
ai`QM; *QMp2`;2M+2 h?2Q`2K 7Q` i?2 aTHBi 1[m�HBiv
6Bt2/ SQBMi S`Q#H2K 7Q` Zm�bB@MQM2tT�MbBp2

J�TTBM; �M/ �TTHB+�iBQM
aX S`2KDBiT`�T?�M- �X E�M;imMv�F�`M

�#bi`�+iěJQiBp�i2/ #v i?2 rQ`F Q7 w?�Q (N)- (Ry)- (RR) �M/
#v `2/m+BM; bQK2 Q7 ?Bb +QM/BiBQMb- r2 +QMbB/2` � bTHBi 2[m�HBiv
}t2/ TQBMi T`Q#H2K 7Q` [m�bB@MQM2tT�MbBp2 K�TTBM;b r?B+?
BM+Hm/2b bTHBi 72�bB#BHBiv T`Q#H2K- bTHBi 2[m�HBiv T`Q#H2K- bTHBi
}t2/ TQBMi T`Q#H2K- 2i+X h?2 bi`QM; +QMp2`;2M+2 i?2Q`2K Q7
i?2 T`QTQb2/ Bi2`�iBp2 b+?2K2 +QmH/ #2 Q#i�BM2/- mM/2` bQK2
+QMi`QH +QM/BiBQMbX 6m`i?2`KQ`2- r2 mb2 a@K�TTBM; �TTHB2/
iQ Qm` K�BM `2bmHi iQ T`Qp2 bi`QM; +QMp2`;2M+2 i?2Q`2KbX

AM/2t h2`KběaTHBi 2[m�HBiv }t2/ TQBMi T`Q#H2K- aTHBi
2[m�HBiv T`Q#H2K- aTHBi 72�bB#BHBiv T`Q#H2K- 6Bt2/ SQBMi T`Q#@
H2K- Zm�bB@MQM2tT�MbBp2 K�TTBM;X

AX AMi`Q/m+iBQM

G 2i C �M/ Q #2 i?2 MQM@2KTiv +HQb2/ +QMp2t bm#b2ib
Q7 i?2 >BH#2`i bT�+2b H1 �M/ H2 `2bT2+iBp2Hv- �M/

A : H1 → H2 #2 � #QmM/2/ HBM2�` QT2`�iQ`X h?2 bTHBi
72�bB#BHBiv T`Q#H2K Ua6SV Bb 7Q`KmH�i2/ �b }M/BM; � TQBMi
x∗ rBi? i?2 T`QT2`iv

x∗ ∈ C �M/ Ax∗ ∈ Q. URV

h?2 a6S BM }MBi2@/BK2MbBQM�H bT�+2b r�b }`biHv
BMi`Q/m+2/ #v *2MbQ` �M/ 1H7pBM; (R) 7Q` KQ/2HBM; BMp2`b2
T`Q#H2Kb r?B+? �`Bb2 7`QK T?�b2 `2i`B2p�Hb �M/ K2/B+�H
BK�;2 `2+QMbi`m+iBQM (e)X h?2 a6S ?�b /`�rM �ii2MiBQM
7`QK K�Mv `2b2�`+?2`b /m2 iQ Bib �TTHB+�iBQMb BM K�Mv
#`�M+?2b Q7 2M;BM22`BM; �M/ K2/B+�H b+B2M+2bX J�Mv
Bi2`�iBp2 �H;Q`Bi?Kb ?�p2 #22M bm;;2bi2/- U(d)- (3)- (Rk)-
(Re)- 2i+VX

�bbmKBM; i?�i a6S URV Bb +QMbBbi2Mi Ui?�i Bb- URV
?�b � bQHmiBQMV- Bi Bb 2�bv iQ b22 i?�i x∗ ∈ C Bb � bQHmiBQM
Q7 URV B7 �M/ QMHv B7 Bi bQHp2b i?2 7QHHQrBM; }t2/ TQBMi
2[m�iBQM

x∗ = PC(I − γA∗(I − PQ))x
∗, UkV

r?2`2 PC �M/ PQ �`2 i?2 K2i`B+ T`QD2+iBQMb 7`QK H1

QMiQ C �M/ 7`QK H2 QMiQ Q `2bT2+iBp2Hv- γ Bb � TQbBiBp2
+QMbi�Mi �M/ A∗ /2MQi2b #v �/DQBMi Q7 �X

h?2 TQTmH�` �H;Q`Bi?K mb2/ BM �TT`QtBK�iBM; i?2
bQHmiBQM Q7 i?2 a6S URV Bb i?2 *Z@�H;Q`Bi?K- r?B+? r�b
}`biHv T`QTQb2/ #v "v`M2 (e),

xn+1 = PC(I − γA∗(I − PQ))xn, UjV

J�Mmb+`BTi `2+2Bp2/ LQp2K#2` kj- kyR3c `2pBb2/ 62#`m�`v k3-
kyRNX h?Bb rQ`F r�b bmTTQ`i2/ _2b2�`+? �M/ AMMQp�iBQM a2`pB+2b
Q7 EBM; JQM;FmiǶb AMbiBimi2 Q7 h2+MQHQ;v G�/F`�#�M;X

aX S`2KDBiT`�T?�M Bb rBi? .2T�`iK2Mi Q7 J�i?2K�iB+b- 6�+mHiv
Q7 a+B2M+2- EBM; JQM;FmiǶb AMbiBimi2 Q7 h2+?MQHQ;v G�/F`�#�M;-
"�M;FQF Ry8ky- h?�BH�M/- bT`2�KDBiT`�T?�M!;K�BHX+QKX

�X E�M;imMv�F�`M Bb rBi? .2T�`iK2Mi Q7 J�i?2K�iB+b- 6�+mHiv
Q7 a+B2M+2- EBM; JQM;FmiǶb AMbiBimi2 Q7 h2+?MQHQ;v G�/F`�#�M;-
"�M;FQF Ry8ky- h?�BH�M/- #2�r`Q+F!?QiK�BHX+QKX

7Q` �HH n ∈ N - r?2`2 γ ∈ (0, 2
λ ) rBi? λ #2BM; i?2 bT2+i`�H

`�/Bmb Q7 i?2 QT2`�iQ` A∗AX
_2+2MiHv- JQm/�} (3) BMi`Q/m+2/ i?2 7QHHQrBM; bTHBi

2[m�HBiv 72�bB#BHBiv T`Q#H2K Ua16SV iQ }M/ x∗ �M/ y∗

rBi? i?2 T`QT2`iv

x∗ ∈ C, y∗ ∈ Q bXiX Ax∗ = By∗, U9V

r?2`2 H1, H2 �M/ H3 #2 `2�H >BH#2`i bT�+2bX C ⊂ H1-
Q ⊂ H2 #2 irQ MQM@2KTiv +HQb2/ +QMp2t b2ib- A : H1 →
H3- B : H2 → H3 �`2 irQ #QmM/2/ HBM2�` QT2`�iQ`bX
Ai Bb 2�bv iQ b22 i?�i i?2 T`Q#H2K U9V +QmH/ #2 `2/m+2/
iQ i?2 T`Q#H2K URV r?2`2 H3 ≡ H2 �M/ B ≡ I UI #2 i?2
B/2MiBiv K�TTBM;b QM H2 → H2VX

AM Q`/2` iQ bQHp2 a16S U9V- JQm/�} (3) BMi`Q/m+2/
i?2 7QHHQrBM; bBKmHi�M2Qmb Bi2`�iBp2 K2i?Q/,
{

xn+1 = PC(xn − γA∗ (Axn −Byn)),

yn+1 = PC(yn + βB∗ (Axn+1 −Byn)), ∀n ≥ 0.

lM/2` bmBi�#H2 +QM/BiBQMb- ?2 T`Qp2/ i?2 r2�F +QMp2`@
;2M+2 Q7 b2[m2M+2 {(xn, yn)} iQ � bQHmiBQM Q7 U9V BM >BH#2`i
bT�+2bX

w?�Q (N) BMi`Q/m+2/ i?2 7QHHQrBM; �H;Q`Bi?K 7Q`
bQHpBM; T`Q#H2K U9V,

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

un = xn − γnA∗ (Axn −Byn) ,

xn+1 = βnun + (1− βn)Sun,

wn = yn + γnB∗ (Axn −Byn) ,

yn+1 = βnwn + (1− βn)Twn, ∀n ≥ 0,

r?2`2 A : H1 → H3 �M/ B : H2 → H3 �`2 irQ
#QmM/2/ HBM2�` QT2`�iQ`bX G2i S : H1 → H1 �M/
T : H2 → H2 #2 [m�bB@MQM2tT�MbBp2 K�TTBM;b- A∗

�M/ B∗ �`2 i?2 �/DQBMib Q7 A �M/ B `2bT2+iBp2Hv-
{γn} ∈ (ε, 2∥Axn−Byn∥2

∥A∗(Axn−Byn)∥2+∥B∗(Axn−Byn)∥2 − ε) U7Q` ε
bK�HH 2MQm;?VX lM/2` bQK2 +QM/BiBQMb- i?2 �mi?Q`b
Q#i�BM2/ i?2 b2[m2M+2 {(xn, yn)} +QMp2`;2/ r2�FHv iQ
(x∗, y∗) BM U9VX

.QM; �M/ >2 (Ry) BMi`Q/m+2/ 7QHHQrBM; T`QD2+iBQM
�H;Q`Bi?K 7Q` a16S U9V r?2`2 i?2 bi2TbBx2b /Q MQi
/2T2M/ QM i?2 QT2`�iQ` MQ`Kb ∥A∥ �M/ ∥B∥ ,

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

un = xn − γnA∗ (Axn −Byn) ,

xn+1 = PCun,

wn = yn + γnB∗ (Axn −Byn) ,

yn+1 = PQwn, ∀n ≥ 0.

am#b2[m2MiHv- JQm/�} (d) BMi`Q/m+2/ i?2 7QHHQrBM;
bTHBi 2[m�HBiv }t2/ TQBMi T`Q#H2K Ua16SSVc H2i U : H1 →
H1 �M/ T : H2 → H2 #2 MQM@HBM2�` QT2`�iQ`b bm+? i?�i
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F (U) ̸= ∅ �M/ F (T ) ̸= ∅- r?2`2 F (U) �M/ F (T ) /2MQi2
i?2 b2ib Q7 }t2/ TQBMi Q7 U �M/ T `2bT2+iBp2HvX AM U9V-
B7 C := F (U) �M/ Q := F (T )- i?2M a16S U9V +QmH/
#2 `2/m+2/ iQ i?2 a16SS- iQ }M/ x∗ �M/ y∗ rBi? i?2
T`QT2`iv

x∗ ∈ F (U), y∗ ∈ F (T ) bXiX Ax∗ = By∗, U8V

r?2`2 A : H1 → H3 �M/ B : H2 → H3 �`2 irQ #QmM/2/
HBM2�` QT2`�iQ`b- r?B+? �HHQrb �bvKK2i`B+ �M/ T�`iB�H
`2H�iBQMb #2ir22M x �M/ yX h?Bb +�M 7m`i?2` #2 mb2/ iQ
+Qp2` K�Mv bBim�iBQMb- bm+? �b /2+QKTQbBiBQM K2i?Q/b
7Q` S.1b- �TTHB+�iBQMb BM i?2 ;�K2 i?2Q`v- BM BMi2MbBiv@
KQ/mH�i2/ `�/B�iBQM i?2`�TvUb22 (Rd)VX

o2`v `2+2MiHv- *?2 �M/ GB (RR) T`QTQb2/ i?2 7QHHQrBM;
Bi2`�iBp2 �H;Q`Bi?K 7Q` }M/BM; � bQHmiBQM Q7 a16SS U8V,

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

un = xn − γnA∗ (Axn −Byn) ,

xn+1 = βnxn + (1− βn)Tun,

vn = yn + γnB∗ (Axn −Byn) ,

yn+1 = βnyn + (1− βn)Swn, ∀n ≥ 0,

UeV

�M/ mM/2` bmBi�#H2 +QM/BiBQMb- i?2v �HbQ 2bi�#HBb?2/ i?2
r2�F +QMp2`;2M+2 Q7 i?2 b+?2K2 UeVX

AM i?Bb rQ`F- r2 2bi�#HBb?2/ i?2 7QHHQrBM; Bi2`�iBp2
�H;Q`Bi?K iQ bQHp2 i?2 bTHBi 2[m�HBiv }t2/ TQBMi T`Q#H2K
Ua16SSV-
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

un = xn − γnA∗ (Axn −Byn) ,

xn+1 = αnu+ (1− αn)PC1

(
I − λ1

n(I − T1)
)
un,

vn = yn + γnB∗ (Axn −Byn) ,

yn+1 = αnv + (1− αn)PC2

(
I − λ2

n(I − T2)
)
vn,

r?2`2 T1 : C1 → C1- T2 : C2 → C2 �`2 irQ [m�bB@
MQM2tT�MbBp2 K�TTBM;bX lM/2` bmBi�#H2 +QM/BiBQMb- r2
T`Qp2/ bi`QM; +QMp2`;2M+2 i?2Q`2Kb Q7 i?2 Bi2`�iBp2
b+?2K2 URyV iQ � bQHmiBQM Q7 i?2 bTHBi 2[m�HBiv }t2/ TQBMi
T`Q#H2K U8V BM i?2 `2�H >BH#2`i bT�+2bX

AAX S`2HBKBM�`B2b
h?`Qm;?Qmi i?Bb T�T2`- r2 �Hr�vb �bbmK2 i?�i H #2

� `2�H >BH#2`i bT�+2 rBi? i?2 BMM2` T`Q/m+i ⟨·, ·⟩ �M/ i?2
MQ`K ∥·∥X G2i C #2 � MQM@2KTiv +HQb2/ +QMp2t bm#b2i
Q7 HX _2+�HH i?�i � K�TTBM; T Q7 C BMiQ Bib2H7 Bb +�HH2/
[m�bB@MQM2tT�MbBp2 B7

∥Tx− y∗∥ ≤ ∥x− y∗∥ ,

7Q` �HH x ∈ C �M/ y∗ ∈ F (T )X h?2 b2i Q7 �HH 2H2K2Mib Q7
}t2/ TQBMi Q7 � K�TTBM; T Bb /2MQi2/ #v F (T ) =

{
x ∈

C : Tx = x
}

X :Q2#2H �M/ EB`F (8) b?Qr2/ i?�i F (T ) Bb
+HQb2/ �M/ +QMp2tX 6Q` λ ∈ [0, 1]-

∥λx+ (1− λ)y∥2 = λ ∥x∥2+(1−λ) ∥y∥2−λ(1−λ) ∥x− y∥2

�M/
∥x+ y∥2 = ∥x∥2 + 2 ⟨x, y⟩+ ∥y∥2

7Q` �HH x, y ∈ HX G2i PC #2 i?2 K2i`B+ T`QD2+iBQM Q7 H
QMiQ C BX2X-7Q` x ∈ H- PCx b�iBb}2b i?2 T`QT2`iv

∥x− PCx∥ = min
y∈C

∥x− y∥ .

_2K�`F kXR, Ai Bb r2HH@FMQrM i?�i K2i`B+ T`QD2+iBQM
PC ?�b i?2 7QHHQrBM; T`QT2`iB2b,

RV PC Bb }`KHv MQM2tT�MbBp2- BX2X-
∥PCx− PCy∥2 ≤ ⟨PCx− PCy, x− y⟩, ∀x, y ∈ H.

kV 6Q` 2�+? x ∈ H,

z = PC (x) ⇔ ⟨x− z, z − y⟩ ≥ 0, ∀y ∈ C.

G2KK� kXk, [9] G2i H #2 � `2�H >BH#2`i bT�+2X h?2M
∥x+ y∥2 ≤ ∥x∥2 + 2 ⟨y, x+ y⟩ , ∀x, y ∈ H.

G2KK� kXj, [k] G2i {Qn} ⊂ [0,+∞], {vn} ⊂ [0, 1]
�M/ {ηn} #2 i?`22 `2�H MmK#2` b2[m2M+2bX amTTQb2
i?�i {Qn} , {vn} �M/ {ηn} b�iBb7v i?2 7QHHQrBM; i?`22
+QM/BiBQMb,

UBV Qn+1 ≤ (1− vn)Qn + ηnvn,

UBBV
∞∑

n=1

vn = ∞,

UBBBV lim sup
n→∞

ηn ≤ 0 Q`
∞∑

n=1

|ηnvn| < ∞.

h?2M- lim
n→∞

Qn = 0X
G2KK� kX9, [9] G2i H #2 � `2�H >BH#2`i bT�+2- H2i C

#2 � MQM@2KTiv +HQb2/ +QMp2t bm#b2i Q7 H �M/ H2i A #2
� K�TTBM; Q7 C BMiQ HX G2i u ∈ C. h?2M 7Q` λ > 0,

u = PC (I − λA)u ⇔ u ∈ V I (C,A) ,

r?2`2 PC Bb i?2 K2i`B+ T`QD2+iBQM Q7 H QMiQ CX

G2KK� kX8, G2i C #2 � MQM@2KTiv +HQb2/ +QMp2t
bm#b2i Q7 � `2�H >BH#2`i bT�+2 H �M/ H2i T : C → C
#2 � [m�bB@MQM2tT�MbBp2 K�TTBM; rBi? F (T ) ̸= ∅X h?2M
V I (C, I − T ) = F (T ) .

S`QQ7, Ai Bb 2�bv iQ b22 i?�i F (T ) ⊆ V I (C, I − T ) .
G2i u ∈ V I (C, I − T ) , i?2M r2 ?�p2

⟨v − u, (I − T )u⟩ ≥ 0, ∀v ∈ C. UdV
G2i v∗ ∈ F (T ) , i?2M r2 ?�p2

∥Tu− v∗∥2 ≤ ∥u− v∗∥2 . U3V
PM i?2 Qi?2` ?�M/

∥Tu− v∗∥2

= ∥(u− v∗)− (I − T )u∥2

= ∥u− v∗∥2 − 2⟨u− v∗, (I − T )u⟩+ ∥(I − T )u∥2 . UNV
6`QK (8) �M/ (9)- r2 ?�p2
∥u− v∗∥2−2⟨u−v∗, (I − T )u⟩+∥(I − T )u∥2 ≤ ∥u− v∗∥2 .

6`QK UdV- r2 ?�p2
∥(I − T )u∥2 ≤ 2⟨u− v∗, (I − T )u⟩.

Ai 7QHHQrb i?�i v∗ ∈ F (T )X >2M+2 V I (C, I − T ) ⊆ F (T )X

_2K�`F kXe, 6`QK G2KK� kX9 �M/ kX8- r2 ?�p2
F (T ) = V I (C, I − T ) = F (PC (I − λ (I − T ))) ,

7Q` �HH λ > 0.

G2KK� kXd, [j] G2i {tn} #2 � b2[m2M+2 Q7 `2�H MmK#2`b
bm+? i?�i i?2`2 2tBbib � bm#b2[m2M+2 {ni} Q7 {n} bm+?
i?�i tni < tni+1 7Q` �HH i ∈ NX h?2M i?2`2 2tBbib � MQM/2@
+`2�bBM; b2[m2M+2 {τ(n)} ⊂ N bm+? i?�i τ(n) → ∞ �M/
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i?2 7QHHQrBM; T`QT2`iB2b �`2 b�iBb}2/ #v �HH Ubm{+B2MiHv
H�`;2V MmK#2`b n ∈ Nc

tτ(n) ≤ tτ(n)+1 , tn ≤ tτ(n)+1.

AM 7�+i
τ(n) = max{k ≤ n : tk < tk+1}.

AAAX J�BM `2bmHi

h?2Q`2K jXR, 6Q` 2p2`v i = 1, 2, 3, H2i Hi #2 � `2�H
>BH#2`i bT�+2 �M/ H2i C1- C2 #2 MQM@2KTiv +HQb2/ +QMp2t
bm#b2i Q7 H1 �M/ H2- `2bT2+iBp2HvX G2i Ti : Ci → Ci

#2 [m�bB@MQM2tT�MbBp2 K�TTBM; 7Q` �HH i = 1, 2 �M/ H2i
A : H1 → H3, B : H2 → H3 #2 #QmM/2/ HBM2�` QT2`�iQ`
rBi? �/DQBMib A∗ �M/ B∗- `2bT2+iBp2HvX amTTQb2 i?�i Ω =
{(x, y) ∈ C1 × C2 | x ∈ F (T1), y ∈ F (T2) �M/ Ax =
By} Bb � MQM@2KTiv b2i �M/ H2i {xn}, {yn} #2 b2[m2M+2b
;2M2`�i2/ #v u, x1 ∈ C1; v, y1 ∈ C2 �M/
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

un = xn − γnA∗ (Axn −Byn) ,

xn+1 = αnu+ (1− αn)PC1

(
I − λ1

n(I − T1)
)
un,

vn = yn + γnB∗ (Axn −Byn) ,

yn+1 = αnv + (1− αn)PC2

(
I − λ2

n(I − T2)
)
vn,

URyV
7Q` �HH n ≥ 1 -r?2`2 {αn} ⊂ [0, 1] rBi? lim

n→∞
αn =

0-
∑∞

n=1 αn = ∞ �M/
∑∞

n=1 λ
i
n < ∞ �M/ λi

n ∈ (0, 1)

7Q` �HH i = 1, 2 �M/ γn ∈ (a, b) ⊂
(
ϵ, 2

λA+λB
− ϵ

)
7Q` �HH

n ∈ N �M/ λA,λB �`2 bT2+i`�H `�/Bmb Q7 A∗A- B∗B
`2bT2+iBp2Hv- ϵ Bb � bK�HH 2MQm;?X h?2M i?2 b2[m2M+2
{(xn, yn)} +QMp2`;2 bi`QM;Hv iQ (x̄∗, ȳ∗) ∈ Ω, r?2`2
x̄∗ = PF (T1)u �M/ ȳ∗ = PF (T2)vX

S`QQ7, G2i (x∗, y∗) ∈ Ω- i?2M x∗ ∈ F (T1)- y∗ ∈
F (T2) �M/ Ax∗ = By∗X 6`QK G2KK� 2.5- r2 ?�p2

∥A1x∥2 ≤ 2 < x− x∗, A1x >, URRV

r?2`2 A1 = I−T1 �M/ 7Q` �HH x ∈ C1X aBKBH�`Hv- r2 ?�p2

∥A2y∥2 ≤ 2 < y − y∗, A2y >, URkV

r?2`2 A2 = I − T2 �M/ 7Q` �HH y ∈ C2X
aBM+2 x∗ ∈ F (T1), y∗ ∈ F (T2) �M/ Ax∗ = By∗X
"v _2K�`F 2.6- r2 ?�p2 x∗ ∈ F

(
PC1

(
I − λ1

nA
1
))

�M/
y∗ ∈ F

(
PC2

(
I − λ2

nA
2
))

X
aBM+2 PC1 Bb � MQM2tT�MbBp2 K�TTBM;- r2 ?�p2

∥PC1

(
I − λ1

nA
1
)
x− x∗∥2

=∥PC1

(
I − λ1

nA
1
)
x− PC1

(
I − λ1

nA
1
)
x∗∥2

≤∥x− x∗ − λ1
n(A

1x−A1x∗)∥2

≤∥x− x∗ − λ1
nA

1x∥2

=∥x− x∗∥2 + (λ1
n)

2∥A1x∥2 − 2λ1
n⟨x− x∗, A1x⟩

≤∥x− x∗∥2 + (λ1
n)

2∥A1x∥2 − λ1
n∥A1x∥2

=∥x− x∗∥2 − (λ1
n)(1− λ1

n)∥A1x∥2

≤∥x− x∗∥2,

7Q` �HH x ∈ C1X aBKBH�`Hv- r2 Q#i�BM

∥PC2

(
I − λ2

nA
2
)
y − y∗∥2 ≤ ∥y − y∗∥2,

7Q` �HH y ∈ C2X
6`QK /2}MBiBQM Q7 {un}- r2 ?�p2

∥un − x∗∥2 = ∥xn − x∗ − γnA
∗ (Axn −Byn) ∥2

= ∥xn − x∗∥2 + γ2
n∥A∗ (Axn −Byn) ∥2

− 2γn⟨xn − x∗, A∗ (Axn −Byn)⟩. URjV

*QMbB/2` i?�i

∥A∗ (Axn −Byn) ∥2

=⟨A∗ (Axn −Byn) , A
∗ (Axn −Byn)⟩

=⟨Axn −Byn, AA∗ (Axn −Byn)⟩
≤λA∥Axn −Byn∥2 UR9V

�M/

− 2⟨xn − x∗, A∗ (Axn −Byn)⟩
=− 2⟨Axn −Ax∗, Axn −Byn⟩
=− ∥Axn −Ax∗∥2 − ∥Axn −Byn∥2 + ∥Ax∗ −Byn∥2.

UR8V

am#biBimi2 UR9V �M/ UR8V BMiQ URjV- r2 ?�p2

∥un − x∗∥2

≤∥xn − x∗∥2 + γ2
nλA∥Axn −Byn∥2 − γn∥Axn −Ax∗∥2

− γn∥Axn −Byn∥2 + γn∥Ax∗ −Byn∥2

=∥xn − x∗∥2 − γn(1− λAγn)∥Axn −Byn∥2

− γn∥Axn −Ax∗∥2 + γn∥Ax∗ −Byn∥2. UReV

"v mbBM; i?2 b�K2 K2i?Q/ �b UReV- r2 ?�p2

∥vn − y∗∥2 ≤∥yn − y∗∥2 − γn(1− λBγn)∥Axn −Byn∥2

− γn∥Byn −By∗∥2 + γn∥By∗ −Axn∥2.
URdV

6`QK UReV �M/ URdV- r2 ?�p2

∥un − x∗∥2 + ∥vn − y∗∥2

≤∥xn − x∗∥2 + ∥yn − y∗∥2 − γn(1− λAγn)∥Axn −Byn∥2

− γn(1− λBγn)∥Axn −Byn∥2

− γn∥Axn −Ax∗∥2 + γn∥Ax∗ −Byn∥2

− γn∥Byn −By∗∥2 + γn∥By∗ −Axn∥2

=∥xn − x∗∥2 + ∥yn − y∗∥2

− γn (2− γn (λA + λB)) ∥Axn −Byn∥2. UR3V

6`QK i?2 /2}MBiBQM Q7 {xn}- r2 ?�p2

∥xn+1 − x∗∥2

=∥αnu+ (1− αn)PC1

(
I − λ1

n(I − T1)
)
un − x∗∥2

≤αn∥u− x∗∥2 + (1− αn)∥PC1

(
I − λ1

n(I − T1)
)
un − x∗∥2

≤αn∥u− x∗∥2 + (1− αn)∥un − x∗∥2. URNV

"v mbBM; i?2 b�K2 K2i?Q/ �b URNV- r2 ?�p2

∥yn+1 − y∗∥2 ≤ αn∥v − y∗∥2 + (1− αn)∥vn − y∗∥2.
UkyV
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6`QK UR3V- URNV �M/ UkyV- r2 ?�p2

∥xn+1 − x∗∥2 + ∥yn+1 − y∗∥2

≤αn∥u− x∗∥2 + (1− αn)∥un − x∗∥2

+ αn∥v − y∗∥2 + (1− αn)∥vn − y∗∥2

=αn(∥u− x∗∥2 + ∥v − y∗∥2)
+ (1− αn)(∥un − x∗∥2 + ∥vn − y∗∥2)

≤αn(∥u− x∗∥2 + ∥v − y∗∥2)
+ (1− αn)(∥xn − x∗∥2 + ∥yn − y∗∥2

− γn (2− γn (λA + λB)) ∥Axn −Byn∥2) UkRV
≤αn(∥u− x∗∥2 + ∥v − y∗∥2)

+ (1− αn)(∥xn − x∗∥2 + ∥yn − y∗∥2)
≤max{∥u− x∗∥2 + ∥v − y∗∥2, ∥x1 − x∗∥2 + ∥y1 − y∗∥2}.

6`QK K�i?2K�iB+�H BM/m+iBQM- r2 ?�p2 {xn} �M/ {yn}
�`2 #QmM/2/X 6m`i?2`KQ`2- {un} �M/ {vn} �`2 #QmM/2/X
6`QK UkRV- r2 ?�p2

γn(1− αn) (2− γn (λA + λB)) ∥Axn −Byn∥2

≤αn(∥u− x∗∥2 + ∥v − y∗∥2) + Cn − Cn+1, UkkV

r?2`2 Cn = ∥xn − x∗∥2 + ∥yn − y∗∥2- 7Q` �HH x∗ ∈ F (T1)
- y∗ ∈ F (T2) �M/ n ∈ NX
6`QK UkkV- r2 b2T�`�i2 i?2 T`QQ7 BMiQ irQ +�b2bX
Case1. amTTQb2 i?�i Cn+1 ≤ Cn 7Q` �HH n ≥ n0 U7Q` n0

H�`;2 2MQm;?VX aBM+2 i?2 b2[m2M+2 {Cn} Bb #QmM/2/- r2
;2i lim

n→∞
Cn = c, 7Q` bQK2 c ∈ R.

6`QK UkkV �M/ T`QT2`iB2b Q7 γn �M/ αn- r2 Q#i�BM

lim
n→∞

∥Axn −Byn∥ = 0. UkjV

6`QK i?2 /2}MBiBQM Q7 {un} �M/ {vn}- r2 ?�p2

∥un − xn∥ = γn∥A∗ (Axn −Byn) ∥ Uk9V

�M/
∥vn − yn∥ = γn∥B∗ (Axn −Byn) ∥. Uk8V

6`QK UkjV- Uk9V �M/ Uk8V- r2 ?�p2

lim
n→∞

∥un − xn∥ = lim
n→∞

∥vn − yn∥ = 0. UkeV

"v mbBM; T`QT2`iB2b Q7 PC1 - r2 ?�p2

∥PC1

(
I − λ1

n(I − T1)
)
un − x∗∥2

≤∥
(
I − λ1

n(I − T1)
)
un −

(
I − λ1

n(I − T1)
)
x∗∥2

=∥un − x∗ − λ1
n(I − T1)(un − x∗)∥2

=∥un − x∗∥2 − 2λ1
n⟨un − x∗, (I − T1)un⟩

+ (λ1
n)

2∥(I − T1)un∥2

≤∥un − x∗∥2 − λ1
n(1− λ1

n)∥(I − T1)un∥2. UkdV

"v mbBM; i?2 b�K2 K2i?Q/ �b UkdV- r2 ?�p2

∥PC2

(
I − λ2

n(I − T2)
)
vn − y∗∥2

≤∥vn − y∗∥2 − λ2
n(1− λ2

n)∥(I − T2)vn∥2. Uk3V

6`QK UR3V- UkdV �M/ Uk3V- r2 ?�p2

∥PC1

(
I − λ1

n(I − T1)
)
un − x∗∥2

+ ∥PC2

(
I − λ2

n(I − T2)
)
vn − y∗∥2

≤∥un − x∗∥2 + ∥vn − y∗∥2

− λ1
n(1− λ1

n)∥(I − T1)un∥2

− λ2
n(1− λ2

n)∥(I − T2)vn∥2

≤∥xn − x∗∥2 + ∥yn − y∗∥2

− γn (2− γn (λA + λB)) ∥Axn −Byn∥2

− λ1
n(1− λ1

n)∥(I − T1)un∥2

− λ2
n(1− λ2

n)∥(I − T2)vn∥2. UkNV

6`QK i?2 /2}MBiBQM Q7 {xn} �M/ {yn}- r2 ?�p2

∥xn+1 − x∗∥2 + ∥yn+1 − y∗∥2

≤ αn∥u− x∗∥2

+ (1− αn)∥PC1

(
I − λ1

n(I − T1)
)
un − x∗∥2

+ (1− αn)∥PC2

(
I − λ2

n(I − T2)
)
vn − y∗∥2

+ αn∥v − y∗∥2

= αn

(
∥u− x∗∥2 + ∥v − y∗∥2

)

+ (1− αn)
(
∥PC1

(
I − λ1

n(I − T1)
)
un − x∗∥2

+ ∥PC2

(
I − λ2

n(I − T2)
)
vn − y∗∥2

)

≤ αn

(
∥u− x∗∥2 + ∥v − y∗∥2

)

+ (1− αn)
(
∥xn − x∗∥2 + ∥yn − y∗∥2

− γn (2− γn (λA + λB)) ∥Axn −Byn∥2

− λ1
n(1− λ1

n)∥(I − T1)un∥2

− λ2
n(1− λ2

n)∥(I − T2)vn∥2
)
. UjyV

Ai BKTHB2b i?�i

(1− αn)
(
λ1
n(1− λ1

n)∥(I − T1)un∥2

+ λ2
n(1− λ2

n)∥(I − T2)vn∥2
)

≤Cn − Cn+1 + αn

(
∥u− x∗∥2 + ∥v − y∗∥2

)
. UjRV

6`QK UjRV �M/ lim
n→∞

Cn = c, r2 ?�p2

lim
n→∞

∥(I − T1)un∥ = lim
n→∞

∥(I − T2)vn∥ = 0. UjkV
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"v mbBM; T`QT2`iB2b Q7 PC1 - r2 ?�p2

∥PC1

(
I − λ1

n(I − T1)
)
un − x∗∥2

≤ ⟨
(
I − λ1

n(I − T1)
)
un −

(
I − λ1

n(I − T1)
)
x∗

, PC1

(
I − λ1

n(I − T1)
)
un − x∗⟩

=
1

2

(
∥
(
I − λ1

n(I − T1)
)
un −

(
I − λ1

n(I − T1)
)
x∗∥2

+ ∥PC1

(
I − λ1

n(I − T1)
)
un − x∗∥2

− ∥
(
I − λ1

n(I − T1)
)
un −

(
I − λ1

n(I − T1)
)
x∗

− PC1

(
I − λ1

n(I − T1)
)
un + x∗∥2

)

≤ 1

2

(
∥un − x∗∥2 + ∥PC1

(
I − λ1

n(I − T1)
)
un − x∗∥2

− ∥un − PC1

(
I − λ1

n(I − T1)
)
un

− λ1
n

(
(I − T1)un − (I − T1)x

∗)∥2
)

=
1

2

(
∥un − x∗∥2 + ∥PC1

(
I − λ1

n(I − T1)
)
un − x∗∥2

− ∥un − PC1

(
I − λ1

n(I − T1)
)
un∥2

−
(
λ1
n

)2∥(I − T1)un − (I − T1)x
∗∥2

+ 2λ1
n⟨un − PC1

(
I − λ1

n(I − T1)
)
un

, (I − T1)un − (I − T1)x
∗⟩
)
. UjjV

6`QK UjjV- r2 ?�p2

∥PC1

(
I − λ1

n(I − T1)
)
un − x∗∥2

≤ ∥un − x∗∥2 − ∥un − PC1

(
I − λ1

n(I − T1)
)
un∥2

−
(
λ1
n

)2∥(I − T1)un − (I − T1)x
∗∥2

+ 2λ1
n∥un − PC1

(
I − λ1

n(I − T1)
)
un∥

· ∥(I − T1)un − (I − T1)x
∗∥. Uj9V

aBKBH�`Hv- r2 ?�p2

∥PC2

(
I − λ2

n(I − T2)
)
vn − y∗∥2

≤ ∥vn − y∗∥2 − ∥vn − PC2

(
I − λ2

n(I − T2)
)
vn∥2

−
(
λ2
n

)2∥(I − T2)vn − (I − T2)y
∗∥2

+ 2λ2
n∥vn − PC2

(
I − λ2

n(I − T2)
)
vn∥

· ∥(I − T2)vn − (I − T2)y
∗∥. Uj8V

6`QK i?2 /2}MBiBQM Q7 {xn}- {yn}- Uj9V �M/ Uj8V- r2 ?�p2

∥xn+1 − x∗∥2 + ∥yn+1 − y∗∥2

≤ αn

(
∥u− x∗∥2 + ∥v − y∗∥2

)

+ (1− αn)
(
∥PC1

(
I − λ1

n(I − T1)
)
un − x∗∥2

+ ∥PC2

(
I − λ2

n(I − T2)
)
vn − y∗∥2

)

≤ αn

(
∥u− x∗∥2 + ∥v − y∗∥2

)
+ ∥xn − x∗∥2 + ∥yn − y∗∥2

− (1− αn)
(
∥un − PC1

(
I − λ1

n(I − T1)
)
un∥2

+ ∥vn − PC2

(
I − λ2

n(I − T2)
)
vn∥2

)

+ 2λ1
n∥un − PC1

(
I − λ1

n(I − T1)
)
un∥

· ∥(I − T1)un − (I − T1)x
∗∥

+ 2λ2
n∥vn − PC2

(
I − λ2

n(I − T2)
)
vn∥

· ∥(I − T2)vn − (I − T2)y
∗∥.

Ai BKTHB2b i?�i
(1− αn)

(
∥un − PC1

(
I − λ1

n(I − T1)
)
un∥2

+ ∥vn − PC2

(
I − λ2

n(I − T2)
)
vn∥2

)

≤ αn

(
∥u− x∗∥2 + ∥v − y∗∥2

)

+ 2λ1
n∥un − PC1

(
I − λ1

n(I − T1)
)
un∥

· ∥(I − T1)un − (I − T1)x
∗∥

+ 2λ2
n∥vn − PC2

(
I − λ2

n(I − T2)
)
vn∥

· ∥(I − T2)vn − (I − T2)y
∗∥

+ Cn − Cn+1.

6`QK UjkV �M/ lim
n→∞

Cn = c- r2 ?�p2

lim
n→∞

∥PC1

(
I − λ1

n(I − T1)
)
un − un∥ UjeV

= lim
n→∞

∥PC2

(
I − λ2

n(I − T2)
)
vn − vn∥ = 0. UjdV

6`QK UkeV �M/ UjeV- r2 Q#i�BM
lim

n→∞
∥PC1

(
I − λ1

n(I − T1)
)
un − xn∥ Uj3V

= lim
n→∞

∥PC2

(
I − λ2

n(I − T2)
)
vn − yn∥ = 0. UjNV

aBM+2
xn+1 − xn

= αn

(
u− xn

)
+ (1− αn)

(
PC1

(
I − λ1

n(I − T1)
)
un − xn

)
,

yn+1 − yn

= αn

(
v − yn

)
+ (1− αn)

(
PC2

(
I − λ2

n(I − T2)
)
vn − yn

)
,

�M/ Uj3V- r2 ;2i
lim
n→∞

∥xn+1 − xn∥ = lim
n→∞

∥yn+1 − yn∥ = 0. U9yV

aBM+2 Ww(xn) �M/ Ww(yn) �`2 MQM@2KTiv b2ib- i?2M
i?2`2 2tBbib x̂ ∈ C1, ŷ ∈ C2 bm+? i?�i x̂ ∈ Ww(xn) �M/
ŷ ∈ Ww(yn)X
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q2 K�v �bbmK2- i?2`2 2tBbib bm#b2[m2M+2b {xnk}-
{ynk} Q7 {xn}- {yn} bm+? i?�i

xnk ⇀ x̂ �b k → ∞. U9RV

�M/
ynk ⇀ ŷ �b k → ∞. U9kV

L2ti- r2 rBHH b?Qr i?�i (x̂, ŷ) ∈ ΩX
6`QK UkeV- U9RV �M/ U9kV- r2 Q#i�BM unk ⇀ x̂
�M/ vnk ⇀ ŷ �b k → ∞X
�bbmK2 i?�i x̂ ̸∈ F (T1)X
aBM+2 F (T1) = F (PC1

(
I − λ1

nk
(I − T1)

)
)- r2 ?�p2

x̂ ̸= PC1

(
I − λ1

nk
(I − T1)

)
x̂X 6`QK PTB�HǶb +QM/BiBQM-

lim
k→∞

λ1
nk

= 0 �M/ +QM/BiBQM BV- r2 ?�p2

lim inf
k→∞

∥unk − x̂∥

< lim inf
k→∞

∥unk − PC1

(
I − λ1

nk
(I − T1)

)
x̂∥

≤ lim inf
k→∞

(
∥unk − PC1

(
I − λ1

nk
(I − T1)

)
unk∥

+ ∥PC1

(
I − λ1

nk
(I − T1)

)
unk

− PC1

(
I − λ1

nk
(I − T1)

)
x̂∥

)

≤ lim inf
k→∞

(
∥unk − PC1

(
I − λ1

nk
(I − T1)

)
unk∥

+ ∥unk − x̂∥+ λ1
nk
∥(I − T1)unk − (I − T1)x̂∥

)

= lim inf
k→∞

∥unk − x̂∥.

h?Bb Bb � +QMi`�/B+iBQMX h?mb x̂ ∈ F (T1)X
6`QK vnk ⇀ ŷ �b k → ∞ �M/ mbBM; i?2 b�K2 K2i?Q/ �b
x̂ ∈ F (T1)- r2 ?�p2 ŷ ∈ F (T2)X
aBM+2 Ax̂ − Bŷ ∈ Ww(Axn − Byn) �M/ r2�FHv HQr2`
b2KB@+QMiBMmQmb Q7 MQ`K- r2 ;2i

∥Ax̂−Bŷ∥ ≤ lim inf
k→∞

∥Axnk −Bynk∥ = 0.

h?2M Ax̂ = BŷX >2M+2 (x̂, ŷ) ∈ ΩX
*QMbB/2` i?�i

lim sup
n→∞

⟨u− x̂∗, xn − x̂∗⟩

= lim sup
k→∞

⟨u− x̂∗, xnk − x̂∗⟩

= ⟨u− x̂∗, x̂− x̂∗⟩
≤ 0,

r?2`2 x̂∗ = PF (T1)u �M/

lim sup
n→∞

⟨v − ŷ∗, yn − ŷ∗⟩

= lim sup
k→∞

⟨v − ŷ∗, ynk − ŷ∗⟩

= ⟨v − ŷ∗, ŷ − ŷ∗⟩
≤ 0,

r?2`2 ŷ∗ = PF (T2)vX
L2ti- r2 b?Qr i?�i � b2[m2M+2 {(xn, yn)} +QMp2`;2b
bi`QM;Hv iQ (x̂∗, ŷ∗) ∈ Ω - r?2`2 x̂∗ = PF (T1)u �M/
ŷ∗ = PF (T2)vX
6`QK i?2 /2}MBiBQMb Q7 {xn} �M/ {yn}- r2 ?�p2

∥xn+1−x̂∗∥2 ≤ (1−αn)∥xn−x̂∗∥2+2αn⟨u−x̂∗, xn+1−x̂∗⟩

�M/

∥yn+1−ŷ∗∥2 ≤ (1−αn)∥yn−ŷ∗∥2+2αn⟨v−ŷ∗, yn+1−ŷ∗⟩.

h?2M
∥xn+1 − x̂∗∥2 + ∥yn+1 − ŷ∗∥2

≤ (1− αn)
(
∥xn − x̂∗∥2 + yn − ŷ∗∥2

)

+ 2αn

(
⟨u− x̂∗, xn+1 − x̂∗⟩+ ⟨v − ŷ∗, yn+1 − ŷ∗⟩

)
,

Q`
Cn+1 ≤ (1− αn)Cn + 2αnϱn, U9jV

r?2`2 ϱn = ⟨u− x̂∗, xn+1 − x̂∗⟩+ ⟨v − ŷ∗, yn+1 − ŷ∗⟩,
7Q` �HH n ∈ N.
6`QK G2KK� 2.3- i?mb

lim
n→∞

Cn = lim
n→∞

(
∥xn − x̂∗∥2 + ∥yn − ŷ∗∥2

)
= 0.

h?2`27Q`2 (xn, yn) +QMp2`;2b bi`QM;Hv iQ (x̂∗, ŷ∗)X
aBM+2 Ax̂∗ − Bŷ∗ ∈ Ww(Axn − Byn) �M/ r2�FHv HQr2`
b2KB@+QMiBMmQmb Q7 MQ`K- r2 ;2i

∥Ax̂∗ −Bŷ∗∥ ≤ lim inf
k→∞

∥Axnk −Bynk∥ = 0.

h?2M Ax̂∗ = Bŷ∗X >2M+2 (x̂∗, ŷ∗) ∈ ΩX
Case2. amTTQb2 i?�i Cn Bb MQi KQMQiQM2 b2[m2M+2- i?2M
i?2`2 2tBbib �M BMi2;2` n0 bm+? i?�i Cn0 ≤ Cn0+1X
.2}M2 i?2 BMi2;2` b2[m2M+2 τ(n) 7Q` �HH n ≥ n0 �b 7QHHQrb-

τ(n) = max{k ≤ n : Ck < Ck+1}.

Ai Bb +H2�` i?�i τ(n) Bb � MQM/2+`2�bBM; rBi?
lim
n→∞

τ(n) = ∞ �M/ Cτ(n) < Cτ(n)+1X
6`QK U9jV- r2 ?�p2

Cτ(n)+1 ≤ (1− ατ(n))Cτ(n) + 2ατ(n)ϱτ(n).

6`QK G2KK� 2.3- i?mb
lim
n→∞

Cτ(n) = 0.

�TTHvBM; U9yV- r2 ?�p2
lim

n→∞
Cτ(n)+1 = 0.

"v G2KK� UkXdV- r2 ?�p2
Cn ≤ max{Cn, Cτ(n)} ≤ Cτ(n)+1.

6`QK �#Qp2 BM2[m�HBiv �M/ lim
n→∞

Cτ(n)+1 = 0- r2 Q#i�BM

lim
n→∞

(
∥xn − x̂∗∥2 + ∥yn − ŷ∗∥2

)
= lim

n→∞
Cn = 0.

h?�i BKTHB2b {(xn, yn)} +QMp2`;2b bi`QM;Hv iQ
(
x̂∗, ŷ∗

)
X

"v mbBM; i?2 b�K2 K2i?Q/b �b +�b2 R- r2 ?�p2(
x̂∗, ŷ∗

)
∈ Ω- r?2`2 x̂∗ = PF (T1)u �M/ ŷ∗ = PF (T2)vX

h?Bb Bb +QKTH2i2 i?2 T`QQ7X
*Q`QHH�`v jXk, 6Q` 2p2`v i = 1, 2, 3, H2i Hi #2 � `2�H

>BH#2`i bT�+2 �M/ H2i C1, C2 #2 MQM@2KTiv +HQb2/ +QMp2t
bm#b2i Q7 H1 �M/ H2- `2bT2+iBp2HvX G2i Ti : Ci → Ci

#2 [m�bB@MQM2tT�MbBp2 K�TTBM; 7Q` �HH i = 1, 2 �M/ H2i
A : H1 → H3 #2 #QmM/2/ HBM2�` QT2`�iQ` rBi? �/DQBMib
A∗- `2bT2+iBp2HvX amTTQb2 i?�i Ω = {(x, y) ∈ C1 × C2 :
x ∈ F (T1), y ∈ F (T2) �M/ Ax = y} Bb � MQM@2KTiv b2i
�M/ H2i {xn}, {yn} #2 b2[m2M+2b ;2M2`�i2/ #v u, x1 ∈
C1; v, y1 ∈ C2 �M/
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

un = xn − γnA∗ (Axn − yn) ,

xn+1 = αnu+ (1− αn)PC1

(
I − λ1

n(I − T1)
)
un,

vn = (1− γn)yn + γnAxn,

yn+1 = αnv + (1− αn)PC2

(
I − λ2

n(I − T2)
)
vn,

U99V
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7Q` �HH n ≥ 1 r?2`2 {αn} ⊂ [0, 1] rBi? lim
n→∞

αn =

0-
∑∞

n=1 αn = ∞ �M/
∑∞

n=1 λ
i
n < ∞ �M/ λi

n ∈ (0, 1)

7Q` �HH i = 1, 2 �M/ γn ∈ (a, b) ⊂
(
ϵ, 2

λA
− ϵ

)
7Q` �HH

n ∈ N �M/ λA #2 bT2+i`�H `�/Bmb Q7 A∗A- ϵ Bb � bK�HH
2MQm;?X h?2M i?2 b2[m2M+2 {(xn, yn)} +QMp2`;2 bi`QM;Hv
iQ (x̄∗, ȳ∗) ∈ Ω, r?2`2 x̄∗ = PF (T1)u �M/ ȳ∗ = PF (T2)vX

S`QQ7, "v mbBM; h?2Q`2K jXR �M/ i�FBM; B ≡ I- r2
Q#i�BM i?2 +QM+HmbBQMX

AoX �TTHB+�iBQM
� K�TTBM; T : C → C Bb +�HH2/ MQMbT`2�/BM; B7
2∥Tx− Ty∥2 ≤ ∥Tx− y∥2 + ∥Ty − x∥2, ∀x, y ∈ C.

am+? K�TTBM; Bb /2}M2/ #v EQ?b�F� �M/ h�F�?�b?B [Rj]X
h?2 7QHHQrBM; H2KK� rBHH #2 mb2/ iQ T`Qp2 BM i?2
�TTHB+�iBQMX

G2KK� 9XR, [Rj] G2i H #2 � >BH#2`i bT�+2- H2i C #2
� MQM@2KTiv +HQb2/ +QMp2t bm#b2i Q7 H- �M/ H2i S #2
� MQMbT`2�/BM; K�TTBM; Q7 * BMiQ Bib2H7X h?2M F (S) Bb
+HQb2/ �M/ +QMp2tX

AM kyyN- E�M;imMv�F�`M �M/ am�Mi�B [R9] BMi`Q@
/m+2/ i?2 S@K�TTBM; ;2M2`�i2/ #v T1, T2, T3, ..., TN �M/
λ1,λ2, ...,λN �b 7QHHQrbX

.2}MBiBQM 9XR, G2i C #2 � MQM@2KTiv +QMp2t bm#b2i
Q7 � `2�H "�M�+? bT�+2X G2i {Ti}Ni=1 #2 � }MBi2 7�KBHv
Q7 UMQM2tT�MbBp2V K�TTBM;b Q7 C BMiQ Bib2H7X 6Q` 2�+?
j = 1, 2, ..., N, H2i αj = (αj

1,α
j
2,α

j
3) ∈ I × I × I- r?2`2

I ∈ [0, 1] �M/ αj
1 + αj

2 + αj
3 = 1X .2}M2 i?2 K�TTBM;

S : C → C �b 7QHHQrbc
U0 = I,

U1 = α1
1T1U0 + α1

2U0 + α1
3I,

U2 = α2
1T2U1 + α2

2U1 + α2
3I,

U3 = α3
1T3U2 + α3

2U2 + α3
3I,

.

.

.

UN−1 = αN−1
1 TN−1UN−2 + αN−1

2 UN−2 + αN−1
3 I,

S = UN = αN
1 TNUN−1 + αN

2 UN−1 + αN
3 I.

h?Bb K�TTBM; Bb +�HH2/ �M a@K�TTBM; ;2M2`�i2/ #v
T1, T2, ..., TN �M/ α1,α2, ...,αN X

G2KK� 9Xk, [R8] G2i C #2 � MQM@2KTiv +HQb2/ +QMp2t
bm#b2i Q7 � `2�H >BH#2`i bT�+2X G2i {Ti}Ni=1 #2 � }MBi2
7�KBHv Q7 MQMbT`2�/BM; K�TTBM;b Q7 C BMiQ C rBi?⋂N

i=1 F (Ti) ̸= ∅- �M/ H2i αj = (αj
1,α

j
2,α

j
3) ∈ I × I × I-

j = 1, 2, ..., N - r?2`2 I = [0, 1],αj
1+αj

2+αj
3 = 1, αj

1, α
j
3 ∈

(0, 1) 7Q` �HH j = 1, 2, ..., N − 1 �M/ αN
1 ∈ (0, 1],αN

3 ∈
[0, 1) αj

2 ∈ [0, 1) 7Q` �HH j = 1, 2, ..., N. G2i S #2 i?2
K�TTBM; ;2M2`�i2/ #v T1, T2, ..., TN �M/ α1,α2, ...,αN X
h?2M F (S) =

⋂N
i=1 F (Ti) �M/ S Bb � [m�bB@MQM2tT�MbBp2

K�TTBM;X
"v mbBM; i?2b2 `2bmHib- r2 Q#i�BM i?2 7QHHQrBM; i?2Q@

`2KX

h?2Q`2K 9Xj, 6Q` 2p2`v i = 1, 2, 3, H2i Hi #2 � `2�H
>BH#2`i bT�+2 �M/ H2i C1, C2 #2 MQM@2KTiv +HQb2/ +QMp2t
bm#b2i Q7 H1 �M/ H2- `2bT2+iBp2HvX G2i {Ti}Ni=1 #2 � }MBi2
7�KBHv Q7 MQMbT`2�/BM; K�TTBM;b Q7 C1 BMiQ C1 rBi?

⋂N
i=1 F (Ti) ̸= ∅- �M/ H2i αj = (αj

1,α
j
2,α

j
3) ∈ I × I × I-

j = 1, 2, ..., N - r?2`2 I = [0, 1] ,αj
1 + αj

2 + αj
3 =

1, αj
1, αj

3 ∈ (0, 1) 7Q` �HH j = 1, 2, ..., N − 1 �M/ αN
1 ∈

(0, 1],αN
3 ∈ [0, 1) αj

2 ∈ [0, 1) 7Q` �HH j = 1, 2, ..., N.
G2i S #2 i?2 K�TTBM; ;2M2`�i2/ #v T1, T2, ..., TN �M/
α1,α2, ...,αN X G2i {T̄i}Ni=1 #2 � }MBi2 7�KBHv Q7 MQM@
bT`2�/BM; K�TTBM;b Q7 C2 BMiQ C2 rBi?

⋂N
i=1 F (T̄i) ̸= ∅-

�M/ H2i βj = (βj
1,β

j
2,β

j
3) ∈ I × I × I- j = 1, 2, ..., N -

r?2`2 I = [0, 1] ,βj
1 + βj

2 + βj
3 = 1, βj

1, βj
3 ∈

(0, 1) 7Q` �HH j = 1, 2, ..., N − 1 �M/ βN
1 ∈ (0, 1],βN

3 ∈
[0, 1) βj

2 ∈ [0, 1) 7Q` �HH j = 1, 2, ..., N. G2i S̄ #2 i?2
K�TTBM; ;2M2`�i2/ #v T̄1, T̄2, ..., T̄N �M/ β1,β2, ...,βN X
G2i A : H1 → H3, B : H2 → H3 #2 #QmM/2/ HBM2�` QT2`@
�iQ` rBi? �/DQBMib A∗ �M/ B∗- `2bT2+iBp2HvX amTTQb2 i?�i
Ω = {(x, y) ∈ C1 × C2 : x ∈

⋂N
i=1 F (Ti), y ∈

⋂N
i=1 F (T̄i)

�M/ Ax = By} Bb � MQM@2KTiv b2i �M/ H2i {xn}, {yn} #2
b2[m2M+2b ;2M2`�i2/ #v u, x1 ∈ C1; v, y1 ∈ C2 �M/
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

un = xn − γnA∗ (Axn −Byn) ,

xn+1 = αnu+ (1− αn)PC1

(
I − λ1

n(I − S)
)
un,

vn = yn + γnB∗ (Axn −Byn) ,

yn+1 = αnv + (1− αn)PC2

(
I − λ2

n(I − S̄)
)
vn,

U98V
7Q` �HH n ≥ 1 r?2`2 {αn} ⊂ [0, 1] rBi? lim

n→∞
αn =

0-
∑∞

n=1 αn = ∞ �M/
∑∞

n=1 λ
i
n < ∞ �M/ λi

n ∈ (0, 1)

7Q` �HH i = 1, 2 �M/ γn ∈ (a, b) ⊂
(
ϵ, 2

λA+λB
− ϵ

)
7Q` �HH

n ∈ N �M/ λA,λB �`2 bT2+i`�H `�/Bmb Q7 A∗A- B∗B
`2bT2+iBp2Hv- ϵ Bb � bK�HH 2MQm;?X h?2M i?2 b2[m2M+2
{(xn, yn)} +QMp2`;2 bi`QM;Hv iQ (x̄∗, ȳ∗) ∈ Ω, r?2`2
x̄∗ = PF (S)u �M/ ȳ∗ = PF (S̄)vX

S`QQ7, "v mbBM; h?2Q`2K jXR �M/ 9Xk- r2 Q#i�BM i?2
+QM+HmbBQMX

JQ`2Qp2`- B7 r2 Tmi F (T1) = C1 �M/ F (T2) = C2

BM h?2Q`2K jXR- r2 Q#i�BM i?2 a16SS `2/m+2/ iQ i?2
a16SX

h?2Q`2K 9X9, 6Q` 2p2`v i = 1, 2, 3, H2i Hi #2 � `2�H
>BH#2`i bT�+2 �M/ H2i C1- C2 #2 MQM@2KTiv +HQb2/ +QMp2t
bm#b2i Q7 H1 �M/ H2- `2bT2+iBp2HvX G2i Ti : Ci → Ci

#2 [m�bB@MQM2tT�MbBp2 K�TTBM; 7Q` �HH i = 1, 2 �M/ H2i
A : H1 → H3, B : H2 → H3 #2 #QmM/2/ HBM2�` QT2`�iQ`
rBi? �/DQBMib A∗ �M/ B∗- `2bT2+iBp2HvX amTTQb2 i?�i Ω =
{(x, y) ∈ C1 ×C2 : Ax = By} Bb � MQM@2KTiv b2i �M/ H2i
{xn}, {yn} #2 b2[m2M+2b ;2M2`�i2/ #v u, x1 ∈ C1; v, y1 ∈
C2 �M/

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

un = xn − γnA∗ (Axn −Byn) ,

xn+1 = αnu+ (1− αn)PC1un,

vn = yn + γnB∗ (Axn −Byn) ,

yn+1 = αnv + (1− αn)PC2vn,

U9eV

7Q` �HH n ≥ 1 -r?2`2 {αn} ⊂ [0, 1] rBi? lim
n→∞

αn =

0-
∑∞

n=1 αn = ∞ �M/
∑∞

n=1 λ
i
n < ∞ �M/ λi

n ∈ (0, 1)

7Q` �HH i = 1, 2 �M/ γn ∈ (a, b) ⊂
(
ϵ, 2

λA+λB
− ϵ

)
7Q` �HH

n ∈ N �M/ λA,λB �`2 bT2+i`�H `�/Bmb Q7 A∗A- B∗B
`2bT2+iBp2Hv- ϵ Bb � bK�HH 2MQm;?X h?2M i?2 b2[m2M+2
{(xn, yn)} +QMp2`;2 bi`QM;Hv iQ (x̄∗, ȳ∗) ∈ Ω, r?2`2
x̄∗ = PC1u �M/ ȳ∗ = PC2vX

S`QQ7, "v mbBM; h?2Q`2K jXR- r2 Tmi F (T1) = C1

�M/ F (T2) = C2- r2 Q#i�BM i?2 +QM+HmbBQMX
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oX *QM+HmbBQM
q2 ?�p2 T`QTQb2/ �M �H;Q`Bi?K 7Q` bQHpBM; � M2r

bTHBi 2[m�HBiv }t2/ TQBMi T`Q#H2K 7Q` [m�bB@MQM2tT�MbBp2
K�TTBM;- �M/ T`Qp2/ Bib +QMp2`;2b BM i?2 >BH#2`i bT�+2bX
AM �TTHB+�iBQM- r2 mb2/ a@K�TTBM; �TTHB2/ iQ Qm` K�BM
`2bmHi iQ T`Qp2 i?2 bi`QM; +QMp2`;2M+2 i?2Q`2KbX

_272`2M+2b
(R) uX *2MbQ`- hX 1H7pBM;- Ǵ� KmHiBT`QD2+iBQM �H;Q`Bi?K mbBM;

"`2;K�M T`QD2+iBQMb BM � T`Q/m+i bT�+2-Ǵ LmK2`- �H;Q`Bi?Kb
3-kkR@kjN- RNN9X

(k) >XEX sm- ǴAi2`�iBp2 �H;Q`Bi?Kb 7Q` MQMHBM2�` QT2`�iQ`b-Ǵ CX
GQM/X J�i?X aQ+X ee- k9y@k8e- kyykX

(j) S1X J�BM;2- Ǵai`QM; +QMp2`;2M+2 Q7 T`QD2+i2/ bm#;`�/B2Mi@
K2i?Q/b 7Q` MQMbKQQi? �M/ MQMbi`B+iHv +QMp2t KBMBKBx�iBQM-Ǵ
a2i@o�Hm2/ �M�HX kyy3cRe,3NN@NRkX

(9) qX h�F�?�b?B- ǴLQMHBM2�` 7mM+iBQM�H �M�HvbBb- 6Bt2/ SQBMi h?2@
Q`v �M/ Bib �TTHB+�iBQMb-Ǵ uQFQ?�K� Sm#HBb?2`b- uQFQ?�K�-
kyyyX

(8) EX :Q2#2H- qX�X EB`F- ǴhQTB+b BM J2i`B+ 6Bt2/ SQBMi h?2Q`v-Ǵ
pQHX k3 Q7 *�K#`B/;2 aim/B2b BM �/p�M+2/ J�i?2K�iB+b- *�K@
#`B/;2 lMBp2`bBiv S`2bb- *�K#`B/;2- lE- RNNyX

(e) *X "v`M2- ǴAi2`�iBp2 Q#HB[m2 T`QD2+iBQM QMiQ +QMp2t bm#b2ib �M/
i?2 bTHBi 72�bB#BHBiv T`Q#H2K-Ǵ AMp2`b2 S`Q#H2K- R3- 99R@98j-
kyykX

(d) �X JQm/�} �M/ 1X �H@a?2K�b- ǴaBKmHi�M2Qmb Bi2`�iBp2 K2i?Q/b
7Q` bTHBi 2[m�HBiv T`Q#H2K-Ǵ h`�Mb�+iBQMb QM J�i?2K�iB+�H
S`Q;`�KKBM; �M/ �TTHB+�iBQMb- oQHX R- LQX k- R@RR- kyRjX

(3) �X JQm/�}- Ǵ� `2H�t2/ �Hi2`M�iBM; *Z@�H;Q`Bi?K 7Q` +QMp2t
72�bB#BHBiv T`Q#H2Kb-Ǵ LQMHBM2�` �M�HvbBb dN- kyRj- RRd�RkRX

(N) CX w?�Q- ǴaQHpBM; bTHBi 2[m�HBiv }t2/@TQBMi T`Q#H2KQ7 [m�bB@
MQM2tT�MbBp2 K�TTBM;b rBi?Qmi T`BQ` FMQrH2/;2 Q7 QT2`�iQ`b
MQ`Kb-Ǵ PTiBKBx�iBQM- kyR9X

(Ry) ZGX .QM;- aX >2- ǴaQHpBM; i?2 +QMp2t 72�bB#BHBiv T`Q#H2K
rBi?Qmi T`BQ` FMQrH2/;2 Q7 QT2`�iQ` MQ`Kb-Ǵ PTiBKBx�iBQM-
6Q`i?+QKBM;X

(RR) *?2- >- GB- J, Ǵ� bBKmHi�M2Qmb Bi2`�iBp2 K2i?Q/ 7Q` bTHBi
2[m�HBiv T`Q#H2Kb Q7 irQ }MBi2 7�KBHB2b Q7 bi`B+iHv Tb2m/QMQM@
bT`2�/BM; K�TTBM;b rBi?Qmi T`BQ` FMQrH2/;2 Q7 QT2`�iQ`
MQ`Kb-Ǵ 6Bt2/ SQBMi h?2Q`v �TTH- �`iB+H2 A. R- kyR8X

(Rk) *X "v`M2- �X JQm/�}- Ǵ1ti2MbBQMb Q7 i?2 *Z �H;Q`Bi?K 7Q`
i?2 bTHBi 72�bB#BHBiv �M/ bTHBi 2[m�HBiv T`Q#H2Kb-Ǵ LQMHBM2�` �M/
*QMp2t �M�H- kyRjX

(Rj) 6X EQ?b�F�- qX h�F�?�b?B- Ǵ6Bt2/ TQBMi i?2Q`2Kb 7Q` � +H�bb
Q7 MQMHBM2�` K�TTBM;b `2H�i2/ iQ K�tBK�H KQMQiQM2 QT2`�iQ`b
BM "�M�+? bT�+2b-Ǵ �`+?X J�i?X NR- Ree@Rdd- kyy3X

(R9) �X E�M;imMv�F�`M- aX am�Mi�B- Ǵ>v#`B/ Bi2`�iBp2 b+?2K2 7Q`
;2M2`�HBx2/ 2[mBHB#`BmK T`Q#H2Kb �M/ }t2/ TQBMi T`Q#H2Kb Q7
}MBi2 7�KBHv Q7 MQM2tT�MbBp2 K�TTBM;b-Ǵ LQMHBM2�` �M�HvbBb-
>v#`B/ avbi2Kb j- kNe@jyN- kyyNX

(R8) �X E�M;imMv�F�`M- Ǵai`QM; +QMp2`;2M+2 Q7 i?2 ?v#`B/ K2i?Q/
7Q` � }MBi2 7�KBHv Q7 MQMbT`2�/BM; K�TTBM;b �M/ p�`B�iBQM�H
BM2[m�HBiv T`Q#H2K-Ǵ 6Bt2/ TQBMi i?2Q`v �M/ �TTHB+�iBQMb R33
-kyRkX

(Re) ZX>X �Mb�`B- �X _2?�M- ǴaTHBi 62�bB#BHBiv �M/ 6Bt2/ SQBMi
S`Q#H2Kb-Ǵ �Mb�`B- ZX>X U2/XV LQMHBM2�` �M�HvbBb, �TT`QtB@
K�iBQM h?2Q`v- PTiBKBx�iBQM �M/ �TTHB+�iBQMb- TTX k3RĜjkkX
"B`F?í�mb2`- aT`BM;2`- L2r .2H?B- >2B/2H#2`;- L2r uQ`F- .Q`@
/`2+?i- GQM/QM- kyR9X

(Rd) uX *2MbQ`- hX "Q`i72H/- "X J�`iBM- �X h`Q}KQp- Ǵ� mMB}2/ �T@
T`Q�+? 7Q` BMp2`bBQM T`Q#H2Kb BM BMi2MbBiv@KQ/mH�i2/ `�/B�iBQM
i?2`�Tv-Ǵ S?vbX J2/X "BQHX kyyec8R,kj8jĜkje8X

(R3) qmiBT?QH aBMimM�p�`�i- Ǵ�M Ai2`�iBp2 S`Q+2bb 7Q` aQHpBM;
6Bt2/ SQBMi S`Q#H2Kb 7Q` q2�F *QMi`�+iBQM J�TTBM;b- ǴG2+@
im`2 LQi2b BM 1M;BM22`BM; �M/ *QKTmi2` a+B2M+2, S`Q+22/BM;b
Q7 h?2 AMi2`M�iBQM�H JmHiB*QM72`2M+2 Q7 1M;BM22`b �M/ *QK@
Tmi2` a+B2MiBbib kyRd- AJ1*a kyRd- R8@Rd J�`+?- kyRd- >QM;
EQM;- TTRyRN@RykjX
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