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Existence of Positive Solutions for a Kind of
Fractional Multi-point Boundary Value Problems
at Resonance

Tingting Xue, Xiaolin Fan*, and Jiabo Xu

Abstract—The paper studies the existence of positive solutions
for a class of fractional multi-point boundary value problems
under different resonant conditions. By using Leggett-Williams
norm-type theorem, some new existence results are obtained.
Finally, an example is provided to show the application of the
main results.

Index Terms—multi-point boundary value problem, Leggett-
Williams norm-type theorem, resonant, positive solution.

I. INTRODUCTION

RACTIONAL boundary value problems (FBVPs for

short) arise from the studies about models of fluid
flow, aerodynamics, electrical networks, polymer rheology,
biology chemical physics, economics, control theory, signal
and image processing research, etc. At present, more and
more scholars are interested in this field, see [1-12]. For
example, Ates and Zegeling [12] investigated the fractional-
order advection-diffusion reaction boundary value problems:

{EcDau +yu + f(u) =
u(

0) =ur, u(l) =ug,

S(z), =01},

where 1 < @ <2,0<e<1,veR, D" is the Caputo
fractional derivative.

In the last two decades, many valuable results have been
obtained by using various methods for the existence and
multiplicity of solutions for FBVPs. For example, Bai [13]
studied the existence and multiplicity of positive solutions for
the FBVPs by means of some fixed-point theorems on cone.
Liang [14] considered the existence of positive solutions by
lower and upper solution method and fixed-point theorems.
Jiang [15] discussed the solvability of FBVPS at resonance
by using the coincidence degree theory due to Mawhin (see
[16]), and so on. It is worth noting that the Leggett-Williams
norm-type theorem is also an effective tool in determining
the existence of positive solutions for FBVPs at resonance. In
[17], Infante and Zima first studied the existence of positive
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solutions for the following BVPs at resonance:

—2"(t) = f(t,z(t), te(0,1),
m—2
(0)=0, z(1) =Y " Bia(&),
where m > 2, 0 < & < & < < Emea <

1, B > 0,i = 1,m—2, and ZZ”_IQ ;= 1. Due to
Leggett-Williams norm-type theorem, the existence of pos-
itive solutions was obtained by O’Regan and Zima [18].
Later, Yang [19], Jiang [20, 21] and other scholars made
further research on this kind of problem, see [22-25]. Yang
and Wang [26] studied the existence of positive solutions for
the following FBVPs

-°Dg a(t) =
x(0) =0,

ft,x(t)), t €[0,1],
'(0) = 2'(1),

where CD3+ is the Caputo fractional derivative, 1 < o < 2,
and f :[0,1] x R — R is continuous. Chen and Tang [27]
considered the following FBVPs:

{D&x(t) = f(t2(t)), t € [0,00),
2(0) = 2/ (0)=2"(0)=0, D§; "z(0)= limy_,oc D "z (t),

where Df, is the Riemann-Liouville fractional derivative,
3<a<4,and f:[0,00) x R = R is continuous.

However, as far as we know, the fractional differential
equations with m-point boundary value conditions at res-
onance have not been considered. Inspired by the above
papers, we study the following problem:

7CD84+$(t) = f(t,x(t),x'(t)), € (Ov 1)5 0
z(0) = Z:: viz(&i), »(1) :Zj; Biz(&),

where CDS‘Jr is the Caputo fractional derivative, 1 <
a§2,0<§1<£2<~~~<§m_2<
]-a Yis Bz > 072 = 2 ZL 1 '71( *&) <
1, 217:12 Bi& <1, f:]0, 1] X ]R2 — R is continuous with
conditions

O =Y =1,
(ii) Z:1 vi#1L, Z"’ 252#1 Zz:l Y& 7,
-3 -3 i) =0

Let us emphasize the contribution of our article: firstly, as
far as we know, there is no paper which considered existence
of positive solutions for FBVPs (1) with different resonant
conditions (i) and (ii), so our article enriches some existing
results. Secondly, since the m-point boundary value prob-
lems studied in this paper are more complex, the following

-3 8)
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difficulties are brought: (1) new space and norm need to
be constructed; (2) it is difficult to construct the projection
operator; (3) it brings difficulties to the estimation of the
priori bounds, mainly in verifying the boundedness of 2.

II. PRELIMINARIES

To facilitate understanding, we present some concepts
and lemmas in the article. For more details, please refer to
the references hereunder (see [28-31]).

Definition 2.1 ([32]). Let X, Y be real Banach spaces, and
L : domL C X — Y be a linear map. If dimKerL =
codimlm/l < +4oco and ImlL is a closed subset in Y,
then the map L is a Fredholm operator with index zero.
If there exists the continuous projections P : X — X and
Q Y — Y satistying ImP = KerL and Ker) = ImL,
then L |jomsKerp: domL N KerP — ImL is reversible.
We denote the inverse of this map by Kp, ie. Kp = L;l
and Kpg = Kp (I — Q). Moreover, since dimIm@ =
codimImLZ, there exists an isomorphism J : Im@) — KerL.
It is known that the operator equation Lz = Nz is equivalent
to
z=(P+JQN)z+ Kp(I — Q)Nz,

where N : X — Y is a nonlinear operator. If () is an open
bounded subset of X and domL N Q) # &, then the map
N is L-compact on 2 when QN : Q — Y is bounded and
Kp(I —Q)N :Q — X is compact.

Let C be a cone in X. Then C induces a partial order in
X by

r<y iff y—zeC.

Lemma 2.1 ([18]). Let C be a cone in X. Then for every
u € C\{0} there exists a positive number o(u) such that
|z +ul| > o(u)||z|| for all z € C. Let v : X — C be a
retraction, that is, a continuous mapping such that v(z) = x
for all z € C'. Set

UV:=P+JQN+Kp(I-Q)N and ¥U,:=Tor.

Lemma 2.2 ([18]). Let C b(ﬁcone in X and QLQQ be open
bounded subsets of X with 7 C Qo and C'N(22\21) # 2.
Assume that the following conditions are satisfied:

(1) L :domL C X — Y be a Fredholm operator of index
zero and N : X — Y be L-compact on every bounded subset
of X,

(2) Lz # ANz for every (x,A) € [C NI NdomL] X
(0,1),

(3) ~+ maps subsets of Q5 into bounded subsets of C,

(4) deg([I - (P + JQN)’YHKerLa KGI'L N QQa 0) 7é 07

(5) there exists ug € C'\{0} such that ||z| < o(ug) || Pz
for x € C(ug) NIy, where C(ug) = {x € C : puy <
x} for some g > 0 and o(ug) is such that ||z + ug|| >
o(ug) ||z|| for every x € C,

(©) (P + JQN)v(992) C C,

(7) ¥, (2:\) C C,
then the equation Lz = Nz has at least one solution in

N (@\Q).

Definition 2.2 ([34]). The Riemann-Liouville fractional
integral of order a(« > 0) for the function z : (0, +o0) — R
is defined as:

(07

I3, a(t) = r(l)/o (t — 5)° a(s)ds,

provided that the right-hand side integral is defined on
(0, +00).

Definition 2.3 ([34]) The Captuo fractional derivative of
order a(ov > 0) for the function = : (0,400) — R : is
defined as:

CD0+£L'(t) = IOJr W
1

= t — )" (M (5)ds
el (s)as,

where n = [a] + 1, provided that the right-hand side integral
is defined on (0, +00).

Lemma 2.3 ([34]) If n — 1 < a < n, then the solution of
the fractional differential equation © D, x(t) = 0 is
z(t) = co + et + eot? + - e t"L,

where ¢c; € R, i=0,1,--- ,n—1, n=[a]+1.

Lemma 2.4 ([34]) Let n — 1 < a < n, if CD(‘)Xer(t) €
C0, 1], then
I8, CDg x(t) = o(t) + co + et + et + - 4 cpgt" L

where ¢; € R, i=0,1,--- ,n—1, n=[a]+ 1.

III. MAIN RESULT

Take the Banach spaces X = C'[0,1],Y = C [0,1] with
|

the norm [|z[|x = max{|z], ["[l}; lvlly = [yl
where ||z, = max |z (t)].
te[0,1]
Define the linear operator L : domL C X — Y by
Lz =-°D§ z(t), 2
where

domL ={z e X ’CD(O{JFQC (t) €Y, z(0)
m—2 m—2
=) vel&) e()=) " Biw(&)}
and N: X — Y by
N (t) = f(t,a(t), ' (1)), Vt € [0,1].
Then FBVPs (1) can be written by the operator equation
Lx = Nz, x € domL.

3.1 FBVPs (1) with resonant condition (i)
For convenience, let {6 = 0, &1 = 1, Y0 = Ym—1 =
Bo = Bm—1 = 0 and the function G(s), s € [0, 1] as follow:

m—1
Zo Bi&i =1 m—1

Gs) = (1—5)* 1 + =0 > il — s
> vk =k
=0
m—1
=Y Bil&—9)", G <5< &, k=T,m—1L
i=k
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Denote the function U (t, s) as follow:

Ult,s) =
20-1) S i —s)
(1_)a+(t )Z’Y(f ) N G(s)
F(a+1) 2 (a) mZI%fq Jy 6o)ds
[ (Qt 1) Z A/l(g 7(5171) ) e ]
X |1— o + a
Tlat2) 2T (a+1) Z vi&i Flath)
£ 1<5<§k, 0<t<s<1
2%—1 i (Ei—s a—1
1(—‘1(78):) +( t—1) igk i (€ ) _ (t}s()(’)_l " flG(S)
ot mol « G(s)ds
2l (@) ZZ:O ’Z& 0
[ . (2t—1) Zk vi (€5 —(&—1)%) " L
X[1— - = m— + a
P(a+2) 2T (a+1) Zl"/f{qﬁ Floth)®
i=0
Ehe1 <5 <&, 0<s <t <1

It is easy to check that U(t,s) > 0, t € [1/2,1], s € [0,1].
Set positive number
1
Jy G(s)ds 1
— . 1 . O
= min{l, sel0.1] G(s) = max U(t7s)}
t,s€[0,1]

Theorem 3.1
Suppose that:
(H;) there exist nonnegative functions a,b,c € C|0, 1] with

2b1 (a+1 2¢c
Fl(g+1)) + {4y <1 such that

(8w, 0)| < alt) +b(t) [u] + c(t) Jv],

for all (t,u,v) € [0,1] x R x R, where a1 = |la||, b1 =
1Blor €1 = lll .

(Hs) there exist two constants By, By > 0 such that for all
t € 10,1], if |u| > By or |v| > Ba, then

f(t7 u’ 7’}) < 0)

(H3) f(t,u,v) > —ku, for all (t,u,v) € [0,1] x[0,00) xR,
(H,) there exist 7 € (0,00), to € [1/2,1], a € (0,1], M €
(0,1) and continuous functions ¢ : [0,1] — [0,00), h :
(0,7] — [0, 00) such that f(¢,u,v) > g(t)h(u) for [t,u,v] €

Let f : [0,1] x R? — R be continuous.

[0,1] x (0,7r] x R, and h(u)/u* is non-increasing on (0, 7]
with M
1—
t s)ds >
/ U 07 S Ma

then FBVPs (1) has at least one positive solution.

To prove the above theorem, we begin with some useful
lemmas.

Lemma 3.2 Let L be defined by (2), then
KerL = {z € X|z(t) = ¢, Vt € [0,1], ¢ € R},
1
ImL = {y € V| / G(s)y(s
0

and the linear continuous projector operators P : X — X
and Q : Y — Y can be defined as

)ds = 0},

Pz(t) = /01 z(s)ds, Vte[0,1],

Qy(t): 1 !

1
7110 G(s)ds/o G(s)y(s)ds.

Moreover, the operator Kp : ImL — domL NKerP is given
by

1
Key(®) = [ bit.s)us)ds. ve € 0.1

where
2t=1) 5 i (€ims)> 1
(1_5)a + i—k YilsiTs (tis)afl
Iat+1) 2T (a )’“Zlvg T(a)
< 5 <s<t<
k(t,s) = G1Ss<Gn 0Ss<t<l,
o (2t-1) Z vi(&—s)* !
(1-s) + ‘ ,
T(a+1) 2T(a) i .

Er— 1§s§£k 0<t<s<l.

Lemma 3.3 If 2 C X is an open bounded subset and
domL NQ # @, then N is L-compact on €.

Proof By the continuity of f, there exists a constant A > 0
such that | f(¢,z(t),2'(t))] < A, z € Q. Then, we have

1
QN0 = | Gl( 7 / G(s) (s, (), 2'(5))ds]
0 S S
< flGl( e ACCLCE ORI
0 S S
1 1
<f01G(s)ds/o G(s)Ads = A

So, QN : X — Y is bounded. For Vz € ©, one has

[Kp (I —Q)Nux(t)]

1 ! o
~ I | (-9 U - Q) Na(s)ds-

1 ¢ a—1
() /0 (t—3s)"""(I-Q)Nx(s)ds

_ m 1 &
2D | =9 1-Q) Natyas
( ) Z Vi =0

/\Nx |ds+ +1 / |QNx(s)|ds
/\Nx J[ds + (a)/o (ONa(s)|ds

+ —7 |Nz(s)|ds
2I'(a) E %fi/

+——— | |QNz(s)|ds
2T () E %&/
! 1 A
SUrern )t =
=0

Therefore, Kp (I —Q)N(Q)) is bounded. For Ve >
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0, 2€Q, 0< 1t <ty <1ty —t1] <6, we get

[Kp (I = Q) Nx(ts) = Kp (I = Q) Na(ty)]

1 b a—1 a—1
:_@/O (ta—s)"" = (t1—9)"") (I—Q) Na(s)ds

_ m—1 &
s 5 [ e (- @) Na(s)as
I(c) Z yi&i =0 70
A tl o
f [ = = =9 s
+1i‘;/tg(t2—s)a Yds + 27:1_51
1 M) % v
C A e ey, 240
- 1 m—1 :
MNa+1) I'a) Z:O s

Since ¢* is uniformly continuous on [0,1], we see
that Kp (I —Q)N(2) C X is equicontinuous. Hence,
Kp(I—-—Q)N:X — X is compact.

Lemma 3.4 Suppose (H;), (Hz) hold, then
Qo ={zx €domL: Lz = ANz, € (0,1)}

is bounded.
Proof Let x € (g, then Nx € ImL, we have

/ G fls, ().

By the integral mean value theorem and (Hs), there exist
two constants 1,2 € (0,1), such that |z (£1)| < By and
|2’ (e2)| < Ba. Then, by z (t) = I§, “D§, x (t) + co + c1t,
one has

¥ (1) = 57D () + o

1 ! a—2C na
_M/()(ts) Dg x(s)ds+cy.

Let ¢t = €9, then

E [ e D () as +
— €a— 8 “x(s)ds + .
Ta—1)J, 7 0+ !

Since |2 (e2)| < Ba, we get

(s))ds = 0.

' (e9) =

1 e o
o] < I« <52>|+m/0 (c2=9)"* |° D (3)] s

D8l
1
_&+an%>mu
Then
[l ! /t(t “2|9Dg @ (s)] ds + e
tafl o 1 N
< Fra Pl + o+ iy I Dgiall
2 «
SmHCDoMH + B2

Let t = &1, then

/ €1—8) 1CD8‘+J: (s)ds+co + cie1-

\_/

From |z (¢1)| < B;, we obtain

1 €1 .
col < |m<el>|ﬁ/ (e1-5)"" |C Dgr (s)] ds+]ei]

< Bt gy D8l ot s D8
< B+ B+ = |08 o]
Then
lall. < F(la)/ (t—5)"" |° Dty ()| ds+ ol +ea|
< F(Cf%HCDBinOO + By +2B;
+ 1Dl + g D8
§&+wﬁ?@ﬂwcwu

I'(a+
Furthermore, by Lz = ANz, we have —“D§, z(t) =

Af(t,z(t),2'(t)). Combining (H;) and A € (0,1), one has
“Dg,x (t)| < a1 + bi|x| + c1|2’|. Hence,

[9Dgz (8)]| o < a1 +buflz]lo + erll2’ll
2(a+1) cp
sl D8

7108 2l + B2)

<a1—|—b1(B1—|—2Bz+ Hoo)

+c(=— 2
1 ()
<ayr + b1 By + 201 By + c1 B>
2b1 (a+1) 2¢1

+ (
F'a+1) T'(a)

2by (a+1) 2¢c1
On account of Tt T T(a)

Dy > 0 such that ||“Dg. a:H

||CD0+xH

< 1, there exists a constant
< D;. Then,

2(a+1)
I'(a+1)

D1 = D3.

S B1+2B2+ D1 = DQ,

[/l o

2"l < B2+

2
T'(a)

Therefore, )y is bounded.

Next we will give the main proof of Theorem 3.1.
Proof of Theorem 3.1 Let C = {x € X : z(t) > 0, ¢ €
0,1}, Y ={z € X :r > |z(t)] > M|z||y, t €
[0,1]}, and £ {z ¢ X lz|ly < R}, where
R = max{Ds, D3} + 1. Note that 1,5 are open bounded
subsets of X and

Y ={zeX:r=a®) =M,

where, t € [0,1]} C Qa, CNQ\ Q1 # 0. By Lemma
3.2, 3.3, and 3.4, we find that the conditions (1) and (2) of
Lemma 2.2 are fulfilled.

Let v (t) = |x(¢)| for x € X and operator J = I. Then
we see that 7 is a retraction and maps subsets of Qs into
bounded subsets of C'. Clearly, (3) of Lemma 2.2 holds.

(Advance online publication: 12 August 2019)
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For z € KerL N s, one has z(t) = ¢, set

/)G

where A € [0, 1]. Suppose H(c,\) = 0. By (H3), we obtain

H(e,\) =c— M| — s,]c|,0)ds

A
c= Ac|+ 1 / G(s)f(s,|c|,0)ds
Jo G(s)d
A
> Ae| — / G(s)klclds = A|e|(1 — k) > 0.
f G(s)d

Thus H(c,\) = 0 implies ¢ > 0. Clearly,
Moreover, if H(R,\) =0, A € (0,1], we get

H(R,0) # 0

1
0<R(1-X)= folG(s)ds/o G(s)f(s,R,0)ds,

which contradicts to condition (Hs). Hence H (z, \) # 0 for
x € 9049, A €0, 1]. Therefore,

deg([[ — (P—|— JQN)’}/HKerL,KeI‘Lﬁ QQ,O)
deg(H (z,1),KerL N Qs,0)

deg(H(z,0),KerL N Qs,0)
=de

g(I,KerL N y,0) =1 # 0.

Then, (4) of Lemma 2.2 holds.
Let z € O\ Qy, t € [0,1]. By (Hj), we get

-] (o)t 4 / 1k(t7s)[f(s
fl Gl(s ds/ Glr

0
1
G

[z ()], |2"(s)1)
(7)1 2" (7)) drlds

s, |z(s)], ]2’ (s)|)ds
TGl lz(s)], |2 (s)])

/ o) dt + / U(t.5)5 (s, o) () ) ds

> / [w(s)]ds — / Ut 5)[a(s)\ds

1
= / (1= rU(t,s))|x(s)|ds > 0.

0

So, 0., (22\Q1) C C. For x € 98y, one has

(P +JQN)ya

/|x s+ /G £(s)], |2/ (5)])ds
B KG() - .

z/o -7 ds>| (s)]ds >0,

thus (P + JQN)v(99Qs) C C. Clearly, (6), (7) of Lemma
2.2 hold.

Let ug(t) = 1, t € [0,1] and 0( o) = 1, then uy €
C\{0}, C(ug) = {z € C|z(t) > 0,t € [0, }} For = €
C(up) N 0Ny, one has x(t) > 0, t € [O 1, 0 < flzf|x <7

and z(t) > M ||z||y , t € [0,1]. So, by (H4), we have
1 1
(W) (to) = / £(s)ds+ / Ulto, )£ (s 2(s), [2'(5)])ds

> M ]y + / Ulto, s)g(s)h(x(s))ds

= Ml + / U0, 99(5) 2D g 5)as

a(s)
> M [l2]|+ / Uto, $)g(s)M® ||| ds
o M el + (1= M) el = ey

Then ||z|| < o(ug) ||Pz|| for all z € C(ug)NIYy, that is, (5)
of Lemma 2.2 holds. By Lemma 2.2, the equation Lx = Nz
has at least a solution x, which implies FBVPs (1) with
resonant condition (i) has at least one positive solution in X.

3.2 FBVPs (1) with resonant condition (ii)
The definitions of the cone C' and sets 21, {25 are similar
with that in Section 3.1. Define function p(t), t € [0,1] :

m—1
- >t
=0

m—1

t) = Z 7i&i + (1
1=0

and positive numbers

m—1 m—1
— =0 =0
p1= m—1 m—1 m—1
Doy +Ll—= > v, > >,
=0 1=0 1=0
m—1 m—1 —1
2o v&+tl—= > v, > vn<l
— =0 =0 =0
P2 = m—1 m—1
> vk > vi> 1,
=0 =0
m—1
Z vi&i m—1
m—1 I Z ’yl < 1
Z vi&i+1— Z Yi 1=0
p3 =
Z vi€it1— Z Vi m—1
m—1 > i Z ’774 > 1
Z vi&s =0
i=0
m—1
P4 = Z '7151 71 Ps5 74

i=

Clearly, p(t) € € [0, 1], ps € (0,1). Denote the

function Uy (¢,

[/017 p2]7
s) as follow:

Ul(t,S)
m—1
(Qt—l) E "/7)(1 G)Q ;k 'Y’L(Eifs)a_ G(S
2pa Tt + (o) I+ T G(s)ds
m—1 m—1
1- i S (E0—(&—1)*
[1_ (21571)( igo v 4 E 7i (€5 —(&—=1))
(04‘*‘2% 2ps \ I'(a+2) T(at1)
(a+1)]+1€‘(a11 =) <5<§k, 0<t<s<l1,
@ (£ —g) 1
i1y (1= &, 10019 +§k PR
2pa T(a+1) (o) TG (s)as
m—1 m—
-2 v Z ¥i (65 = (&i—1)%)
1 (2t-1) ;
X[l (a+2) 2p4 ( (a£2) + - T(atD)
"f;]“% (t_éa) , 1 <s<&, 0<s<t<1,
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and positive number

min M min ps
G(s) 7 tseo) Ui(t,s)”

k1 = min{1,
s€[0,1]

Theorem 3.5  Under assumption (H;), (Hz), there exists
a constant R € (0,00) such that f : [0,1] x R? — R is
continuous and

(Hs) f(t,u,v) <0, for (¢t,u,v) €
Hg) f(t,u,v) > —kKu, for all (t,u,v) €

0,1] x [psR, R] % B,
( [0,1] x [0, R] x R,
(H7) there exist r € (0, R), to € [1/2,1], a € (0,1], M €
(0,1) and continuous functions ¢ : [0,1] — [0,00), h :
(
(

0,7] — [0,00) such that f(t,u,v) > g(t)h(u) for

]
t,u,v) € [0,1] x (0,7] x R, and h(u)/u“ is non-increasing
on (0, r] with
h(r) [* 1— Mps
a /0 Ui(to,s)g(s)ds > e

then FBVPs (1) has at least one positive solution.

In order to prove the above theorem, we first give a useful
lemma.

Lemma 3.6 Let L be defined by (2), then
KerL = {z € X|z(t) = ¢p(t), Vt € [0,1], ¢ € R},
1
L = {y € Y| / Gls)y(s
0

and the linear continuous projector operators P : X — X
and @ : Y — Y can be defined as

Px(t) = 'O;z)/ol xz(s)ds, ¥Ytel0,1], x € X,

1 1
Qult) = —r—— [ Glols)ds
fol G(s)ds Jo
Moreover, the operator Kp : ImL — domL NKerP is given
by
Kpy(t) / ki(t, s) , Vt e [0,1],
where
k1 (t, S)
m— m—1
o (&—g) 1
(2t71)[( 12 ’h)(l 5) " 1§k "/z(fz )
2p4 N F(a+}x)71 (o)
+§1<;i)1) - (t}s(zx) ;&1 <8<E, 0<s<t<1,
m—1 m—1
. —s [e3 ) g a—1
(2t—1) (1- z‘go 7i)(1=s) n Lgk vi(€i—s)
2pa T(a+1) T(a)
+§‘1(a-s&-)1’§k1<8<§k;0<t<8<1

Next we will give the main proof of Theorem 3.5.
Proof of Theorem 3.5 We claim that the conditions (Hy),
(Hs) ensure that (1)-(3) of Lemma 2.2 are satisfied. The
proof is same with that in Section 3.1. For z € KerL N 2o,
let

>

H(z,\) =a — Mz|—

folG(s)ds/o G(s)f (s, |l |2"])ds

Suppose = € 02y N KerL and H(x,\) = 0, we have x =

Be®) and ||z]| . = R.
P2 oo

From the definition of p3, one has p3R < x(t) < R, which
implies f(t,z,2") < 0. It contradicts to

A 1
0< lfozi/Gsfs,z,x’ ds
(1=X) TGy b (s)f (s, |, [27])
thus H(x,\) # 0 for x € 0Q2, A € [0, 1], then
deg([I — (P + JQN)V]|kerr, KerL N Qg,0)

= deg(H(c,1),KerL N Qs,0)
= deg(H(c,0),KerL N Qs,0)
= deg(I,KerL N ,0) =1 #0.

So (4) of Lemma 2.2 holds.
Let x € O3\ Q4, t € [0,1]. By (Hg), we get

o [,
0=L9 [atoa
1

! /
ST / G(s)f (s |a(s)], |2/ () )ds

+/ ka(t,)[f (s, Ja(s)], 2/ (s)])
/ G(r
:E / ()| dt+ / UL (t,5)f (s, [2(s)], |2/ (s) ) ds
P1 ! '
> 2 /0 2(s)|ds — rr / Us(t, ) a(s)|ds

0

(7)]; |2/ (7)) drlds

= /0 (ps — k1U1 (8, 8))|z(s)|ds > 0.

So, U.,(22\Q1) C C. For x € 98y, one has

/ |x(s)|ds

/ C(s) s o (3)]. o (5) s
fo ds /o

! &7 k1G(s)
2/0 (P4 fol G(s)ds

= 1 __mGls) x(s)|ds
—/0 (s s 20

0
thus (P + JQN)~(09Q3) C C. Clearly, (6), (7) of Lemma
2.2 hold.

Let up(t) = 1, t € [0,1] and o(up) = 1, then ug €
C\{0}, C(up) = {z € Clz(t) > 0,¢t € [0,1]}. For z €
C(up) N0, we have x(t) >0, t € [0,1], 0 < [jz]|yx <7
and z(t) > M ||z||y , t € [0, 1]. Hence, by (H7), one has

(Wz)(to)

_ ) 13:5 s 1 s)f(s,x(s), |2’ (s)|)ds
=28 [ ast [ Uito.5) (5.5, 1 ()

(P+ JQN)y

)|z(s)|ds > 0

> Mps ol + | Ut s)g(o)h(a(s))ds

1
h
= Mps el + | Uitta.s)glo)"
0

h(r 1 @
) [ vt s)gte)hr® ol ds
0

+ (1= Mps) ||zl x = llzllx -

> Mps ||z|| x +

> Mps ||z||
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Then ||z|| < o(ug) ||Pz|| for all z € C(ug)NIy, that is, (5)
of Lemma 2.2 holds. By Lemma 2.2, the equation Lx = Nz
has at least a solution x, which means FBVPs (1) with
resonant condition (ii) has at least one positive solution in X.

Corollary 3.7 In order to make the results of this paper more
comprehensive, we consider the existence of solutions when
FBVPs (1) does not satisfy both resonance conditions (i) and
(ii). That is, when 0 < 7 ®4; < land 0 < 37" ° 6, <
1 are satisfied, we have the unique solution of FBVPs (1)
expressed as the following integral equation

1
z(t):/o G(t,s)f(s,z(s),2'(s))ds

where

G(t,s) = )
(t—8)"T A1+, 0<s<t <1, <&,
Ar+Ag, 0<t<s<§ <1,
(t—5)"T4+As, 0< & <s<t <1,
D, 0<t<s<1, 5>,

A= > i Bi& 2 ki B —> B (Ei—s)o

(XD 27a) (A= Bi&a) +(1=2284) > i
Ay Yovi&i+1=>" v (=)o

T (I (- Bik) (12 Bi) ik
According to the properties of G(t, s), we obtain

Ag 4> vk +1—
As

where, Az = (1 —>"v)(1 - 8:&) +
Define the operator 77 : (C[0,1] — (C[0,1] as
Tz(t) = foth s)f(s,z(s),z'(s))ds. Then by using
Schaefer’s fixed point theorem, we get the operator 7' has
a fixed point, which implies FBVPs (1) has at least one
solution.

0<G(ts) < Z%,Vs,te(o,l).

(1 =328i) >k

Corollary 3.8 If 0 <37 v, < 1, 0 <372
and there exists a constant £ > 0 such that

|f(t,U1,U1) -

for each ¢t € [0,1] and all uy, vy ug, vy € R, then by
using the Banach contraction mapping principle, we obtain
FBVPs(1) has a unique solution.

;< 1,

[t ug, v2)| < E(lug — uz| + [v1 — v2l)

IV. EXAMPLE

Example 4.1. Consider the following FBVPs

3 1
—CDngx(t):—g(tQ—t—l)(m—l)(x—Z%) (z—3)°+1,
1 1. 1 1 1 1, 2 1
O = — — — — 1 —— — —_ —
0=y =g )
where ¢t € (0,1), o[:g7 M=r=13% =1 8=
%, & = i, & = By a simple computation, we obtain

1 1
/ G(s)ds = 0.24, k = 0.338, / U(0,s)ds = 1.
0 0

Let B=%, r=1% 1t =0,a=1, M =3 and g(t) =
—2(t*—t—=1), h(z)=/(z — 3)? + 1. It is easy to verify
that
Lo <2 ten], k= 1)x—3)> 2, 20,
3 — g —_ 127 ) ) — 7 ) 5
and -
20 _ 2X93 _ 10
M) rotn = 7@ ~avr <L
(2) f(t,B) <0, foralltE[O 1],
() f(t,x) > —0.338z, for all (¢,z) € [0,1] x [0, 0),
@) f(t,z) > g(t)h(z) for all [t,z] € [0,1] x (0,1] and
% = 7&9613)2“ is non-increasing on (0, %] with
h 1
(”)/ U(0, s)g(s)ds >7/
ra 0

:7 >1=
3 - Ma

So the conditions of Theorem 3.1 are satisfied, that is, FBVPs
(3) has at least one positive solution.

V. CONCLUSION

In this paper, we study the existence of positive solutions
of problem at resonance. In the past, there have been many
studies on the solutions of resonance problems and the
positive solutions of non-resonance problems, but few studies
on the positive solutions of resonance problems. Therefore,
we use Leggett-Williams norm-type theorem to study the
existence of positive solutions for a class of fractional multi-
point boundary value problems (1) with different resonant
conditions (i) and (ii), and obtain some new existence results
(see Theorem 3.1, 3.5). Since the multi-point boundary value
problem is more general and the positive solution has more
practical significance, some existing results are generalized
in this paper. In addition, since fractional derivatives are non-
local, it is more difficult to study fractional order problems
than integer order ones.
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