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Dual Quermassintegral Quotient Functions
Inequalities of Radial Blaschke-Minkowski
Homomorphisms

Ping Zhang, Xiaohua Zhang, and Weidong Wang,

Abstract—In this paper, we establish some Brunn-Minkowski
inequalities for the dual quermassintegral quotient functions of
the radial Blaschke Minkowski homomorphisms of star bodies.

Index Terms—star bodies, dual quermassintegral quotient
functions, radial Blaschke Minkowski homomorphisms, inter-
section body operators.

I. INTRODUCTION

N[7], Schuster first introduced the radial Blaschke

Minkowski homomorphisms as follows: A map ¥ : S —
S™ is called a radial Blaschke Minkowski homomorphism if
it satisfies the following conditions:

(1) W is continuous.

(2) U(K) is radial Blaschke Minkowski additive, i.e.,
VU(K+, 1L) =VYK+VL for all K,L € S™.

(3) U intertwines rotations, i.e. ¥(¢K) = YVK for all
K € 8™ and all ¥ € SO(n).

Here, S™ denotes the set of star bodies, SO(n) denotes
the group of special origin-rotation transformation, K+, _1L
denotes the radial Blaschke sum of the K and L and
WK FUL denotes the radial Minkowski sum of WK and
WL.

In[7], Schuster established the following Brunn-
Minkowski inequality for radial Blaschke Minkowski
homomorphism of star bodies.

Theorem A [7] If K1, Ko € 8™, then

V(T(K15K)) 70D < V(TK) 70D + V(UEK,) 7D,

with equality if and only if K1 and K are dilates.

Theorem B [7] There is a continuous operator

U:S"x---x8§" =8

n—1

Manuscript received October 30, 2018; revised December 4, 2018. The
research is supported by the Academic Mainstay Foundation of Hubei
Province of China(Grant No.D20171202).

Ping Zhang is with the Department of Mathematics, China Three Gorges
University, Yichang, 443002, P. R. China and Three Gorges Mathematical
Research Center, China Three Gorges University, Yichang, 443002, P. R.
China e-mail: (zhangping9978@126.com)

Xiaohua Zhang is with the Department of Mathematics, China Three
Gorges University, Yichang, 443002, P. R. China and Three Gorges Mathe-
matical Research Center, China Three Gorges University, Yichang, 443002,
P. R. China e-mail: (zhangxiaohua07@ 163.com)

Weidong Wang is with the Department of Mathematics, China Three
Gorges University, Yichang, 443002, P. R. China and Three Gorges Mathe-
matical Research Center, China Three Gorges University, Yichang, 443002,
P. R. China e-mail: (wangwd722@163.com)

symmetric in its arguments such that, for K1,--- K, € 8"
and A1a"'7)‘7n > 0,

UK+ A Kn)

= Z . )"h '.'Ain,—l\I’(Ki17.'.7Kin—1)’ (11)
21, tn—1

where the sum is with respect to radial Minkowski addition.
Clearly, (1.1) generalizes the notion of radial Blaschke
Minkowski homomorphism and we will call the map

¥:8"x--- xS —-8"

mixed radial Blaschke Minkowski homomorphism in-
duced by U. For K,L € &8", let ¥;,(K,L) denote
the mixed radial Blaschke Minkowski homomorphism
U, (K, --,K,L,---,L), with i copies of L and n —¢ — 1
copies of K. We write ¥;(K) for ¥;(K,---,K,B,---,B)
and call ¥,(K) the radial Blaschke Minkowski homomor-
phism of order <.

And in fact, Schuster established a more general version of
Brunn-Minkowski inequality for radial Blaschke Minkowski
homomorphism: If K7, Ky € S™, integers 4, j satisfy 0 <
1<n—1,0<j<n-—2, then

Wi(W, (K, FKy)) Tm=7=1
< Wi(qu[(l)m + Wi(q/j[(g)m,

with equality if and only if K; and K5 are dilates.
And for K, L € ™, if 0 <,j <n — 2, then[7]

W;(K,U,;L) = W;(L, V;K). (1.2)

In[11], Zhao defined the dual quermassintegral difference
function of ¥ by

Dy (UK, UD) = Wi(VK) —W,;(¥D),D C K,0 <i <n.

And in[11], Minkowski and Brunn-Minkowski type in-
equalities for volume difference function of radial Blaschke
Minkowski homomorphism were established.

Motivated by the work of Zhao, we give the dual quer-
massintegral quotient function of U by

Wi(WK
Q. (wK wp) = WiE)

" W;(¥D)
The goal of this paper is to establish the Brunn-Minkowski
inequalities for the quermassintegral quotient function of W.

Associated with L,, radial combination “er”, we obtain

(1.3)

Theorem 1.1 Let ¥ : 8™ — 8™ be a radial Blaschke
Minkowski homomorphism. For K1, Ko, D1, Dy € 8™, and
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let K1 be a dilated copy of Ko, if i, j satisfy 0 <1i,j <n—2
and%>1,%212%2&tken

(Wj@(Dl%pm»)w—ﬂ%

Wi(\p(Kl;pKﬁ)
- (@xvm) . (@w))
 \W;(TKy) Wi (¥ K)

(1.4)
with equality if and only if D1 and Do are dilates, and
ij(‘I’Dl) _ Wi(¥K,)

W;(¥D2)  W;(PK»)'

Furthermore, we establish the following Brunn-Minkowski
inequality for the dual quermassintegral quotient function
of ¥ about the L,, harmonic radial combination “ +_,”.

Theorem 1.2 Let ¥ : 8™ — S™ be a radial Blaschke
Minkowski homomorphism. For K1, Ks, Dy, Dy € 8™, and
let K1 be a dilated copy of Ko, if i, 7 satisfy 0 < 1,5 < n—2,
p>1and @=20=D > 1 > =)= 5 g ey

2 > >12> > >0,

<Wj(‘I’(D1-T-pD2))) THETD
Wi(U(K1+-pK>))

Wi(VKy)

- (Wj(\l/Dl)>(ji)IZ"1) . (Wj(q/DQ))M’Znn

- Wi(VK>) ’
(1.5)

with equality if and only if D1 and Dy are dilates, and

W;(¥Dy) _ Wi(¥YKy)

W, (¥Ds)  Wi(¥Ka)

Finally, we establish the Brunn-Minkowski inequality for
the dual quermassintegral quotient function of ¥ about the
L, radial Blaschke combination “+,,_,, ” as follows:

Theorem 1.3 Let ¥ : 8™ — S™ be a radial Blaschke
Minkowski homomorphism. For K1, Ky, D1,Dy € S™, let
K, be a dilated copy of Ko, and if i,j satisfy 0 < 1,7 <
n—27+1<p<n,i+1 §p<n,andw212

=)= > 0 then o
n—p -7

(Wi(\I’(DlJ}n_pDz)) ) e

WJ’(\IJ(KI'anpKﬁ)

W;(VK,)

< (WN/Z(WDl))“)“I:” n (Wi(\PD2))m

- W (VE,) ’
(1.6)

with equality if and only if D1 and Dy are dilates, and

W;(¥Dy) _ VZ’i(‘I’Kl)

W;(¥Dy)  Wi(¥Ka)

Since the intersection body operator I : S™ — S™ is
a radial Blaschke Minkowski homomorphism, we change
U into the intersection body operator I in Theorem
1.1, Theorem 1.2, Theorem 1.3, we get the following
Brunn-Minkowski inequalities for the dual quermassintegral
quotient function of the intersection body operator I.

Corollary 1.4 Let K1, Ky, D1,Dy € 8", and let K1 be a
dilated copy of Ko, if i, 7 satisfy 0 <i,j <n—2, "Tfl >1

andwzlz("—i)’#thhen

(Wj (I(Dl—T-ng)) ) THETD

Wi (LK1 FpK>))

Wi(1K) Wi(1K>)

with equality if and only if D1 and Do are dilates, and
W;(IDy) _ Wi(IKy)
W,;(ID2)  Wi(IKz)

Corollary 1.5 Let K1, K5, D1,Dy € 8™, and let K1 be a
dilated copy of Ko, if i, satisfy 0 < i,j <n—2,p>1
and%ZlZWEQ then

(Wj(I(DﬁpDz)))MM

W (1K +_,K>))
- Wi(IKl) Wz(IKQ)
with equality if and only if Dy and D, are dilates, and
W;(ID1) _ Wi(1K1)

W,;(IDy)  Wi(IK>)

Corollary 1.6 Let K,,Ky,D1,Dy € 8™, and let K| be a
dilated copy of Ko, ifi,j satisfy 0 < i,7 <n—2, j+1 <p <
n,i+1§p<n,and%212%20,
then

)

(Wi(I(Dl%n_pm)) > e
W;(I(K14n—pKa))

—~ n—p —~ n—p
. (G—1)(n—1) . G—(n—1)
< (D) ()
W; (1K) W; (1K)
with equality if and only if D1 and Ds are dilates, and
W;(ID1) _ Wi(IK,)
W;(ID2)  Wi(1Kz)'

In fact, the more general Brunn-Minkowski inequalities
for the dual quermassintegral quotient function than Theorem
1.1, Theorem 1.2, Theorem 1.3 will be established in Section
3.

II. NOTATIONS AND BACKGROUND MATERIALS

2.1 Dual mixed quermassintegral

Let S™ denote the set of star bodies (i.e. compact sets, star
shaped with respect to the origin) in Euclidean space R™. We
reserve the letter u for unit vector, and the letter B is reserved
for the unit ball centered at the origin. The surface of B is
S"=1. We shall use V(K) for the n-dimensional volume of
body K.

For a compact set K in R™ which is star shaped with
respect to the origin, we define the radial function p(K,u)
of K by(see [1])

p(K,u) =max{\>0: uc K},uec S" . (2.1)

If p(K,-) is positive and continuous, K will be called a
star body. Let § denote the radial Hausdorff metric, i.e., if
Ki, Ky € 8™, then (5(K1,K2) = |p(K1, ) — p(KQ, )loo

In 1975, Lutwak (see [3]) gave the notion of dual mixed
volumes as follows: For Ki, Ky, -+, K, € S, the dual
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mixed volume, V(Ky, Ko, -+, Kp,), of Ki,Ks,---, K, is
defined by
- 1
V(K- Ky) = 5/ (K 0) - plE, u)dS ).
o
(2.2)
Taking K1 == Kpoi = K, Kp_yi1 = -+ = K, =

L in (2.2), we write V;(K, L) = V(K,n —i; L, i), where K
appears n — 4 times and L appears ¢ times, then

~ 1 , ,
KD = [ K (LS. (23)
Sn—1
Let L = B in (2.3) and notice p(B, ) = 1, and allowing 4
is any real, then the dual quermassintegral can be defined
as follows: For Igv € 87 and if 4 is any real, the dual
quermassintegral, W;(K), of K is given by (see [3])

_ 1 ,
W) = [ ptarasw. @)
S'n.fl
LetKlz..-: nfiflzK’K\’n;f’L':"': n—1 =

B, K, = L in (2.3), then we write W;(K,L) = V(K,n —
i—1;B,i; L, 1), where K appears n—i— 1 times, B appears
i times and L appears 1 time. We call W;(K, L) the dual
mixed quermassintegral of K and L.

And we get the dual Minkowski inequality(see [7]): For
K,L e 8", if i satisfies 0 < i <n — 2, then

Wi(K,L)"™" < W;(K)" " "W;(L), (2.5)

with equality if and only if K and L are dilates.

2.2 Some combinations

For K1, K5 € 8™ and Ay, A2 > 0 (not both 0), p > 0, the
L, radial combination, A; - Kljrp)\g - K5, of K and K> is
defined by (see [6], [2])

p(A1 - KiFpho - Ko, u)P = A p(Kq,w)? + Xop(Ko, u)P.
(2.6)
For K7, Ko € 8™ and A1, A2 > 0 (not both 0), p > 1, the
L, harmonic radial combination, A; - K —T-_p)\g - Ko, of Ky
and K is defined by (see [5])

P K1+ _pho-Ko,u) P = A\ p(K1,u) P+ Xap(Ka,u) 7P

(2.7)

For K1, Ko € 8™ and A1, A2 > 0 (not both 0), p > 1, the

L, radial Blaschke combination, A\; o K 1—Fn,p)\2 o K5, of
K7 and K5 is defined by (see [9])

p()‘l o Kl‘T'n—p)\Z o KZa U)nip

= )\1P(K17 u)n—p + )\2p(K27 u)n—p. (28)

The special cases p = 1 in (2.6),(2.7) and (2.8), are just
the classic linear combinations.

2.3 Intersection body
For K € 8™, we get the intersection body IK of K, whose
radial function satisfies

p(IK,u) = v(K Nut),ue st (2.9)

where the v is the n — 1-dimensional volume and ul is the
n — 1-dimensional subspace of R™ orthogonal to u. It is
called the intersection body of K (see [4]).

By using the polar coordinate formula for volume, it is
trivial to verify that(see [4])

! n—1
/S,HmLp(K,u) dS(u). (2.10)

n—1
An important generalization of this definition is the mixed
intersection body (see [12]). The mixed intersection body of
Ky, -+ Ky 1€8"I(Ky, -+,K,_1), is defined by

p(I(Ky, -

p(IK,u) =

Kp_1),u) =0(KyNnut, - Kuop Nut),
(2.11)
where the v denotes the n — 1-dimensional dual mixed
volume. If K1 = --- = K, ;1 = KK, ; = -+ =
K, 1=Li=0/1,---,n—1,then (K, ---,K,L,---,L)
n—i—1 i
is usually written as I;(K, L). And if L = B, then I,(K, L)
is written as I,(K) and called the ith intersection body of
K. For Iy(K), we simply write IK.
The following map is the representation for radial
Blaschke Minkowski homomorphism:
A map ¥ : §™ — S™ is a radial Blaschke Minkowski
homomorphism if and only if there is a nonnegative measure
€ M, (S"1 ) such that(see [7])

p(\I/K, ) = pn_l(K’ ) * [y (2.12)

where M (S"71,¢é) denotes the set of nonnegative zonal
measures on S™ 1.

From (2.10) (2.12), we can see that the intersection body
operator is a radial Blaschke Minkowski homomorphism.
The generating measure of the intersection body operator
I is the invariant measure jgn-2 which is concentrated on
Sn=2 .= gn=tnet, ie. (see [71.[8]),

p(IKa ) = pnil(Ka ) * ,usgfz' (213)

APPENDIX A
Main results

In order to prove Theorem 1.1, the following lemmas are
needed.

Lemma 3.1 Letr ¥ : 8" x---x 8" — 8™ be a mixed
—_——

n—1

radial Blaschke Minkowski homomorphism. If K1, Ks € 8™,
integers 1,7 satisfy 0 < i,7 <n —2 and %5_1 > 1, then
Wi(0 (K1 K)) =1
< Wi (U, Ky) 000 4 W, (U K,) Tot=-1, (3.1)
with equality if and only if /Ky and K5 are dilates.
Proof For Ki,Ks € 8™, if 4,7 satisfy 0 < 4,7 < n — 2

and %ﬁl > 1, according to (1.2)(2.5)(2.6) and Minkowski
inequality , we have

Wi(Q, (K1 FpK2)) 0 = W, (K T Ko, U,Q) TmD

D
(n=i—1)

= (1 /Sni1 p(KH—ng,u)”j1P(‘1’2‘Q7U)ds(u)>

n

n—j—1

n

(Advance online publication: 27 May 2019)
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D
(n—j—1)

< (2 ot nisw)

1 . Ty
+(n /SW1 p(Kg,u)”_J_lp(\I/iQ,u)dS(u))

= W, (K1, W,Q) 71 4 W, (Ko, U,Q) =1

2

= Wi(Q, U, K) 7D + W,(Q, ¥; Ky) =50

n—i—1—~— 1

< (Wi(Q) e Wi(\lfjxl)ni)("‘j‘”

P
i—1 —~— (n—j—1)

+(W1(Q) e Wi(‘I’jKl)"li> ;

(3.2)
let Q@ = ¥,;(K;+,K>) in (3.2), we have
< Wi(U; Ky ) o071 4 W, (U Ky) Ttns=1

According to the equality conditions, equality holds in
(3.2) if and only if K; and K, are dilates.

(n=j)(n=g=1)
P

+Wj(\qu2)m—j)(Z—q—1)> (3.6)

If % > 1 > pzd—a=l) 5 according to
(3.5)(3.6), using (3.3), we get

(qu(mpm))) e
Wi(\l'q(Kl;pKﬂ)

Wi (¥ K1) Wi (¥,Ks)
(3.7)
by the equality conditions, equality holds in (3.7) if and
W;i(¥gD1) _ Wi(¥gK)

only if D1 and D are dilates, and

W, (UDs)  Wi(U,Ks)

Since the intersection body operator Iy : S — S™ is a
radial Blaschke Minkowski homomorphism, we change ¥,
into the intersection body operator I in Theorem 3.3, we
get the following Brunn-Minkowski inequality for the dual
quermassintegral quotient function of the intersection body
operator Ig.

Corollary 3.4 Let 1, be intersection body operator,
Ki,Ky5,D1,Dy € 8", and let Ky be a dilated copy of

Lemma 3.2(Dresher’s inequality[10]) Ler f1, f2,91.92 > [, if i,7,q satisfy 0 < i,5,q < n —2 and ==L > 1,

0, E is a bounded measurable subset in R". If p>1>1r >  (n—j)(n—q-1) > 1> =00 5 g pen

0, then p P
- ~ P

) 1 1 1 . (i—j)(n—q—1)
(fE(fl + f2)pd3;‘) o (fE ffdx) p7‘+(fE fgdm) P (YJ(Iq(Dl‘l'pD?)))
S5 (g1 + g2)dx —\ Jpoldx I ghdz ’ Wi(Ly (K1 +,K>2))

Wi(LDy)\ =0/ W.(LDsy)\ T-t—a=1

equality holds if and only if % = Z—;. < (M) ’ + (M) ’ ,
Wi(I,Kq) Wi(I,K2)

Theorem 3.3 Let ¥ S"x---x 8" — 8" be with equality if and only if Dy and Dy are dilates, and

el W;igD1) _ WilgK)

a mixed radial Blaschke Minkowski homomorphism. For
Ky,Ky,D1,Dy € 8", and let Ky be a dilated copy of
Ko, if i,7,q satisfy 0 < i,5,q < n — 2 and "_Tq_l > 1,

WElzwzo,menWé’gw

(%(%(DAPDQ») TP
Wi(\pq(Klq'pKQ))

W; (¥ K1)

Wi(¥,Ks)

(3.4)
with equality if and only if D1 and Dy are dilates, and
IA/I{](\I,(IDI) — ‘i/i(\l’qu)
W;(¥4D2) Wi (¥qK2)

Proof For Ky, K5, D1, D5 € S, K7 and K5 are dilates, if
i,7,q satisfy 0 < 4,7,g <n— 2 and "_T?_l > 1, according
to (3.1), we have

Wl(qjq(Kl;pKQ)) = <WZ(\I/qK1)(n—1)(pn—q—l)

(n=i)(n—q—1)
—~ p
A

T (0 ) ) ()

and

Wi (Wg(DyFpDs)) < (ijqpl)wiqn

W;(IgD2) W1V(IqK2)'

Taking ¢ = 0 in Theorem 3.3 and Corollary 3.4, we get
Theorem 1.1 and Corollary 1.4 respectively.

Next, we will establish the Brunn-Minkowski inequality
for the dual quermassintegral quotient function of ¥, about
L, harmonic radial combination, and the following Lemma
will be needed.

Lemma 3.5[9] Let ¥ : 8" x --- x 8™ — 8™ be a mixed
—_——

n—1
radial Blaschke Minkowski homomorphism. If K1, Ko € 8™,
integers 1,5 satisfy 0 < 1,7 <n—2and p > 1, then

Wi(0; (K 3 K))~ Gent=5=1
> Wi(\I/jKl)fm + MN/i(\IJjKQ)*W’

(3.8)
with equality if and only if Ky and K5 are dilates.

Theorem 3.6 Let U S"x--x8" — S" be
~—_———

n—1
a mixed radial Blaschke Minkowski homomorphism. For
Ky, Ky,D1,D5 € 8™, and let Ky be a dilated copy of Ko,
if integers 1,3,q satisfy 0 < 4,5, < n—2, p > 1 and

=i)n=g=1) 5 1 5 (i=D=a=1) S pon
P - = P T

(W%(Dl%_wz)))wpw
Wi(\pq(KI‘T'—pKQ))

(Advance online publication: 27 May 2019)
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_ (Wj(\qul)><ji)<npql) . (Wj(q/qDQ))(ji)(npql)

Wi (0, K1) Wi(0,K>) ’

(3.9)

with equality if and only if D1 and Dy are dilates, and
W;i(WqD1) _ Wi(¥eKq)
W;(¥gDs)  Wi(WgkKs)

Proof For K, K>, D{,D; € 8", K; and K, are dilates,
for 1, 7,q satisfy 0 < 4,5, < n —2, p > 1, according to
(3.8), then

Vvi(‘I’q(Kljr—pKﬂr1 - <Wi(\1’qu)_l("_M”p'_"_l)

(n—i)(n—g—1)
P

+Wi(q/q[(2)1mi><iqn) , (3.10)

W, (Wy(DyFpDa)) " > (Wj@qDl)lmwiw

(n=j)(n—g=1)
P

+Wj(\1;qp2)—1<n—mfb—q—1)> (3.11)

And if (”_")(Z’_q_l) >1> ("_j)(z_q_l) > 0, according to
(3.10)(3.11), using (3.3), we have

(W%(m_pm») T
(Kt pKp)) ™

Wi (K1, K2))
p
) G-—D(n—g—1)
o(D1+_pDs)) 1

(I
W
Wi(, Kl)—l)u-ndi-q-m

(Wi(‘l'qKﬁ_l ) [CEDICETE)
W; (¥, Dy) 1

- (b
i )

( U, D, )umpqn
W; (U, K,) ’

by the equality conditions of the Dresher's inequality,

equality holds in (3.12) if and only if D; and D, are dilates,
q WiweDy) _ W(\I/ K1)
W;(UaDs) Wi (U Ks)

v
v

(
(
(

IN

(W (U,Dy)~1

+

(3.12)

an

Changing ¥, into the intersection body operator I,
in Theorem 3.6, we get the following Brunn-Minkowski
inequality for the dual quermassintegral quotient function
of the intersection body operator.

Corollary 3.7 For K1,K5,D1,D5 € 8", and let Ky be a
dilated copy of Ko, if integers i, j satisfy 0 < 1,7, < n—2,
leandWElZ%ZO,ﬂwn

(’Wj(lq(Dlﬁr_pDQ)))Mm—m
(1

§ (’vjam) . @(quﬁg))w—fw—w
AW, Wi(Iqu)
(3.13)

with equality if and only if D1 and Dy are dilates, and
W;(IgDy) _ Wi(IgKy)

W;(I,D2)  Wi(I,K2)

Taking ¢ = 0 in Theorem 3.6 and Corollary 3.7, we get
Theorem 1.2 and Corollary 1.5 respectively.

In order to proof Theorem 3.9, we need the following
Lemma.
Lemma 3.8[9] Let ¥ : 8" x---x 8" — S™ be a mixed

n—1
radial Blaschke Minkowski homomorphism. If K1, Ko € 8™,
integers i,j satisfy 0 < i,j <n—2and j+1 < p < n, then

Wi(\llj(Kl—T—n,pKQ)) ("*i)n(zgjfl)

< W, (W) T =0 4 W (W, ) =1 (3.14)

with equality if and only if K1 and K are dilates.

Finally, we will establish the Brunn-Minkowski inequality
for the dual quermassintegral quotient function of ¥, about
L, radial Blaschke combination as follows:

Theorem 3.9 Let U

S"x .- x8" — 8" be

a mixed radial Blaschke MinkowsZi 1homomorphism. For
Ky, Ky,D1,D5 € 8™, let Ky be a dilated copy of Ks, and
if integers i,j,q satisfy 0 < 1,7, <n—2, qg+1<p<n
and%pql)>l>w>0 then

(Wi(q’q(DlJanDz)))m
W (\Ijq (Klq‘nprﬁ)

W —lB = __ n-p
< (W) G-Dm—a-D N (W) (_7—1)<n—q—1>’

W;(¥4K) W, (W, K>)

(3.15)
with equality if and only if Dy and Dy are dilates, and
Wi(‘l’qDl) _ W]'(\Ilqu)

Wi(WgDs)  W;(UgKs)

It’s similar to the proof of Theorem 3.3, using the Lemma
3.2, we can easily obtain Theorem 3.9.

Changing ¥, into the intersection body operator I, in
Theorem 3.9, we get

Corollary 3.10 For K1, K5, D1, Dy € 8", let K1 be a dilat-
ed copy of Ko, and lfmte§ersz ,J,q satisfy 0 < 4,7,q < n—2,
g+1<p<nand' >1>w>0
then

(Wi(Iq(Dl‘T’n—pD2)) ) Rl
Wj (Iq (Kl‘Fn—pKQ))

. <’W7<IqD1> > T (W-(Iqu))m’

Wi (1,K1) Wi (1,K)
with equality if and only if D1 and Do are dilates and
W(I D1) _ W;(1,K1)
w; (Iq D2) W (IgK2)

Taking ¢ = 0 in Theorem 3.9 and Corollary 3.10, we get
Theorem 1.3 and Corollary 1.6 respectively.

(Advance online publication: 27 May 2019)
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