence of
positive almost periodic solutions of non-linear ecosystems.
Therefore, to the best of the author’s knowledge, so far, there
are scarcely any papers concerning with the existence of
positive almost periodic solutions of system (1.4). Motivated
by the above reason, the main purpose of this paper is to
establish some new sufficient conditions on the existence of
positive almost periodic solutions of system (1.4) by using
Mawhin’s continuous theorem of coincidence degree theory.

The paper is organized as follows. In Section 2, we
give some basic definitions and necessary lemmas which
will be used in later sections. In Section 3, we obtain
some new sufficient conditions for the existence of at least
one positive almost periodic solution of system (1.4) by
way of Mawhin’s continuous theorem of coincidence degree

i=1,2,

theory. Two illustrative examples and simulations are given
in Section 4.

II. PRELIMINARIES

Definition 1. ([18,19]) x € C(R,R"™) is called almost
periodic, if for any ¢ > 0, it is possible to find a real
number | = I(¢) > 0, for any interval with length [(e),
there exists a number 7 = 7(€) in this interval such that
|zt + 7) — z(t)|| < e ¥Vt € R, where || - || is arbitrary
norm of R™. 7 is called to the e-almost period of x, T'(z, €)
denotes the set of e-almost periods for  and [(e) is called
to the length of the inclusion interval for T'(z,¢). The
collection of those functions is denoted by AP(R, R™). Let
AP(R) := AP(R,R).

Lemma 1. ([18,19]) If v € AP(R), then x is bounded and
uniformly continuous on R.

Lemma 2. ([18,19]) If = € AP(R), then [jz(s)ds €
AP(R) if and only if f(f x(s) ds is bounded on R.

Lemma 3. ( [21]) Assume that v € AP(R) N C'(R) with
& € C(R). For arbitrary interval [a,b] with b —a = w > 0,
let &,m € [a,b] and

I={se[gb]:i(s) >0}, J={se€la,n:i(s) >0},

then ones have

z(t) < z(€) +/5L‘(8) ds, Vtelg, b,

I

z(t) > z(n) — / x(s)ds, Vte la,n).

J
Lemma 4. ( [21]) If v € AP(R), then for arbitrary interval
[a,b] with b—a =w > 0, there exist { € [a,b], § € (—00,a
and & € [b, +00) such that

@) =2(€) and (&) < a(s), Vs € [,€]-

Lemma 5. ( [21]) If v € AP(R), then for arbitrary interval
la,b] with I = b—a = w > 0, there exist 1) € [a,b], n €
(—00,a] and 7j € [b,+00) such that

and () > (s), Vs € [n,17].

z(n) = =(n) U]
Lemma 6. ( [21]) If + € AP(R), then for ¥n € N¥,
there exist o, B, € R such that x(ay,) € [z* — %,x*]

and x(B,) € |2s,m + L], where z* = sup,cp z(s) and
Z, = infgeg 2(s8).

For z € AP(R), we denote by

the mean value and the set of Fourier exponents of =,
respectively.

Lemma 7. ( [21]) Assume that x € AP(R) and T > 0, then
for Ytg € R, there exists a positive constant Ty independent
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of to such that
to+T
7/ dse{x 3”‘"} VT > T,
0

The method to be used in this paper involves the appli-
cations of the continuation theorem of coincidence degree.
This requires us to introduce a few concepts and results from
Gaines and Mawhin ( [20]).

Mawhin’s Continuous Theorem. ( [20]) Let Q C X be an
open bounded set, L. be a Fredholm mapping of index zero
and N be L-compact on Q. If all the following conditions
hold:

(a) Lx # ANz, Vo € 00N DomL, A € (0,1);

(b) QNz #0, Vo € 00 N KerL;

(c) deg{JQN,QNKerL,0} # 0, where J : Im@) — KerL

is an isomorphism.

Then Lz = Nz has a solution on N DomL.

Under the invariant transformation (Np, No)T =
(e*,ev)T, system (1.4) reduces to
u(t) = by(t) — ay(t)enut—r®)
_oa(®em VO g v(t)),
1+mepru(t)
8(t) = ~bol0) ~ as(t)erseieran @D
g (£)eP(t— 13 (D)
+ ﬁ%femwsm -
Set X =Y =V, @ V,, where
Vi = {z = (u,v)T € AP(R,R?):

Vo € Alu) UA(v), |o| > 70}7

{z = (u,v)T = (k1 k2)7,

where g is a given positive constant. Define the norm

Vo = k’l,k‘QER},

lIz|lx = max { sup |u(s)|, sup |v(s)|}, VzeX=Y.
seR seR
Lemma 8. ( [21]) Let © € AP(R). For Vw € A(x) with

|| > o > 0, then fo s)ds € AP(R).

Lemma 9. ( [21]) Let f € AP(R) such that f(t) ~
ST a(f, M)t with | \,| > 0 > 0. If g is the integral of f
with a(g,0) = 0, then there exists a constant D independent
of f, g and o such that |g|so < D|f]oo-

Lemma 10. ( /21]) X and Y are Banach spaces endowed
with || - ||x.

Lemma 11. ( [2]]) Let L : X — Y, Lz = L(u,v)T =

(11,9)7, then L is a Fredholm mapping of index zero.
Lemma 12. ( [2]]) Define N : X - Y, P : X — X and
Q:Y—=Y by

bi(1) — a (p)en = ()
(p—1)u(t)
% v(t—v(t))
—bo(t) — ag(t)es2vt—r2(®) |~
(t) pu(t—pg(t))
+ ey

NZ:N(Z):

)zQz, VzeX =Y.

Then N is L-compact on ({2 is an open and bounded subset

of X).

III. MAIN RESULTS

Now we are in the position to present and prove our result
on the existence of at least one positive almost periodic
solution for system (1.4).

Take

lo := max{sup p1(s),sup pa(s)}.
sER seR

From (F}) and Lemma 7, for Vk € R, there exists a
constant wy € (2ly, +00) independent of k such that

1 kAT a; 3a;
VoAl 1 d 5 ’
/ a;(s)ds € {2 5 }

/“T U
2° 2 |

where VT' > %2,

(3.1)

1=1

Let

6b

p1 = In |: l:l + bl wo,
ay
4a§vje”p1 a ozéwepplwo
p2 :=1In — .
(1 + meprr)agy 1 + merrr
Therefore, we may introduce a assumption as follows:
_ ) 1 (7T D)ot
(Fy) @ := TET@T/O [b1(s) — elP=br1 72y (s)] ds >

Similar to (3.1), for Vk € R, there exists a constant 75 €
(wo, +00) independent of k such that

P,

27 2
Theorem 1. Assume that (Fy), (F») and the following
condition hold:

], VT > 15 (3.2)

_ . 1 [T ePps
(Fg) (1)2 = Tll}lilm TA |:1—'_Tnepp30[2(3) — b2($):| dS >
0, where
P T
p3:=1In {4 L } ' —b1 o,

. 4CL1 ediri]
o :=max§Tg, ——=—— -

Then system (1.4) admits at least one positive almost peri-
odic solution.

Proof: It is easy to see that if system (2.1) has one
almost periodic solution (@,v)?, then (N, No)T=(e%, )T
is a positive almost periodic solution of system (1.4). There-
fore, to complete the proof it suffices to show that system
(2.1) has one almost periodic solution.

In order to use the Mawhin’s continuous theorem, we set
the Banach spaces X and Y as those in Lemma 10 and
L,N,P,Q the same as those defined in Lemmas 11 and
12, respectively. It remains to search for an appropriate open
and bounded subset 2 C X.

Corresponding to the operator equation Lz = Az, A €
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(0,1), we have

at) = A [bl (t) — al(t)eqlu(t*/il(t))

a (t)e(pfl)u(t)
T T 1+mepru(®

o(t) = A [ —by(t) — a2(t)€‘Z2U(t7u2(t))

as(t)eP (t—rs(t) :|

)

ev(t—u(t)):|
(3.3)

+

1+meru(t—n3(t))

Suppose that (u,v)T € DomL C X is a solution of system
(3.3) for some \ € (0,1), where DomL = {z = (u,v)T €
X :u,v € CYR),4,% € C(R)}. By Lemma 6, there exist
two sequences {7}, : n € N*} and {P,, : n € N*} such that

1
u(Ty,) € [u* - ,u*] , u* =supu(s), ncNt (34
n seR
* 1 * * =+
v(P,) € [v* — —,v*|, v =supwv(s), neNT.(3.5)
n seR

For Yno € N, we consider [T}, — wo, Tp,] and [Py,
wo, Pn,], where wg is defined as that in (3.1). By Lemma

4, there exist £ € [T5,, — wo, T, £ € (=00, Ty, — wo) and
€ € [Ty, +00) such that
u(@) =u(é) and wu(§) <uls), Vsel(€. (3.6)

Integrating the first equation of system (3.3) from £ to ¢ leads

to
13
/ (bl(s) _ al(s)eqlu(s—m(S))
13

—1 K
_al(s)e(P Ju(s) os—v(5) ) s — 0,
1 + mepu(s)

which yields that

3 3
/ al(s)eqlu(sfm(S)) ds < / al(s)eqlu(sfm(S)) ds
E+lo £

< /; b1(s)ds.

By the integral mean value theorem and (3.1), there exists
s0 € [§ 410, (so — pa(s0) € [€,€]) such that
ai
4
- $-loa ed1u(so—pi(so))

S f-¢ 2
1
f_—é— lo /§+lo a1(s)ds

€l
S>eq1u(s—u1(8)) ds

21 paru(so—pa(so))

I /\

Iy
oy

3
1

€
B _5/-"—10 al(
1 3
— [ bi(s)ds

ed1u(so—p1(s0))

IN

oy

Iy

IA
Lo Iy
S

|y

1

IN

b

N

which implies from (3.6) that

601 ] " (3.7)

u(§) <In {

a1

Let I} = {s € [¢,Tn,] :
(3.3) that

/ u(s)ds = / /\[bl(s) - al(s)e‘hu(s—#l(s))
I, I
—1)u(s
e sy

u(s) > 0}. It follows from system

1 + meprw(s)
Tno
< / Aby(s)ds < / b1(s)ds
Iy Ty —wo
< b wy. (3.8)

By Lemma 3, it follows from (3. 7)-(3.8) that

61
ay

u(t) gu(g)+/ a(s)ds < In

} + 0 wo = p,
I

vt € [€,T,,], which implies that
u(Tno) < p1.

In view of (3.4), letting ng — +o¢ in the above inequality
leads to

ut = nolirﬂocu(Tno) < p1- (3.9)

Also, by Lemma 4, there exist ¢ € [P, — wo, Pn,), ¢ €
(=00, Pp, — wo] and ¢ € [P,,,+00) such that

v(Q) =v(¢) and v(() <v(s), Vs€[(, ¢ (3.10)

Integrating the second equation of system (3.3) from ¢ to ¢
leads to

¢
/ < —ba(s) — ag(s)eqw(s*llz(S))
¢

a2(s)epu(57:u'3(s)) ds _ 0
1+ meP“(s_lL‘J(s))

@3.11)

which yields that

‘ ¢
/ ag(s)efhv(s—/tz(s)) ds < / a2(8)eq21;(s—“2(5)) ds
¢+lo ¢

- /C g (s)epuls—ha(s) L
¢ 1 + mepu(s—usa(s))

By a si[nilar argument as th}t in (3.7), there exists ¢y €
[€ + 10, (] (co — palco) € [¢,¢]) such that

= ¢
2 gav(co—paleo) « _1 g2v(s—Ha(s))
e < = as(s)e ds
4 ¢—¢ <+zo
epu s—ps(s))
< ds
C ¢ 1+m6pu(s ns(s))
ePPl
-1 + mepP’

which implies from (3.10) that

4adleprr

(1_|_'rne]3pl)a/2:| . (3.12)

o0 <)

(Advance online publication: 27 May 2019)
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Let I, = {s € [(, Pp,] : ¥(s) > 0}. It follows from system
(3.3) that

Iz Iy

g (s)ePe(s—Hs(s))
1+ mepu(s—m-e))} y

g
I>

Py,
<
P, —wo

0
M
Q2 ¢ “

— 1+ mepPrr

By Lemma 3, it follows from (3.12)-(3.13) that

v(t) < v(()—f—/l 0(s) ds

1 + mepu(s—ps(s))

pu(s—ps(s))
as(s)e ds

1 + mepru(s—psa(s))

ebr1 wo

(3.13)

‘< 40[5\/1617131 s aé\/—lepplojo
- (1 4 mepr1)ay 1+ meprr
= p2, vt € [C?PTL()L
which implies that
U(Pno) S pP2-

In view of (3.5), letting ng — +oco in the above inequality
leads to

v'= lim v(Pp,) < p2.

nog——+o0o

(3.14)

On the other hand, by Lemma 6, there exists a sequence
{H,, : n € NT} such that

inf u(s), n € NT.(3.15)

seR

1
u(Hy,) € {u*,u* + } , Uy =
n

For Vno € NT, we consider [H,,,, H,, + mo). By Lemma
4, there exist n € [Hy,, Hyp, + m), n € (—o0, Hy,] and
7 € [Hay,, +00) such that

u(n) = u(n)
Integrating the first equation of system (3.3) from 7 to 7

leads to
7
n

—1)u(s
_aa ()M ) gs = 0
1 4+ merw(s) ’

which yields from (3.9) and (3.14) that
n
/ [b1(s) — al(s)e(p_l)”le"?] ds
n

—1)u(s
o al(s)e(p Jul )ev(s—u(s)) ds
1 4+ meru(s)

and u(n) > u(s), Vs € [n,7]. (3.16)

(3.17)

n
S / al(s)efhu(S—lil(S)) ds + CLiwe(hpl lo,
n+lo

which implies from (3.2) that

) 1 n
e [b1(s) — al(s)e(p_l)plep2] ds
2 n=nJy
] M ,q1p1
LT (spemetmm ) g 4 Mo
=1 Jytio n=n
] M ,q1p1
_ 1 n al(s)eq1u(s—ltl(8)) ds + a;l €q P lo
n—n n+lo o
1 n )
< — al(s)e‘““(s_“l(s)) ds + —*. (3.18)
=1 I+l 4
In view of (3.18), by the integral mean value theorem and
(3.16), there exists s; € [+ lo, 7] (s1 — p1(s1) € [0, 7))
such that
) qru(si—pi(s1)) 7
-1 < 877/ ay(s)ds
4 n—n o
—n—1p
< al eqlu(r/) =4 < aiweqlu(n)7 (3.19)
n—n
which implies that
— 1
Oy |
u(n) > In [4(1{”} . (3.20)

Let J ={s € [Hy,, 7] :
(3.3) that

/J a(s)ds =

u(s) > 0}. It follows from system

J

—1u(s
_al(s)e(p Jul )ev(sfl/(s)) ds
1 + mepru(s)

Hy,,+mo
/)\bl(s) dsg/ b1(s)ds
J

H no

IN

< b{VIﬂ'o

By Lemma 3, it follows from (3.19)-(3.20) that

b]VI’]TO

— 1
: ¢y |
i(s)ds > In [4%\4] -
Vt € [Hpy,n],(3.22)

u(®) = (o) - [
= P3,

which implies that
u(Hpy) > p3.

In view of (3.16), letting ng — +oc in the above inequality
leads to

lim  w(Hyp,) > ps3.

nog——4o0o

Uy =

(3.23)
Take 4a§” pn,

o it

From (F3) and Lemma 7, for Vk € R, there exists a constant
oo € (01, +00) independent of k such that

1 /k+T {cbz 3P,

272
Also, there exist ¢ € [ngog,noog + oo](Vng € Z), s €

01 = max {7T07

} . YT >o00. (3.24)

(Advance online publication: 27 May 2019)
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(=00, np0¢] and < € [ngog + 09, +00) such that
v(s) = v(S) Vs € [¢,¢]. (3.25)

Integrating the second equation of system (3.3) from ¢ to ¢
leads to

and v(s) > v(s),

S
S

pu(s—p3(s))
as(s)e ds =0,
1 + mepu(s—psa(s))

which yields that

S epPPs
1 [1 ) - b2<s>} s
c pus—ps(s))
< [t s )
S

1+ mePu(s—ps(s))

) ag(s)et5=12(9) dg

I
m\ﬂ m\ I

CLQ(S)eqzv(s—m(S)) ds
+lo

Ss+lo
/ as (s)eqzv(s*“z(s)) ds

S

+

S
GQ(S)eqzv(S*uz(S)) ds + aé”e‘”” lo.

s+lo

Similar to the argument as that in (3.18), we obtain that
) I )
= / as(s)e®5=H2(9)) g + —2 (3.26)
2 T =S e 4

In view of (3.24), by the integral mean value theorem and
(3.23), there exists ¢; € [s+1o,3] (c1 — p2(c1) € [s,]) such

that
o, et2v(ci—pa(c1)) <
— < ,7/

4 S—S s+lo
< ahle?2v(®) c—s—lb
< c—¢

< aéwquU(g),

as(s)ds

which implies that

— 1
&, 1%
v(s) > In [4@5\4} .

(3.27)

Further, we obtain from system (3.3) that

nooo+0o0
/ [o(s)]ds

000

/n000+00
nooo

g (s)ePe(s—Hs(s))

— by(s) — ag(s)e®v(s7H(s)

ds

1 + mepu(s—pa(s))
< [BY + adf ez 4 bl ePPr]oy = O,. (3.28)

It follows from (3.25)-(3.26) that

nooo+oo
o)) v - [ fae)lds
nooo
B, 1=
> 1 2 e
- [4M] ?

= P4, Vt € [’I’LQO'(),TL()O'O + 0'0}. (3.29)

Obviously, p4 is a constant independent of ng. So it follows
from (3.27) that

min v(s)}
s€[nooo,noo0+00)

> inf =p4. (3.30
_nl(flez{m} ps. (3.30)

=1 f = i f
b= Infle) = B

Set K = |p1| + |pa| + |ps| + [pal + 1, then [|z[|x =
||(w,v)T|| < K. Clearly, K is independent of A € (0,1).
Consider the algebraic equations QNzy = 0 for zyp =
(u®,v%)T € R? as follows:

0
-1
(p=Du” 0

Qe
o€,

14+mePv

— 0 =~ _pu
0 = —by — aqge?2? Q2o
2 2 + FE—

Similar to the arguments as that in (3.9), (3.14), (3.21) and
(3.28), we can easily obtain that

- _ 0
0 =0b —aet™ —

ps <u’ < p1, ps<0® < po.

Then ||zo|x = |[u®] + [0°] < K. Let Q@ = {z € X : ||z]|x <
K}, then Q satisfies conditions (a) and (b) of Mawhin’s
continuous theorem.

Finally, we will show that condition (¢) of Mawhin’s

continuous theorem is satisfied. Let us consider the homotopy
H(1,2) =1QNz+ (1 —1)Fz, (1,2)€[0,1] x R?

where

ON

From the above discussion it is easy to verify that H (¢, z) #
0 on 02 N KerL. By the invariance property of homotopy,
we have
deg (JQN, QNKerL, 0) = deg (QN7 QNKerL, O)
= deg (F7 QNKerL, 0)7

by — ajen™ )

b _ m.,q2v azel”
b2 as€ + Tfmepu

where deg(-, -, -) is the Brouwer degree and J is the identity
mapping since Im@) = KerL.
Note that the equations of the following system

{ El —a1e1* =0,

&zepu,

—b2 - d2€q2v + Trmepw =0
has a solution:
_ 1 5o oPu™ = 1
b a1 Lpu* _ b2 23
(u*,v*) = <ln [1} ' ,In {Hme] 2> e 0.
aq a9
It follows that
deg (JQN7 QN KerL, O)
= deg (F, QNnKerL, O)
—qagen 0
= 1 d ) pu
sign . [1 - pu} —qalipe®2”
U +me (u,v)=(u*,v*)
= sign(e‘““ e2? )
=1.

Obviously, all the conditions of Mawhin’s continuous
theorem are satisfied. Therefore, system (2.1) has one almost
periodic solution, that is, system (1.4) has at least one
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positive almost periodic solution. This completes the proof. B
Theorem 2. Assume that (Fy) and the following conditions
hold:
(Fy) p> 14 mePrr.

P i 1 [T . e(P=1)p1+p2
(F5) W= T—1>I4r-loof/0 [1(8)

_ :mnepplal(s)] ds >

_ . 1 [T ePh3
(FG) \112 = TEIJ’I}OOT/O |:1_i_frnepﬁsa2(8) — bQ(S):l dS >
0, where
— 1
\Ill a M ~
p3:=1In {4@{\4 — by o,

4aMevrri], }

T := max {7‘0,
Uy

Then system (1.4) admits at least one positive almost peri-
odic solution.

Proof: Let
-1

L(x) Va € (0,e].

T 1+ mar’
By (Fj4), we are easily obtain that

2P 2(p — 1 — maP)

L(z) = 0 5 mar)? >0, Vze(0,en],
which implies that
e(P—1)p1
ze%?gf’l] x) = T mer (3.31)

Corollary 2. Assume that (Fy), (Fy)-(Fg) hold. Suppose

further that a;, b;, oy, p; and v are continuous nonnegative
periodic functions with different periods, 1 = 1,2, j = 1,2, 3,

then system (1.1) admits at least one positive almost periodic
solution.

Assume that all coefficients of system (1.4) are w-periodic
functions, let

) | Oégeppl a2

p2:=1n 7(1 e )a,
. _ - AnePP1w
By +b —_—
+mln{( 2 + b2)w, T merin }
From the proves of Theorems 1-2, we can show that

Corollary 3. Assume that (Fy) and the following conditions
hold:

(F7) Bl ,\> e(p_l)ﬁl-"_ﬁ2a1)'~ _
(Fg) ePP3qg > (1 + mePP3)bg, where

— ~ ~ 1
by — eP=Vpritp2q, Jar

p3:=1In — biw.

ax
Then system (1.4) admits at least one positive w-periodic
solution.

Corollary 4. Assume that (Fy) and the following conditions
hold:

By the same arguments as that in Theorem 1, we have (3.10), (Fy) p > 1 + meP?1,
(3.15)-(3.18). In view of (3.18), it follows from (3.10), (3.15) (Fio) (14 mePP)by > eP=Dhrti2q,

and (3.30) that

U, 1 n

Il _
e MLCEE

e(P—l)P1+P2:|

n— 1 + meprr
7 (p—1)u(s)
[ - ),
n=nJy 1 + mepru(s)

al(s)e’““(s_‘“(s)) ds

1 n G
< = / al(s)eqlu(s—m(s)) ds + I1

U Jn+lo

Similar to the argument as that in (3.20), we have

— 1

U, |«

>1 .
a=m ]

The remaining proof is similar to Theorem 1, so we omit it.
This completes the proof. ]

From the proves of Theorems 1-2, we can show that

Corollary 1. Assume that (Fy)-(F3) hold. Suppose further
that a;, b;, o, p1; and v are continuous nonnegative periodic
functions with different periods, 1 = 1,2, 7 = 1,2,3, then
system (1.1) admits at least one positive almost periodic
solution.

Remark 1. By Corollary 1, it is easy to obtain the existence
of at least one positive almost periodic solution of Eq. (1.3)
in Example 1, although there is no a priori reason to expect
the existence of positive periodic solutions of Eq. (1.3).

(F11) €pﬁ3642 > (1 +me”ﬁ3)l_)2, where

I_) e(P=1)p1+p2 _ 1
| L™ "T¥mern a1 @
p3:=1In - — bw.

ai

Then system (1.4) admits at least one positive w-periodic
solution.

IV. Uniform persistence

Our object in this section is to prove the uniform persis-
tence of system (1.4).

Theorem 3. Let p = q1 = q2 = 1 in system (1.4). Assume
that

(Hi) by > aof Ma, (14 mM;)~tay; Ny > b3,

then for any positive solution (N1, N2)T of system (1.4)
satisfies

N; < N;(t) < M;, i=1,2,

where N; and M; are defined as those in (4.1)-(4.4), i =
1,2,3. That is, system (1.4) is uniformly persistent.

Proof: We have from the first equation of system (1.4)
that

Ni(t) < Ni(t) [bf — a7 Ni(8)] -

By Lemmas 2.3 and 2.4 in [22], we have from (4.1) that
b+

Nl(t) S 71_ = Ml.

ay

A.1)
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We have from the second equation of system (1.4) that
No(t) < Na(t) [m™tag —ay Na(1)] -

By Lemmas 2.3 and 2.4 in [22], we have from (4.1) that

1,7+
m” oy

Qg

Ng(t) < = MQ. (42)

In view of the first equation of system (1.4), it follows that
Ni(t) > Ny(t)|b] —af My —af Ni(t)],
which implies that

-+
Ni(t) > oo

= +
ap

= V. 4.3)
Similar to the argument as that in (4.3), we obtain from the
second equation of system (1.4) that
—1.—ar _ 3+
NQ(t) > (1+mM1) Qo N1 b2

= No. (4.4)

The proof is completed. [ |

V. UNIFORM ASYMPTOTICAL STABILITY

The main result of this paper concerns the uniformly
asymptotically stable of system (1.4).

Theorem 4. Letp=q1 =g =land py = po = p3 = v =
0 in system (1.4). Suppose (H1) and the following condition
hold:

(Hz) there exists a constant y such that

a; amel - a;' > W,

Gy — aér >

where My is defined as that in Theorem 3. Then system (1.4)
is uniformly asymptotically stable.

Proof: Suppose that Z(t) = (In Ny (t),In Ny(¢))T and
Z*(t) = (InNj(t),InN;(t))T are any two solutions of
system (1.4). Let V(t) = Vi(t) + Va(t), where Vi(t) =
[In N1 (t) — In Ny (¢)] and Va(t) = |In Na(t) — In N3 (¢)].

Calculating the upper right derivative of V;(t) along the
solution of system (1.4), we have
D'Vi(t) < —ay [N(t) — Ny (1)]
o mM; [Ny (t) — Ny (1)]
+a [Na(t) — N3 (1)),
similarly,
DTVa(t) < —ay [Na(t) — N3 (t))|
+ag [N (t) — Ny (1)].
Then
DTV (t)
[—ar +aymMy + o || N1 (t) — Ny ()]
H=ay + a3 ][Na(t) — N3 (2)]
< —uV(t).

A

(5.1)

Therefore, V' is non-increasing. Integrating (5.1) from 0

to t leads to

that is,
“+o0
/ V(s)ds < 400,
0
which implies that
Jlim [Ni(6) = NI()] = lm_[Na(t) — N5 (£)] = 0.

Thus, system (1.4) is uniformly asymptotically stable. This
completes the proof. ]

VI. EXAMPLES AND SIMULATIONS

Example 2. Consider the following delayed predator-prey
system:

Ni(t) = Ny(t) {1 — |sinv/3t|NZ(t — 0.8)

N1 (t)

7mN2(t - 0.8):| 3

6.1)
No(t) = Na(t) [ — 55ers — cos?(V2t)N3 (t — 0.8)

NZ(t—0.8)
+ 1+N12(t0.8):| :

Corresponding to system (1.4), we have by = 1, by =
Qfgﬁ,(_ll:%,&2:%,1016710,771:17(11ZQQ:
p = 2. Further, for Vk € R, we can choose wy = @ SO

that (3.1) holds, that is,

1 [RFT 13
T d S sy |
T/k ay(s)ds [W ﬂ_}

I 13 21/3
T/ az(s)ds € [ }, VT > wo = \[ﬂ-.
k

4’4 = 3
By a easy calculation, we obtain that
p2 =~ 5.0695.

Hence ®,(t) = i, V¢t € R, which implies that (F3) holds.
Take 79 = 27. So myg = 8 and

p1 ~ 5.1253,

p3 = _97
which yields that

- . Tr ,-18 o—18

2= lm 7 /0 [1 +e 8 242¢ 18
which implies that (F3) holds. Therefore, all the conditions
of Corollary 1 are satisfied. By Corollary 1, system (6.1)
admits at least one positive almost periodic solution (see
Figures 1-2). It is easy to verify that all the conditions of

Theorems 2-3 are satisfied. By Theorems 2-3, system (6.1)
is permanent and uniform asymptotical stability.

ds > 0,

Remark 2. In system (6.1), corresponding to system (1.4)
anq Corollary 3.3, o1 = %, o = %, Bi» vi» 0 and ¥ ar.e
arbitrary constants, ¢ = 1,2, 7 = 1,2,3. So system (6.1) is
with incommensurable periods. Through all the coefficients
of system (6.1) are periodic functions, the positive periodic
solutions of system (6.1) could not possibly exist. However,
by Corollary 1, the positive almost periodic solutions of
system (6.1) exactly exist.
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Fig. 2 State variable N5 of system (6.1)

Example 3. Consider the following delayed almost periodic
predator-prey system:

Ni(t) = Ni(t) {1 _ Lsin Vasin VBt oy g)
fﬁ%f(mm(t ~0.8)],
Na(t) = No(t)| — ggemre (6.2)
_COSQ(ﬁt)JQrcos"‘(\/ﬁt)NZz(t ~0.8)
In system (6.2), 52 ﬂt';' sin V3t ;04 0052(\/§t)J2rcos2(\/§t) are

almost periodic functions, which are not periodic functions.
Similar to the argument as that in Example 2, by Theorem
1, it is easy to obtain that system (6.2) admits at least one
positive almost periodic solution (see Figures 3-4).
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Fig. 3 State variable N; of system (6.2)
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Fig. 4 State variable N, of system (6.2)

VII. CONCLUSION

In this paper we have obtained the uniform permanence
and existence of a positive almost periodic solution for a
delayed predator-prey system with general functional re-
sponse. The approach is based on the continuation theorem
of coincidence degree theory and the comparison theorem.
And Lemma 2 in Section 2 and Lemmas 2.3-2.4 in [22] are
critical to study the permanence of the biological model. It
is important to notice that the approach used in this paper
can be extended to other types of biological model such as
epidemic models, Lotka-Volterra systems and other similar
models of first order.
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